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PRINTRD IN GREAT RRITAIN 


EX^niACT FROM PREFACE IX) TEF 

FIRST CERMAN EDITION 


tlio (1 ]»(!{> vory f)f Hptitikal analysiB no ono ti'ained in 
])hy«icK could doubt that the probkun of the atom would 
bo Holvcd when phyMioiatH had lottrnod to underHtand tho 
lanmiaj^o of Kpo(itm. So manifold was tlio ononnoua amount of 
mattu'ial that had boon acouimdatod in aixty yoara of apootroaisopic 
roM<iar(!h that it aticmod at flrat l)oyond tho poasibility of dison- 
tanglomont. An almost gniator onlif'htonmont has resulted from 
tho sovon ycairs of Ebntgon spectroscopy, inasmuch as it has 
atta(;kod tlio proldem of tho atom at its very root, and illuminates 
the interior. What wo are nowadays hearing of tho language of 
spootra is a true “ music of tho spheres within tho atom, oliords 
of integral relationships, an order and harmony that become over 
more porfeet in spite of tho manifold variety, ^lllio theory of 
spectral lines will hear the name of Bohr for all time. But yet 
another namti will ho permanently ass<joiatod with it, that of 
Planck, All integral laws of spectral lines and of al;omic theory 
Hjn'ing originally from the quantum theory. It is the mysterious 
(mjanon on which Nature plays her music of the spectra, and 
ac(5ordmg to the rhythm of which slio regulates tho Btructuro of 
the atoms and nuclei. 

Stplmiher, 19.10 
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AUTI-IOE/S PllKFACE TO THE FM^'lTl 
GEHMAN EDITION 


I N this now edition tlie subjecfc-niattoi' will bo subdividiul, and will 
appear in two volumes. The present volnnui, which constitivtjss 
tlie first portion, contains tlio older quantum theory, and i.s in part 
an abbreviation and in part an extension of the fourtli Geriiiaii (idittoii 
of the original work. The second volume will be an (daboration ami 
completion of the supplementary volume, which originally ap[a!are(l 
under the title “ AVave Mechanics.’' 

It has become clear that it is possible to un(lci'.staud the new theory 
only by building it up from the old theory. I’m' this purpose tlu! 
present volume necessarily treats not only of the liasio ('-xperimentul 
facts, but also of the orbital ideas so far as they are required for intro- 
ducing the quantum numbers, and for serving as models for the wav(<“ 
mechanical calculations , ^Phe final results are alwaj^s given in tlie 
form in which they are presented by tlie new theory. Gonsequently, il; 
Ims been necessaiy to i.'efer frequently to the- supplcmentaiy volume, 
and to leave occasional gaps in the proohs. 

The first seven chapters have in the main b(3en abbreviatiid. TJm 
methods involved in Hamiltonian mechanics, wliicli I ventured to 
place only in the Appendix previously, liave liorc been taki'.n up in the 
text, as their technique ha.s now become generally famili ar, (kmversoly , 
I have transferred tlie iiLstrixctive method of Hubiuowic/. for deriving 
the selection rules, which were previously given in tlui te.xfc, to tliei 
Appendix. ChajAer VIII., whicli treats of multi plot structures, Iuih 
been extended by the inclusion of the model of the s|)inuing electron 
and of Pauli’s Principle. Chapter IX., on Baud Spectra, lias been ke.pt 
short, and does not claim to be in any way complete ; it contains only 
what is essential for wave “mechanics. 

Special thanks arc due to my colleague, Dr, K, Becliert. He lum 
not only sacrihoed mucli time in checking the formnlfG and in (3orj.‘(!Cting 
the proofs, but also in maldng several independent contriliutions, for 
example, to Olmptors VII., VIIT., and IX. Mr. H. llnetlier kindly 
prepared the index, 

A. BOMMICBIfhlLI) 


SIUNIOlI, 

Aouewlier, 19S1 
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T he ICnglislv rendtn'ing ol: th« latest edition of ProfciSHor 
HoinineTfekl’s classie woik will, it is lio])e(l, be no k’ss weleonie 
tliaii the previous Englisli edition. It (jonuis at a time wluai 
a certain de{initt5 stage has been arrive.d at in our knowledge of the 
atriicture of the atom. IVliieli that was s])eoiilativ(i only a f(nv years 
ago has now beeome conhrnKid by subsequent (ixperi mental r(i- 
searches, whereas in some eases our views have, had to l)e modified. 
As a useful model for interpreting the main features of spisctroscopie 
])henomena the, Kutherford-Bohr atom must still be regarded as indis- 
liimsable. No harm can come from its jirovisional or conditional 
aeee.ptamui, so long as it is not treated, too literally or too riispeiitfully, 
Although wave-mechanics and quantum mechanics arii available 
whenever dillicultiiis arise in the last details of refinement of .sjieotro- 
scopic evidence, the less-m a thematically minded physicist will probably 
prefer to deal with a concrete model to the dedciencies of which he is 
not blind. 

It was the exjn’cssed wish of the autluvr that tho translation should 
not be too literal and that slight modifications slionld be left to the 
discretion of the translator. It is liojied that the exercise of tliis 
jn’ivilege has caused no change in sense while, conferring freedom of 
iiliom, I wish to take this opportunity of again thanking Professor 
Hommerfeld for his repeated assistance and courtesy, He has earned 
the gratitude of physicists thropghout th.e world for (larrying out so 
successfully tlie monumental task of giving a comprehensive and lucid 
exposition of modern atomic physics. He, himself, and his eollabor- 
iitors have contributed no mean share to these results, indeed, a great 
deal more than may be gathered from the author’s own modest state- 
ments and references. 

Acknowledgment must be made to Hr. E, tlwynne .Tones (Belt 
Research Ifellow of tlie Imperial College of Science and formerly 
I.lesearoh Seholar of University College, Nottingham) for writing 
the section on hyper-iine structure, which has received the approval 
of tile author. Tlie addendum at the end of the text has beini added 
by the translator. 
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The thanks of the translator are due to Mr. E. G. Horner, B.A., 
for kindly chocking and coiTccting the proofs, a task to which ho has 
devoted much time and care. The index was ])repar(id with the help 
of Miss Barham Hitchcock, B.Sc, 

HENRY L. BROBhl 
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CHAPTER I 


TNTRODUCJl’ORY FACTIVS 

§1. Retrospect ot the Development o£ Electro dyimmi os 

I N tlto liivsl half of tlio mnotooiith contui’y Elooli'odynainioa (ionniHtcal 
of a aoi’ioH of diacoiinootcd olementary lawH, Eoriutal aiuilogoimly 
f.() Nowtoii’a Laws of Gravitation, they aHHortiid fclio oxiatointc ul 
diroot action at a diatanco, winch, atarting (I’oni the Hcsat of an olootrio 
cl largo or of inagnotiam and leaping ovor tlu» iiitorvouing H])at)o ^vun 
suppoacd to act at the seat of a aecond olootrio or magnotio oluirgo. 

Oppoaed to this there aroao in the aooond half of tho jiiiU'tiaMith 
century a view which followed the courao of tlio contiuuouHly oxt<nidod 
elootroinagnetio field from point to point and inonunib to inomunt ; it 
waa called tho “ Eield 'riicory ” in con tracliati notion to tho “ 'riioory <if 
Action at a Diatanee/* It waa propounded by Ifanulay, ’woi'kiul out by 
Maxwell, and (lompleted by Heinrieh HerU. Aoeortling to thia view 
the eleetromagnetie Held ia repreaented iiy tho cKiiirae, in Hpa<ai and liino, 
of tho eleoti'io and magnetie lines of foree. MaxwolPH oiiuatioMH teaoli 
US how eleotrie and magnetic lines of force aro linked with omi anotlnu'j 
how magnetie eiiangos at any point of tho Hold oall np oloelrioul (nreea, 
and how eleotrie ourrenta are surroundod by iiiagnotid JbrooH. 'I’bo 
intervening medium, even if non-conduoting, is Hn])poHocl to bavo a 
certain transparenoy (pormealiility) and roceptivity (diolootrie capacity) 
towards magnetie anti oleetrio lines of force ; Immso at (^voI;y point of 
space it influonoes tho distribution of the eloeLroinagnotio flohl iLoeording 
to its constitution at tliat point, 

HlJio greatest triumph of this view ocoultocI wbon Hortsi Hucceodod in 
connooting light, the phenomenon of physical nature with which we arc 
Jmost Himiliar, with eleclromagneliam, which was at that time tho most 
perplexing phenomenon. After Maxwell had already surmised that 
light was an alternating eleetromagnetie field (ho HViocoedcd in caloulat- 
Ing tho volooity of light from purely elec trie ul moasuromonts made by 
Koh Iran sell), Hertz produced his “rays of oleetrio foroo,’* which, just 
like liglit, are roflooted, refracted, and brought to a foous by appro] iri ate 
mirrors, and which are i3ropagated in space with the velocity of light, 
Tho oleetrio waves produced by Hertz had a wave-length of sovomi 
metros. Erom tliem an almost unbroken chain of phonomona loudn 
by way of lieat rays and infra-red rays to tho truo liglit rays, whoso 
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Chapter I. Introductory Facts 

-wavo-longihs amount to only fractions of \i, Th(' gi’('at('st link in this 
chain cftino lator as a direct result of Hertz. ’s oxjicriinents, iiaitKOy, the 
wavc.s of wirclosH tclcgra 2 )hy,' whoso Avavc-longthH have to ho r(u?li()nc{l 
in Idiometrcs. (JSTauon sends out waves having a wav o -long tli ol. 12 
kilometres, or '1\ miles) ; the smallest and most delicate link is added at 
tlio otlior end of tlio chain^ as wo shall sec, in the form ot .Udntgcm rays, 
and the still si) or tor y-rays which arc of a similar natnn^ ; 11 Ice wise 
the nltra-y- or cosmic radiation {but see the closing paragrajdi ol § 6). 

Hertz died on 1st Jan,, 1894, at the ago of thirty -sc ven years. J,t 
would be natural to conclude that the later years of his short life and 
the work of his followers were ocoupied with tlio dovelopimmt of his 
wave experiments and of his theory of eleotimuagiietio fields. But the 
last experimental paper by Hertz, “ Concerning the Passage of Cathode 
Hays through Thin Metallic Bayers ” (1891), already pointed in a new 
direction. 

The field theory had diverted attention from the origin of linos 
of force, and had chiefly served to illumlnato their general oonrse in 
a regular distribution of the field. The next question was to .study the 
singulanlies of tlio field, the charges. The best conditions for doing so 
aro olfored by cathoda fay tubes, which have a very higli va(juum ex- 
ceeding that of the so-called Geissler tubes (which were investigated by 
Pliicker and Hittorf). Here wo have electricity in a pure form, un- 
adulterated by ordinary matter, and, in addition, moving in a straight 
lino at an extremely high speed ; cathode rays aro oorpuseitlar rays of 
iicgativo clcotrioity. Tt is true tliat Hertz as well as his eminoiit pupil 
Loiiard first ohmg to the ojtposito view, namely, that tlio rays were 
undnlatory in character ; but Hertz liad recognised the important 
value of the investigation of cathode rays for the future. Thus Jio had 
in tills way lielped personally in attracting workers from the field of 
pliysioal knowledge Just opened up by him towards jiionecr work in 
a now field. In tho sequel, the greatest interest boeamo centred not in 
tliG propagation of tho lines of force but in the charges, as tlio origin of 
those lines of forco. Tho original theory of Maxwell which had boon 
perfected by Hertz retained its signifioanoo for phenomena on a largo 
scale, such as tliosc of eleotroteclinios and wireless tolegraxdiy, niid gave 
an easy moans of dotermining the mean values of tho electrical pham 
quanlities (i.o. quantities that define tho state of tho field), But to 
rondor possible deeper resoaroh loading to a knowledge of elomonbary 
ifiionomona a deepened view became neoessary. Maxwell’s Hleotro* 
dynamios had to give way to Loroiitz’s Dynamics of tho Electron ; tho 
theory of tho continuous field beoamo rexilaood by tho discon tin nous 
theory, that of tlio atomicity of oleotrioity. So tho theory of action at 
a distance and tlio theory of action through fields was succeeded by 
tlio atomistic view of electromagnetism, the theory of oleotrons. 
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Tlio Atomicity of Electricity. Ions and Electrons 

'I’lio tlicoi’y of tJm fitoniioity of mattor has existed ever since there was 
a H( 5 ioii(U 5 of clioniisfcry ; it is indispensable if the fundamental chemical 
laW'-, that of inultiplo i)i,’oportions, is to be intelligible. Hevertbeless 
liiiH boon no lack of opjjonents to atomicity. Goethe was one of 
tlK'Hi. I t was repugnant to him to destroy the beautiful appearaiioe of 
plufuoiiwnia l»y dismoinbering matter and adding human elements. The 
K(«ciiti«t and pliilosoplier Ernst Mach regarded the “ Atomic 
I lypothosis ” n» moroly transitory. He favoured the description of 
ovonta in torjna of continuously distributed matter and continuously 
actiiig laws, Tim last opponent of atomic theory was the keen-witted 
aiitlioi* of workrt on Enei'gotic.Sj Wilhelm Ostwald {who has now been 
couvorted to a belief in atoms). Objections to the theory have died 
into Hilouoc in the face of its .sweeping successes in all branches of 
physical knowledge. The perfect explanation of the Brownian molec- 
ular inovwnonts which confirma by ocular demonstration in the case 
of Hinds tlic bwvnoh of atomic hypothesis concerned with the theory, of 
Iioat has contributed much to this acceptance. No less impressive is 
( Im confirmation of the atomic structure of solid bodies which was given 
by liRue’s discovery and which will bo discussed in Chapter IV. 

A necessary cou.'scciiionco of the atomicity of matter is the atomicity 
of electricity. This was stated simultaneously by Helmholtz and 
atonoy, Helmholtz remarked in his S'araday Lecture * of 1881, as a 
1 -i‘Hult of tim laws of olootrolysis which Earaday discovered and expressed 
numerically : “ If wo assume atoms of chemical elements, we cannot 
csoano from drawing tlio iurther inference that electricity, too, positive 
as well as negative, is divided into definite elementary quanta that 
behave like atoms of oleotriciby. Each ion,t as long as it is moving m 
tlio liquid, must remain associated with an electrical equivalent tor 

eiioh of its valonoy units.’' 

Ewaday’s LftW of Electrolysis aotually states : One and the same 
amvlUn o[ elailricitu, in iiaoliarging through mri^ f^trdlj/les, always 
eMmicaUy eguivalml guanlitiea qf (he dtssomted pr^ncU. ^ iti 
Uio in*' ofunivalout olomonts quantifcios are 

lout wlion they aro in tiro ratio of their oorreaponding atomic Traghia, 
thUH 

107-9 grins, of Ag. 


1 grm. of H. 


36-6 gnus, of Cl. 


*" frfts 

during olootrolysis, tho “ downwwtls,” so to speak, the 
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Cliapter 1. Introdiictory Facts 

To Jiborate tlitao qiuiiititicH, wc al ways reqnii’(’, aotjortiinii? to i; 
Famday’H Law, to make tho sajiio quantity' of oleobricUy i)uss through | 
tlio elootrolytos, IUU 110 I 3 '', Faraday's oonstaub : 

F =; 9(j,49i couloinljs * = 9049*4 c.g.H, units. 

Tlio coustaiit ratios of weight (1 grin, H., 35*5 grins. 01, and i07*9 
grms, Ag) become iiitelligiblo to ua on fclio .siixiposition of tJie atomicity 
of matter : 1 grm. of H is comiiosed of jii.sfc ns many atoms of 1:1 as 
35*S grms. of Cl eoiitaius Cl atoms, or 107*1) grins, of Ag contains Ag 
atom.s. The equivalent charge F whicli is the same for each tlnai 
becomes clear to ns in the same way if wo accept tho atomicity of 
electricity : the cq^uivalonfc cliargo F consists of just a.s many atoms of 
eleotrioity or elementary charges e,” as 1 grm. of H contains H atoms, 
or 36*5 grms. of 01 contains Cl atoms, and so forth.' There is associated 
with every univalent atom (or more generally with every univalent ion) 
an elementary charge e, whilst there are associated with every divalenl; 
atom or ion two elemontaiy charges, and so forth for atoms of higluu' 
valency. Just as the atomicity of matter is a direct outcome o(‘ 
fundamental chemical facts, so the atomicity of eleotrioity is a direct 
outcome of fundamental eleclrochcmical facts. 

For the sake of brevity of expression vve shall define two furtlu'i' 
terms. Following Ostwalcl wo shall take a mol to bo that number of 
grammes whioli is given by tlio number expressing tho molecular weight 
of tlio siibstaiico in question. Tliua 1 mol of HgO — 18 grms., and 1 mol 
of Hg ” 2 grms. (fn tho case of monatomic elements wo use the term 
grammatom instead of mol, o.g. 1 grammatom of H = 1 grm.) Further- 
moro, LosohmidFs number L denotes the mimbei* of moleoulos (or 
atoms, respeotively) contained in one mol (or grammatom) of the .sub- 
stance in question. For example, in the case of water, or dissociated 
hydrogen, this iniinber will bo dofinccl by tho equations 

18 grms. LwitjO and 1 grm. = Ijinn re.speotivoly, 

whereby mu denotes the mass, inoasiirod in grammes, of a hydrogen 
atom, and denotes the mass, similai'ly measured, of a moleoulo of 
water. With regard to this term it must be mentioned that recently, 
in German pliysioal literature, tho expression '* Avogadro’s number ” is 
often used in place of “ .Losohinidt’s number,'' for tho reason that it also 
plays a part in Avogadro’s law of gases. But as Losohmidt was tho 
first to clotormiiie this number successfully (by means of the kinetic 
theory of gases), it seems moro in keeping with the facts to associate his 
name with it. TJio fact that ho made his calculations for tho cubic 
oontimotre, and not for the mol, is a mere matter of form. If necessary 
the mun her L as defijied above could be called " LoschmidFs number 
per mol,” 

* A coulomb =« -,V of tho ao'Callotl absolute unit of charge, that is the unit of 
charge tlofinecl in tho o.g. a. syatem and inoaBured elocfcromagnotioally. 
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'il.’lu' ciiiiivalcnt ehargo F coirtains, as wo saA\'-, just as many elomen* 
tiiry (iJmrges c «« 1 gnn. of Iiydrogen contains atoms of mass ofi 
a.H n'O in ay junr say, tho olcctrocliemical equivalent contains E ele- 
jiu'ntni’y (iliargcvs e. Wo tlierofoj.’G UTito 

e.g.H. units — Le 1 grin. = Lmit 

I rt/j m « 1 gnn. , 

wluMUio — 0049-4 -2 — - — . ^ — =L . . {!) 

Wfr grm. mn 

'I'lii' l•^llio of tho ohargo to tho mass is called the speoiflc charge of the 
ion in quostit)!!. In the case of the positive Iiydrogen ion, this specifio 
charge is thus l)(!l40-4, whereas for the divalent positive copper ion it is 

??icii ^ 63-6 

and for the 1 ml vale lit negative chlorine ion, it is 
mci 35' i5 


and so forth, 


(iKeetroIyMiH sliows, as Hohnholtvi pointed out, that positive as well 
as negative eioetfieity is composed of eloniontary quanta ± c- But 
Ihere is a great din'oronee hotweon positivo and negative electricity in a 
<!ortaiu re-speet. AVo know ^lositivo olootricity only ns an ion, that is, 
iissoeiiited iiuliHsohibly with ordinary matter : as wo saw above, nega- 
tive eleeU’hnty also pi’oseuts itself in olcotrolysis in the form of ions. 
But we also know tho latter in its free state, dissociated from all oicVuiaiy 
matter, an detaohod olootricity, so to speak, This is an all-important 
result of tlie rosoarohos on oathodo rays, to which we have already 
refor-nHl in tho preoeding paragraph, and to whicli wo shall again refer 

ill the next. ... 

'riio speoial position occupied by negative electricity, its occurrence 

as pure atomu of olootricity, calls for a special name, Mowing the 
example of Stonoy,^'' wo shall call the negative atom of eieotrieity 
the clftotcon. On tlw other hand, wo shall follow Uutlierford in calling 
tho smallest po.sitivo ion, namely the hydrogen ion, tho proton ; m spite 
of its heing btudoiiod with the mass of the hydrogen atom it plays 
the part of tho atom of positive electricity. ^ 

Tvv savinK that tho electron is not oncumhered by ordmaiy matter, 
wo do not imply that it is devoid of inertia. On the contrary, the mere 
,,ro««n 0 B «£ elioteio otagos, or, gcnorally, ot onorgy of ovoiy 
a 00 , 'tain mnas offoot. Tlio „msa wluoli is 

iu ddft NVIVY used to 1)0 called “ electromagnetic mn^ss. ilns term is, 
Kowovor, iw tliB imwor clovolopmeiita of frmdamenta: pliysioal conoGj^- 
tiona in tlio tlioorv of relativity compel na to recognise, too narrow . not 



not occur 


LonXrclaiu^ word ion in dUs ossay. 
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only do electric ohargea produce a mass effect, hut so dona tlio cohesive 
energy that keeps the charge together and provenis it, in a way as yet 
unknown to us, from exploding. Therefore wo jiOAvadays prefer to 
spealc outright of the decironic mass to, and to regard it as a fact pre- 
sented by our experiments Avith cathode I’ays. 

A great gap divides the electronic mass, as regards its magnitude, 
from the ordinary masses of atoms and ions. The electronic mass m is 
about 1800 times as small as tlic mass TOji of the lightest atom . Accord- 
ingly, the specific charge of the electron, the ratio of tho elementary charge 
e to the eleoti’OJAic mass m, is in tho same proportion greater than 
tho specific charge of the lAydrogon atom. From optical ohsorvations — ■ 
measurements of spectral line.s, to AA'liioh avc shall refer in CJiaptor II, 
and moasuremonts of resolved spootral lines, to AAdiioh aa^o shall refer 
in Oliaptor VI — avc have as the best value of tin's ratio aooording to our 
knoAAdedge of tlio present time : 

- = 1*761 . 10’ . . . . (2) 

J!)ircct incasuromonts, hoAVovor, carried out Avith catliodt^ rays, Avhioli 
are doflected by inngnobic and olcotric fields (of. § 3), give a somcAAdwit 
greater value,* namely, 

- = 1*709.10’ .... (2rt) 

There are good reasons for assuming that (2) represents tho correct 
valuo.f 

Tho general ooiir.so of the refraction of light in passing throtigli 
transparent bodies (solids and gasses), as calculated on IDrudo’s 'riicoi’y 

c 

of Diaponsion, gives us values of — of tho same order of magnitude. Now, 

Avo sec electrons at Avm*k in the conduction of currents through metals, as 
also in radioactive processes, in tho production of Rontgon rays (X-rays), 
in the photo-olocfcrio effect, and so forth. From this avo conclude ; the 
electron is a universal element of structure of all matter, Wliothor it is 
floAving along slowly in on cleotric current, or hastening throxigh space 
at an extremely liigh rate ns a cathode ray ; whether it is omitted in 
radioactive disruption or in a photo-electric process ; AAdiothor it is 
vibrating in our lamps (or, as aa'c should noAvadays profor to express it, 
‘^jumping ” in our Inmiis) ; or Avhotlior it effects the course of light in 

• Cr. for this and tho subsoquont mimorionl data tho moticulous disoussion of 
ull fundainontal pliysicnl constants by K. T. Birgo, Phys. Rov. Suixplomont, 1, 1, 
1039. 

f Kvidonco in support of this view is givon by tho results of oxporimonts 
which have hoon vory oarofully carried out by P. Kirohnor in tlio plxysics dopart- 
inonb of Munich Univorsity. They nro based on tho cliroot inoasuromonb of tho 
volooiby of tho cathode rays along tho linos of a somowhat old mothod duo to 
E. Wioohort j those rosults have not yot boon published, but they avo known to 

give precis oly tho spoctroaeopic value of — . 
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cloHCopes, i(i is always -blio same physical unit, proving its identity by 
•-xhilvibing the same ebargo and the same mass,* in particular by keeinng 
die ratio of charge to mass constant. 

IE wo now wish to form a picture of the electron in accordance with 
jbo foregoing Htatcnients, only scant material offers itself. An election 
H, Hko every negative oliargo, esaentiallj'^ notiiing more than a place at 
iiwvhich tlie electric lines of force from all directions end. In the case of 
eU‘.e.tw>ii at rest, these lines of forces are straight lines that come in 
nnjforndy fwni all directions. Eut the same j)icture holds, according 
to tho idt'n« of the theory of relativity, for an electron moving in any 
way wluitaoovor, ho long as the picture of tho lines of force is regarded 
UH being concoived by an observer moving \vith the oloetron, that is if 
the Hues of force are drawn in a space that participates in the motion 
of tho (Jlcctr<n\. In other cases, when the electron moves with regard 



Fjci, 1a. 
J'iloutron. 

1.7G1 . 10’ 
m 

a . . i noi . 10-20 
m 0*003 . 10'2v 


Fio, 1 b. 

Proton, 

~ = 9649 

mil 

c = 1*591 . 10-20 
,nn = 1*640 . 10-^^ 

T ^ -L == 0-606 . 102‘.t 

Wii 


l„0 who i« making 

vv,n.kl Htilh inaced, ho "tro.ght hn®, ^ ^ 

io'Jcompanied by .nagnetic Unea ot 

“■‘'tom a« poio. oI view o£ - 

from ondoftvoiii'ing to give i j.a.«v>«t,ion that the whole mass effect 

. ID”. 
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tube * V (volts mnltipliod by 1()«). I'lio formula (which is no tiling 
more than the law of tho oonscrvatioii of energy) ia 

-2-. = <.V,» = .^^V . . . (1) 

A good aj) 2 )aratii.s for studying cathode I’ays is a Welinolt tube 
(jiotontial diffoKuico ,110 volts, pressuro about Ovl nun. of inoroury, 
cntliodo (uiiTying a sjiot of CaO, whioli, at a red heat, assists the omission 



.Fia. 2a. — Wolmolli tube. Bootillnoai* motion of olootrons in tho ubfionoo of 

oxtomnl foi'cos, 

of oleotroiis). (I, 'ho ^ihonoinoim of illumination in tho tube, wliioli ai’o 
vory striking, aro duo only iiuliroctly, as wo must inontion at tho outsot, 
to tho oathodo ray electrons, and arise from tlio Jmjiaot of tho latter with 
the ronmins of tho gaseous content wlioso atoms aro thus oxoitod. By 
moans of our tube wo now confirm tho following meolmnieal laws ; — 

.1. In the atmnee of external forcea a body doMribca a alraighC Una mth 

* The potoiitinl clilTortMUiO oxpreasotl in volts ia eonvorlod into nbsnlutn oloatt'o- 
magnotio o.g.a. units by multiplying by 10®, 
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consUinl velocitjj. Corresponding to this law wo soo in Fig, 2a how the 
beam of cathodo rays aro omitted porpondioularly to tlio oatliodo K, 
and disaiipoar into the anti-cathode AK. {Above the beam of cathodo 
rays wo see in tins and in tho following piotnro a hriglit imago that is 
formed by roflootioii from tJio glass sides.) Tlio anti-oatliodo is not in 
general comioctcd with tho source of voltage, and is to ho distinguished 
from tho anode A. 'Fiio fact tliat tlio beam of oatliodo rays (livorg<5H 
(becomes “ soattorod ”) as its distanco from its source inerousos, is duo 



:Pia, 2n.— Oiroiilai* or Bpiml motion (aa tho onso may bo) of oloutrona in tlio 
mognotifl fioM of a bar lungnot ATM. 

to tlio inlluonop of tlio remaining gas inolcoulos on tlio paths of tho 
olootrons. iHio high value of tlio voloolties of tlio oloctrons (!om pared 
with tho relatively small voltage of 110 volts is worthy of notieo. l<’rom 
(1) it follows, tliat, in round figiu'os, 

V fi . 10® ems. per aco. 

whero c 3 . 10'® ems. per hoc. velocity of light, 

2. Uwkr the injluence of a centripeM force, that in, one tuhich is (iverp- 
lohere perpendicular lo Ihe orbil, a body describes a circle nl a coiistmil 
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rale. 'Hio contripotal force ia equal to the inertial rCHistanco which is 
directed porpondioularly to the orbit and is called tlio “ centrifugal 
force,” Wo shall produce the centripetal force that is necessary for the 
experiment by a magnetic field, wliicli arises from an ordinary bar- 
magnet MM. A magnetic field acts on moving charges (” onrreut- 
olemonts ”) with a force tliat is perpendicular to the magnetic linos of 
force and to the direction of motion. In iPig. 2n tlio magnetic lines of 
forcjc nm from the back to the front, so that the centripetal force in 
question lies in the plane of the page. We see the beam of cathode rays 
become curved under its influence into a circle (or into a spiral, if the 
initial direction of the cathode rays and the direction of the magnetic 
field are not exactly jDorpondicular to one another : in our case wo 
should then got a curve of variable curvature because the magnetio 
field is not homogeneous). It is pretty to .see how the circle incroasos 
or decreases as the magnet moves away or a])proachcs. blxprossing 
this in a formula avo find that if H denotes the intensity of the magnetic 
field, p the radius of tlio circle (more generally the radius of curvature 
of the curve), thou 

evil = m- , . . . (2) 

P 

On tiu'. left is the centripetal force duo to the magnetio field, on the right 
is the inertial resistanoo of the olootron, or, expressed shortly, the 

* 

centrifugal force. In this case, too, as avo scjo, the ratio --- occurs as 
a determining factor. Rrom (2) avo got 

{2a) 

m 

11. hi a, homoyencom and jiaralH field of Jorce.y na, for exainphy is 
represented bjf gravity on the earth's aiw/acc, a body deserlbes a 2>arabola, 
the form of which depends on the value g of the acceleration in faUingy or, 
more generally, on the acceleration in the field of force in guestion. In 
our tube avo generate the nooos.sary field of force as an oloctrio field by 
charging tlio afiti-oatliodc negatively, os by connecting it Avitli the 
oatliodo by band. 'J’bo field that results in this Avay is confined to the 
iioiglibourliood of the anti-catbodo, and is tolerably liomogencous there. 
'X’ho cathode rays tliat jiroviously disappeared at the anti-cathode are 
noAV hont backwards into a parabolic shape (of. Jfig. 2a, p. 12). (Above 
the anti-catbodo there is tt kind of dark space tliat somoAvhat disturlis 
the regularity of the parabola.) If R is the field intensity, then avo got 
for the aooolerativo force that acta in this case. 



'I'lioso and similar experiments clearly load to do torni illations of 
by various meth ods. Wo may, for example, combi no (1) and {2a)» 
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olimiiiatc v, and dotcraiinato ~ from the throe jiioaauvahlo quantities 

m 

p, H, V. This A'^aluc, when it was first dis(50vcrcd, led. to ike discovartj oj 
the ekclron. For as it was almost 2000 times greater tlmn tho valiio of 

~ tliat ims derived from oxi)oriuients in electrolysis, it pointed to tho 

oxistonoo of a niicro-jnass which is almost 2000 times smaller tJum tho 
jnass of tho hydrogen atom. 



Ji’iQ. 2o. — ParaboHo motion of oloofcvons in a homogonooim olootrio flohl. 

Certain results comieoted with the absorption of catliodo rays aro of 
particular intorosfc for questions of atomic struoturo. Lonnrd was tho 
first to load tho cathode rays out of thoir captivity in the tube by allow- 
ing them to enter into the air through oxtromoly thin metal folia (so- 
oallod Loiiard windows). Although they hero also soon came to a dead, 
stop owing to ropoatod olisfcriiotion by air molooules, they novorthcloss 
clearly exhibited tlieir corpuscular existence indopendontiy of tlie pro- 
ducing tube. Systematio experiments on absorption now showed that 
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to t-luF’ rcvci’HOci (iliiirgc, tliia, tho, {(('Ilcc.tion i« ()(niNi(l('riil)ly 

lo.sa Uiiui ill l-lui (lUHo of mitliotJo rays, h’oi' if tlioHo. (l(\(!(‘(!tioii ox pari. 

II Kill ts jii'o used to (lotormino tlio spaoific! aliar/fo of the particlas in the 
cannl rays, ivo find a value having tixi oj'dor of imignitiido of tlic 

0 , 

ele drool 10 niieal eqiii valent^ and in (fowl wo got the exact value , as 

?a]i 

given in § 2, Fig. in, in the on ho of canal rays of iiydrogon, tluit i.s when 
tlie tube is filled witJi hydrogen ; we get a value 200 tiiiuin as small in 
the case of camd rays of ineroiiry (atoinio weight of inereiiry 200), 
that m when tlie tube contains nicreiiry, and so forth. It may he men- 
tioned that in the latter case, wo also got nniltijiles of this value, a fact 
tliat points to a ninltijilo ohnrgo of the mercury atom (to the miinher 
of eiglit oloinontary ({iianta, according to J. J. Tlioin.son). In the 
former ease wc observe in addition to the full ecpiivalent eluirge, also 
lialf of tliis (piantity, and this points to the formation of positively 
charged hydrogen niolooiilos (inol-ions as contrasted with atom-ions). 

iMtogether, the conditions in tlie case of (lanal rays are not so 
typically simple and easy to gras]) as in tlie ease of catiiode rays, d.’liis 
is due to tho frocpiont traiisforonoo of cliai'gos among the ions of the 
canal rays (W. Wien). They become neutralised after a short distance 
by taking up eleetrnns, and bocoino positively charged again tlirougli 
tlie loss of one or more oleetrons in subsoq^iicnt eollisions (sonm- 
times tliey lieeome negatively charged owing to tho absor[)tion of eloe- 
trons). On the other hand, for this very reason the plienomeiia in tlie 
ease of eamil rays ai'o muoli more manifold and instructive, inasnuieli 
ns the canal rays, a.s ions, possess the janver of omitting light of tiieir 
own (J. Httu’k). The lLimine.seont phenomena of oamd rays (of. Oiiap. 
VI, the Htark eileot) have furnished modern pliysies witli invaliiuble 
material in just tho province tluit eoneerns ns hero. 

'Idle contrary elmraetcr po.ssoHsed by ions and elcetrons maiiife.sts 
itself, too, in tlie velocities of canal rays and cathode rays, 'riie rahi* 
tively largo mass of the ions of canal rays, for a constant voltage of tlie 
tube, nsHiimes a niiioh .snuillor velocity tlian the small mass of ilio 
electrons of cathodo rays, ddio coiTosponding velocities aro tlicoretiij- 
ally in the ratio of the square roots of tho mas-sos of the elcetrons ami 
the ions, sin eo equation (1) mmiins valid for velocities tliat are imparted 
to tho ions of oanal rays. In tho case of cathode rays we get for a 

tension of 1}(),000 volts, for example, a velocity of 10’ ” oms, jier see. ™ ; 

tS 

in tho case of canal rays wo scarcely got hoy mid 2 . 1(F eins. pw' h(!o. 

fi 

"■ Tco' 

jSo far, in the ease of both tlie ion and tlio electron, wo have boon 
concerned only with the mcu.suroinent of tho specific oliarge. On the 
other hand, we also mentioned tlio nbaohde value of the elementary 
charge c at the end of tlio preceding section as being an ocxual, invariable, 
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find nniv(H’Ki\1 (|iiantity for ioim and olocitrooK. \V(' must th(n’(vfor(' 
compleU^ our awiounl) liy ntaiing Uoav tlm olonumtury eluirge itself may 
bo detei'iiuned, J,t is obvious that if wo know tlie absolute ehargu thou 
(by comjnvring it -with tlui sijecilio charge) v'o can also find the olcoti’onio 
mass m and tho absolute mass of tlu! liydrogon atom Wjc, as welt as the 

Loschmidt number -- and the mass of all other atoms, Tho values of 
mu 

ra, mw, and L found in this way are also noted at the end of tho pre- 
ceding seotion. 

There are many ways of deriving tlie elementary charge e. The 
pioneer work in this question, as in other.s connected witli electron 
theory, was done hy Sir J. J. Thomson. '•’* From our discussions about 
tJie theory of spectral lines wc shall get a spootroseopic dotermimition 
of e which promises to give ns the most accurate value (of. tho linal 
paragraph of Oluip. VIII). At present, liowevor, the surest road seems 
to be that which has been followed with particular success hy Millikan .i' 

A macro -ion, that is a cliarged particle of matter composed of many 
atoms, preferably a drop of oil on account of its shape, is kept suspended 
hy balancing an olectrie field against its weight, or it is allowed to drop 
slowly hy altoiang the Hold or its own charge. By means of radiation 
from radioactive bodies or Rbutgen rays (X-rays) the ciiarge may bo 
varied to tho extent of one or several units of charge e. By noting the 
times taken to fall in the ease of one and tho same particle, we get the 
data necessary for calculating both the size of the particle and. also its 
cliargo. Tho result of measurements repeated, hy Millikan over a s])un 
of several years is :j; 

fl - (4>774 :;h •004)10-1'’ .... (4) 

In contrast with this the si)eetraseo 2 )ie determinations, which are, 
however, not yet complete (rellcetiou of X-rays hy an artilioinl grating), 
give a higher value, namely, 

e == 4-80 . lO'!” .... (4a) 

In (4) and (4ffi) the elementary charge is given in so-oallod eleoti’ostatio 
units (E.S.U.). We may exjvress its value in eleotromagnetio units 
(E.M.U.), which are usual in tire ease of the s]Kieilie eliargo, by dividing 
the above value by c = 3 . IQi*’ : § 

c -= (M501 :b ‘001)10-2'’ E.M.U. . . (5) 

This was the value noted at tho end of tho jn'oeeding section. 

* Hi must bo inoutionod, liowovor, that tlio first value for c was obtaincsd by 
J. S. 'rowusoiid in tho Cnvondish Laboratory. Soo in lliia coniioxiou A, A. 
Millikan’s account in his book, Tho ISleotran^—Tranal, 

t Phil. Mag, (0), 34, 1 (1917), 

t Bivgo {loo, cU,) obtains from Millikan’s obsorvations tho value 
e == (4-708 ± 0-005)10-‘''. 

§ Tho. exact valuo of o is 2-90700 rh 0-00004. 
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§4. «- and ^-ruys 


Not only are canal rays and oatliodc mys in'otUiocd artificially, but 
they also ocour naturnlly, being emitted during the disintegration of 
radio-active elcinenta. The positively charged a-rays correspond to the 
canal rays, and the negatively charged j3-mys correspond to the cathode 
rays. Tlicso natural eorpnscvdar rays are inucli more violent and tein- 
pestiious than those produced artificially. In this way they testify 
directly to the immense stores of energy available in the interior of tbo 
atom, which cannot even be approached by the energy of tlui partiek^a 
pi’odnccd in the best modern X-ray tubes. 

The velocity of the a-rays of rndiunv 0 aino lints to 2 . 10“ eins, per 
see. It is about ten times as groat as tlie velocity attained by canal rays. 
It follows from equation (1) of the preceding section that the energy tlmt 
is necessary to produco this ton times greater velocity is 100 tiincM 
greater than, or, if wo take into account the carriers of tlie a-rays [vliia 
below), even 400 times greater than the canal rays of hydrogen . lloiieo , 
whereas wo work a. canal ray tube by means of a jiotential dilVerenee of 

30.000 volts, i.c.'SO kilo-volts (KV), wo should require a voltage of about 

12.000 KV to pimhioe the energy of a-rays. A comparison of cathode 
rays with /J-rays gives similar results. We may produce artifKiial 


catliode rays having a velocity ranging from 


0 c 

to wliereas 

if ^ 


natural 


^■rays are known wlmse velocities {lillor by only I ])er camt. and Ichh 
from c, iSincc, as we si i all see later, the velocity of light, r, repri'sentn 
an iinsur])assah]e limit of voloeity for all material ])ai'tiele.H, a limit 
which may, be ajqn’oximated to only when tlie energy ap|)licd is in- 
cronsetl witliout limits, wo see that to a velocity M'hieli a|)pi’oaehes to 
within 1 per cent, of c, there corresponds a voltage of tlie same order of 
magnitude as was just given for a-rays. 

For cases in which the velocities of the ^-rays a])proximato so closely 
to the velocity of light, it is clearly convenient to oxiiross the.so veloeiticH 
by giving their ratio to c instead of giving their absolute values cmM. 
p(3r second. I’bis ratio, which is always a proper fraction, is usually 
denoted by the letter thus : 


0</3<l . . . , (1) 


From experiments on the doflootion of a- and ^-rays the spooilio 

charge has been found to be half the value of the equivalent charge 

in the case of a-rays, and consideraMy greater in the ease of ^-rays, 

namely, of the order of magnitude of tlie s^iecific charge of the electron, 

The latter discovery confirms our above statement that /3-i.’ays are ]iai*- 
tioiilarly rapid catliode rays. But the former discovery eonfronti'd 
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witli, a diirioiilt uhoico from wliicli experiments on delieotion 
nOeri'ni un (.‘soapo only after the elfeet of each single a-partielc could bo 
«utn!i«sfully (lonumstrated, that is, after a means of counting cc-partieles 
had hoou dificovered. A decision had to be pronounced in favour of 
turn of th(5 three following possibilities, all of which were compatible 
with the valvie of the spccilic charge of the a-ray particle 




■, i.o, the a-particles, are singly charged hydrogen molecules 


(tluii is molecules, each of which carry a unit charge). 

2. i.o. the a-particles arc singly charged atoms of an element x, 

hiifiorto unknown, and having the atomic weight 2. 

‘•2a 

;i. , i.o. the a-particles are doubly charged hcliain atoms (atomic 

Widghb of Ho is 4-00). 



t'KO 5iA. — Wilson-pliofcograph ot a-pavfciclea starting out from the end of a wire 
aoatod with radionetivo material. 


^JMio oxpGi’hnental researches mentioned have demonstrated the truth 
of tho tbircl suggestion. This means that the radioacliva elements ai e able 
to 'proihice. from within themselves doubly charged positive helium atoms. 
jly proving the presence of lines of the He spectrmn physicists succeeded 
in (ionlimving this conclusion hy direct observation. 

In consoqueiico of this wo now understand the difi'erence between the 
uonoral properties of a- and i3-rays. On account of their great mass 
limn), iho a-rays pursue their paths with great persistency. They 
almttor tho obstacles wbioh they encounter in the form of air molecules. 
Tho latter in this way become ionised, that is, they become split up into 
positively and negatively charged ions. And, indeed, the a-rays m 
their passage through atmospheric air form several thousand 10 ns 11 
every miUiLter of their paths. The /3.rays, on the other hand, being 
t)E uxtroiiioly small mass, are much more easily deflected from then 

von, I. — 2 


1 8 Chapter I. Introductory Facts 

paths. Tlioy exert a eoinparativoly MiiuiU iiifluence on the air inoleonlos 
Avith wliieh tliey come into contact and form ions only now and then 
{5 or 10 per inm, according to their velocities). 

'.rheso properties of a- and /3-rays wore exhibited in a strilcing Avay by 
some beautiful photographs of C, T. H. Wilson, which have often been 
reproduced and Avhich avo must consider here also, His metluxl con- 
sisted in bringing a radio-aotivo substance into the vicinity of a scahul 
A^essol Avhich contained super-saturated Avater vapour ; by this moanH, 
a- and j 8 -rays AA'ere introduced into the closed chamber. Tlio gaseous 
ions Aviiicli are formed by these rays serve, just as in tlio oaso of the 
gaseous ions or particles of dust that are instrumental in tlio pixuluO' 

tion of rain in tlio atmosplicro, aa 
nuclei about Avhioh tho super- 
saturated Avator vapour may oon- 
dense Avhen tho moist air ia 
suddenly alloAved to oxpand. Thti 
drops of water whioli thus form 
and collect rapidly arc Avhat wo 
see on the photographs. 

Tho path of an a-pavtiole in 
charaotorised on the plates as u 
douse, apparently oontinuoua, mark 
(indicative of strong ionisation), 
but, in reality, it consists of in- 
dividual drops of oondonsod vapour. 
In general, its course is a straight 
line (duo to its groat mass). Fig. 
3 a shoAvs a sheaf of a-rays Avhicdi 
start out from tho ond of a Avirn 
Fifl. !}n.— Wilson -])botogm])h of a- AAdiich has been made radioaetivo. 
uai-UoiGs jifii'gonmsB, small (loy in- pj'ig, 3 ^ produced by S-rayH 

tion, strong ionisation. At tlio , , ■ , . • . r 

omls of sovoml traoHs hoolcs lU’o that originate at a point oi 
cloarly visiblo. convergence outside tho pioturo. 

Several of them shoAV, tOAvards tho 
ends of their paths, whore tlioir speeds have already been muoU 
reduced, iironoimced hooks (sudden bonds). We hero call particular 
attention to this apparently subsidiary ]3lienomonoii for tho reason 
that, as Ave shall see later (Oliap. II, § 2), far-reaching consoquoncoH 
arise througli it, 

On tho otlior hand, tlie path of a /9-paiticle is dollooted much more 
often and much more easily (on account of its small mass), and is imno- 
tuatod only rarely Avith drops of Avater vaxionr, as is manifest on tho 
jihotographio nogativo (this indioatos feeble ionisation), In !Pig, 4 wo 
see in partioular, besides diffusely scattered drops of water, tho paths of 

* Tho most rooonfc and most comploto pioturos avo given in Proo. Roy, Son, 
104, 1 and 102 (1023). 




J 


>Ht«{ 


1 \(V 


19 


( v*- 

r.-. 


^ y.nii- 1 ‘‘it 

■M j/M.Ufhhi 

li,. y.iilvi '4 /' s 

j it )■.'-< '1 ' 'l! " i 

,11 }i,’hl -u 

(4 U!>'» !v‘ 1 • h' ill 


fl,,- j-ihi.i a.; , ^ j- ! 

‘hhi hisih. ; 

Ilf f 

hvs.aafa 4 

. .fill .in4 '; 'hi 4 

nnl in* M 

1 liv )hi«5l »>” "h 

,4 if ,.4 f'ii i 

iv> I'fh '*.4 

mM: -jh 

j..n .4!'4 ?«■< "h‘ 

1 

l-i Uf- 

, . „;i .» J li h" 

pjftln 1 i‘.l ' ^1 ' 

Uv Usi> V 

.4 U.u f 

Ih S haV 

1 p-. inii.i'f I'l ''h 

1 U:i> at 

1‘ulnj.ftl !( j'-il 

«.r Ua- 

IJyJil SliS i". 

ihns-, Is. 

Ui>. i'llU nlih 

flh- fsi!4 

vs kit' is K-I-I -4 '1 


icii.i.i ‘liii.' 1 

‘:,i ■■iivhi' I! h ■ 

Isih'"'' i4 i)h'i > 

s sn 

s1!.4?*i?5"« ‘-i* 


H'--' 

t ■ 1 * .* s 5 1 Hi 

1' i N Ulh.' i : '■ 

h '^ 9 *9 .at*' f -r 

|t.4ls 4i 4. . !mo, 

4'..j.H.-h«S 

ii«}4 

i. 44i- 

jft»' '»!»n J isi’ ■» • !•' 

Ua. 

u-ms.nUi S Hit- 4 

i lN-.. ii-ii 

1 ", .4 * -III !» ''••* ! 

...Hi. *4 

jtlli.' .7? 1 1* ■ f v'ciK, liss if till 

in »Uil« 

4* Ml ‘ !5' 4 

|>'<«inii " hi, iK -a 

1 -a! I-* 

‘ii j-t-iii- iJil' |!*'!4 « 

Ss 1 il«a' ; 

it 4jM«‘r« iiil 4"5?' 

r la 4 J*..t|»sf 1 

Hn4 1*41 N'svi 

r .'villi*' Mail 

Vf'tn* *f h isj n af Jnis^f 

»4 liii*' 

1,<,' Ija' lai'ii 

1 sn>« la ■> h 

t ill * - m 

mK »|>' j9inMnf- <4 iSt'' hn4f4l'- 

hit flih j'Salh ! 

|!,ai4:« U- 1 

» aitlihl irf" *l> M' i 

1 1* 4 i« i § ■-* 

>n'» linn w«' *'an 

« vuntl 

!•< |ei> Hin 



1 'i-si'' j 1 

|it -iif ^2;' 3i;-; i 

* Vi ^ 


If iluvt'il M\rml Imhih, 111 

>i liif-ffn «** ?!(•' Uni K ihiiOily iihiyuiiii <l) |>alli «il 1.UI 
vti Unnili!< (li>' I'lnl), Iii vrlill lltil’i’S of 


Hvi’ i!;st Ml*’ ;i I iiv i ««' iliull t'liliiti I III' U ill 

hi )')ish ..I iliif ili’ilt I't jiiii |iihhiit'fi MitlitiiH'd in 
I II <v Kanluhniu ; * H irs heir rr| Hi 11 1 III 'i'll 
Hit' u)i»hfc! til ,h' ihv-. hmilli'tl !*y 11 nuliuin 
ih ’ '4 .* in i *4 lilt*' it j II 1 1 in I -i i-i r \[ic»,-i(‘tl In 





Vi . 


V- 


'fitiiii®-' 


I'sfv I. * 4 /{' pnH s uniull 

♦ nsiwstOj »{ii>Virttii»l», WnlU iMMiaflUniU 


Flnm f«»ninil^n (‘nJ) ini4 (4) nf ifm pnutndliig 
iliBf tin' Itriuii'ln ^ nf th«’ I'lirvp wtitild Imvo 
iOM jnii OiM » rnmninn vi’Hii'al tUHMnnl IVfc 

*<sn«ir4iu»'t!|4< hi Uh' irtifjiMl lUhl UHIII 1 tV 

\uu .1 ri.4« , 10, l«? {lM«mp 



20 


Chapter I. Introductory Facts 

the undufloctod point it tlio oloctrouio mass in woi’o ciotisiant, Unit i«, tlia 
atune for all vcJftcitloH. an experimental fact tlu^ two hranolies do 
not tuncli (of. tfie tajigonts i and I' wliieii have been aketelK'd into 
Fig. 0), but run into one another at a certain angle. From tliis it is to 







Fici. fi. — Wilson -photograph ot on a-pai'tiole and a j3-partiolo taUon togotlior, 
At tho on<l of tho track of tho a-iiai’biclo is a distinct hook. 


bo inferred that the declronic mass defends on the velocity and that it 
increases beyo7ul all Iknits as it {the velocity of the ekctiwi) aji^ivouches 
that of light. 

This result oxeitod groat astonlslnnont, as is easy to inidorstand, for 
it aliattorcd tlie time-honoured dogma that mass 



Fid. C, — Knufmnim. 
photogrnpli of do< 
fleeted ^-rays. Tho 
olooti’ic! and mag- 
notio llokla are 
parallel to ojio 
another ajul to 
tho pliotogvapliic 
plate, 


is constant. But Kanfmann wished to read still 
more from his negatives. He wished to learn 
from tlieiu aocording to what law tho mass of 
the electron alters with the velooity. In tln.s 
connexion there were two opposing theories winch 
led to different forms for this law, namely, tho 
older tlieory of the absolute ether (the original 
theory of Lorentz, elaborated in joarticular by 
Abraham for tho questions hero nnder considera- 
tion), and its younger rival, tlie theory of tho 
relativity of motions (founded by Einstein). Tii(5 
latter theory gives rise to a partioularly simple 
form of tho law governing the ohango of jnas.H 
with motion, namely to the formula : 


7n = 


Vl -i3” 


( 3 ) 
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.In il. ^ is volocity, as explained in equation (1), expressed in terms 
nf tli(! Nu^loeity of light c ; is the " rest ” mass corresponding to the 
velocsiiy ^ 0 ; ni is the mass of the moving electron. The theory of 

n'lativity nssen’ts that this formula is true not only for the electronic 
nuiHH '»i., Init also for any arbitrary mass of matter. This means that 
iwcrfi iirhilmri/ mass must inermse ns increasPAH and must become 
htfuillplii (frent lolten j8 ^ 1. From this the tliesis, stated right at the 
hegimiing of tln,s section, that the velocity of light ropresenta for all 
v(0nc;iti('s of material bodies a limit that cannot be exceeded, i.c. that 
the velocity of light can only bo apjiroachcd asynijitotically but never 
(^\'c(M^de^l, would already follow as a natural consecjuenco. 

It can easily bo grasped from this that the deflection experiments of 
/j-rays were regarded for a long time as the experimantum crucis which 
was to (lc(!id(5 for (ir against the doctrine of the relativity of motions, and 
that they were thus to determine our fundamental views of space, time, 
nmtion, at\d the ether. So far as Kaufmann’s experiments are con- 
('.(S'ned, it has been proved tluit they were not sufflciontly aconrato to 
give a (hsiisivt^ atiRwor. Later experiments have established more and 
more delinitoly the correctness of the relativistic formnhi for mass (2), 
In oin* speetroscoj>ic discussions later wc sliall likewise arrive at a con- 
lirmation of this formula hy a method that far exceeds all others in 
accuracy (se(i the final scotion of Chap. VIII). 

VVe might woll close our brief .survey of corpuscular rays boro, were 
it m»t that Ave have still to discuss several general questions dealing with 
tlm nature of elc(;tricit3^ Arc to regard electricity as unitary or 
dvalislk ? Is it made of matter or of energy, of substance or of force ? 

’l.'h(^ ([uestion as to Avhothcr it is of one kind or of Iavo kinds Avas 
]»i'opoH('d long ago particularly Avith roforence to Voltaic eairrenta. .Does 
only one tyj)e of electricity or do tAvo contrary types, move (in opposite 
dircidions) along a condnoting Aviro ? Tire controversy remained 
unfriutful for a long time. It Avas only when II. C. Tolman ‘‘‘ used the 
• nuKst highly refined methods of modern, experimental technique that 
tlui (ptestiun Avn.H settled. Wo may noAv assort that Avhat floAvs in a 
conducting Aviro is negative oleotrioity ; oAmry conduction current in 
nudals is a miri'ent of electrons, hi tliis domain our vienv is unitary. 

In tlic realm of atomic jihysics, hoAvoA'-cr, avo arc inclined to take the 
dnalistic! vicAV. A positive charge signifies more than the absence of a 
negative cluirgo. Posilim electricity is alivays associated with atomic 
masses, Wc have thus to deal Avith tAvo tyjjcs of electricity that differ 
not only in sign but also in nature, '.riioy are ropresontod by the 
(ilcctron and tlio proton, 

'riuu'e is m ronson Avhy avo should not claim these two representatives 
ns neyaUue and positive eleetrons, I'c^siHscdively, dust ns all negative 
eliHdrieity ennsistH of the ordinary negative (deetrons, so all matter, 
U(!Cording to tho old liypothesis of Ih'out and tlu5 newest vesulti^ of 

* CJf., for oxamplo, Piiys. Itov., 81, 523 (1023)^ 
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cathode ray particle, carries its eleotroinagnetio iicld along with it, and 
hence does not radiate.) Oonsequontly the intensity of tlie radiated 
held is ill general proportional to the acceleration * v of the charge ; in 
particular, in the direction r = OP (of. Fig, 7, in which 0 is the position 
of the cliarge, P that of the observer, briefly called the reference point 
{AiifpunU)t it is proportional to the component of necoleration v,„ 
which lies in the plane tlirovigh V and and wliieli is porpondioular to r. 

Wo describe a sphere through P, about 
0 as centre, with tlio radius r, and 
mark as its north and south polos N and 
S, the two points at whioli tlio aocolora- 
tion vector, when produced, meets the 
sphere. Let us flx the position of P on 
the sphere by moans of the angle 0 
(complement of the goographioal lati- 
tude). 'Pheu 

v„ == V sin 0. 

'hlie electrio force lies in the meridian 
plane ONP, the magnotiis force is the 
tangent to the small circle IM;*'. I’hose 
forces are of equal magnitude if, ns is 
natural, wo measure E in the oloefcric 
(“ eleotrostatio ”) system and H in the 



Fia, 7.— The flold, lUKsoi-diiig fco 
chiHsicfid oloctrodynaminH, o£ 
a olmrgo sitiiatod nl; 0 mov- 
ing non -uniformly with nc- 
coloratioii v. 


magnotio (“ eleotromagnetio ”) system, namely, 

ev„ 


E = 




. 0 ) 


(the charge e is measured in electrostatic units, just like B). ^'ho do- 
pendoneo of these quantities on r, as expressed in the equation, may 
easily be seen a priori. During the process of omission of radiation, the 
same flux of energy passes through each spliorioal sholl. Since the 
surface of each inoreases proportionately to the specific flux of energy 
S, the so-oalled Poynting vector, must decrease as increases. But, if 

WO disregard the factor ^ which depends on the system of moasurc- 

mont, S is equal to the product of E and H (at least, when E and H are 
perpendioiilar to one another) ; thus in our case : ' 


B 


4-.7T 


EH 


giy-S 


4^gaj.2 ^'nch'^ 


siu‘^ 0 


( 2 ) 


* i'ollowing Newton, wo indicafco tho inereaso with rospeot to time by a dot 
thus ! 

^ th’ 

in the casq here considored in which tlio volodity is supposod to have a constant 
direction, v denotes the value of V whou tho direotion is disregarded- 



§ 5 * Rontgcu Rays and y-niys 25 

From tins (by intogmfcing over the surface of the sphere) wo got for the 
total flux of energy : 


2 


(3) 


Our representation (1) of the (iold is a lujcossary oonsoqucnco of 
tlio catablislied principles of oieetrodynaini(!s. It shows the transversal 
eharacler of the field (E and H are porpondicular to r, ■ that is, to tlie 
direction of tlio ray S). In addition, it shows that in Ike longitwlinal 
direcMont is, in the direction of the acceleration V, the emission of 
radialion becomes zero (sin 0 = 0). Tins fact is used practically in 
wireless tologra])hy : in the direction of the antenna (tliat is, of the 
alternating current, corresponding 
to our v) the omission is zero : it 
is a maximum in the direction at 
right angles to the antenna, ll.’ho 
position of H, too, corresponds to 
thowolUknown eireumstanecs that 
attend the passage of alternating 
currents through a wire : Ivlio lines 
of magiT(dio force are circles around 
the wire (corresponding to our 
small oirolo PP' in Ifig. 7). 

After those proliniinary re- 
marks, wo have now to imagine 
secondary X-rays to bo ])roducod. 
in the following circumstances : 

Every body, whether solid, liquid, 
or gaseous, fa built up of electrons 
and positively charged matter. In 
Fig. 8 , lot 1 be the direction of 
the primary beam from II (Rdnt- 
gen, or X-ray, bulb), to K (the 
scattering body). We assume that 
at the outset tlic primary ray is unpolarised. I'jct us then resolve 
the eloctrio force, as shown at the bottom of the figure on the loft, 
along the two perpendicular directions 2 and 8 , whioli are perpen- 
dicular to 1 ; we got two equally intense component forces along 2 and 
8 . When the oomponont 3 has arrived at the surface of K, it sots the 
elootrons in motion along the direction 3, 1 'lioso electrons thus become 
the source of a now radiation. This radiation gives us, as wo saw, no 
intensity along 3, hut maximum radiation in the direotion 2. In the 
same way tlio component force 2 sets the electrons of K into motion, 
'Wio radiation thus produced gives no intensity in tlio direotion ( 2 ), hut 
maximum radiation in the direotion 3. From this it follows that the 
secondary radiations s, which propagated in the direction 2 , are 



Fid, 8. — ^'J.’ransvorsal nature ot Hout- 
Rou rays. UnpolariHotl rays vi- 
brating ill th<i iliroctions 2 mul 8 
are omittod by tlio tubo at 11. 
Tlio Bocoiulnry mys from K in 
tho direotion 2, vibrato in tlio 
• iiirootion !1 only. Tho tertiary 
rays from K' in tlio direction 1, 
111 BO vibnito in tho ilirootion 3 
only, while tho intoiisity hi tho 
lUi'ootioii 3 from K' vanishoB 
nl together. 
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derived from electronie vibrations in t-ho direotion. 3 and likewise 
vibrate in this direction, Th&y an thus compUtd^j polar isexl. (3 'he 
same is true of tlio secondary rays that aro propagated in tho direction 
of 3 and which vibrato in the direction 2 ; and it is true of all second ary 
rays that are propagated at right angles to the primary direotion 1. 
The secondary rays that arc obliquely inclined to I are partially 
polarised.) 

But how oan wo recognise the complete polarisation of the secondary 
ray s, seeing that wo have no Nicol at our disposal for X-rays ? By 
repeating tho process, we place a second scattering body K' in the path 
of tho secondary ray .s and measure tho tertiary X-rays. 'I'lresti are 
produced by electronic vibrations that talco place oxclusivoly in the 
direction 3. They omit maximum radiation in the direction KM, and 
none at all in tho direction K'3. The perimulicular sat of Unas p.s/ in 
the directions 1, 2, 3 proves by the vanishing of the intensity of the tertiary 
rays K'3 both the complete polarisation of the secondary rays and the, 
transversal nature of the primary rays. 

In Barkla’s oxporimonta tho scattering bodies IC and K' coiisistial 
of charcoal. I'ho intensity of the tertiary rays "was measured electro- 
Hcopically by their ionising action on tho air space of a coiKleiiser 
(ionisation chamber), which is very sensitive towards X-rays and whkih 
luid already been perfected in the original experiments of Jlontgen, 
Provided that tlio primary radiation was fully unpolarised, K2 and 
ICS would liavo to sliow the same degree of intensity under similai’ 
conditions of moasuromont. In reality, as Barkla, and later !Bassler, 
found, tlie secondary rays already show differonces of intensity with 
direotion. They thus indicate a partial piolarisation of the primary 
radiation. 

The latter oiroiimstanco loads us still more deeply into the process of 
production of the primary X-rays, In Fig. 9 lot K bo tho ])lato-sliap(!d 
catliodo and AA tho aiiti-cathodo. When tho cathode rays strilco tiui 
anti-oatlmclo, tliey are arre.sted ; tlieir average direotion of retardation 
is represented in the flguro by tho arrow v. This change of '\’’olo{!ii;y 
causes radiation to bo produced, which is tho shorter in wave-length 
and tho more intense, tho greater tho change of velocity. This radia- 
tion is to be regarded as the reason (or better, a reason) for the occurrence, 
of X-rays. T'ho resultant hold is described by tho earlier Fig. 7. In it 
the direction SN is now represented by tlio direction ICA of the oathodf' 
rays. Tho electric force lies in tho meridian planes, that is, iiow, in tho 
plane ICAR through tho cathode ray and tho X-ray. 'Tho process of 
formation of X-rays thus points directly at a favoured xolauo for tlio 
oleotrio force, The observaiions (of Barkla and othors) have confirmed 
this position of the plane of polar isalio7i, 

According to our argument wc should actually expect a eompluto 
polarisation of tlie primary X-rays if the rotardation u'ci'o to occui’ in 
one dciinite direotion, liamoly, in that of the arrow v in Fig. 9. But tins 
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3c5rtainly not tho oaso. Batlior there arc ehaiigcw in the direction of 
5 Impinging cathode I’ays wiiiki they ar(^ heing brought to rest by 
3 material of the anti-cathode. Tlirongii tlnmi the direction cf tho 
'Ow ir and lionco also of the direction of polarisation becomes blurred. 

. t there is a still dcepor reason for tho incompleteness of tho poUvrisa- 

11 . 

iliarkla has diaoovored that every material substance when bom- 
L'clrd with cathode rays omits a radiation characteristic of tho sul)- 
moo {called « oharacteristio radiation ” JUigenslrahlung). Whereas 
‘ may compare tho radiation considered just above (“ impulse radia- 
'XX ” BremsslraMung) with the forced vibrations that oconr in 
lolianics — as a .necessary consequence of tho sudden stoppage — this 
etraotoristic vibration corresponds to the free or natural vil^rations of 
lolianics. Through the agency of the cathode rays the electrons of 

0 3imtcrial of tho anti-cathode are thrown out of their positions of 
(or out of tlioir stable orbits) and tend to return to these, In doing 
they omit tho frequencies 

/bru’al to, or characteristic of, tho 
ixtorial of whioli tho anti-cathode 
composed, This oircumstaiKse 
ves tho process a resemblance to 

1 trioal flnoroscolico, in wlueh, like- 
iHc, a frequency of vibration 
sours, which is char aotoris tic of 
to fluorescent material but differs 
OiTi tho frequency of the incident 
ucliation. Tho phenomenon oocurs 
oely, being exoited by tiic 
viihode ray but, espeoially in re- 
ivx'd to direction, is not subject to conditions. 'I'hus (Jic characlGriHtir, 
t-cZialion is nn'polarmili and the total radiation {impulse radiation -j- 
■xctracleristic radiation) is only partially 2 '>oUmse.(l. 

As a result of tho polarisation experiments above discussed, there is 
o doubt that tho radiation of X-rays is of the transverse wave typo, 
Nowadays wo speak of Rbntgon light or X-ray light and distinguish 
i> irom visible light only by its greater hardness (ponotj,'ativo iiowor). 
.’liis general oharaotor of Itdntgon light is shown vory strikingly in a 
dictograph, here reproduoed in Fig, 10, hy C. T. R. Wilson, Tn oon- 
x-evst with tho former pliotographs (Figs. 3, 4, 5), wo see hero no rcotb 
Liioar or curved corpuscular paths, but a tbiolr beam of rays tliat 
X’ averse tho space of tho condensation chamber in a horizontal 
Lircction. This beam of rays is made visible to us photograjdiically 
lot directly but indiredly by tho secondary eatliod.o rays (see p. 211), 
•Ixat is, by tho oleotrons that have been sot free from air moleonles and 
xxoleculos of water vapour l)y tlio X-rays, and Avhieh lly out laterally 
md irregularly, and cause the water vapour to eoudeuse, 



,Fki. 0.— Dingi’ainmati» voprosoiifca- 
tioii of tlio', rotavdatioii oxpori- 
oncotl in, tlio auti-oathodo A, by 
tho cathode vays coming from 
tho cathodo K. '.I'ho ldhitg<su 
rayH are omittodinall dh'oetiona. 
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The hardness of Rontgen light represents wliat "w'o ns vi ally call cohmr 
in the ca>sc of ordinary light, Great hardness denotes great frccpie-ney 
of vibration or small -wave-length. Moderate hardness or gr(?(it<n‘ 
" softness ” denotes smaller fre(pieuoy and greater -wave-length, ’.riiis 
terminology introduces no difficulty in tlie case of eharaotoristio radia- 
tion. Wo called this free vibration and are tempted to nseribo to it 
a period (or a series of periods) of vibration eharaotoristio of tlie matorinl 
of tlie anti-enthodo. Tins avc may actually do, for oxperiine.ntnl 
researches have fully oonlirmed this conclusion. The e]uira(deriHti(! 
radiation is not only “ charactoristie ” hut also “ honiogom^ons.” It 
eonsists of a few sharply defined kinds of vibration, each of wln’eli 
corresponds to a homogeneous monochromatic type of: light. Wiien we 
have become acquainted Avith tlie spccti’al resolution of X-rays (Ghap. 
IV), we sliall see that the cluu’acteristio radiation assume.^ tlie form of 
a line-spectrum. 



Fia, 10. — Wilson-photogmpli of sodonrlary onthorlo mys prodiiood in waltir 
vapour by a primaiy boam of Knntgou light pn^jsing from right to loft. 


To supplement our earlier statements ive must add the following : 
As the atomic weight of the body emitting the characteristic radiation 
increases, so does the hardness and the intensity of the oharaoteristi(! 
radiation. Anti-cathodes of heavy metals produce copious and hard 
characteristic radiation, ivliereas charcoal, paraffin, etc., produce only 
scant oliaraotoristic radiation, which is soft, being absorbed after tra- 
versing only a foiv centimetres of ordinary atmospheric air, and Avhich, 
tlioroforo, hardly deserves the name of Rdntgen radiation. Hcnco wc. 
understand why Barkla, to prevent being disturbed by the oharaotei’- 
istio radiation of the scattering body, had to use bodies of small, atomic! 
Avoight for his experiments on polarisation, On the other hand, makers 
of X-ray appliances had to resort to lieavy metals for their anti- 
oathodes so as to make use of oliaraoteristio Aubvation ns avcU as i/he, 
impulse radiation. 

Our explanation of hardness does not seem to bo so readily applicable 
to the case of impulse radiation. The process of impulse radiation is 
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a Mi ; Mini. Ih to say, it is ncm-poriodio. ConHcquentiy the con- 

(>( pt'i'ioil of (iH(iiIa titai and wave-longLli lici'n auem out of place. 
Now, it i(i a KinipU'. niatlicmatical triitli that a single uuperiodic ocoiir- 
nnKiO may be raproKCuted as eonijDOscd of a iminbcr of purely periodic 
( i<i(!iu’rojico.s MUporj)()sed on each other. It'or example, the crack of a gun 
may luproscmted by a continuous series of musical tones, if these aro 
ehoHtni of tlio proper intensity and xdiase {Courier’s integral representa- 
(j'on of an arbitrary function). 'Pho pliysical realisation of this mathe- 
nnitu;al inothi of ropj'csentation is called the spedriim of the, ocourrence 
in ipu^stion. Ifrom the moment tiiat the spectrum of such an event can 
bo Mp{’eiUed, tbo spectral jncture will bo jneforred on account of its 
lixed quantitative elmraeter. This moment had arrived, in the case 
of X-iuys, when Laue made his discovery. Since then, we speak of 
( iu) Mxmetrum, wave-length, and frequency of vibration in the ca.se of 
ini])\ilso radiation too. Accordingly the spectrum is not, as in the case 
of the oluiraoteristic radiation, a line'.spefitrum but a coniimiouJi 
appxlrmn. It r(!sombles the spectrum of white light, and is therefore 
mienHiomvlly called the ^vhit6 Riinlgm Sjyeclrum. The difference between 
the white Bdiitgen spectrum and that of the white light of the siin, for 
example, lies only in the order of magnitude of the dominant region 
of wave-lengths, of the region of maximum intensity. The mean 
w'avo-lunglli of this region is in the case of X-ray spectra 10,000 times 
sin alio 1 : than in that of tlio .solar spectrum. 

Ah wo HOC, the hardness of the cliaraoteristic radiation dex^ends on 
the atomic weight of the emissive material of the anti-cathode. On tho 
other hand, tho hardness of impulsG raduition dejiands essentictlly on the 
voUage of the X-ray bulb, or on wliat is the same, according to equatioJi 
{ 1 ) of § :h the velocity of tho impinging cathode rays ; as is well known, 
the hardness inureascs with the voltage of the bulb. Iu tho language of 
Hjiec.tra this means that the region of 2 oave-lpMglhs of greatest intensity 
iti the continnous speclrtini shifts loivards the smaller wave-lengths as the 
vullage. increases. Wo shall pursue this fundamental la^v further in the 
iU 5 xt piii’agi'a])h. To do so, wo must discard the view-point of olassical 
plootrodynamicJH hero ado])ted, and must build uj) on the basis of the 
rnodur]! quantum theory. 

If or our HX)Ooial ])iirx)ose — atomic structure and spectral lines— the 
(iluiraoteriHlic radiation with its line -speotr inn, wliicli is characteristio 
of tho omitting atom, will of course he more important than the impulse 
radiation with its continuous spectrum essentially conditioned by^the 
voltage of the tulie. 'But first we have yet to call attention to various 
oliKorvations about the latter that are intelligible on the basis of classical 

o loo trod ynamics and mechanics, _ - .xi. 1 

We inquire into the total scattered secondary radiation that is emitted 
iier unit of time by a body (radiator) struck by primary X-rays. The 
Hoattored secondary radiation, in contrast v'ith the simultaneous secon- 
dary oharaotoristio radiation of tlie radiator, lias the same hardness, or 
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in more proeise terms, tlu' same (JontinuoiiH Hpectruni an l-lie |)ritimi>* 
radiation, Coniptire, liowever, § 7 of tiu', prosent csliaj)t(M‘. Uh iiiloii - 
sity, calculated for a single ejuitting electron, is given hy equation (lO* 
Wo shall write it down here for unit voluino of the radiator am I i ‘ ■ 
n as the number of atoms ]3or unit volume, % the number of 
per atom, ('riie radiator is assumed to be a elumiieal dvMc-nt ; in ! Ii< * 
case of'a compound the various atoms would liavo to ho diirei’enliati-d - ) 
We then obtain from (3) 


S 


3 c'’ 


■nZ 


(i) 


Tliis implies tlio assumption that the quantities of onei’gy emitted l)y I li <* 
individual electrons of the atom become simjdy siqjcrposed, an assuiuj • - 
tion which no longer holds for white light (ef. Note 1) and wliicli ttvoii 
in the case of excitation by X-rays is not true for all direetions (tf ( |ii' 
scattered radiation (cf. again Note 1). 

Tlio aocoleration v of the individual oleetron is closely (Jonnetdt'i J 
with tlie electric intensity of field E3„ of the primary X-ray whi(!li iin - 
pingos on it by the equation 

m — — eEj, . . . . (ro 

In (5) we have assumed the electron to ho free. If it is boun<l to n 
l^osition of rest, the restoring force has to bo added. In tlio eaH(* 
.sufficiently hard X-rays, wo may discard this force; in tim eusc^ cif 
optical frequenoios it must bo taken into account (cf. Note I). 
inserting (0) into (4) Mm got 




(!') 


On the other band, Mm determine the energy P of tim primary 
radiation tliat falls per unit time on unit area of tlio radiator aiul 
^cites secondary radiations in it. Wo get (cf. cqn. (2), in wiii.-li 
H — E = Ej,), 


From (0^ and (7) we get 



S __ Stt e** 

:p “ T ' wvi ' 


(V) 

m 


The energy S is produced at the expense of the energy p and liema* 
causes a deorease in the latter, an “absorption tlirongh scatturinK.'' 

The ratio ^ is called the “ absorption coefficient due to scattering “ ami 

is designated by 5. From it we pass on to the absorption coefficient of 

mass ~ by dividing by the density p, Wliereas s is a measure of th(< 
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stiulU'i'ing |n«i.' iiuij- vnliiiiu!, -■ 

of niuHs, .N(»w ^ 


in ii iiioanuro of tho scattorhi^ poL’ uiiit 


P — ^ . . . . (9) 

in wliidh M. JH Uio atoinici woiglit if liydrogeii =- 1 ; antUhus vimM is the 
innHH c> til Hiiigle atoin, and tOH-nM. is the mass of tho titonas contained 

ill unit volume, i.o. it denotes tho density p; L = — is (see p. 4) 

* * I 1 » 1 ‘ 

Losclinndt’H nuniliei’ xior mol.” 
li'i’oni (H) ainl (i)) we get 


^"^“8 * M ' * • (10) 

wViioli is J, J, '.rhoimson’s formula. 

I.ho fuetoi' K is a universal quantity iudex^emlent of the nature of 
1-3 lo radiator. Its value may be calculated aecording to the data at tho 
•nul of § 2 in Kigs, 1 .a and In. I'n doing this, it must be observed that 
w<' Iiavu licre I'cislconed a in elcotrostatio units, and lienee according to 
tlie remark at the eiul of § 8 we must divide it by c to reduee it to 
olctjtromagnutie units. We then obtain 


e 

?ur! 

and bencio 


1.-77 . 10’, ^ 9'{15 . 10^ - = 1-69 . lO'^o 

0 fl 

K « 0-40 .... 


( 11 ) 


bh-iim tins we can determine the ratio ^ from (10) if tho absorption 


oooflloient of mass is found liy observation. Snob observations have 
V>een made by Ihu’lcla (for air) and by Barkla and Sadler (for C, Al, Cu> 
Ag), Tn the ease of air, (1 and Al, tho value olitaincd (in ems. and 
grniH.) is ' 


®-=0-2 (12) 

P 

JAir On and Ag, groator values ^ (0-4 and 0-G) were found, but in their 
caHOH wo ai-o no longer dealing with iniro scattering, for secondary 
oliai-ac tori Stic radiations occur, as well aa scattered secondary rays, and 
thoHO inoroaso the demand for primary radiation and hence increase the 
ulmorptioii coeflioient of mass, 'baking this into consideration we may 
Hay i for small alomic iveiglils mms^iremanls lead to the ^iniform value 0-2 

for lahereas for greater atomie weights the values obtained do not con- 
tradict the assum^ilion that the same value holds generally to a certain 


* Appro oi ably smallor voluos than 0*2 nro obtainod if very liai’d rays aro visod 
for the inoiclont light. Wo rovort to this question in Hoto 1, 
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(7f'(/me of ai);iyro.mnalion so long ((s loii are concerw.d onli/ uulh the /■* 

tiu 7 i dm lo scaUeriwj. N(u\', from (10), (I.I.), fuid (.12) tiui iHnmii'kul* 
result follows : 

(KO 

M^0’40 2 ’ ' ' * ^ 

The number of electr 07 i 8 per aiom is half as great as the alonvie 
(proved for atomic weights smaller tlian 27). 

From the secondary rays we return once more to the primary rH.V^ 
and inquire whether their mode of generation (sudden stoppug(» 
cathode rays at the anti-cathode) can be proved in greater detail 1 
observations. To answer this we must first generalise formuUu ( I ) 
a little, These formulae related to the radiation emitted by a 
electron that was subjected to an acceleration v, but tlmt posstwsrx 1 
no velocity comparable with c. IDiey cannot, tlierofore, be applied 

rather rapid cathode rays (/S — ^ i without some modifU't^ - 

tion. They must be replaced, if /8 is not very .smail, by * 


E 


H- 


ev,; 


cV(l -fScos Of 


ev sin 0 
cV (1 — cos 


(T-i) 


in which 0 denotes, as in Fig. 7, the angle between the direction of tlit^ 
X-ray under consideration and the direction of v (being the same uh 
direction of the generating cathode ray). As regards tJie syslKun 
nnits the remarks on' page 24 again apply liero. In place of (2) 
then got for the energy radiation S at the angle 0 and. measurtal 
unit of time and surface : 


~ S^(l^/fooslp 


(IfS) 


This is the radiation emitted during any arbitrary moment of Ivi io 
X:)roeess of .stopping according to classical eie(!trodynamieH : /3 dmi()f-t;*M 
the velocity still left at this moment, divided by c. It can he 
that essentially the same formula represents the elomentaiy ];>r(Hi(!HH < 
emission according to the most recent wave -mechanical view of tliti 
quantum theory. We take the term “ elementary process to staiicl 
for the retardation caused by an individual atom of the anti-catluKlo , 
assuming that the velocity Vi decreases down to a deiinite final valiu! . 
The quantity jS that occurs in (16) thou denotes tlio ratio of the aribli - 
metic mean {v^ + i> 2)/2 to c. 

Whereas formerly it was possible to use only massive anti-catliadcsa , 
physioists have recently succeeded in apxn'oximating to the ideal oano 
of the elementary process by using very thin metal foil (only a foAv 
p’a thick). The dotted curves a and b in Fig. 11 represent some of tlio 


* These formula) are obfcamed from tho equations (1) by moans of a rolivtiviby 
tranaformation. Of., for example, Rioraann-Woboi’, 7th otln„ 1029, Vol. I t, 
p. 421, eqn. (20). 
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n'HullH nhtuiin'il liy H. KulniikainplT,’'' in particmlar those for wliitili 
/’a (Hlktnd \vav((-liniit of the continuous spoctniin ; of. p. <JI). 
.lh‘Hi(h’rt Fig. 11 shows the tlioorctical curves given by forimila 

(15), nanuily, for the values fi = .tV,-, y and The experimental ovirNnw 
a Mild h (5orros]iond to the values j3 — 0*124 and ^ = 0*182. 

'I'lic iigure imiSt, of eonrso, be extended to three dimensions, by 
1 * 0 tilling ib about the direction of tlie cathode ray. For ^8 ™ 1 we 
should obtain a pear-shaped curve for the emission with a maximum 
near 0 ■-=■ 0, For 0 “ 0 itself, and also for 0 — 180° the emission would, 
by (15), on account of the factor sin^ 0, bo equal to zero in all oircum- 
Hfeaue(?s, ns has already 
heou discuHsed above in 
tho ease of secondary 
riK liatiou , Consequently, 
thin inhu’oiice is not in 
general eoniirmed, either 
l>y the more aeeurate 
wiive-inoohnnioal caleu- 
latioiiH or by observation. 

Willi regard to tlie di- 
imrnsioiml relationshijis 
in the liguro, wo must 
ronmrk iliat all tlie 
tluioretiual curves arc 
ilmwn for tho same v, 
w'horeas in tho oxperi- 
numtal ourvos tlio scab 
eh OHO n, whioh is in itsolf 
arbitrary, is such that 
they approximato to the 
Huaie of tlio theoretical 
curves. Tho maxima of 
tho tlieorotioal and ox- 
pei’lmeufcal curves have 



11. — Polai* dingmm {radius-yeetoi* 

Hity) of Iho iiitonsity diatvibution of Uio con- 
tinaoiia llbntgoii rays. Comparo fcho 
ropi'osonting equation (16) (unbroken kec” 
fl-valuos shown againat tlio ourvea) witli I, In* 
oxporimental reaulta of H. KulonkampIT 
(broken Hnos—a eorroaponda to p ~ 0* U'l J 
6 to fi = 0-182). For tho sako of eli^ariwHH 
tho curves for b and P ~ hIhiwh 

botwcon 00“ and 180°. 

imon dosiguatod by small nf u, wpU wHb the 

circles. We see that tho exponmental maxima fit in well with th 

HCiiuenco of theorotical maxima. nniluu* 

M'lns nrotircBsivo (idvcinca of lh& waximuw was doiiv c ^ 

..Mdinllv lone aco as 1909.+ Besides the diffarencea of 


I’ays as a> 


and 


theoretical Iv as long ago as 1901) .•j’ _ 

,.1'iiimi'y X-my radiation oxliibits diffemiees m 

'Pliu nuiioaotivo y-rays boar tho same roiatioii to X- .. 

1 Plvysik. Zoitsohr,, 10, 960 (11109). 


♦ Ann. a. Phys.. 87, 082 (1020). 
VOL, I. — 3 
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l.hc point of nun-clonoetion on tlioso. Tint y*i'a 3 ’’H, too, may in jiriiK'ipl^ " 
ho rcHolvccl Hpoctvall 3 ^ Tlio result liiu) ])eeii a liiu)-s])cetrum of y-riu liii I i « * i » 
wln’oh iinks vip continuouHly wltli th(5 liardest isliaraeUa'istU! X«rayH uti* ^ 
oxtondH towards the region of decreasing wavo-longths to wav(*N aln '*»* 
twenty times smallor. In any ease the dillerenco in hardness belwri'f'* 
X-rays and y-rays is far from being as great as tlvat botwe(m vinii'l** 
light and X-rays (the ratio of the wavedongtlis is in the iathn' rn?-*'* 
given b 3 '^ a factor of about 10"'*). Wiiothcr, in atldition to the lin*’- 
spectrum, tliero is also a continuoiifi background in the y-npeclruin hi*"* 
not yot been lu’oved. lixperiinonts carried out by Edgar Meyer * iiiii* * 
Kovarikf seem to favour a one-sidcdness in the omission of y-ra> 
similar to that which occurs in the case of I.lontgon rays, hut, in cim* * 
formity witli the greater hardness, this cliaraotoristic is correspoi\(lih)|JC^ly‘ 
inora strongly pronounced, The y-ray.s, too, xwoduco scattered seenmln » y 
radiation and secondary /8-radiation. In radium-thera])}^, y-nulijil i**» » 
alone is ofl'oetive : it is surmised that its oiTeotivono.ss is due solely l(t tit** 
seeoiidary /?-radiation generated in the diseased tissues, whieh liters* i*y" 
cauBCH their disintegration (ef. Fig. 10, in which the eorrespondii»>^ 
process is exhibited for the case of air that is traversed by X-ruy^^-i ) ^ 
In particular, it is the y-rays of RaO and MaT)i2 (of. Table 1 (»f li 7 
this olmptor) that are applied in mcdioal practice. 

All tilings considered, there is no doubt about the si mi lari ly* i»t 
iinturo botwcon y-rays and X-rays. 

A typo of radiation wbioh exceeds y-radiation in hardness is ntHrtt » 
or %tUra-y-i'adialion (also called Hesssche Slraklung in Germany, aflei’ i I 
diacovoror Hess). Its hardness exceeds that of y-radiation by a fart* *• 
of about 20. Tiio origin and nature of this radiation is a Hul)jeel 
lively disoussion at tlio present time. It is probablo that it will jgi v « ^ 
us information on extraordinary atomio processes wlnoh eaniml. 
observed on the oarth (building up or dismembering of atomiis mud*”!., 
iiunsformation of atoms or protons into radiation, Zerslrahlmg), 'I’li** 
cosnno origin of this radiation would be established with certainty *€ 
tho observation becomes confirmed that the radiation varies poriodieal !>' 
with sidereal time. On account of its similarity to y-radiatioji, it 
hitlierto been regarded as obvious that cosmio radiation is U7idulittt*r 
in cliaractoi*. This assumption has recontty been called into douhl | 
favour of a corpuscular interpretation, in which cosmic radiatinji 
regarded as consisting of extremely rapid oorpu soles. Actually H**-' 
properties of /8-rays of a velocity very nearly ecpial to that <tf ItKii | 
approximate in ©very resxieot to tho jiroporties of wave-radiation ; 
acquire an inoroasingly greater power of penetration and beoomt* 
and more diffiovilt to deflect. On account of tho uncertainty of U*«* 
subject, wo are compelled to close tho discussion with tlicsc brif-f 

* Ann. d. Phya,, 87, 700 (1012) j of. also E, BuchwaUl, icl&ni, 39, ‘.tl (II) ll!). 

t PJiys- Rev., 14, 170 (1910). 

I W. Both© and W. KolhOrstor, Zoits. f, Phyeilc, 66, 761 (1020). 
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rciimrivrt. (insnffc- radiation promises to reveal important 

informuMoii on the prohlom of the origin and dcstruutiou of matter.* 


S 0. Tho Photo-elec trio Effect and its Converse, 
Quantum Hypothesis 


Glimpses of the 


1/ilte the. modern development of the doctrine of cathode rays 
(cf. li 2}, so the knowledge of the photo-electric effect is to be traced 
hu<!k to a iiaper l>y 11. Hertz {Concei'iiing an Effect of Ultra-violet Light 
0)1 Eli’cfrir Dixcfiarga, 1K87). following in Hertz’s footstejjs, Hallwachs 
.sluiwc’d that when a metal plate is exposed to short wave radiation, it 
heeomes yiositively charged ; and it was Lenard f who recognised that 
t.lM' trill' eaiise of tliis whole category of phenomena was to be sought 
in tlie eorjuiseular negative rays, the photo-electric cathode rays. Their 

spi-eilie eliargi' was found to be equal to that of ordinary cathode rays, 

)Mii> their velocity was found to he many times smaller than the latter. 
Whereas in the Wehuelt tuho ^ve met with particularly slow cathode 
rays exeiti'd by a voltage of 110 volts, the photo-electric cathode rays, 
when reduced in tho same way to an imagined excitation voltage, 
enrresitond to only one or two volts {according to equation (1), p. 9). 
M'liey thus have a velocity that is ton times smaller than the velocity 

in liie Welmclt tube (cf. p. 8). . . + 

'riie following diwooverioa of Lonard are of very great importance 4 
M-lu' in(nhsiti) of the exciting light has 110 influence on the velocity of t he 
excited photo.olccti'io cathode rays ; the intensity determines only the 
nu)))kr of electrons omitted, which is exactly proportional to the m- 
IrimitV. Hnb tlni velocity of the escaping electrons depends primarily 
„„ mi. mkur ,.t tko oxoiting light. Ultm-violet light 1 =^“^ 
,Mihil;™t iilKiOi.-(ilo(iti’ram, and that i« why its photo-eleotrici 
v«» dm., ,,1, .tod lh«t (by Hart/.). Bod light ondowa the 
with HU Hiiiall a volixiity tlmt in tho case o£ most mei« s (it is difflcnlt w 
. urmS, tlio rihotmolooteio ohoot in tho case o£ non-oondnetovs 

|, 0 V i™n,un omhod.lod in tlio mirfaoo. 

* .. n, Hiuo rnH-neet for reasons that axe connecteu wti-ii 

X.il'’oiamd'’'a bohavioui. in othov diieotions (with thoir eleotropositivo 

'■'"‘rhm iiiglioi' dogino of photo-elootric aotiyity than that of ultm- 
viulul. liglit is poHsossed hy X-rays. T,eonliariiy of these dis- 

sj'i is f— si stc;, .. 
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(lynaniioH in lliin ooniK^xioii. 'I'liertnodynamios invcHtigatcM Iho 
tioiKS that) govern the traiisforinatiuii of bent into work tuid, in partieula r, 
thcji, the produetion of kinetic energy. It teaelies uh to recaigiUH*’ 
temperature uh the men. sure of the work- value of heat. Heat of higli»‘i' 
temperature is richer, is more readily able to bo traiusforniecl into wofk 
tlian heat of lower temperature. Work may ho regarded as heat of nil 
infinitely Iiigli temperaHire, as unconditionally available heat, 

In the case of the xjhoto-olcetrio effeot, too, we are dealing with tin- 
production of kinetic energy, whicli is drawn from the energy supjily < i f 
the incident radiation (the fraction that is absorbed). We shouhl 
expoot more intoirso light to iirodnce a greater photo-elootrio oHoot> 
than loss intense light. But this, ns we saw, is not true. The woidc- 
value (Werligheit) of the light is not determined by its intenaity but l>y 
its frequency. Blue liglrt has groat efficiency, rod light but little. '.Flu- 
intensity determines only the quantity, but not the quality of 
photo-electric action. These facts are very strange, and depart greatly 
from the usual theoretical conceptions : they could not bo explain m I 
on the basis of olossical mechanics and optics. The key to thorn wan 
furnished by the modern theory of quanta. 

T'Jie quantum theory is a child of tlie twentieth century . It eainn 
to life on 14th Decomber, 1900, when Max Planck gave the J)RuL>^ch<i^ 
Physikalische Qeselhchaft a method of deriving the law of black btnly 
radiation, discovered by liim shortly before, on the basis of a nnvtd 
jiliysicul idea. As is well known, wo apply the term black body radiation 
to that condition of equilibrium of heat radiation which comes almiib 
in a space enclosed by bodies of any kind, but at tiro same stonily 
temporaturo. The term itself is duo to the fact that I'adiation i>f 
precisely this intensity and spectral composition is also omitted by n 
black body, that is, a non -reflecting body at the same temporaturo. 

The problem of radiation is rooted, on the one hand, then, in thornio- 
dynamics, in tho laws of the equilibrium of heat and, on the other hand , 
in electrodynamics, in tho laws according to which light- and licab- 
vibrations arc excited, propagated, and absorbed. Planck siient yoarw 
of consistently planned work in seeking to penetrate into the realm 
of electrodynamics with thermodynamic prinoiples. retain agi’tu!- 
inont with observation and experiment ho finally saw himself compel Ual 
to take a bold step leading away from the high road* of our usual wave 
theory and to propound his hypothesis of energy-quanta. He postulatiH I 
that energy of radiation of any freq^iency v whatsoever can be emitted aiul 
absorbed only in whole multiples of an elementary quantum of energy^ 

e~hv (1) 

li is Planck’s quantum of action. Prom measurements of radiation 
ITanck soon succeeded in determining the value of his constant : 

7(. == C’65 . erg sec. 


. (a) 
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(Its diinonaions aro : energy x tin\o, the same as those of the mciciian- 
ical “ action ” that oiicnrs in the Pnnci'ph of Lead Adion.)* 

'.riiis pcwtulato doOK imlood upset our usual ideas of the wave tluuiry. 
If wave energy is propagated (iontimunmly in spaoo and hecomos <lis- 
peraed, how can it then condense at individual places so as to )m 
absorbed in (pianta of finite size ? Moreover, liow can it ho omitted in 
finite quanta if, according to the laws of classical clcotrodynamics (of., 
for example, equation (2) of p. 24), iwery change of motion of the centri' 
of viliration, winch emits radiation, is accompanied by an instantaneouH 
emission of radiation ? 

'1,‘he hypotlicsis of energy-quanta, however, also affects elassiea! 
statistics, that is, the method hy whicli, for example, in tlie Idiudic 
tluairy of gases we oalculate the average result of many individual 
events which are not hnown to us separately. Like every prohlem of 
heat, so blio problem of the oquilihrium of radiation is ultimately a 
statistical (piestion. 'I'lic radiation that M'o observe is composed of an 
immense- luunhor of sejiarate rays and separate events that oeeur in 
the emitting body. Now, I.Manek’s investigations showed that elassiea! 
meehaniiis could never lead to I’latuik’s law of radiation, wldoh has lau'ii 
verified, hy observation so brilliantly, and tluvt, on tlie contrary, it 
would load to a siieidrum of heat radiation that would l)0 in flagrant 
"contradiction to the finds of experience. 

It was precisely this statistical aspect of radiation that engaged (he 
spiHiial attention of the disisoverer of the quantum theory, lie pur- 
posely hrouglit the elementary atomic plumomoua which lie at the basis 
of radiation under one selieme, liy ojicrating Avith a “ liarnumic 
oscillator,” a (S)iiiiguration tliat (units and absorbs radiation in a 
manner different from that of the real atoms, l^instcin (and alsn 
Stark) maintained the opinion tluit the quantum eoueoption must he 
valid not only in the statistie-al e((iiiU!)rium of radiation, hut also in the 
ekinu'-ntary atomic plienomena. Ifliushuu 'I* calhid Ins extension of tluv 
])rineij)l(!S of the (juantum idcia “ a heuristic view-point concerning the 
production and transformation of light.” 

Disregarding for the ]irnscnt all olistaclos wo shall folUnv I'linsteiu 
and descrilm the photo-(d(uitrie effect thus. '1,’lic radiation that is active 
photo-cksiti'icaHy is almorhcd in enci’gy -(pianta hf according to c(pmtinn 
(1), and, in a manner (Uqauuling on its vibration number r, it may 
generate an amount of kinetic energy hu in the clcotrons dislodged 
from the metal. In this in’oecss the kinetic energy that we measure in 
our ohs(!rvati(mH is less than tiiat originally ahsorlied since the okictrnu, 
in passing tlirougli the surface of tiic metal, has to perform work to get 
away. 'I’liis worlc of ('seapo P keeps tiin free oleetroiis hack in tlu^ nwdal 

* 'I’lu' value whiali is tis luosli (lOcnHifc at the presoub time Is 

k ((l-fi-n tl: (H)08) . 10 « erg see, 

t Aim. d. I’liys., 17, UW (11105); c-f. Mr.m, g-O, I 111) (11)0(1), Zur Thm w 
Ltchlp.rzeufiunu und Ahsoiptum, 
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if there is no photo-eloctrio excitation, and it in dideront for dilTei'ont 
oondnctors. The differonoo in tlie valnos of P for two diderent imdiil?* 
finds expression in Volta’s series of contact potentials, and is (U(iml 
the diflfercnec between the tAvo contact jKvtcntials. Accordingly, 
got for tlie velocity of escape v of tlie electrons, if m denotes the. oln ■ ' 
ironic mass : 


If wo arc dealing, not Avith the ordinary photo-clcctri(! ('IVccl' ol 
a niotallio surface, hut Avith the corresponding i' fleet at tlio indlvhhio i 
atom (in a non-conductor or a gas), then P does nob denote tlie Avork < ►f 
oaeapo from tlio surface of tlie metal Imt the Avork of escape from f ln- 
atom (the so -called aa^oi’Ic of ionisation). 

At the time that Einstein set up thd relation (II), only ((iialiial 1' *' 
evidence Avns available on Avhich it could lie based : the vekadl y 
electrons emitted photo-electrically inci'cased Avibh increasing frcipit'imy 
of the oxciting liglit (greater hu) and Avitli the inorcasing elc(!ti'0]josj( i\ r* 
character of tlic metals (smaller P) : nltra-violct liglrb liad licon fouiKl 
to he more olTeetivo than red light; potassium, AAdiieh is 
at the oxirome end of the olectro]M)siti\"o metals, Avas more simsittA *■' 
than copper and silver. Quantitatively, Einstein could eonlirm Il«»" 
laAv only so far as order of magnitude aa'qs concerned. 'J.'ho AviiA t*- 
long til of blue light is 

A — 0’4fi ~ 4 . 10"'' cms. 

The Aubration nnmbor (frequency, or number of vibrations per seem n I > 
corresponding to it is 

p = ~ , lOif' sec"^ 

A 4 

and the corresponding energy- quantum aocnnling to equation (1) is 

/lu = (155 . 10-27 . 1 , iQifi 5 . 10"^2 ergs. 

According to (fl) the kinetic energy of the escaping electrons is jiO'i 
as groat, provided that aa^o disregard the Ai^ork of escape P for tli*' 
present. Now, if aa-’g oalculato tlio potential V AA'hich a catliodc ra v 
tube Avoiild have to possess to produce the same kinetic energy in 
a cathode ray tube, avo also got 

eV == 5 . 10-^2. 

If wo take for e its A^aluo in the eleotroinagnotic system, that is, 

B = I'fi . 10“2o (j^eo p. 15) 

Ave get 

V = 3 . lO'^ electrom ague tie O.U.B, units 3 Amlts. 

The saino order of niagnitudo, namely, 1 to 2 volts, oharacteriscH Mir* 
contact differoiico of potential betAA’cen tv'O somcAvlmt distant metals t»f 
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Voltiii(i HO.ricH, and hence also our work of escape P (which is, so to 
^^,(>ak, the dilTeronoe of contact potential of the metal relative to a 
^jitnnini). Ikir the kinetic energy of the escaping electrons there then 
^■t^inains, jvccording to (3), if avc take P into account in onr calculation, 
||li(nvis(' a n nino\mto£ 1 oi.' 2 volts, corresponding to the above-mentioned 
nf niagnititdii of the results of observation, 

'Ike oi'ihu’ of nmgi\itnde changes if we pass from visible liglit to 
t-l<)ntgen light (X-rays), Tho wave-length of the latter is, as w’o 
,,icntion(Mi, in the preceding paragraph, about 10^ times smaller, and 
their vibration froqnonoics about 10'^ times greater than the 
(,<)i'r(‘sponding (juantitics in tho visible region. If we carry out the 
(ndctilatiouH for X-rays as made just above for blue light, we get 
f<ii‘ the kiindki energy of X-ray photo-electric cathode rays, or for the 
^lobmtial <!orrespon(Ung to this energy, in place of 3 volts, 30 kilovolts, 
tvlnit is, a voltage such as is usual for working a moderately hard X-ray 
t>id)C. ( Ihun-ly, the work of escape P, being only of a few volts, is to be 
lU'gli'ctetl in comparisem with a voltage of this magnitude. We thus 
it rrivo at an amount of energy that corresponds to that of the secondary 
csathinh' rayn mentioned on page 23, of which we said that it is ecpial 
1.0 til at of the corresponding inimary rays. This shows that the 
Hi'condaiT ciathode rays are to be regarded as a photo-electric effect of 
tint priniary X-rays and that their energy, too, is expressed by Einstein s 
formula no far an the order of maguitnclc is concerned. - 

M'eii 3«knatoin had proposed his law, it became clear that 

it wtm nob only true in order of magnitude but that it also gave tho exac , 
ipmiititativc c.xy)rcHmon for the photo-electric effect. This was sliovm 
in nartimdar by Millikan * for tho case of the sharply deffned g^eate 
mu rgV which Imono chromatic light (light corresponding to a definite 
H icSl line) is capable of generating. Eor if we plot the g ea test 
,m,M‘gle« tlnit arc olLiued by using various spectral 
mwwuim-Lfies im ordinates and the vibration freqiienoies of the spectial 

in fact, to he expected aocou incident radiation initially 

J.I- dDlviitea tho dectron W the iTOrposo of 

))utH an a inaxinnini at the disp Pirleed he reduced through 

1, hdo -mtalon. blit 

nf fin ere V 


nlioto-eleetrio emission . - Unf it fin n never oe ux.cccuti'.i. 

Hccmidary losses of energy m ^V^^lectrio maximum of energy 
We have, therefore, to theory of quanta. It 

as being priinarily given ai d 1 J Einstein’s law very ac 

apprars that iiiis maximum of energy y 

enralely. . , Pimia’’# “ A,” Pliya- 

. It. A. Milliloui, /I .Diml rnioMm DelmmmUo J 

)inv.,7, 
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Wo demonstrate tliisin the following diagram (h’ig, 12) by Millikan, 
wliioli hiia boon obtained for the case of lithium ; tho result for sodium 
looks quite similar. Millikan used as a source of light live mercury linos 
ill succession. The corresponding live ])oints of oh.servation are in* 
dicated in the figure hy small circles, d’lio frequency nvunber of tho line 
coiTcspoiuling to the shortest wave-length, the so-ealled resonance-lino 
of mercury A 2530 A (A = Angstrom unit =- .lO''** oins. is 

V — ilS . 10*“^ ; this number and the ficquoneies of tlio otlior lines (tun 
bo read off from tho figure along tlie ir-axis at the top. Opposite the 
Li-plate is a 8o-ea.]lGd X^nraday cage (carefully sheltered from electro* 
static iiifluonccs) which is connected with tho eleetroineter : the plate 
gives ii]> tho photo-electric catliodc rays, released hy imtident radiation, 
to this Faraday cago. The jilatc and the cage are kept in a vacuum. 



Fio. 12. — proof of tho liinstoin pliotoclocti’ic oqnation. Tlio small nuxiliKi’V 
diagram shows liow Millilcan dotormiiiotl tho rovorsing potontial for whiitlii 
tho j>l»otooloBtrio ouvront produood by tlio iiioidoiit light (big, A " ■ UntUl) 
just oqnals -/oro, Tii tho niEviu figuro tho froquonny iiumhor of tlin Jight 
iiooessnry for tho lihorntioa of photo-('Iooti'oiiH is plnttnil jigainst the 
oori'capoiMling rovorsing potontial. 

If tlio jilate is now charged positively, tho ojoeted electrons experiem^o 
a restoring force. A certain intensity of charge jn.st Huffloos to turn 
liack all olcoti'ons, including tho.so that arc emitted perpendicularly to 
tho plate with the maximum velocity. I’Jio reversing potontial, in 
volts, ooLTe.sponding to this charge is at tlic same time, aeeording to tho 
law of onorgy, a mcaaure of tho maximum kinetic energy of the e.seaping 
plcntrons. Corresponding to every vibration frequency of the iiusirhvnfc 
light there is a different photo-electric maximum of energy, that in, 
a difl’erent voltage of the reversing potontial. Millikan next proceed u, 
by nicans of an auxiliary figure (see Fig. 12, the riglit-liaiul bottom 
corner), to detci’niine graphically tlic voltage of tlie reversing potential 
for which tlie photo -olcctric current becomes Just eijual to /ero.’^ 

* Of. also tho orltieiam of this modo of prodoiluro liy 0. Klomnoi'oi', 'AoUn. f. 
PhysiU, 10, 2a0 (1923). 
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In tlie main part of Fig, 12 this voltage numl)er is ydotted as the 
ordinate, and the same is clone in the ease of the other four frofyuonoics. 
The points obtained lie heaiitifully on a straight lino {departing from it 
by less than 0-5 per eent.), 'fhe incliiurtioii of tlio lino, expressed in 
C.Cl.tS. units, is 

h (l•58 . 10 •2’ erg see. in tlie ease of la 
and h ••-■■■■ ()‘57 . lO"^’ erg see, in the case (d Na. 

These', values agrees siinieiently widl Avith ITaiuik’s Aodvic'. of li in equa- 
tion (2). 

In the realm of X-rays, too, Ave may regard Flinstoin’s law as an 
Rxml expression of tl\e facts and not only as Inhng oorreet in ordcir of 
magnitude ; heu’e Ave may state it in the simplified form in Avhich the 
Avork of escape P is omitted (ef. p. 80). {fhns avo Avrito 

11 ^ 


ciV = 


vw^ 

2 


" hv 


(4) 


If vm read //</« r(jii<il.i<m from r'mhl lo lift, it represcnls the', iirocess of 
generating seeondary eathode rays hy jirimary X-rays : it detcu’inincs 
from the freciueiicty v of a monoehromatie Tldntgen radiation the 
maximum velocity v of the ciathode rayu whieh this radiation is able 
to release Avhen it impinges on any arbitrary substance, and it liko- 
Avise dotermines tlici (iorrosponding voltage that is equivalent to tlio 
maximum velocity gcnieratecl in the cathode rays. We hero have, as 
in the photo -elecs trie oD’oet, Iha transformation of warn'radiation into 
corpuscular radialion. The same equation, liOAVover, represents iha 
lra,nsformaiio7i of corpuscular radiation into loavc radialion. Ifor if avo 
read it /row kft to right, V denotes tlio voltage of the X-ray tube. This 
yiroduees the primary eatliodo rays of voloeity v : Avhen tho lattcu’ strike 
the anti-(iatliode, they produce X-rays, namely, oharactoriKtio radiation, 
and imjiaet radiation. T'he speadrum of the impulse radiation is, aa 
Ave saAv in the previous jiaragrajih, oontinuo.us. Tins syieotruni stroUhcH 
from a small v (soft X-rays) uyi to a sharply defined limil in the re,gio7i of 
short frequencies, Avliieh. eorresponds Avith tlio hardest X-rays that can 
ho prochuicd by th(5 voltage V ; tho frccpiency corresponding to tliia 
limit is given liy equation (4). boro too, the relation belivecn the, 
voltage V of the lube and the limiting frequency v is compressed by IJinnlem's 
linear law. Ah Y increases, tho short Avavo limit of the continuous 
spectrum moves to higlier frequoncios. T*ho frequency of tlio groatost 
intensity, as also the average linrdnoss of the radiation, hocomos dis- 
])laecd in the same sense. T'ho AVoll-knoAvn laAV (of. p. 21)), that tlio 
hardness increases Avitli the voltage of the tulie, is thus likoAviso a oon- 
soquence, of Plinstein’s laAV ; it is, in a sense, a more sketchy form of it. 

In partieiilnr, avo get as a direct result of the double reading of 
Finslein’s law the equality, envjiluisised, above (p. 28), betAveen the 
velocity of primary and soeondary oathodo rays. The production of 
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secondary cathode rays from primary X-rays appears as the couven'KO 
of the phenomenon of the isrodiiction of primary X-rays from primary 
cathode rays. 

The existence of the short wave limit of the continiiouH spectrum is 
a leading feature in tlio complete picture of X-ray phenomena. 'I'litu e 
seems no possibility of success in attempting to explain it from Ihe 
point of view of tlio olassical theory of radiation. However we nmy 
care to picture the details of the plienomonon of impulse radiation, llu' 
resolution of the radiation emitted into Foiiiicr terms would, aceordiiig 
to classical elcotrodyiiamios, lead to a spectrum that would strchili (o 
infinity on the side of higher frequencies, Tims the oxistenco of ( Im 
short wave limit is an iimnistakahlo hint that wo must go further limn 
the classical theory of radiation and work out a quantum tlic<u’y, 
Einstein’s law formulates this fact as compactly and prooisoly a.s enn 
bo desired. As in the ease of the plioto-oleotric oiToet, tlio moasurenuMil 
of tlio sliort wave limit of the continuous X-ray s])ectrum may be 
elaborated so as to lead to a precise deter mination of the constant' 
radiation h. 

We liavo now to take only one stop further to arrive from Einstcun’s 
law at one of tlio main pillars of Bohr’s theory of spootral lines. 

Wo have seen liow energy of monoohromatio froquonoy hv is taken 
up by a metal atom and how it reappears as kinetic energy, of a plintO' 
electron. If wo now suppose that tho absorbed energy of vibration 
does nob sulTioo to release tho electron from tho atom, tlioii it will only 
effect a ro-adjiistment in tho atom, in which the atom passes from n 
lower to a higher atop of energy. Wo can imagine tliis transition to )m' 
similar to tliat of a \voight which is lifted from a lower initial ptwitioii 
tp a higher final position. If and iv^ (> tOi) are tho initial and fintil 
energies of tho atom, respectively, then wo get, as a countox‘pai't In 
Einstein’s plioto-eloctrio equation, Bohr's fmulmimlal equation for ft 
phenomenon of optical absorqUion : 

Jiv — — % . , . . (o) 

Hero tho primary energy originates in tlio inoidont radiation ; the 
consequence is a change of configuratioii of the atom. If, liowovor, w(< 
suppose that tlio primary energy originates in the change of ooiifigura- 
bion of tho atom, of wliicli tho initial energy is wq and the final eiKU'gy 
Wg < then v'o may hero, too, exiiccb a radiation to appear thus : 

/ hv — Wj^ — w^ . . . . (( 1 ) 

This radiation is now strictly monochromatic, if wo assume that in tliis 
ease ns well as Wi is fixed as a discontimunis quantity by the eon- 
figuration of tlio atom . In equation (6) wo have Bohr's fuwlamenUtl 
egualion for the phenomenon of opticxtl emission. 

Like Einslein’s law, this extension of it by Bohr claims to he valid 
witli absolute accuracy in tlio entire spectral region from tlic hIowchI- 
heat ray.s to the most rapirl X-rays and y-rays, Tims tins qluintiiiii 
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law I’ogulattiH in tho same m\y ns Kinstoin’a law the transition of wave 
radiation into corpusoular radiation as well as tho reverse process *, it 
govoDW the plienoinona of absorption as Avell as those of omission, in 
optieal regions as well as in tho region of high frequencies. There is 
no doubt that wo are lun’o dealing with one of tho most mysterious of 
])hysieal laws. 

§ 7. Wave Theory and Quantum Theory. Compton Effect 

Hoinrioh Hort'/.,* in his discourse at tho Heidelberg Session of tho 
tSoioneo TlostMux’.h Society {NalurforschergesGlhcliaft) in 188i), drew certain 
gonoral oonolnsions from his experiments on oleotrical waves and made 
tlio following romarlcs al)out tho nature of light : 

“ Wliat is light ? fiince tho time of Young and Trosnol wo kmnv 
Unit it is a wave-motion. Wo know tho velocity of the waves, we know 
their lengths, and wo Icnow that they are transverse. In short, our 
knowledge of tlie geomotrioal conditions of the motion is complete. 
Any doubt about tlioso things is no longer possible ; a refutation of 
tbeso views is unthinkable by the physicist. Tho wave-theory of light 
is, from tlui point of view of human beings, a certainty.” 

lias this (iortainty mennwhilo boon shattered ? Yes and no 1 In 
tdl questions of inte.rjp.mica and diffracMon the wavo-thoory has not only 
maintained its position, but lias actually gained now ground. It has 
extended its range of validity towards tho side of small wave-lengths 
as far up as Ildntgen and y-rays, and towards tho side of groat -wavo- 
longths as far down as the waves of wireless telegraphy, whose length 
is measur(',d in kilometres. In all questions, however, which, in 
Kinstein’s language (cf. p. 117), concern the and lran»Jorma- 

tion of light we must O])orato with ” light quanta ” (pliotons), that is, 
with centres of energy wliicli move away from tho source with tho 
v(dooity of light. 

It does not appear tliat the dmliHin, liglvt-wavo and light-quantum, 
is e.apahlo of being overcome, This conviotion is strengthened by the 
eireum stance that in tho ease of corpuscular radiation and of matter 
generally a similar dualism has manifested itself. T'ho now wave- 
mecihanics, which will he discussed in the second volume of tho present 
worlc, sign Hies that matter juust, he treated 'partly as ivava and partly 
as corpusda, as the former in prohloms involving deflootion and diffrao- 
tion, as the latter in questions involving transforeneo of energy, ns also 
ov(m in the formulation of the fundamental wave -equation. A more 
penetrating critical analysis of physical exporionoo (given by Heisenberg’s 
Uneertainty Ilclation) makes it possible for the two methods of de- 
seri])ti(m, tlie wave and the (!oi’|)useular view, to avoid coming into 
eonlliet with one another. But this aspect, too, wo shall reserve for 
the second volume. 


* (hwunvnolto Wotke, 1, iMO, 
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Wo shall no-n' deal with tho corpnsoulav view of light, whicli 1ms 
on joyed its greatest triumpk in the Compton ej'/nd. Wo shall initudo 
our diaouasion by first fixing our attention on tho Dopphr eJ'fe.cL 

It is well known from astro-physies that tho H])oetnnn of a stiu' is 
slightly displaced to the violet or tlio rod end of the Hpcotrinn according 
as the star moves towards or away from the observer, 'flie i-oiulivti 
displncomoiit is equal to tho ratio of its velocity in the lino of vision Ici 
tho volocity of light, tliat is 


— 

V 


AA 

A 


-- cos U 
c 


( 1 ) 


■whoro 0 dcnoto.4 the angle between the lino eonneeting tlie star with 
the ob.sorver, and tho direction of the velocity v. What liolds for stiiin 
and their spectra also holds for every radiating atom. Equation (1) 
therefore gives us the oliango in tlio wave-length of any speotra! linn 
(for example, tho D-lino of the sodium atom), which the atom inoN’ing 

relatively to the ohsorver emibs 
as eompaixsd with that emittt'd 
by an atom at rest. 

It seems almost impossible lu 
understand the Doiipler ('ih-el. 
except from the point of view 
of the elassieal wave-tlieory : if 
tlio emitting source is ajiproaeb- 
ing us the wave -surf aoes iKaionie 
oom])ressed tngothor, and we 
have a shortening of the wave- 
length (A A < 0) ; if the houioh 
is moving away from us I be 
wave-surfaces become drawn 
apart, and w'e have an inei'easi? 
of wave-length (AA > 0), and wo arrive directly at formula (I). !ln I be 
face of these remarks it is extremely instruetive to see how w<' eiin 
understand tho same formula equally well from the point of view' of 
hght-qiiaiita,* 

Wo assume that tho radiating atom does not emit a spherical wave, 
but that it emits a quantum in one direction, for example, in tho ilirotv 
tion 01? tow'ards tho observer (Ifig. 13). This quantum has the energy 
h>. It imparts to tho omitting atom a recoil in the reverse dirtadiou. 



I'ho. 13, — Moinoiitum oxolunigo in Uio 
Popplor offoot, Tlio pni'liiislo hna 
Initml momoutum Mui, Uio omittotl 
light qudiituin inomoiituni fivja, niiil 
tho pni'tiolo tiftov oiuisEiioii inoinnn- 
t.iini Mra. 


hv 


T’he magnitude of this reeoil is — . If -we do not w'ish to proets'd on 


primitive corpuscular linos we can base this assumption on n very 
gone ml consequence of the theory of relativity, namely, the Law oE 
Inertia of Energy. 


* Of. E, iSohrcicliiigor, Physikal. IZoits., 28, 301 (1022). Oiu' troatmoiit dil'fi'rs 
in fo]*m from that of Sohreidingor. 
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l^'inHknii regards Ihis law ns the most imiiortiint n'siilt of the Hp{!eial 
theory of n^lativity. H. sl.ales : i’mrij aniowitl of v.nmji} ri‘'pr<‘.mih a 
mtuH. Kvi'A'i! union II I of nnmjt/ in molion reprm'.nLs a momonlnw. The 
niuguUtide of llm mas,s ia equal to the magnllnik of the. enerqi/ (Uvided hij e^. 
Aeeoi'ding to this law the mass which moves with oiir light-quantum is *•' 


liv _ h 

IX .... -g- . 


( 2 ) 


(Since, like its eqnivale-nt energy, it moves with the velocity of lighii c, 
it 1 ms the momentum (Impulse) : 

hv h 


the law of conservation of inomentum) which is tlus foundation 
pillar of nuaihanies, and of which tiie law of conservation of energy is 
only a eojisequence, demands that the atom should experience a recoil 



Using these two laws of conservation, we now construct the change 
of tlircotioji and the change of velociity of the atom du(5 to the r<!eoil. 
Let 1)(5 the original velocity, tlie original momentum, and 
the velocity and momentum after the omission. Let tlu> emission 
occur at an angle 0 with respect to the original direction of the velocity. 
Let the angle with ro.s))eet to the changed direction of the vcdocity he 
0 “I- AO, We- construct tlie latter by drawing the recoil O'B at the 
continuation OA of the original momentum.' Wo mark olf flL 

and Mi>i - " ()A, and so obtain in the lino CA the obange in tlie value 
of the momentum. We calculate it from the triangle AB(J, which we 
may assume as a^iproximately rectilinear and right-angled. We get 

MAw M(Vi v-f) -'■ cos 0 , . , ( 1 - 1 ) 

We have thus applied the law of conservation of momentum. Wo 
still have to make use of the law of conservation of energy. Let Wi 
and 7^2 he the energy of tlie atomic con ligii ration hefore and after the 
omission. According to the jireceding section, equation (h), tlie 
following frequency is emitted by the atom at re.st in the change of 
conliguration i/q -> ; 

hv — “ ICg . . . . {'I) 

The frequency emitted by the moving atom dilfers from this : let it ho 

♦ 

V H- Ar. It follows from the energy-equation thus : Wi is the 

total energy of the atom hefore oiiiission, 4., 4. A r) is 


♦It is obvious that tbo rost-mass of Urn ligiit-qnautuiu ispiqual to wsro. 
Olhorwiso tlio mass movioy with tlio volooity c would liavo lu ))« iiiiinituiy yroat. 
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tlio oiiorgy of tho atom after oiuisHioii ~|- (aiergy of tlie (onitted ligiit- 
quantiiiii, Heiiuo 

.j, j. h{v ■[- Ar) . . (5) 

Substituting from (4), \ve obtain 

Mu -= V “ 1^2") . . . («} 


If wo write v for tI\o arithmetic moan of tlio volooities Vi and Va and 
aiibatituto for tho change of momentum MAv, its vuIuok from (!}), tlmiij 
dividing by /ir, wo inivo 


V 


^ n 
- COS 0 
c 


(V) 


which is precisely equation {!), with tho tlifTorenco that v now takes tlio 
place of y, wliicli is of no oonsoquoncc. It is a ciiaraotoristio featni’o 
tliat h cancels out itr passing from (0) to (7). 'J.^lus circumstance, which 
is in a certain senso acciclental, helps us to understand why wo can 
explain tho Doppler oft’cob just as well from tlio point of view of tlm 
classical wavo-tlieory as from that of the (pian turn- theory, wliicli w'o 
liavc hero adopted. 

Ill the above tlisoussion wc have ap])arcntiy boon incotiHistent in 
sotting the recoil equal to — ■ instead of to 


If \vo uso the 


latter value instead, our result beoomos changed only in tornm of tho 
second order, that is, in terms involving (ii/c)“. But if wo wished to 
take into account such terms, wo should have to calculate rolativistieiilly 
from tho outset and should, in particular, have to Avrito <1()avj\ a diilerent 
expression for tlio Itinotio energy of tho atom. In this ease, as has been 
emphasised by fiiohrodingor, avo should obtain the rigorous Dojiplor 
formula in tlio senso of the theory of relativity. 

Wo noAv como to tho oifoot Avhicli Avas discovered by Artluir G'omiiton * 
and explained by him on tho quantum theory. Tins effect occurs Avhoii 
X-rays are soattored ; it is demonstrated by an apparatus similar to 
that on page 2(5. Hard X-rays (for oxanqile, from a molybdenum 
anti-cathode) fall on a radiator of Ioav atomic Avoight (carbon, paraHin). 
'riio incident and also tho scattered radiation is re, sol veil spectrally 
(of. Chap. IV, § 2). It is then found that a part of the secondary 
speoti’Um is displaced Avith respeot to tlvo jirimary spcotriim towards 
tho side of the long Avaves by an amount AA Avhicli depends only on the 


♦ Tim oai'lioat coiumiiuicutiona by Ooinptoa ui'os Phys. Bov., 21, IHH (11)23); 
Miig., 46, 807 (1023). Cf. in partieular Fig, 1 of tho laat-inontionod vofm’oiu'o 
which oloarly shows tho way in whioh tho ehnngo of wavo-longth dopoiiclH ou tho 
nnglo of scattering 0, Tlw theory given by Dobyo in PhysiUnl. Jioits., 24, KH 
(1028), oorresponda almost oxaotly with Compton’s own theory, 
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soiittering angle 0, Tlio roaulta of experiment agree perfectly witli tho 
theoretical formula : 

AA — - 2 A sin** - whore A' = — . . • 

/I is a iinivoraal longtli having tho numorioal value 
A - 0*024 . 10“« em. = 0*024 A. 

Its physical meaning may he characterised as follows by equation (2) : 
it is the wave-length of tho light-quairtiim whose mass [i is equal to ilie 
rest via/is of the electron.. 

'.ro bring out clearly tho fundamental significance of Compton’s 
result, wc must hear in mind that tho scattering of X-rays is similar 
ill nature to tho rofioction of ordinary light. Botli phenomona arc 
ox])laiuod according to tho classical theory (cf. Note 1 of tho Appendix) 
by the sympathotic vibration of tho eleotrons on which tho light or the 
X-rays iinpingo. This sym- 
pathotiij vibration occurs, from 
tho classical iioint of view, ex- 
actly in rhythm with the incident 
wavo-radiation. If ohsorvation 
ahoivs that in a part of tho 
scattered X-ray beam there is 
ill fact a change of wave-length, 
this signifies that the classical 
wave-theory can account for 
only a iiart of tho phenomena 
(tho unchanged radiation). 

Bquatioii ( 8 ) is derived by 
Compton and Debye, exactly as 
above In the Doppler ollect, by 
simply ajiplying tho laws of con- 
Rorvaticn of momentum and energy. Tho earlier figure applies to our 
jircsont case it wo suppose tho oorpusoular momenta formerly 

used, to bo now replaced by tho momenta of tho incident and scattered 
wavo-racUation, respootivoly, and tho earlier ray /m by a corpusoular 
stream of eleotrons. Instead of the closed momentum triangle OAB of 
Ifig. 13, whoso side .4 are Mv^ Uv^, hvjc, ivo then get the olosod momentum 

triangle of Irig. 14, whose sides arc — , h{ v — Av)/c, mv. Hero 6 is tho 

angle of seattoring, namely, tho angle between tho deflootod ray OA and 
the oontinuatioii of tho primary ray OB. Tho fundamental physioal 
as 8 inn])tion of Compton’s tlicory is : if an X-ray quantum is defleoted 
by an atom , tlion some olootron of the atom takes up energy and momoii- 
tuni difforoncos that become liberated in the process, ihe election 
tliat is alone ollootivo in tliis act is treated as a free electron, in spite 
of its belonging originally to tho atomio configuration ; this is justified 



Fio. M.— Momontum oxchnngo iu the 
Oomptoii offotst. Tho inoitlonfc light- 
quanluin Ims inomotU.um ftr/c, tho 
omitted light-quantum momontum 
/j{v “ Avl/c, and tho rocoil olootron 
mo3nontum mw. 



48 Chapter 1. Introductory Facts 


in view of tlie groat energy of the X-ray qnaivtuni, at least for tlio 
more loosely attaohod olcotroiis of tlie atom, 'I’lic (lodoetioii of the 
X-ray (iiiantuni. by the amount 0 of the angle of scattering lienee 
becomes po,ssible only because an electron experioncca a reaction of 
siieli a direction and magnitude as satislics the laws of conservation. 
'L’his postulate fixes uniquely not only tlio change of frequeney and 
wave-length of the X-ray quantum, but also the magnitude and direc- 
tion of the motion of the ejected electron. 

Iti the triangle OAB of Fig. 14 we have by the cosine law, 


mV = ('sy + ('±^Y - „„„ 0 

Neglecting the term wo write for this : 




. (10) 


Tlie energy law gives 

/i,; = 7t(r — Ac) -H . . . (11) 


that is, 


m 


4)2 — /fAr. 


From (10) and (11) it follows that 

Av ~ — A 1 ) (1 — cos 0) 

vic^\ vj 


for which wo may now write 

T -— V l^^Asin^i A = — = 0*024A . (12) 

v(v — Ar) 2 me 


We now sliow that the left-hand side denotes just the change of wave- 
length AA observed by Compton. Actually wo have 


AA = (A d- AA) ~ A 


(12a) 


Thus equation (12) is identical with our assertion (8), except that in tho 
definition of A we have instead of the rest mass TOq the mass m of tho 
motion, whioh may bo set equal to mj, in tho noii-relativistic treatment. 

If we wish to take into aoeount the refinomonts of relativity, wo 
must set m = mo/ Vi — j^n (9), so that (9) now hoconics 


m. 


2^2 _ 




AvN 


Sin* 




/10V 
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Horo the terni which wa.s previously noglcoted is taken account of in 
tlic last term on the right-hand side, Ct)rro.spondingly, wo numt write 
for (11), 


According to the theorem of the inertia of energy, the energy of the 
moving electron is etpuil to and the energy of tlio stationary oloctroii 
is ^UqC^, so that the excess of energy of the moving eleetron ia given by 
the dift’eronoe of these expressions, tiuit is, tlio kinetic energy of the 
moving electron : 

Eki„ (m - TOo)c2 == “ l) • • 


which we shall \ise in ecpiation (14). From (14) 

1 ^ (i I ' , 

or, if we take the 1 across from the right to the left-hand aide, and 
nuiltiply thi'oughout by 

2mo?iAv /ftAr\^ 




r„V 


( 1 ( 1 ) 


It is very striking that when we ccpiato the right-hand sides of egtiations 
(13) and (16) the (|uadratic term in Ar cancels out. In this W'^ay 
Compton’s result (12) comes out, even whm no terms are neglected, with 
the delinition given for A in (8). 

Besides the wave-length of the seattored radiation the magnitude 
and the direction of the velocity of the expelled electron aro given 
uniquely by the preceding formula). The ratio of the kiuetio energy 
of the eleetron to the energy hv of tlio incident light-quantum is, hn? 
example, by (15), (14), (12) and (12a) : 


E kin _ As _ „ ^ 0 V - Av _ 2A sin2 0/2 

hv “ 7 " 2 • e "AH- 2A sin^ 0/2 


. (17) 


In the last stop of the transformation wo must replace v — A v by 
A ~h A A and A A in aoeordanco with equation (8), The ratio (17) thuH 
always com os out as a leather small value, oven for very hard X-raya ; 
for example, wlion A = 10, A — 0-24 A and 0 ™ 7r/2, it becomes equal 
to only 1/11, and amounts to 1/2 only when A =5 A and 0 ~ 7r/2 , j;u 
oomparison with the photo -oleotrons, wlioso energy is of the order of 
magnitude of the incident hv, the “ Compton electrons ” have a oon- 
sidorably .smaller value. The dirootion of their momentum depend s of 
course on the direction 0 of the soatterod ray, but always liaa a piositivo 
and, in general, predominant oomponont in the p)i'olongation of the 
incident ray, part of whoso momentum it is, of course, that is tiuns- 
forred to the Compton eleetron, 
von. I.-- 4 
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Tlio fact tluvb in addition to the displaced seatitu'tul radiatiou an 
luidiaplaccd radiation, Avliich is colicrent witli tlie primary radiation, 
also preaonts itsolC can bo reconciled with the. alajve theory. Wti need 
only suppose that in tins process the momentum of the primary radiation 
is taken up by the zvhole atom ; the cliango in tho frequency of the 
light-quantinn then becomes inappreciable, ef. (8) whore the oleotronie 
mass nifi Avould in this ease liave to bo roplaecd hy the atomic 
mass M. 

Wo must call sx)eoial*attention to a oharactoristic feature of form\ila 
(8), as contrasted with formula (1) for the Doiiplor oJTeot, that A A is 
independent of the absolute value of tho wavo-longth. iU'rom this it 
follows that tho relaliva change of wave-length boeomes tho more 
marked the smaller tho wavo-longth itself is. Xn tho ease of luird 
y»rays, wlvere A is of the order of magnitude of our A, tho ehango 
A A becomes oomx)ai‘ablQ with the xu'imary wave-length A of the y-radia- 
tion. According to Comxiton there is ovideneo of this in exiierimontal 
results, 

•^This is not tho place to enter into the question of the experimental 
conrirmation of tho preceding theory, for example, in jdiotograplis 
obtained with Wilson’s cloud chamber (of. Fig. 10, § 5, of the jn’osont 
chapter). This confirmation leaves praotioally notinng to be desired 
at the j)resent time, which is seven years after Compton’s discovery. 
But there are other questions, such as tho intensity of tho disifiacod 
Compton line as compared with the undisjfiaced lino and its dopond- 
onco on tho naturo of the scattering atom which cannot be answered 
at all on the above simple corpuscular theory ; rather, they require 
tho mcbliods of wavo-incohanics and hence can bo treated only in tlio 
second volume. 

It suggests itself to us to inquire whether a Himilar elh'ct to that 
obtained with X-rays is to ho ox] looted in tlui visible tX'gion. It i.s 
cilear that compared with tho weaker onorgy-tjuanta of tlm visible 
region even tho most loosely bound valency electrons cannot be regarded 
as free. ';riio energy of the incident light-quantum does not, therefore, 
suffice to produce a recoil electron ; tho momentum of tlio Hcattorecl 
light-quantum booomoa transferred, as in tho case of the vuidisjilacod 
Compton lino, to the atom as a whole, Moreover, it is not long siuco 
wo have become acquainted with an optical ofl’oot whioh in many 
respects forms a counterpart to tho Compton oiTeeb, namely, tho 
Raman’*' offoct. Raman has shown that the energy of tlio light* 
quantum can be modified by tho scattering molecule, in the seattoring 
process, in that either a part of its energy is retained ns internal 
energy of tho molooulo or internal energy of the moleeulo hoooinos 
added to that of tho light-qiumtum. This brief outline of the Raman 

* The flrali communion tiona on tho offoofc wore : 0, V. Bainnn and K. S. 
Kriahnnn, Indian >Tour an) of Phyaics, g, Mnrch, 1028 5 of. also Nntuw», Igl, fiOL 
nntl 122 , 12 (1028). 
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ollVtil) (jouluinK ill it tlu» corimsciihu’ theory wliieJi waw given by Siuokal * 
long beforo Hainan nuule lus discovery. 

.Hoeapituiating, avo may say that tlio Compton ofToofc doiuonatiutca 
very imprc.ssivoly tho dual natiiro of radiation : the main features of 
the plionomcnon, tho transforcuco of energy and momoiitum, are 
l‘opre.^ollted most naturally by tho light- quantum theory of radiation 
and tlio corpviHOular theory of tho electrons, whereas tho liner features, 
tho questions of intensity and distribution, are rejn’esentecl by the 
wave- theory of light and tiie Avave-mochanic.s of eleotrons, Avhicli lias 
boon modelled on it, 


§8. Badloaotivity 

Hitherto wo have considered only tho })hysloal manifestations of 
radioactive processes, A foAv remarks about the chemical carriers 
involved must lunv bo added. 

A charaoteristie feature of radioactivity is that it ocem’s essentially 
only in the ease of the elements of greatest atomic weight. Uranium 
{Ur-ahn original a 7 iceMor of the radium family) is the heaviest 
oioniont, having an atomio Avoight 238>14, Thorium, tho parent sub- 
stance of tlio thorium family, is tlio second heaviest of tho elements 
that Avoro knoAvn before radioactivity (as its atomio Aveight = 232*12). 
It is tliorefore alloAvablo to regard atoms that are too heavily loaded 
AA'ith matter as hyportrophio configurations that are unstable and 
disintegrate into simpler forms. 

Wo shall take for granted tlio sum-total of radio-chomioal resoaroh 
in tho form of tho genealogical tree given in Table 1 , Hoav it became 
])OHsil)lo to set u)) these lines of descent Avill bo made clear below (in tho 
ihooi’y of disintegration), and also partly in tho next chapter (§ G, “ LaAVs 
of Displaceimint ”). It need only bo remarked hero that without this 
theory as a kind of Ariadne’s tlnWvd it Avould have been impossible to 
lind a means of, locating tlio members of this manifold series of uoav 
elomont.s. On tlio other liand, avo must mention that it is only tho 
extraordinary sonsitivonoss of oleotroscopic observations of radio- 
activity, a sensitiveness Avhich far exoeecls that of the balanoo, that has 
enabled us to ])rove the oxistonco of tho products of disintegration, for 
these are often present in only very minute quantities,^ 

Wo distinguisli three radioactive families, the urctniiiw-rcidiuinf tho 
Ihorhim, and the actiniwn families. It is very probable that tho 
actiniuiu series branohes oil from tho uranium aeries, on account of 
tho cirouinstanoo that uranium and aotinium. minerals occur together, 
But it is not yet known how this branching occurs in detail. Accord- 
iugly, AVO trace tho aotinium descent only as far back as proto- 
actinium, which Avas discovered by Halm and Meitner. 

* A, Smokul, Naturwififlonfiohafton, 11, 873 (1023). 



•52 Chapter I. Introductory Facts 

Our lines of descent exhibit in the upper row the dtwc'lopnu'iit ‘ ' 
the parent substance to the tlirce (unanations (inert gases) ; in 
lower row the dcveloj 3 niont is shown from the enuunvtiun \\i a lisf ** 
product, having the character of lead. In the actinium sj'i'irs if ® 
AcD (actinium lead) ; in the thorium series it is Th.l) (tluu'Iiim ’ 

In the radium series the analogous product Bal) is not the iinal ] »r« vl»i< 
since the members ItaE, BaF (== polonium), andllaO (:• ; I’adiunt 
are linked with it as later products, 'riie similarity of tlm Hurt' Uir 
of descent between the emanations and the .D-prodiusts is slniwn u> "^ 
only in the number of products of disintegration and. tlioir petsilinN 
the natural series of elements (of. the table of isotopes in § 2 of ( !l i ii ) > , * ^ J ' 
but also in their mode of disintegration (denoted in our tal)lr Irv f^^^ 
letters a and ^ printed above the arrow used to signify trnnstonniil i* - 
y denotes that y-rays are present). At corresponding powii^iim >n f 1*^ ' 
genealogical trees the disintegration is elTeotod either by an 
formation (emission of helium) or a (ff- transformation (olootron t 

The notation hero adopted takes duo account of this XJaralleliNin in 
disintegration. It has been suggested by iStefan Meyer and S(!li wriill* *' 
and differs from that formerly in use (which arose historically am 1 whi > 1 * 
is thus less systematic) in the names given to the 0- and 

Below the symbol of each clement wo have recorded the “ h(ill*'VnUi# 
time ” ; this is the time which has elajpsed when half tlio body im iU® 
integrated. It is iwoportional to the “ mean duration of life " t*f 
element, We shall explain later how it is detormined, Tlui uhlH'ri, 
tions a, d, h, ra, s, denote ; year («?mws), day, hour, niinaU!, Hornii'l 
We thus have longdived elements with spans of life sti'otchiiijjC n'v*-'® 
millions of years (UI has a half -value time of 4-1) . 10® years, uinl 
has one twice as long) and short-lived elements whicli live only 
seconds or fractions of a second. TJio olomonts whose lives are Hlinr 
are to be found among those designated by 0^ : 

RaC' has 10"® seconds, AcC' 5 . 10"®, TJiO' 10- ”, 

These numbers, like all the bracketed half-valiio times, have Ijcen fniiiMi . 
not by observation, but by oaloulation, There is also a 
parallelism between the half-value times of the three families, In |m»i 
ticular in the above-mentioned region between the emanation him! 
lead group. 

The branching between BaO and BaD over BaO' and Bad", »n«l I 
exactly corresponding branching of the Th- and Ac- trees is of 
interest. The faot that BaC is traiisforraocl into dilTorcnt 
(BaO and BaC ) according os it disintegrates by a /8- or an 
formation, is intelligible. But the fact that these products, 
subjected to the same transformations but interchanged (i.o. by 
«- a ^-transformation respectively), resolve into the same oli!Uir<iil> 
BaD will he made plausible by the displacement laws of Chap. 1.1 1, f 
but it is not empirically eertain. (The transitions wldoh are muiortnin 
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in this sense are indicated by dotted lines in tlio table,) 
branch leads to UZ, which was discovered by Hahn;* its 
evolution is not yet known. 

We thus see that in virtue of these ramifications tliore are 
seated in our genealogical tree not only oliildroii and grand-(!l)il(i r«-i i I » ' ‘ ^ 
also brothers; 

Our next stop is to give a short acqount of the laws of radionfl K • ' 
disintegration. These laws arise directly and are of an oxtraordiuni i 
simple type. Being fully independent of tomporature and 
they thus differ fundamentally from tlie laws that govtu’n on lining 
cliemical transformations. Nor are they dopondont on wliotlior ll»*’ 
active substance is present as an clement or a .salt, whether it is pni *■” 
or mixed with other substances. Everything seems to suji[mi t ' 
view that we are not dealing with an action of one atojn on anotlirf 
rather with some inner atomio process. 



Fjo. ]{>. — Riso and fall of tho jS-rsiy omission for U and UX. IJX 

in n tJ -preparation is separated out choinionlly at time I - (I, 
(flnninishing) ^-ray omission of this TJX and the' (iiieroasing) einiKMiiu i 
tho U, always add up to tho same initial value of unity. 


In Fig. 15 WG consider a partionlarly simple ease, namely, tliiil,. 
the decay of UI to UXj and UXg witli tho further braueh leadiijj;^ (*» 
UZ, or, os we shall find it simpler and briefer to express it in the sen „ 

from U to UX; this is the process which stands at tlio bocinninir i»Jf 
our genealogical tree. 

Let us take the ^-ray activity as an indicator. That is ms MlirilS 
suppose the a-rays to he eliminated by absorption for tlio sake of our 
I^resent argument, f Only tho and y-rays penetrate into tlio (4eol ro - 
scope, jomse the air, and produce a charge whioli flows into tho IcjiA^r^* 
of the electroscope, and which serves as a measure of tho number uf 
ions formed. But since y-rays are inoffeotivo in forming ions as {!niu». 


f. phySS; I'' 1 

t rh mm, of A1 «o sufflomnt to oteorb tho most mplcl «.ray, ai,n„t onti^jy. 
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l)arofl with ^*rayH, wo need liero regard the activity as rofoiTing solely 
to ^-ray activity ; “ inactive ” means “ producing ” no jS-rays. 

The preparation with which wo start is not pure uranium hut already 
contains a certain very small poreontago of UX. It is possible to 
precipitate tho latter from the uranivim by repeated application of 
b ariiiin sulphato. Tho UX thus isolated oarrics away tl\o whole activity 
of the preparation with it, and the U itself is loft behind entirely inactive 
at Hint. In tho figure wo have thus sot tho initial activity of U equal to 
zero, and that of UX equal to 1 . From those initial states onwards the 
activity of tho UX diminishes regularly to zero, whereas that of U 
simultanconsly recovers and increases from 0 to 1, Ry comparing tho 
two curves wo see that tlioir ordinates at each corresponding point add 
up to 1. If J j(f) is tho activity of UX at the time /, and J2{0 of U 
at the same moment, tlion wc luvvo 

*12(0 ~ 1 'Ti(0 • ♦ ■ • (1) 

Ilonoo altliough these products are distinct from one another 
{oheinioally, and, for example, separated by a eonsidorahlo distance in 
space) they yet conthuio to act in full accord with one another : the 
activity lost by the one is gained by tho other ; tho sum of tlioir 
activities is ooiistant just as would have been tho case if wo had 
not separated them choinically. 

According to tho disintegration tlicory of Rutherford and Soddy, tho 
explanation is as follows. The constitution of the atom, and this alone, 
invests any arbitrarily chosen atom with a coi’tain ‘probabilUij that it Avill 
disintegrate in an arbitrarily oho.son unit of time. This probability is 
called the radioactive constant {or decay constant) of tho atom. From 
this thoro follows tho essential principle of tho theory of disintegration : 
The number of atoms that decay per unit of time is equal to the radio- 
active constant multiplied by the number of atoms still present (namely, 
equal to tho probability of decay of an atom midtipllcd by tho number of 
atoms). On tho other hand, the activity of tho prepared siibstauco is, 
except for a constant depending on tho apparatus, equal to tho number 
of atoms that decay per unit of ‘time (in our case tho atoms disintegrated 
by tho transformation). In oonjnnotioji witli tlio above principle, 
feliis loads to 

J(0 =- (lAn (2) 

wlioro J' ™ activity at tho time t, 0 the apparatus constant, A -- tho 
radioactive constant, and n = tlio numl)er of radioactive atoms at tho 
time L 

We next apply this principle to the two oiirvos of Fig. 15 . 

I. In tho case of UX isolated from, its parent suhstanee, tho nmnhor 
of atoms n is changed only through the decay of the atoms present. 
Therefore tho number of atoms that decay in time dtm ~ dn. X^rom 
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this, and from tho principle of the disintegration theory wo got tlio 
following differential equation for the disintegration of UX : 

— dn— hull , . . . (3) 

inienoe it follows that if denotes the initial numlier of atoms of UX, 
and if e is the haso of natural logarithms, 

n = , , . . . (4) 

and, hy (2), 

J(/) .... (5) 
In our figure we chose our unit so that iJfO) — 1, Hence we must sot 

CAWfl = 1 (6) 

and thus get 

JiW - . . . . . (7) 

’riiR curve in Mg, 15, winch loas oUained from direct obaervalion, agrees 
exactly toiih this exponential law. Its rate of doolino allows ns to 
detorraine tiro decay or radioaetivo constant A. 

II. In the case of tho U that has boon purified of UX, lot N bo tho 
mnnhor of uranium atoms at the time t, No tho initial nuinbor, A tho 
radioactive constant of nranium. I’lie decay again takes place aocorfling 
to tho law (3), which now assumes the form 

N = Noe''^v< , . . (g) 

How, tho radioactive constant A of the uranium is extremely small com- 
pared with tho radioactive constant A of the UX, 1,0. 

A < A (9) 

Hence, within a period of observation that is not reckoned in millions of 
years, \ve may reasonably sot 

Ai = 0, = 1 . . , . (10) 

and hence, by (8), 

N = N„, .-^ = AN„ . . . (11) 

Measurement of the activity in this case discloses nothing of this change, 
since it is an a- transformation. For this measurement depends only 
on the ^-transformation of the UX. Now a UX-atom arises from 
each U- atom. If tlm latter jwere not to decay, we should liavo simply 
dn == —• (ZX and, by (11), ' 

^ = AN„ » = ANo( . . . (12) 

The number n of UX-atoms and therefore also the activity d{t) of UX 
would thus increase uniformly with the time, and would thus be repre- 
sented by a straight line in Fig. 16, namely, tho initial tangent of the 
curve there shown as Jg(f), But the increase does not continue indoff- 
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jiitoly, for tho UX-atcnns decay in their turn : a state of equilibrium is 
gradually reached, in which just as many UX- atoms decay as are 
formed. If is the number wlion equilibrium is reached, then tlie 
number of UX-atoms which decay per unit of time is, according to (3), 
Amq, tlie number of those being formed is equal to tho IJlatoms that are 
decaying, and equals ANq, by (11). Hence, in radioactive equilibrium, 

Ano ANo .... (13) 

In the. slate of radioncliva equilibrium, Ihe number of atoms of ‘parent 
substance ami ‘product are in the inverse ratio of the eorre.spo7uling 
radioactive co7tsianis. 

11.3ii.s state of equilibrium existed (luring tho initial separation of tho 
U and tho UX. Tho equilibrium number just calculated is thus 
identical with the initial number of atoms n,, of UX in equation (4). In 
the state of equilibrium tho activity of UX will bo, according to (2) 
and (fi), 

.T3 “ (’)A?io “ 1 • 

Our curve whicih was originally an oblique straight lino thus gradu- 
ally curves round into a horizontal straight lino, which is at unit distance 
from tho tune axis. 

If, further, wo wish to find the law of curvature, avc must comideto 
( 12 ) thus: 

by taking account imt only of tho production of the UX-atoms hut also 
of their decay. As a result of (13) this equation may bo Avritten 

^ -h Xn 

and may he integrated by simple mathematical rules, if avo take into 
consideration tiro initial conditions n 0, i 0 , tlius : 

n ” ^ 0(1 — fl"'**'). 

By multiplying this by OA avc get tho activity Jg(0 == 0A?i. .From (fi) 
Ave got for the latter, 

Ja(^) = 1 - . , . . (14) 

Thus ./g(i) mcrease,s according to ihe same exponential law as that by 
tvhkh Jj(i) deereases, Jg(/.) and Ji (0 sum up to unity. 

Tins is tlio full explanation of Fig, Ifi. The same diagram gives us 
tiio semi -decay time of UX. For this, tho relation liolds, 

= 1 - or 6 -^^ = ^ . . . ,( 1 G) 

Tho abscissa of tho point of intersection is thus tho time Avhioli has 
elapsed Avhon tho exponential funotion has diminished to a half of its 
initial value, i.o, since the time In our case the curve tolls us 

tliat the half-value (or somi’decay) time In is equal to 23‘8 days. 
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In addition to the half-vahio time we also arrive at the raditmi'ti v » 
constant. For from (15) it follows that 

Ate - logo 2 - ‘603 . ■ • ■ (***' 

The radioactive constants are in the inverse luilf-vni 

times. The values of these times are given in I able i. 

Closely related to the conception of half- value time ha\v t 
conception of mean length of life or average life. If "Wo i eno -e u a 
by /l, we get in place of (16), 

A^l = ^ ^ 


For, as in social statistics, we define the moaji length ^of hfe h.\ hi 
multiplying each agG by tliG rol^itivo niiuibor of tho iuc1ivk1ihv1h tlutt ji* 
attain this age but do not exceed it and thou summing all the.w pi tidm • 
of age and relative number. In our case, as "WO sco froni (.1) and ("I I- 
— dn is the number of atoms which at the tiino I decay within 11 m tiiii* 
interval (U^ and % the total number of atoms initially present, Ihm^ 

■ = Xe-^^df. 

no 

signifies the relative nuinbor with which wo are liero eoneernt’tl. 
multiplying it with the corre.sponding i and summing for all f s, * 
get the required average length of life : 

0 0 

Equation (17) follows simply from this definition if wo multiply Ittdls 
sides of (18) by A and introduce .r s= Ai as a now variable of intograi but 

<o 

A^i, — ^xe~Hx = 1. 

0 

By comparing (16) with (17) wo see tliat wo g(5t tlio avoragi' 
of life of the radioactive elements by dividing tlio numbors of 'Tabfi* I 
by -693. 

In general, conditions are not so simple as in t)io examjilo w(‘ 
so far discussed. This simplicity was due in the first place to the far*t 
that the life of U is very long compared with that of XjXj^. Wo Juiutfc’* 
use of the resultant simpliftcation (A < A) in passing from ccpiatitm (M | 
to equation (11). The fact that UX was to comprise both the pruduol^^a 
UXi and UXa has already been, mentioned above. But then the furllifr 
fact comes into consideration that the life of UXa {In 1*17 mimilc’^l 
is very sliort compared Avith the life of EXj (of. d.'ablo I), and Unit tlir* 
life of UII is relatively again extraordinarily long {1^ ■-= yoai'H).. 
The result is that immediately folloiving on the disiiitogration of oimli 
UXi-atom, i.e. at intervals of probably about a minuto, the decay wt 
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tlio iiow-boi'ii UXa-atoni and the transition to tho Ull-atom takes 
place. TJio decay is accompanied by and y-radiation, and therefore 
increases tho ionisation produced by tho decay of 17X^. Tho addition of 
the decay of UXa doo.H not, liowovor, ])i'ing about to any appreciable 
extent a delay in tho rate at which tlio activity dies down, or a change 
in tho exponential law given by tho curve. This allowed us to use the 
short term “ UX,” as referring to a uniform prodiiot, in our explanation 
of Fig. 15, thus treating tho two olomonts UX^ and UX 2 conjointly as 
was tho praotieo fortnorly before these two olomonts had been separated. 
Nor does tlie activity of UIT, which remains after tho decay of UX^ and 
UXg, cause a change in the course of tho activity curve, since, being an 
a*activity, it evades inoasuromont. 

We get a complete pioturo of tl\o great possibilities of tlio theory of 
decay only wlion wo consider tho course of the activity in a case in 
wliiolr several products of approximately tho same lengtli of lifo par- 
tioipnto. Tho classical oxainplo is given by tho precipitate which is 
produced by radium emanation. This precipitate consists of a mixture 
of BaA, IlaB, llaG, which becomes transformed into the longdivod 
RaD. I’ho tlioory of decay enables ns to separate tho contributions 
of those dilToront oompononts to tlio total activity and to dotorraino tho 
half-vnluo period for oaoli of them. Wo cannot, however, go into 
furbhor details hero, and shall theroforo merely touoh on several points 
of general signilioanco. 

Tho Goigor-Nuttall rule establishes a relationship between tlio life- 
period of tho a-partiolos and their velooity : ih& ahoricr ihe UJe-period 
the greater the veiocity. In othoi,' vairds, tlio more unstable an element 
is, the more vigorous the explosion. If wo plot tho lifo -period as 
tliG logarithm of tlio lialf-vahio period against tho velooity as tho 
logaritiim of tlio range,* the Goigor-Nuttall relation is roprosonted by 
a alraight line in tlio ease of ovory family, and those straight linos are 
approximately parallel for the dilToront families. Iloviations from 
straightness ocour only at tho ends of those linos, tliat is, only in tho 
onsG of olomonts of Anwy short or very long lifo -periods. 

Wo next inciiiiro : is radioactivity a peculiarity of tlio heavy metals 
nranirim and thorium, or is it a general property of mattoi* ? Tlio only 
certain result that can bo adduced as ovidonoo is that polaasnm and 
rubiditm exhibit a Aveak ^-activity. Hence, although tho high atomic 
weight undoubtedly favours radioactive disintegration, it is not tho 
only docisivo factor, Tho oonditions for potassium are fairly accurately 
known, There are tAvo kinds of potassium (isotopes, of. Chap. Ill, 
§ 2), one of atomic Avoiglit 39 and another, Avliioh ooours less often, of 
atomio AVoiglit <11. According to Hovesy it is only the latter that is 
radioaistive, 

Tiien there is the second question : WJionco does tho energy of 

* For oxainijlo, tlio ratigo as inoasurocl in air is proportional lo WlO oubo oE the 
voloolty. 
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rndionctivo actions como ? At the boginiiing of § 4 wo saw tliat tlio 
energy of tlio a* and /3-i'ays is many times more tlian tliat wliioli any of 
our present teclinical means will allow ns to produce in the ease of canal 
and cathode rays. When the rays are kept back in the prepared sitb- 
stance, they produce and maintain an increase in the temperature of tlio 
substance, which is several degrees liigher than that of the surrounding 
air, The heat energy generated by 1 grm. of radium amounts to about 
100 calories per hour, A familiar problem of long standing asks how 
the energy wliioh the sun loses by radiation is continually roplaood. In 
this case, too, reference lias been made to the apparently inexhanstiblo 
supplies of energy derived from radioactive processe.s. Wiienco doc.s 
all this energy come 1 The answer is : from the interior of the atom, 
or, more precisely, from the innermost j)art of the atom, from the 
“ nuoleus ” of the atom. We thus indicate the r61e which has to ho 
assigned to radioactivity in our tlieory of the atom. Tho sources of 
energy which thus manifest themselves to the oute].' world are of an 
order of magnitude quite different from the energies of other physical or 
chemical processes. 'Jdiey bear witness to the poAvorful forces that are 
active in tho interior of tlie atoms (in the nuclei), 'I^his inner world of 
tjie atom is generally quite shut off from tlie outer world. It is not 
influonood by the temperature or pressure conditions that exist outside. 
It is governed by the law of probability, the law of spontaneous doony 
that can in no wise be influenced. Only as an exception is a door loft 
open which leads from the inner u^orld of tho atom into tlie outer world. 
The a- and ^-rays that are lierehy omitted are emissaries from a world 
otherwise closed. 
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'I’HTO H.YDKOC4EN SPJjlCJTKUflr 

§ 1. Nuclear Charge and Atomic Number, The Atom as a Planetary 

System 

T he al)HOi’])ti()n of oatluKle I’ayH and tho dopondcnco of tho 
absoi'ption on tho volooity led to tho view {of. Cliap. I, § 3) that 
inattor lias a perforated struotnro. 

Kuthorford eamo to tho same conclusion, expressed in a (xuantitativo 
form, by experiments on tho scattering of a-rays. In passing through 
thill inotal loaves a beam of a-rays at first undergoes a general scattering. 
Just as tho shots from a gun at a target, so the points of impact of 
a-i)articlcs clustGr about a mean x^wition of greatest probability, tho 
prolongation of the inoidont beam of a-particlos, and oociir less and less 
frequently in all other tlireotions as wo movo outwards from this moan 
Xiosition. A Ihioresoont soreon, such as is used in siiinthariscopos, 
allows ns to observe and count tho impacts of individual particles 
owing to the soil! tillation produced, .But thoro are occasional dopart- 
uros from tho inoidont direction, which amount to as much as 160° . 
'Plioy aro few in nuinhor (e.g. in tho onso 'wlioro platinum is tho soattoring 
loaf anti a-rays from radium 0 are used for tho scattered radiation, only 
1 in liOOO of tho inoidont iiartiolos aro deflected through angles > 90°) : 
bub this number is muoh greater than is to bo oxpootod according to the 
law of soattoring for small angles. Rutherford * and his collaborators, 
Goigor and M'arsdon,f made an acourato investigation of tho distribu- 
tion of these abnormal doflootions among the various angular segments 
for a series of metal laminco, using a-rays of various velocities. Wo 
havo already mot with Qorrosjwnding abnormal deflections in Wilson’s 
photograxflis, in tlio form of hooks at tho end of tho a-i'ay trnoks 
X)roclnced, not by atoms of metal, but by air molecules. Wo roproduco 
ill B'ig. Ifl tlio jiioturo of a particularly striking ease {this is an enlarge- 
men t of a jiortion of ovir former xweturo, Fig. 36). 

WJiat has happened to tlio a-particlo at this bend ? .Rutherford 
ti’aocs tho ofloct back to very intense olooti'io flolds that start out from 
a very small olomont of space, tho “ miolous.” Since the magnitude of 

•Phil. Mug.. 21, 000 (1011). 
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tJie abnormal delleofcions increases Avith tlie atomic Avcaglit of ifio drib * ^ 
iiig elemont, the intensity of tlio deb eu ting hold nuist also iiunHMsc u 
the atomic wciglit. If avo consider the field produced by a jirMii t«chiit K* 
concentrated in the nnoleus, and if Ave suppose tin's charge to not imt'oi *1 
ing to Coulomb’s laAv, avo can calcnlato tlie magnitude of tlie (dinig«* ( b** 
is necessary to account for the observed deflections. At tiio aNggcsl i* 
of Rutherford, ChadAvick * made very careful mcasuronieiifM of 

deflections caused by thin Jatnimo of 1*1. A^ ,. 
and Cu, and succeeded in dcterjuitiiiiig 
an accuracy of about 1 per coat, tlio ulinrg***'* 
that must bo assumed in the oorrcniKUuliM^uj 
nuclei. He obtained the numbers 77*d> ‘Id il. 
and 29-3 for Pt, Ag, and Cu respecfciv'ol.v, 
pressed as multiples of the elementary ehnig** » 
Miese numbers agree, within tho lindtH of i > 
Avith the position of tlie corresponding olmncjii 
in tho porioclio system, namely, with the nlonn*’ 
numbers 78, 17, and 29. Thus, follow I iijx 
Rutherford, Ave enunciate tho fundammilrtl 
thesis ; The nuclear charge u equal fa I fir 
atomic numhernumerically. If in tlio gciuTuI 
case Ave designate tho atomic niimlior hy X, 
then the nuclear charge of oaoli element is Xtv 
The nuclear charge, in itself, miglil. jii»t 
as Avoll be negative as positive, tJmb Jh. lln* 
deflections might be regarded just as ai'cII n>* 
due to attractions instead of to reptilsloii^. 
But our general observations about ions aini 
electrons lead us to decide in favour of (Ui- 
positive sign for tlie nuclear eliarg(‘n. l*’or’ 
the nuolous must possess not only n fou- 
siderable oliargo but also a Jiigli I'oslsfivo 
power, that is, must liavo a groat imiHs, in 
order to bring about tlie great dofleotioim of 

fr.f T. 4 -u a-partiolos. Now it Avas tho jiOHitivi" 

^aige (of. p. 31) that Avas, by nature, assooiated Avith gravifcatioiml 
matter, Avhereas the negative charge Avas a proporfy of tlio Hglit ami 
moMa aleatron Elaoteona, aa oontrea of Z 

addaoad to expkm tho small defleotion in tho regular skttorino: 

rr.:s.';;r » »• — • -- “t 

r following siimmarisod statement. The 'jjimi'. 

♦Piiil. ¥Qg., 40, 73t (1020), 



Fig. 16, ^Wilson* photo - 
graph of a-partioles 
in water vapour. 
The distinct hook on 
the loft sliowa wliero 
scattering by n posi- 
tive nucleus has 
taken place. 
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■mtclcuH Ihi'i'c iti an almosphm'. of nfiyaliw cJiargeSt ekdro7is, by which the 
(f.-partide if) allmcUd, 'IdicKo attraotiou.s, wliicli arc .sujjcrposed accor- 
ding to i'lu) lawH of (liiaiicc, explain tho reyulai' miUeriny of sUyhL mujidar 
(lefleclioUt ropnlHioiiH explain tlio coinpamlivdy rare bends of great 

angle. 

Observations of a-rays also allow us to make deductions aboiit the 
aizo of tho nuclei. 'I’lio distribution of the deflections among various 
angles was oaloulated by llutherford and Chadwick on tho assumption 
that tho Jiuoloar charge is concentrated at a point. So far as the ob- 
served dellootions agree with tho.se calculated, they tlius show that tho 
size of tho nucleus did not intorforo with tho paths of the x^ar tides . 
Ill the ease of gold, Bar win * lias obtained a value 3 . cma. as tho 
possible upxior limit for the “ size ” of tho nucleus ; in that of water 
ho obtained 2 . .10'~^^ ems. This estimate by no means precludes tho 
mielons from being aotiially smaller, but it cannot bo larger if a dis- 
ngroeinont with tho observations of o(-rays is to be avoided. We may 
thus at least alTirm ivith certainty that the nuch^is (as also tho electron, 
SCO 1 ). 8 ) can be at moat of sub-atomic ainfa. 

On tlio wliolo, atoms must bo electrically neutral. Consequently 
tlio niimbor of electrons f per atom must equal tho number of elemen- 
tary positive cliargcs conoontratod in tho nucleus. Hence ive get our 
second thesis. The atomic 7 iumber is equal to the nuclear charge {mimeric- 
ally), and both a.re.equa-l to the immber of electrons around the nucleita, 

■ This the.sjH ‘is supported by a result arising from tlio theory as well 
as from tlio mensitvomcmt of Bliiitgon radiation— tlio value found 
for the nnimiiit of scattered radiation per atom. As wo saw oai'lior 
{Chap, t, § fi, cqn, (.13)), this amount led us to conoludo that tho 
numbov of excited olectroiis per atom that emit scattorod radiation is 
C(jual to Juilf tho atonuo weiglit. Wlioroas in tho ease of optical waves 
only tho outsido or loiwoly bound eleetroiis (so oallcd dis^jcrsioii 
or vnloiioy i>lootr<ms) poreeptihly vibrato in sympatliy — tho inner 
electrons aro too rigidly fixed to bo affcoted by tho optical excitation 
to whioli tlioy aro exposed — tho X-rays, wliioh are of high froquonoy, 
affoot tho inner olcotrons (those nearer tho iinoleiis). The above result 
about tho scattered radiation was interpreted by ns earlier as follows. 
The total number of electrons in the atom is app'oximalel}/ equal to half 
the atomic wp.i(fht and is exactly equal to the atomic number of the element, 
which, for its If* axqjroximatoly equal to half the atomic weight. 

So far our these, s are siqqmrted by a oomparativoly meagre number 

* C. Cl. .Dnrwin, Pliil. Mug., 27, fiOO (1014) ; of. Buthodord, ibid., 404 (lfll4). 

f .Vn inoi'o neevnafco huigimgo, wo moan tho ntimbor of oloctrons proaont iii tho 
atom outside tho nui'leus, .For, lator, tlio facts of radioaotivity will compel ue to 
aSBumo tluvt lihoro aro also olootrons in tho in tori or of tho nuoloiis. In dotenninliig 
tho nuoloar ohargo fchoso ai’o siibtraotod from tho poaitivo oliai’go presont. Honoo 
^‘nuoloarohargo"’ ilonotos, not tho poaitivo cliiu’go of tho nucloua, bwt tho algehrmo 
sum of ihaposilivo charge of tho nuclear matter and the ncdalive charge of the clectrofia 
contained in the iwcicns, .For further romnrks aoo § tl of Chapter III. 
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of ohsorvations. In tho next two ohaptorfi wo shall imo tli<i 
the periodic system and of X-ray speotra to ostalilish tin', aliovr ntul*' ■ 
inents on a firmer basis. Assuming those results for tho Jiioiiirat, 
affirm : for each step forward in the periodic system of the eJemcjits f/** 
nuclear charge grows exactly by one unit and Uie nuclear mam hrmtutto *» 
increased by approximately two units, Tor since tho olootroim rtnil « * 
bute only a vanishingly small amount to tho atomic weight, tln^ liit 
must be represented essentially by tho mass of tho nuoltniH. 
further: each element in the periodic system contains one electron 7/1 ♦'r*- 
than the g)receding element {wo do not hero take into eojiHidoriiti«»ii 1 1*"’" 
nuclear electrons mentioned in the last footnote). 

Historically it was van den Broeh * who first formulated tho id on * 
an order number (atomic number) which inc!roaso.s with th(» iiiir !•'#*»" 
charge and niimher of electrons; lie adduced ohoniioal facts l<i mui*- 
port it. 

The question arises : How can tho electrons of tlio atom imiiidui* * 
themselves in opposition to the attractive action of tho nnclcar ol ^ 

Will this action not cause them to fallinto the nucleus ? ^I'lm jumwi'r 

a possible one, whicli is jjuidi*'!*' 
larly simple and satiafaotoi-y 
furnished by the eonditioiiH of ll i«- 
solar system. The earth fuilM f** 
fall into the sun for tho # 

that it dovolop.s centrifugivl fim'i'';?* 
owing to its motion in itn 
orbit, and those forces uro iii« 
equilibrium with tho sun's utlni*- 
tion, .If wo transfer tlieso 

at the following view. The atom is a'pIanSaiyVs^^^^^^ 

»» 


tSBo- 
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+ 260 - 
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Fig. 17.— Scattoring of a beam of 
«-rays by the luicloua imd elec- 
trons of an atom of atomic 
nuinbof Z. 


r. , ’ ^‘iinosentea by tJie eleclri 

TWeiHadilTertMie.. i,. 

according to Coulomb’s law— wlie^^rinTho oas^of 

they undergo aUracUon not only from'the sun bnf * * * 

Bearing ffi mind the If ^ the sun but also from thoiiiHelv.^^^, 

again consider the phenomenon P anofcary system, lot im dut.,* 
sues a rectilinear path (as is shown 111 i‘ jmr. 

♦Physilcnl. Zoits., 14 , 32 (1013), 
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jrliujotw. Bill if it strikers II 10 ami dircelly or pii-ssoH jicar by (central 
path of h'ig. 17 )j it iiiKlorgooa a comparatively great and iimucdiate 
roimlsion. It then desoribes a liyporbolic orbit, in the focus of which 
is the nuolons ; the angle of dolleotion is equal to the angle between 
tlio two asymptotes of the hyperbola, 

'.riiis astronomical description of tlio phenomenon hints, too, at tho 
mebliod of calculation, and Butlierford was tlio first to apply it in the 
disoussiou of tlio ineasureinonts of a-ray deflections and on it ho founded 
luH imoloar tlioory. 

But -wo must omiihasiso even at this oarly stage that tho vivid and 
picturesque planetary niodol has had to be given up as a result of tlie 
develop in outs of the last decade, and has had to give way to a less 
concroto and more dilTiiso idea. Wave mechanics forces us to ascribe 
to tho revolving olcotrons definite places at definite times, and we must 
ho satisfied with calculating tho statistical mean of such places . Nover- 
tholess, i?SHontial features of those orbital types (both of elliptic and 
hyperbolic orbits), nainoly, tlioir quantum numbers, and energies are 
also talcoii u]i in wavo-moohanics, It is therefore indispensable to 
elaborate this piotiire of tho planetary system in the present first 
voliuno in order tliat ivo may refine it still further by wavenneohanioa 
in tho second volume, 

In tho next chapter i\'o shall dcsoribo tho atomic models to -wlneh 
we shall ho led liy adopting tlio idea of tlio planetary system. In this 
chapter wu i.'cstrict our rcmarlcs essentially to tho model for hydrogen, 

I’Jio reason for this is easy to undorstand : it is only in the case of 
tho hydrogen atom that wo arc dealing with tho simplest problem, that 
of tiw bodies ; all the other atoms bring us face to face with the 
notorious difiioiiltios of tho problem of three and more bodies. 

1 , The hydrogen atom (Niels Bohr,* 1.913), The simplest atom is the 
liydrogon atom ; for this, Z ~ 1. It consists of a nucleus with one 
positive charge, and 0 / a7i electron that revolves abotit this nucle^ts. I'lie 
orbit of tlio olootron is, as in Koplor’s planetary problem, an ellipse at /'>-■ 
whiob tlio niiolous is situated, We have as a particular case a circular 
orbit, whore the nuolous is situated at the centre, 

2. The hydrogen ion or proton. After it has lost its only electron 
tho hydrogen atom consists solely of a solitai'y nucleus of vmitshingly 
smalt spatial dimensions as compared with atomic dimensions. 

b'rom tins model wo may imiitcdiatoly infer that it is impossible to 
picture as a physical reality a hydrogeti ion carrying two positive charges. 

If a ohomiat should over succeed in produoing such n one, wo should 
bo compelled to declare all tliat follows in this book to be false, 
W. Hammer f ])roved its non-oxistonco and oorroctecl an older and 

* wH tings oE Boliv that laid tlio foundation to this theory appeared undor 
tho title ! '* On tho ConBtitntioii of Atoms and Molooulos,’* 1&13, in Phil. Mag., 28, 

1, 470, 807. Hoo also " '|.■'hr^)<^ Lootiiros on Atomic Pliysics," N. Bohr ; of, also tho 
rofoi'unoo to ^ 7, pngo I IB. t Ann. d. Phys,, 48, 080 (1014). 

VOii. I, — 6 
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contrui'y rosiilt. of «T. J. Thomson.* The iinpo.HsUjilit'y of hnviii>s 
hydrogen atom Avith a double positive charge is eoniUMitisI u'idi 11** 
general diiforonco between positive anti negative eliarge.s, wIi’h’Ii wj*-"’ 
emphasised at the end of Chapter I, § 4.- : a negative charge in ay I** 
increased to any extent, a po.sitivo ciiargo only to a (iortain liiriil . 
namely, to that at whicli all eleotvons have been reniovcid friini 
atom. 

3. The ionised helium atom. Whereas the nenti-al ludliim at«'i«a 
(one nueleus and tAA'O electrons) reprosonts a problem of three biHli*""'* 
and so does not come up for discussion hero, the positiAmly ehaig.*’^^** 
helium atom, the Ho-ion, tliat is, a heliiim atom from wliudi m#*'’ 
electron has been removed by olcotrical or thermal means, is again vn y 
simple. Consisting of a doubly charged nucleus and one ekclron, il 
represented by the same picture as the hydrogen atom. It is hyilhigi* i * 
like {tmssersloffdhnlich), and so also comes under the simple iiial hfc^' 
matioal scheme of the two-body problem. 

It differs from the H-atom only in size, It is easy to undcrHtiii** i 
that the Wo-fold attraction of the He-niioleus on the olootron dimin inlti 
the orbit of the rotating electron as compared with that of the elerl i »•)!» 
that rotates around the singly charged Il-nuolous, and, imic{?d, it im 
reduced to one-half the size. 

4. The a-ray particle. The next pioturo, that of doubly it in in* I 
helium, the helium atom with two positive olomontary oluirgos, is v»‘ry* 
characteristio and satisfactory. It is, like the simply posi tive hyd rt ** » 
ion, a mere nueleus Avithout real extension, The unique part playts I I ty 
this system as an a-partiolo in radioactive phenomena now 

clear. The enormous penetrative poAvor of a-partiolos, their eonu«t-lik«* 
intrusion into the planetary systems of foreign atoms, their dinil<l«'* 
positive charge, AAdiich corresponds to the loss of all eloctroim lu 
helium, the noii-existenoe of three-fold positively charged lioliuin, 
it a special rdle. In addition, the ciroumstnnee that, hitherto, a ehn.r» 
aoteristic light emission of a-rays has never been observed, HpenkM 
favour of our model. In the first ohaptor avg spoke of the luminoMetn 
of canal rays and of the similarity of nature between oanal rays an cl 
a-rays. This similarity, as wo now seo, cannot extend to t}je limiir** 
escenee. We are acquainted Avitli helium. canal rays that oonsiMt *,*1 
neutral and also of simfily ionised helium atoms. These aro i-ecogiiliMstl , 
among other methods, by the oharaoteriatio lines that they radiate «>ui „ 
To mnder this emission of spectral Hues possible, there must bo pnwimt. 
at least one electron, Avhioh alters its position during the prooosii isf 


th« erntfritv ’S'SZ' 1013 . -rUomBOii ompluwW^ 

« sfcatemont by tbo following words on p. 63 of tliia Ijottlt » 

atom with more than one ohargo hna over boon obsoeved. 
w the hydrogen lines occur pmotiofllly on every plate moro obsorviifloiiu Ik*^*^-* 
been made on the hydrogen 'lines than on those S anHlLf Ki t - 
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omisHion. 13 ul; the doubly ionined holiviin atom is devoid of electrons, 
and lienee of tlie means of radiating. It hcoomes immediately obvious 
that the helium imeleim, in travelling as an a-ray through the atmo- 
sphere or other matter with its enormous volooity (almost . velocity 
of light), cannot carry an electron with it on tho way or draw one to 
itself.* 

It must also ho moiitionod that already in Fig. 17 wo have made use 
of the exceedingly minute sixe of tho a-partielo. When, arguing from 
this figure, wo derived an upper limit for tho unclear size of an atom, 
deduoing it from the doflootion of a-ray comets, wo assumed tacitly 
tlint tho a-partieles could be justifiably treated n.H points. In more 
correot language, this determination of size gave ns the sum of tho 
nuclear radii of tlio atom in question and of tho helium atom. Inasmuch 
oa the Slim was found to be snb-atomic, it was olear that, besides tho 
atomic nucleus under consideration, tho a-partiolo itself can liavo no 
appreciable size. 

Whereas objections may ho raised against tho later speotral ovidenco 
of our atomio theory, on tlic ground that it requires diverse thoorotioal 
intermediate sto])s, the observable proiiortios of tho a-partiolo follow 
diicotly from our fuiulamontal views of nuoletir ohargo and nuclear size, 
of atomic nnmbor, and the number of associated oloctrous in tho atom. 

Our picture of tho a-partiolo is so convincing that it seems justifiable 
to infer from it tliat there is no gap between liydrogon and iieliiim in 
the periodic system. Rydberg imagined that there wore grounds in 
tho ohomioal system of arrangomont of tlio olomonts whioh led him to 
conolude that two olomonts existed between liydrogon and holinin. In 
that case, however. Ho would not have tlio nuclear ohargo 2 but 4, 
Tho a-]mrtiolo would not bo a pure Ho-iuiolons, but an Ho-iiuo1ouh 
with 2 external electrons. But this would bo incompatible with tho 
general results obtained experimentally witli a-partiolos. Moreover, 
tho exact oaloulation of X-ray spectra furnishes evklonoo against a 
general inoroaso of tlio atomio-numbor Z wliioh would become nooos- 
sary for tlio remaining olomonts if two unlcnown olomonts had to bo 
interposed at the beginning of tho poriodio table, Wo shall thoroforo 
regard tlio atomio nnmbor Z =5 2 to have boon proved to bo oorreot 
for helium, 

6, Doubly ionised lithium (Li" ) and trebly ionised beryllium 
(jjq+ h-)^ It lias rooontly boon found possible to follow the analogy of 
the singly charged helium atom by producing tlio next suocossivo two- 
body systems, namely, tho doubly charged lithium atom (Li ' "' ), with its 
throe positive nuoloar units of ohargo and one oleotron, and the trebly 

* Exporimonfcs by Hondorflou (J^roo. Boy. Soc,, 108, 400 (1923)) and Lord 
Rutliorford (NaUiro, 118, 306 j|1028)) have shown that ovon a fast «-pavtialo very 
often attftoUos an olootvon to itself in its flight, but that the diatanoos over whioh 
it exists ns Ho*' are oxtromoly smaU oompaiod with tho distances over whioli 
it Is a pure Ho-mioloua. With dooroasing volooity (at tho ond of its mngo) tho 
probability inorotisos for tho Ho * -Jons mm nontral Ho-atoins also occur, 
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oluu'god borylliuin atojn {Bo'"* ' ), with its four units of positive eJmrge 
in tho miolous ami its one electron . Like Ho'*' they ooJiio into the 
simple scheme of the liydrogon problem. Wo shall discuss this question 
more fully in § 6. 

§ 2. Empirical Data about the Spectra o! Hydrogen. The 
Principle of Combination 

Before ’we deal "with the spectra of tlio simxDlest element H, for whicdi 
Z = 1, it may be convenient to make some preliminary remarks about 
sjjeotra in general. 

Whereas solid bodies emit a continuous spectrum wlieii tlicy glow, 
■we observe in the case of gases and vapours (in addition to contimions 
regions) line-spectra and band-spectra. The former belong to tlio atom, 
the latter to the molecule, whereas continuous emission sjpeotra cum 
occur in tlie case of atoms as -well as of molecules. Hence in a Gcnsslei' 
tube tho liydrogen must first dissociate into atoms before its line- 
spectrum can appear. In the case of iodine vapour, on tho other hand, 
the band-speotra disappear’ in jrroportion as the dissociation of Ig into I 
progresses, The lino-spectra consist of individual woll-dolinod Hne.s 
or complexes of lines ; the band-speotra appear, if the dispersion m 
small, as shaded bands (often accompanied by “ flutings ” Kannelie- 
ningen ”))j hut they resolve under higher dispersion into a great 
number of neighbouring lines. 

Within tho line-sjroctra regular sequences of lines may bo grouped 
together into series. The distances between suooessivo lines dooroime 
according to definite laws in each series as we proceed towards the 
violet end, and the lines aocumnlate at a series limit which is usually 
accessible only by extrapolation, At the same time the intensity of 
the linos decreases regularly towards this limit of tho series, either, as 
is tho rule, from the beginning of the series, or from a deiinlto pointi 
later. The series cliaraoter is particularly marked in tlie first 'bhreo 
columns of tlie periodic system (aUcali metals, allcalino earths, and 
earths). The lines of a band-spectrum accumulate at tlio heads of 
the bands, but do not become infinitely dense there as in the ease of 
the senes lines at the series limit ; the heads of tho bands lie partly 
towards the violet and partly towards tho red. 

Line-spectra and band-speotra occur during absorption aa well as 
during emission. Indeed, the absorption spectra, in the form of iB’raun- 
hofer lines, primarily played the determining part in tho historical 
development of the measurement of wave-lengths. Absorption spectra 
have a olmraoteristio advantage over emission spectra in that, in gen- 
eral, they have a more complete set of lines. Whereas, under ordinary 
conditions, only few lines of the emission series are suffloiently intense 
to be observed (for example, those of the hydrogen series are known 
from photographs of nebular clusters as far as the 33rd member of tim 



§ 3. Empirical Data about the Spectra of Hydrogen 6y 

series, and in vnouum-tnbes, at the most as far as the 20tli member), 
the absorption series, also nndor laboratory conditions, may be counted 
almost ii}> to tho series limit, and they junnber as many as GO lines.* 

In Eig. 18 wo slioAV tho absorption spectrum of the so-called principal 
series of lithium in the roproduobiou of a photograph taken by B. 
Triiinpy. I’be wonderful regularity of tho series law is brought out 
ati'ilcingly in this ]iiotiiro. On tho right-hand side near the series limit 
tlio individual lines no longer appear separated. Tlio photograph 
begins on tho left with tho third mombor of the aeries ns the apparatus 
had been designed to reproduce tho ultra-violet linos. Tho source of 
light used was a magnesium are ; for this reason the omission lines of 
magnesium (tl\o white lines) also appear on the plate. 

Tho approximate distribution of tho seven colours of tho rainbow 
in tho si)ectrum is as follows (A given in Angstrom units) : 

A == 8000 IhlrfiO r)7fi() 5fi00 49f50 4G50 4260 3600 

red orange ytdlow green blue indigo violet 



Fio. 18. — AljHoi'ptiou H]iG(4nim of Li (principal Borios) according to Trumpy, 
Tlio dni’Ic aoHorptioii tines crowd togotlior towards tho sorios limit on tho 
right. Tho bright lines arc omission linos of Mg. 

Tho first lines of tho visible liyclrogeii spectrum were measured by 
Fraunhofer as absorption lines of tlio solar spootrum, and wore called the 
0, F, /, h linos, rospootivoly. Nowadays wo oall them. Hj, 

'Wioir diatancoa apart are sliown by wavo-nmnbers (reciprocal wavo- 
longblis) aohoinatioally in Fig. 10. In this cose, too, we have tho 
same regularity as in that of tlio Li -spootrum, indeed in a still 
purer form, sinco tho law of tho liydrogon sorios is essentially an 
i]itogral law. 

It was rl. (T. Balmer, a toaohor at a secondary sohool in Basel (BMe), 
who, at the instigation of Hagonbaoli, sought out this law and exposed 
its ideal form ho clearly that wo have nowadays to make only non- 
essential iinprovcmonts on it (of. tho relativity oorreotion in Chap. 
V). Bnlinor’s formula hocaino tlio model of all later rational sx>ectral 
formulae and oonstitiitos tho firm foundation of the theory of spectral 
linos. 

• Wood and Fovtmt (ABtvophys. Journ,, 43, 73 (1910)) give monsiii’Gmeata 
which oxtond na far as the fiStli lino of the absorption serlcfi of Bodiuin. 
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Balmer wrote his formula * thus : 








< l> 


The integral numbers m and have the values n = 2, in 3, H, (I. *•* 

Hj., Hj respectively. The factor h (which must not, of (!oui ><* * 
be confused with Planck’s constant h) is, according to Bahnor, if A 
measured in Angstrom units (lA = 10“® cms., cf. p. 40), (M|ual 
3646'6. 

Nowadays we write Balmer’s formula thus (A in oins., v in cm. *■> * 
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n . 

1\ 

R^ 

109677'8 1 
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3, 4, 0, . . ./ 




Pormula (2) arises from (1) (if we disregard tho ohoico of units and ( li** 
recent more exact determinatioi of tho numerical factor It) by i 
in (1), 72 , = 2, and 
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I’la. 19. — Ealmoi’ series of hydrogen. 


R is the so-called Rydberg constant (Hydborg-Rit'/. wave.numhr*t“> : 
V denotes tho wave-number (number of wave-lengths per om.), 

We must here add the following remarks. Poliowing H|)ecbi*rt“ 
scopio usage (with its possible disadvantages) wo use tho same lottor 
for the wave-length as for the frequency (or vibration number, that i*^, 
the number of comidete vibration.s per second). So wo luive tlie* 
following two jpeanings for v, which differ in their diinonsions ; 

1 . 

= wave-number (om.“i) . . . <•! | 

= ^ = frequency (sec, '‘^) . , . , 


TT 80 (1885). llalmov romnrkocl simply Umt tho wavn-lmifil.l 1 

the St, thu?**’ ropresontod in terms of tlio " basio mimbor ” h, quotorl U t 


^7, = 1?^ 25. 0, 30, 

5 '’ . 3 ' 12’ 2 /’ 8^'' 32^'* 


Enlarging the fractions J and g for II/, and lU in tho manner shown, iio roroHiir«r*. I 
tho Buceossivo numerators as the scniarea .la ks «a ^ 

the di%onceB of squares, 3* - 2* T- ^ '' Wi U fS 

of the basic number „ Balmcr’a temula aVto apa^ bloaafmed too 
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Honco it follows that 

frequonoy v = wavo-miiobor v x velocity of light c . (ft) 

Wo ahvays imply tho meaning (6) for v, when, ns in Chapter I, §§ (1 
and 7, wo speak of tho onorgy •quantum hv : wo imply the meaning (<!:) 
AvJien, ns in tho present section, wo arc writing spectral formula, h’lui 
Rydborg constant introchicod in (2) also lias the dimensions (4) of a 
wavo-numbor. 

The expression " Rydberg freqnouoy ” is therefore inaiipropriato as 
it suggests tho diinonsions 8cc.“^. This term, in its true sense, sliould 
bo axiplied to tho quantity : 

cR =- (2'00790 ± 0*00004) . lO^" . (109677-769 ± 0-008) 

=== (a-28809 0-00004) . lO^® sco~i . . . . (7) 

(coiicGi’jhng tlie nnmorioal values see ji. 16, footnote, and 11. 96). 
But on account of tho imcortaiiity of tho value of c, this true Ryclliorg 
frequency is not sufficiently exact for spcotroscopic purposes. 

Wo may form an idea of tho great acouraoy implied in ivriting down 
a numbor with seven figures (cf. R in (2)) if wo rocolleot that the 
standard metro measure itself is defined only to within several /t’s, 
that is at most to tho millionth part of its length. 

I’ho fact that tho acmn-noy of Balmer’s formula is not overstrained 
may bo rooognised from tho following table * which compares tlio 
observed and oaloiilated values of tho wave-lengths in international 
Angstrom units (in air) for tho first seven lines of the Balmer series -. 


TA.Hr.M 2 



in ft 

m ~ 4 

m = 5 


m — 1 

m = 8 

in ~ 0 

A obsorvod 

A cnloulatod 

fl602-80 

6fi02-80 

4801-33 

4801-38 

4340-47 

4340-61 

4101-74 

4101-78 

3970-06 

3970-11 

3889-00 

3880-09 

3838-38 

3836-43 


Tills llrab oxamplo also serves to give the reader an idea of tho extra- 
ordinary aoouraoy of siiootroscopio moasuromoiit — acouraoy of oalou- 
lation and of measurement — ^ivliioli overshadows oven tlio famous 
“ astronomio acouraoy.’' 

Balmor couoluded his short account in 1886 with the remark that 
the cliscovory of a corresponding “ base numbor ’ h for elements othei. 


* F. Pnsohoii and R. atttzo, Sericngeselto tier rAnmiapektrcn,v>^^^^ - 

Comiiai'c A. Fowlor, Jhporl on Series in lane SjKctra, Volition, 1022 i this took 
appoarod almo«b HinuiltsiioouBly with fclio proeotlmg book. ' J 

amvkisehfl :DarsleUvn{f (hr SpeMren von Atomn mul 
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than, hydrogen ivould be very difficult, and ■would he possible only in (-H • * 
case of the most accurate measurement of wavo-longths. How astonislH ^ 
he Avould ha'vo been to learn that the same base number or ]’atli<* *‘ 


(of. 3) B = occurs in the spectra of all other olemonts. To Iiha'** 


recognised this is, above all, the aohievement of Uydborg, and 
a lesser degree j of W. Bitz, "who gave a more accurate expression. 

The essential feature of Balmor’s discovery is the denominator (tf ( lie 
formula (1), in tliat he recognised it as the clift’oronce between two in- 
tegers. From this we get formula (2) giving the difToroiico of 
“terms,” the first being the constant term, which, at the same timi". 
gives the series limit (m =s co), the second being a variable term. 'I'liiH 


representation as tlie difference of two terms corresponds to the 
of the wave -number as the difference of level between tAvo onorgy-stopH, 
which Ave treated in tlie preceding chapter (§ 6, cqn. (0)). 'I'hvm t|»«^ 
terms inform us about the energy of the atom in its initial and its linn I 
state. T7ie object of spectroscopy is to find the serm tennSy namdi/y th r 
atomic states and their energy -values. The observing of spectral liiu's in 
only a means to enable us to arrive at tlio terms. It is only when th*' 
spectral lines have been expanded into .scries and have been rcASolvcd in(*f 
iei'ms that the object of spec/roscopy has beesi attained, 

TJirough his simple formula Balmor shoAved the Avay to tho nil is I, 
general and most fruitful principle of spectroscopy, Avhioh Avas intro- 
duced in 1908 by W. Bitz, Avho recognised its fundamental importamns 
under the name, « Principle of Combination.” Bitz formulated tli<» 
principle in liis original paper * thus : “By additive or subtraotiN'ci 
oombination, Avhetlier of the series formula} thomselvos, or of tin' 
constants that occur in them, formula) are formed that allOAA'- us to 
calculate certain neAvly discovered lines from those knoAvn oaiiior.” 
But the fundamental importance of the principle of combination 
consists of the foUoAving ; by expressing the wave-number of a siioctvfil 
line as the difference of tAvo terms, Ave define tAvo different states or 
energy-levels of the atom in question. In this Avay sovoral lines oj* 
series of lines determine several atomic states or energy-lovols for tlu^ 
same element. The principle of combination npAv assorts that it is 
admissible to pass from any one of these levels to any loAvor level, and 
to derive from the difference of the tAvo corresponding terms a new 
Avave-number of the element. Tliat this noAv Avavo-ninnber happens 
to^ bo obtained by additive or subtractive combination, as is stated in 
Bitz s original rxile, is unessential. For oxamjAlo, if we represent tu’o 
lines by means of the term- differences A - B and C - D, then avo get 
new lines by combining the terms (B, B) and {A, 0) Avith tho AA'avo- 
numbeis I) B and 0 A, Avhioh cannot thus bo derived individually 
from A — B and C — I) by the simple process of addition or sub- 


* W. Ritz, Gasammelts ‘VVorko, published by 

schaft, p. 162, Pai'iaj Gauthiers Villars, I9U. 
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traction. In particular, when two terms of the original lines tiro equal 
to each oblior, wo arrive at the new lines, ji.s the special formulation 
of Ilitx’a law given above states, l)y addition or subtraction. 

Tlio principle of combination has maintained itself in the Avholo 
region of spectroscopy from infra-red tq^^-ray spectra as an exact 
physical laii) with th(5 degree of aocura.'^^!*‘jat characterises speotro- 
scopic measurement. It forms the fou^^tion not only of the old 
theory of Eolir but also of the present wavo-mechanical theory of spectra, 
and is, in cssonoo, identical with Bohr’s law in Chapter I, § 6, equation 
(0). But nob all combinations that may be formed from the terms or 
enoi'gy-lcvols are equally probable. Bather, there are certain limi- 
tations (“rules of solcotion,” of. Chai). VII), that, in certain circum- 
stances, reject certain combinations. 

A first and particularly brilliant test of the principle of combination 
was offered by the hydrogen spectrum. Even Balnior himself raised 
tho question whether the number n in his formula might not also take 
tlio value 3, but tho state of spootroscopy at that time did not admit an 
answer. That is, ho suspected lines with tho wave-numbers 

Rat/; demanded the existence of these lines on the ground of his principle 
of combination, since the first lino of (4) may bo obtained by forming tlio 
difference of the wave-numbers of IT^ and while the second lino may 
be obtained by forming tho difforonco of ligand andsoforth. There- 
upon Paschon succeeded iu finding in tho infra-red region of tlio hydro- 
gen spectrum intense lines of wave-lengths X ~ 18751*3 and 12817*6 A, 
respectively, corresponding exactly to the previously oaloulatod values. 

Since tliat time there is no doubt that Balmor’s fomula must bo 
'written, in conformity with tho oonjeoturo of its discoverer, witli Wo 
integers, thus : 



Paschon ’h lines form tlio first two 11101111)01*8 of the infra-red series of 
hydrogen, wliich are obtained by sotting n “ 3, m ~ 4, 6, 0, . . . Other 
torins of this “ Paschon series ” have been measured by P. S. Braokott,* 
who is also tlio first to have dotorminod tho first terms of tho next 
successive soi’ics of wave-lengths A 4*05/jt, wliioh is given by n — 4, 
m~(y, and A™2*fi3/i, given by w~4, w:~0 ems.—KP A). 

This Braokott series was coinplotod by A. PI. Pootkor,| Lastly, A. II. 
Pfuud I found an infra-red lino belonging to liydrogon at A ~ 7*40/i., 
which is tho first momber of a “ Pfimd series ” and corresponds to 
= 6, m ™ C. 

* AHfcrophyH. Jourii., 66, 1.64 {I022). t Pliys. Rov., 30, 418 (1927). 

t Joum. Opt. Soc. Amoi’,, 9, 193 (1024). 
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What is tho position witli regard to the series that oorrospondM 
the choice w = 1, w = 2, 3, 4, . , . ? It lies in tho ultra-vioh^t ; if ^ 
series limit v = It is four octaves higher than tlio series limit of I 
ordinary Balmer series r = 11/4, whioli also lies iii the viltra'vi<jl<*f • 
The existence of this uUra-violet series of hydrogen was proved 
Til. Lyman,* and is the final confirmation of Balmor’s formula. 'I 
ground line of this “ Lyman series ” (which wo might call tho K^Keri**!"* 
of hydrogen, if we wislied to follow tho nomenolaturo of tho X* !■*»>* 
speotra) is 

v = .A=121G'7A . . (H>> 

Balmer’s foi'mula (9) maintained itself in tlio sequel not only mm ** 
sujfficmit, hut also as a necessary condition of tho hydrogen lines. 'I’lm f 
is to say, not only are all tho series of lines indicated by (0) aetuuU>' 
observed in the case of hydrogen, but also no other linos belong to tl»» * 
hydrogen atom but those contained in (0). Up to tho time (11)1 it I 
when Bohr’s theory was proposed, two fiu'ther series, wore ae(.\iMll>' 
ascribed to hydrogen ; they wore given by the formula) : i‘ 

= S = 2,3,.1 (Ml 



They were called the “ Principal Series ” and the “ Sooond Subonlinat**^ 
Series of Hydrogen,” while Balmer ’s series ifaolf was oallecl tho " 
Subordinate Series,” in accordance with a terminology that will liu li** - 
veloped in Chapter VII, § 1. 

The series (11) was originally measured by A. Powler I in tho spOf' » 
trum of a mixture of H and He ; series (12) was discovered by Pickerjiijcc 
in the r^peotra of nebular clusters (S-Puppis). Acoorcling to BohrV 
theory, however, both series are to be ascribed not to H but to |(o* , 
that is, to ionised helium ; at the same time forinulto (11) and (12) Ml'*’* 
to he remodelled and supplemented as follows (by multiplying numoralt ir 
and denominator by 4) : 

V ~ 4H^^2 — w- — 4, 5, 6, ... . , (I 

V =: 4Il^p ~ m = 5, 6, 7, , . , , , (12ff | 

Written in this way, they come under Balmer’s form (9), with tho dilTor- 
ence that R is replaced by 4R, a fact that points to the doublo nuolnat* 

* Aatrophya, Journ., 28, 181 (lOOG) ; 43, 89 (1910). 

I Tlie current number has been called m tioro to distinguisir it from tho ouiTon t. 
number m of equations (llo) and (12a}. 

J Monthly Notices, 78 (1912). 
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chargo of He (of. oqn. (5) of § 4 of tlie present clmptor), and with tlio 
fiii’fclicr fUft'cronco that, the vahio of II in (lift) and ( 12 ft) does not agreo 
exactly with tlio value of II in (9) ; this is explained by Bolir’s tlicory 
of motion of the nnolcns (of. § 5 of the present chapter). (IhG scries (lift) 
and ( 12 ft) arc the simplest examples of “ spark linos,” that is, of radia- 
tions vdiioh are omitted, not by the neutral, but by tlio ionised atom. 
Tlie general theory of spark linos which wo sliall give in Chapters VII 
and VIII lias been developed directly from the study of the spark lines 
of helium. 

But our reasons for denying hydrogen the series (11) and (12) and 
aaoribing tlicm to helium are not only of a theoretical nature, but rest 
oil experimental evidence given by precision measurements by A. 
Eowler * and ']?. I?fvschon,t to which wo shall often liavo occasion to 
rofor. 

Eor the present wo assort that tlio series ( 11 ) and ( 12 ) occur not only 
in mixtures of hydrogen and helium, bub also in very pure helium. 

Wo next remark that Pickering’s series (12) includes only ono-half 
of the lines represented liy ( 12 ft), namely, tlioso for which m is odd ; the 
otlier half coincides nearly, hut not quite (on account of the above- 
mentioned small didoroneo in the value of 'll), witli the ordinary Bahnor 
scries. In reality botli together form a uniform series in tliat the lines 
of tho one type arrange thomsolvcs according to intensity oontinuously 
with the linos of the other typo.;|; It is tlioroforo unjustifiable and 
arbitrary to dotaoh one -half as tho Piokoring series and to ascribe it 
to hydrogen, TJio other lialf Avas ovovlookod earlier only beoanso it 
could not be separated from tho neighbouring true hydrogen linos. 
Further details on tins point are givon in § fi, Pig, 24. 

'Pho same is true of the relation between tho series ( 1 . 1 ) and (lla). 
Of tho linos roprosonted by (lift), and actually observed, the series 
formula (II) ropresonts only the memhers for which, m is oven, llonco, 
if wo regard tho sorics (lift), in the sense of ( 11 ), as the principal series 
of hydrogen, it beoomos arbitrarily subdivided into two parts, of which 
only the one fits into tho torminology of tho hydrogen memhers. 
Actually, as I^asohon shoAvs, both parts as regards the intensity of thoii' 
lines ns aa^oII as tlio nature of tlioir origin belong together, and form a 
uniform Horios. 

Wo thus finally find our above assertion oonfirmed tliat the simplo 
and integral charaetej' of Bpootral Uavs exju'essed, in illalmor’s formula 
ropreson ts a Jioocssary criterion for omission by hydrogen. Tho spectral 
laAvs (U) and ( 12 ) that depart from tho integral typo, and thus do not 
come under Balmor’s formula, do not belong to hydrogen but to ionised 
liolium. 

* “ Sm'ioa Linos In Spnvlc Spool/i’a,” Proo. Boy. Soo., 00, 420 (1014), ant) Phil. 
Trails., 1014. 

t " Bohr’s Hoi inm I in ion,” Ann, d, Phys., 60, 001 (1010). 

I This has boon oonllrmocl asti'ophyaioaUy in photographs of thoO-stara talcon 
by H, H. l.duskotl;, Publications of tho Astrophya. Obsorv., Victoria (Canada), 1022. 
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Besides the Balmer spectrum, wliich, on account of its iuivitiM 
linos {Hrt, H/j, Hy, Hj) in the visible region, is also called tlu^ foin h*.. 
spectrum, hydrogen has a totally different kind of speetnuM, fl.- 
“ niany-lhies spectrum ” {Vullinim-speUrv/m) or “ sccondiuy > 
trum.” But this belongs to the molcoulo and not to tlio atom, lOut 
to be regarded as a band-si^eotrum, although it does not (exhibit «Jvi 
external characteristics of a band-spectrum. We shall rovtu’l lo liit-i 
question in Chapter IX. 

Continuous spectra occur in the case of the hydrogen atom n?« 
as in the case of the hydrogen molecule (of. the beginning of tin* s.? 
section). It "will not be possible to treat the continuous .spoelru n<«-i 
plotely, and to link it up appropriately with line- and han<l-f*|»*'r«i»«!i 
until wo arrive at the second volume dealing with wavo-moe}\ani(7(. 

§ 3. Introduction to the Theory of Quanta, Oscillators and Eolalt»nt 

If we wish to penetrate further into the nature of the tliuory *4 
quanta, avo must not restrict ourselves to the special oas<i of v«l*rs!» 
tional energy, Avhioh Ave treated alone in Chapter I, § 0. 'I’Ium * (»«*• 
takes proceclonco historically ; it led Planck to forjnulate from lu «« 
radiation 'a definition of his quantum of action li. The simplit OHrillrtS«-s 
Avas used hy Planck in a certain sense as a theoretical agent rc'iuditi^ «<■* 
heat radiation ; by means of it he developed his hypothesis of 
quanta {see p. 36). This hypothesis is the foundation of tlu' jdi.**... 
electric laAV of Einstein, and also of its extension as Bohr’s liyjtnlh«’»ka 
concerning omitted and absorbed energy in atomic processcH, 

Adopting a more general standpoint, avo shall consider instead id a 
special Planck oscillator any arbiimnf mechanical system whalsorvrr, #?!. 
for the present, a little more specially, any arbitrary moving 'point 
Avhoreby it matters little whether avo assume it to bo charged (an (deei 1 

or not. 

Wo find it expedient to begin by ommoiating the form that NewUi«iii 
gave the mechanical laAvs in his Principia^ in particular his Ihjlnitm U 
and Lex JI {Definitio I defines the conception of juass ; Lex I iw llw' 
laAV of inertia). 

Definitio n ; Quantitas motus est mensura ejusdem, orta A'r-h*' 
oitate ot quantitate matoriae conjunotim. 

“ The momentura (amount of motioir) is the product of tlics nuUiH arwl 
the velocity. ” 

Lex n : Mutationom motus proper tionaloni esse vi motrioi impn«4*if 
et fieri secundum lineam roctam, qua vis ilia imprimitur. 

“ The change in the momentum (amount of motion) is proporlinuikl 
to the impressed force and takes place in the direction in Avliltdi 
force acts.” 

In place of amount of motion ato say impulse in order to (un[iluwii»» 
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its tlinicicd (vluiruotcr ; wo denote the impulse by jty and hence liy 
JJbJinitio II wo have 

q) ~= mv . . . . . ( I ) 


As usual, wc designate the i)OHition of tlie point by I'ootilinear eo- 
ordiimtcs a;, y, z. l''or the sake of generalisation later, we shall, how- 
ever, use, instead of difioront letters, diflieront suihxes attached to tlie 
same letter’ thus : 1/3 = y, The velocity is then given 

in magnitude and direction by 

q^(\yhoVQ y, etc.), 

and i^Pi, 2h corresponding components of the momentum or 

impulse then, by ( 1 ), 

2h ^ (2) 

The faot that the dynamical ti'hrlet of imjmlso co-ordinates occurs 
conjointly with the qeomelrical triplet of tiro co-ordinates of position is 
of groat importance to us, li’urbliormore, the above formulation of the 
law of motion, Newton’s Lex //, is of particular importance to us. It 
is wrong to speak of Newton’s “ Law of Acceleration.” It is not ihv. 
kinematic quantity acceleration * Iml the dynatmcal quantity change of 
momentum that is regulated by this law. In this sense wo write down 
Lex 1.1 for each co-ordinate clircction {h -- I, 2, 3) so])aratoly : 




Ml: 


(«‘J) 


In (3) wo assume that tiro force K is derivable from a potential energy 
Epo, (function of the q^-'n). The Itinetic energy is 


f (!^T H- it 'h (?ii) 


Pi -h d- Pi 
■ 2m 


by (2). We call the total energy, considered as afunctwi of q,. and 
Hamilton’s function K. Wo liave 


11.(7, fj) ^kin d“ 


M.k Mk ' 


t'P;." Mh w* 


Conseq uently we may write the fimclamontal equations (2) and (3) in tlm 
form 

dqj. ^ 

dt (i't Mk 

* Of coui'HO, whon. tho inafis is constant 7,1 =3 inq — mass x nccoloration. But 
in gonoml tho mass is not constant 5 in tho tliooiy of rolativity it is not ovon non- 
staut for a single partiolo of mass j and in ordinary moohanica it is not oonstfint 
for a I'igUl body, for thou tho rClo played by mass is takon over by tho moinont of 
inertia, and this varies during motion, In thoso ensos Newton’s asaortion about 
change of momontum romnins valid, but not tho statomont about mass x no- 
coloration wldoh Ims wrongly botiomo prevalent. 
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This IlamiUonian or canonical form of the equatiojiH of mol inn *"* 
rcmarkahlo nob ojily on aecounb of its syimiuvtry bill also betfimm' 
rojiuiins prcsoj.'vcd if any arbibrary now co-orilinatos are introduced * 
Note 2) and bocaiiBo it holds not only for an individual point-inasa bt**' 
also for any arbitrary meolmnical system. Xf’or arbitrary oo-ordinnt * "i-* 
and systonis * the impulse y; i.s dolined by 

= .... cr.) 

in which the kinetic energy is to be regarded as ex^mssed as ajuncllou **,f 
the Qj/b and the q^jB, .For the individual mass-point, (5) clearly beeoiii 
identical with (2) if rectangular co-ordinates arc used. 

The values of the co-ordinates q andp detormino the correspond ii *l-< 
state or phase (in Gibbs’s terminology) of tlio system. To get a I 

piotnre of the state of motion in terms of the position (q) and the vcIoollvN’* 
or imxHilse (p), respectively, wo imagine, in the case of an individit*^^ 
point-mass (whioh has three degrees of freedom), its tliree position 
ordinates q and its three impulse co-ordinates p drawn as perpend ion 
oo-ordinato axes in a space of six dimensions, so that each point of tU 
spaoo represents a xihase of onr point-mass. In a system having / degm*!! 
of freedom tliis phase-space is of 2/ dimensions. 

Let us first restrict ourselves to systems of one degree of froedniiti. 
for whicli the general phase-spaoo resolves into a single pliaso-plau*' - 
Wo draw q and p os rectangular co-ordinates in the plmso-plaiu^ ^ * t 
our system. In this plane wo construct the ’phase-paths or orbits^ tint I- 

is, the sequence of those grapli poii»t« 
that correspond to the succoH«iv«* 
states of motion of the systoit i . 
Choosing any point as an initial Htiitt'i' 
<1 wo may plot the phase-paths tmt l 
with them densely cover the whole t 
the phase-plane. The char aotoi'in tic? 
feature of the quantum theory, Ikjw*- 
ever, is that it selects a disorotes 
i'm. at a lino»v phagcotbitsfromthoinfiiiitt* 

manifold of phase-orbits, To dofliio 
these soleoted orbits, we shall first consider the area of the pliaso-xilai^tS’ 
inohidod between two arbitrary phase -orbits : we shall call such fvit 
area a phase-area. We then draw our family of orbits so that thu 
pli as e-area between two neighbouring orbits is always equal to tl lo 
quantum of aotion h. In this way h acquires the siguifioanoo of tilts 
elmieniary region (or element) of the phase^area. We shall regard tli Jjsi 
significance as constituting the true definition of Planck’s quantvnii 
of aotion h> We shall next illustrate these rather abstract ideas 

* Wo shall discuss liow the definition is to ho generalised for the oaso wlioi*** 
the noting forces Imvo no qiotontial in Note 6 by a si^ooial example. 
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meiinH of two very important apeeial cuaea, that of the osoillatoi' and 
that of the rotator. 

Wo give tlio Jiaiuo linear oscillator to n point-iuoaK w that ia bound 
elaatically to its position of rest, and that can bo moved to either side of 
this central position only in a direction x — q or its reverse, wliorohy it 
oxperionoes a restoring force but no damping resistance. Tlio oscillator 
is the simplest instance of a centre of vibration such as is assumed in 
optics ill the form of a q^nasi-elastically hound electron,” Wo use the 
more accurate term ” harmonic oscillator ” if wo wish to emphasise that 
the latter has a definite oharaotoristic vibration indepondont of the 
amplitude. Let the vibration number or froqnonoy of the oscillator 
(number of its free vibrations per unit of time) bo v. The vibration 
phenomenon is then expressed by 

X == q = a s\n . . . . ( 0 ) 

In this case the impulse p simply becomes equal to mq (according to 
(2), and in agreement with (fi)). Hence 

p ~ 2 ' 7 Ti'Wa cos 2tivI . . . • (7 

By eliminating I from (0) and (7) wo got as our phase-orbit an ellipse in 
the p- 5 -plano imving the equation 






- 1 . 


in which the minor axis b ia defined by 


(8) 


b 27nwa (9) 


The area of the clUjiso is then 

abn = 27r®jmia*. 

W 

Wo next assort that this same quantity is also equal to — , whore W 

denotes the energy, which remains oonstant during the vibration. If, 
for example, we caleulato W at the time I ~ 0 , the potential energy is 
zero, and the kinetic energy is 

laHW-W .... (1(|) 

and honeo, actually, 

W 

abn^ ( 11 ) 

By altering W wo got in the phase-plane the phase -orbits as a 
family of similar ellipses since, by (9), the ratio - has the constant value 

(t 

Wo have now to make the selected ellipses of this family suoooed I 
one another in siioh a way that the olliptio zones have oaoh the same 
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aw? a h . !Houcj 0 j i f \vt? d ono to the ( 1 i fl’(?roneo betwee 1 1 the one I’gy ■ tioii h tat 1 1 h 
for two auooossive ellipses of the family by AW, we obtain from (li) * 

= — , AW = 7tr . . , (IJ3) 

V 

If WG mimber the cllipaea thus : 0, 1, ... w, and call the ooiTespoiidin^^ 
energies Wq, Wi, . . . W,„ it follows from (12) that 

W„ = Wo-|-7tr» .... (If'O 

Whereas in tlic classical theory all points of the x^haaehdfvno an? < *1* 
equal value and. represent xjossible states of the oscillator, the states ft 
whioh the graph points lie on one of the ellipses of our family are diH- 
tinguiahed. They rexn’esont the stationary states of the oscillator, tlir^-t:- 
is, such states as the oscillator may x^ass through without cessation iiin l 
without loss of energy, in other words, in the case of a charged 
mass, wUhout radiating energy, But from time to time the oaoillat< > 1 '* 
ohangos its energy ; it emits energy when its graph point jumx^s 
to a smaller ellix^se; it absorbs energy when its graph point is trans- 
ferred to a larger ellipse. Emission and absorption occur in multijdes of 
the energy quantum hv. 

If wo set Wq = 0 in (13), we arrive at the first form of Planc?k’*^ 
theory ; 

W„ = ?}e, e “ 7m .... 

Bub if Avo a.ssume that corresponding to the quantum stati? i 

fit* 

there is a certain “ zero -point energy,” and if Ave sot this equal to • 

an nssninxition Avhich is confirmed by Avave-mechanics, avo arrive aO *»• 
second form of the theory Avhich Planck xnoxrosed in 1911. The (?ni?rx<x 
of the quantum state then becomes 

W„ = (rr -h = (?r -i- i)7m , . (HI*) 

Wo goneralise this for any arbitrary mechanical system of oni' 
degree of freedom and assert tliat ; the graph'poini of the system in Iht*. 
phase-plane is restricted^ according to the guanUm theory, to cerlaitt^ 
favoured “ quantised ” orbits. Each of these orbits encloses toilh tiifi 
fieighbouring orbit an elementary region of area h. Let the of tlm.s*.* 
orbits (if closed) have the area 

J = . . . . (l‘|.> 

Avlioreiii the integral is to bo taken over the interior of the orbit. .I f 
Ave perform the integration Avitli respect to p (coii’esponding to blic:» 

elementary formula ^ydx for the area of a curve y = f{x)), Ave get 

<1 ~.^pdq , . , . (ld.ef^ 
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Thifi integral is to ho taken along the orbit UmIJ. Wo ahall eiill 
(I4a-) tho ‘phaaeAntegral. 

We consider the precise formulation of tho quantum hypothesis 
to consist in tho postulate that tho dilToroiKiie hclvAvoon tlio phase- 
integrals for two su(!{K!Ssiv(! orbits nnist ho equal to h : 

AJ ~ /t, J -p nh . . . (15) 

This postulate singles out of the continuous manifold of all mechanically 
jiosaible motions a discrete and infinite number of real motions ^ such 
as are jmssihle according to the theory of quanta. In contradistinction 
to this general form of tlie quantum hypothesiSj tlio original hypothesis 
of energy-quanta that was formulated hy Planck for the phenomena of 
heat radiation is only a special result of tho general quantum postulate 
adapted to tlic oscillator. In tho preceding, wo wore relieved from tho 
task of evaluating tho phase-integral (14) only because we wore able to 
caloiilato the area of tho ellipses directly from tho formula abn. In 
partionlar, if wo assume Jq = 0, wo obtain from (16) tho following 
formulation analogous to (13a) : 



which formed the foundation of the older quantum theory, but which 
is not conlirmed throughout by wave-mechanics, 

Prom tile oscillator we pass on to tho rotator. 'Pins term is to 
denote a point-mass m, whioh rotates about a fixed eontvo uniformly 
in a circle of radius a. Tho natural co-ordinate of position is hero tho 
angle 0 whioh the radius to tho point-mass makes with an arbitrary 
initial radius tf) == 0. Wo thus sot q “ (/». 'Pho kinetic energy is 

.... ( 10 ) 

In tlio case of uniform rotation tho:potontial energy will certainly bo 
hidopondont of (f> ; it is indifforout to us wliotlior this energy depends on 
a since a is constant during tho motion. Hence wo may write 

Tho impulse co-ordinate in this case corresponding to tho co-ordinate 
q is by (6) and (10) : 

p ^ ma^q . . . . . (1,7) 

It signifies tlio moment of momentum with respect to the centre of tho 
circular orbit. Since q =: const., this inomont of momentum {ImpuU- 
mmient) p is constant during tho motion ; this, in fact, follows immedi- 
atoly from tho equations of motion (4). Tliorofore tho iihaso-orbit of 
the rotation (tho orbit in the phaso-plano q-p) is a straight lino parallel 
to tho g-axis (Pig. 21). Hence the phase-orbit is not a closed ourvo in 

VOL. I, — 0 
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luH nuHo. w{s luwo lioro iuwfc to (loline wluit in t(i ho regurcl«'i I 

ilio ami of tho phuHOorhil. 

Thin i« (loiio uh follows ; tho pluiao of Iho rotator (Ha position ii» I " 
orliifc and the dircotiou of ita inoinontuin or iinpulHo) hcoonioH r<'*|H*itl^*** 
after every coinploto rotation. Thus, tlio true phaso-orbit ia nol- 
iuliiiitely long atraight lino hut a finite one that roixuita itself. 1 m * '** * 

(/-direotion the phase-plane of the rui ** ' 
tion liaa only the length 27r ; w'o 
for oxainple, cut it along tln^ lif»<"»* 
<7 U'IhI join the edges ao «h 1** 

forni a oyliudor. '.riio suifaou 
the cylinder hetweoii the amt 
{n — i)'^‘ phaao-orbit, being a rool iii»K® ‘* 

on the base 27r, is equal to 27 t(p„ /<,« i ^ “ 

Wo have to sot this surface equal 1 < * ^ ■ 
Wo then got for the surface l^etweei t 1 1 1 *'* 
and the xoro pliaso-orlnt, \vhi‘'l‘ 
re]n’osonto<l by tlio g-axis, tlie expression 

. . . . . tlH| 

'I'ida ia the surface that takes the place of the area of the closed eurv< ‘j** * • * 
the oaso of tlio oscillator. 

jrroni this wo boo that the rotator is to he quantised not in onerity 
quanta hut in quanta of moment of momentum, In the case ol ll»ti 

rotator the moment of momentum nxust he a whole multiple of I f - 

on tlie other hand, wo caloulato the energy (kinoiio energy) of the roln 1 • < 
then it follows from (Id) and (17) that 



^’t 


1 

ill 

a/f 1 



i 

'Z'fx 

\ 
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21. — I’liUHo orbits of a 
rt) tutor. 






PQ 


and from (18), wlion p 


27r’ 


E 


kin 


2 27r 


nhv 

2 




Hero V donotos tho rotation froquonoy of the rotator (number of foil 
revolutions por unit of time), which appropriately takes tho phusis c»f 
tho vibration number of tho osoillator, Hence if wo wisli to spoult 
onorgy-quanta hvm the oaso of tho rotator, too (which is hotter avolclt^ml 
altogothor), wo should find ita energy to be not a lohole miUtiple, btil a ijf"^ 
multiple of Ike energy-element kv. 

Wo pass on from tho oaso of tho oscillator and tho rotator tu 
oaso of any number of degrees of freedom. In this case wo 
demand not o?j.e quantum condition of tho form (16) but / dilToriauft, 
quantum conditions, by which each of tho / degrees of freedom in «t 
o'oiftain sonso becomes fixed. We infer this, as a general result, fi^ca tn 
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llu“ jM'rh’nt uliiirpiK^HH (jf tlu! n[)ectri\l liiicS) which allows us to concludo 
l hal. 1 1 10 iiloinic ]ih<'iUMUcMui underlying their origin are fully discrete. 
For this juirposi^ tlie author has adapted a direct “ houristie ” method,* 
whioli leads to the same results as those simultaneously obtained by 
l.Maiutk t t'- lionseipieiuio of a more systematic investigation into the 
treatment, along ipiantuin lines, of systems of several degrees of free- 
dom. 'I'lie postidak^ of the author is : toe, mnsl impose the condiUo7i 
<m ench imlividnal Ue^rce of freedom of the system, that is, we imisl 
jiosluhile Ihe. value of the p/i««c-i?dej3rm? for the fc'* degree of freedom to be 
(f whole muUi}ile of h : 

. . . ( 20 ) 


dr. - 


A = n,Ji 


A little earlier than the author, W. Wilson X developed the same 
postulate from the law of lioat radiation. 

By sotting 11 ^ - ■ ■ 1,2.... in turn in (20) we fix the first, second . . . 
tpiaiitised yiliasc'-orhit of the /c'* degree of freedom. Since the system 
is bouiul hy (Uicli of itw degrees of freedom to one of these orbits, the 
recpiired tlefiniteness of its motions is attained. “ Degenerate systems,” 
namely, systeiUH foi* wliioh tlio number of necessary conditions may be 
reduced, will b(» discusHod in § 7. 

We might generalise o(iuation (20) in the sense of equation (16). 
Tu that ease we shotdd have to fix a value for AJ^, and not for J,b itself, 
that is, wo should have to leave the quantity Jq that occurs in (15) 
un<let(U‘min<!d for eveuy co-ordinato. Wo shall, however, keep essen- 
tially to l-he original formulation (20) of the " quantum rules ” in this 
volume, and sluvU make them more rigorous later in the second volume. 

If it is to bo ]K)Hsiblo for integrals of the form (20) to be integrated 
for every eo-ordinato Hoparatoly, that is, without a knowledge of the 
HimultaueouH behaviour of tho remaining co-ordinates, then it must be 
iKWHihle to represent every as a xnire function of the corresponding 
r/i In this ease the mooluinioal system is called separable, ini 
,.r<.iH.rty k diKc.wod in dotoil in § fl. Tlic condition tor it im tot 
given ill imiiortimt iittpors by SohivairaoluldU and Epstom.J wluo 

linkod in. with naiiora publisliod by tho piosont author in 1916 and 
1910. 'Ao niiantuni rub (20) has an exact moaning “"‘y 
nmtrlot its applbation to soparablo systems, for it is “"'y 
wo oaii ttUKWor tlio question ; wliat m-oritmia and what tails o/ 
inUgrulion are to he used in x>ei*forming (20) 

* “ y.w i'lujorlo ilor Btilmoraohon Sono," Slfczun^boriohto 
AUntlomlo. Jl. Pbys., SO. 386 (1016). 

,vV,l„tap^«mdjp l* 51. 108 (1010). 
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The co-ordhmies g^, meani in (20) are p'eciHcin^ ihone mlo v>hirh lUt- 
mjsiem can be separated. If there are several possibU' ways of oJleetiuji' 
separation the types of orbit determined by the phasednUfgrnb^ 
become different, but the cnergie.s in the orbits, which arc the 
factors, agree. 

Tire limits of integration must bo fixed as follows : the separaiinu "• 
co-ordinate is to traverse in the course 0 / integrahon the vdiule regitut 
that is necessary to characterise the phases of the system uniqueii/. In 
the case of a cyclic co-ordinate {q ~ fj), rotation) tliis region stride) n*.^ 
from — TT to -|- TT (cf. Pig. 21, in which the plane is to lie iient into n 
cylinder), the radius vector r extending from the region to 
and back again to Further examidoa will be given in tliis mu I 

in the next chapter. 

Finally, it is to he noted that tho phase-integral, in virtue of il?* 
geometrical significance as a surface in tho {q, 3 >)-plane, is new'ssurily 
a positive magnitude ; hence it follows that the “ (puintnm-numhers 
Wfc are also necessarily positive uumhors. 

If we survey what we have learned from the quantum treatment i»f 
the osoillator and rotator and from tho extension to general systeiiu* 
— all of wl)ioh is hosed on the fact that spectral lines are sharply delliiecl 
— we arrive at a totally new view of natural phenomena. '.I'he quun 
tised states, those defined hy integers, are favoured above all olluer 
possibilities in being stationary states of tire system ; they do iicil 
link up continuously with each other hut form a nel-worh, Ph<is<'-sinirt% 
regarded as the ma^iifold of all conceivable slates, including those u'hirh 
are not stationary, is traversed by the graph curves of (he sUdUmary orhtt^ 
so as to form a neiworh. The size of the meshes is determined by Planck' 
constant h. 


§ 4, Bohr’s Theory of Balmer’s Series 


Wo hero make the simplest assumptions possible : a nneleiiH nl' 
negligible size carrying a charge -j- Ze, and an electron of charge *- 
likewise concentrated at a point ; tho mass of the miclous is eonsiiliMVfl 
inftnitoly great compared with tho mass m of tho electron {that l!pt„ 
wo are confronted with a “ one body problem ” instead of tlie mduri I 
“ two body problem *’) ; Coulomb’s law is valid and likewise ordin-. 
ary (pi'D-relativistio) meohanios ; tho olcotron moves in a cirele * almuf 
the nucleus and is a simple “rotator.” Concerning these asHunii*- 
tions wo remark that for hydrogen, in partimilar, Z 1 ; the ealeiil ra- 
tion with Z is worth doing because it also inoludos the ease of He ' ttm I 
Li'+ (cf. Chap. 11, § 3, Nos. 4 and fi). The assumption tlial Ihr* 
nuclear mass is infinitely great is a good approximation even 
hydrogen (according to earlier remarks, of. equation (10) of the urt- * 
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ceditig Kcotion, m \ mu 1 : 1847) ; hut in the next section wo shall 
lot this assumption drop. 

'('lie orbit of tlic electron is fixed hy two conditions, one prescribed 
hy the classical theory, the other by the quantum tlieory. The classical 
theory rccpiires that the external forces bo in equilibrium witli the 
inertial forces, 'fho inertial force of circular motion is the centrifugal 
force : 

mv^ „ 

— = mvd) — mau}^ 
a 


{y : tuo is tho linear velocity, w the angular velocity of the rotating 
electron, a the radius of the orbit). I’lio only external force is the 


Coulomb force of 


electric attraction 




Hence the condition of the 


olnssioal theory is 


mao)^ — 




or 

ma^u}^ = . . . • ( 1 ) 


'I'lu' quantum (iomlition is given liy the equation for the moment of 
momentum of the rotator,* namely, 2ttp = nh (of. oqn, (18), § 3, of this 
chapter). 

With our prcHont symbols the moment of momentum takes the 
form 

2) == mva = ma^cj. 


Hence wo got the quantum condition as 

Dividing (1) by (2), we got 


2 

m(rM = ir~ . 
Ztt 


y aw = 


27r^c ^ 

nh 


( 2 ) 

( 3 ) 


Inserting this value in (2), 

““-ESS? nV 


■ m 


Wo also ivrito down tho value of the period of revolution t, 


27r _ 



* It is worbhv of romnrk that, l)oforo Bohr, J. W. Nicholson (Monthly Notices, 
72 <!f. in nartimilHr p. « 7 I)) sot up tho quantum comlitiou for llto rotator. 

mnl UHOti it to iutoipriit eortnin linos of tho sun, ns well as of iiobulii). Slnco, how- 
over, Nioholsoii dill not dotowniuo tho omitted radiation ui terms of quanta, hko 
Bohr, hut only sot it equal to tho moohanioal frequency, Ina theory is very du* 
foront from that of Bohvi 
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Tliank« to our Wo conditions, then, the Wo unknowiiH « and m -r 
are determined. Both together demand that the nimn, on }/ » >» 

certain “ quantised ” circles on iJic Ph 2”'^ • . • ^ ^ 

the “ q^uantum number of the orbit. The radii o m (. i(- i,m ui< 
portional to tlie squares of the quantum numhoi.M . 

. . == p : 2^ : 3“ : ■ • ♦ • 


a,: a,: a 


The times of revolution in tlio Bohr circles lU’O proportional t<i 
cubes of the quantum numbers : 

. ^ P : 2“ : . ■ • w** 


; Ta : 


pr<»- 

Ihr 

(n) 


To bring out the analogy with the planetary system still nioi'i'- an* I 
to prepare for later generalisations loading to olHptie orbits, wo i<** 
capitulate our results so far obtained in the form of ICiiplei s law'H . 

Kepler’S First Law : The planet moves in a circle al the cenlrc oj wh irh 
the sun is situated. There is a discrete infinite nvnnbor of orliila ; tin* 
radius of the orbit is given by the quantum number n. 

Kepler’s Second Law ; The radhis vector from the sun to the 2 >f<ni('l ti*' ^ 
scribes equal areas in equal times. The surface- con stunt of tlie oidiil- 

(which is proxiortional to our moment of momentum ^j) is (m|uii1 I** 
11 times Planok’s quantum of action. 

Kepler’s Third Law : The squares of the jiermlic tmcH {of rwolitlutfi } 
are proportional to the cubes of the radii of the orbits, .l?or, hy (II) and (/”»), 
the time of revolution is proportional to Ti®, and tlio orbital radiiiH 
proportional to u®. 

As above remarked, for hydrogen Z ™ 1. ',1'lie radius of*l.lu? 

Bohr oirole is therefore by (4), in the ease of hydrogen, 

• ■ • • <'’ 

We next determine the velocity vf m the first Bolu’ eirele and di vidn 11,^ 
by the velocity of light c. Wo call the ratio — simply a, Jly {,3), wt* 
get 


Using the values * : e == 4*77 . E-.S.U. 5:. f.?? . llU . 

in 

B.S.U.j/i = 6>5fi . 10"27 (of, p, ^yo got |)y caloulatiou 

= 0*628 . 10"® cm. a ~ 7*28 , 10"® a® 6*31 . U) ^ (lt> 


■" .Horo niid iii the soqiiol e 1b to bo taken «« inciHBiU'Ctl In (" (*kMttr<iMl nib* | 
units, na is oviclont from tho above statemont for Coulomb’s hvw. Acetuiliiia f *» 
the concluding remark of Cliaptor I, § 2, wo sliould tliuroforo imiltiply tlio 

values of e and — by c =■ 3*00 , 10^®. 
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Tho value of a will ho the detormiuing factor in Chapter V — as the 
constant of the fim structure of spectral lines. Trom the value of we 
got for the diameter of the hydrogen atom in its “ normal state ” 
the order of magjiitudo 10“*' cms., corresponding to the ideas that were 
gained about atomic size in other ways (kinetic theory of gases, etc.). 

Wo next oalculato the energy of the electron in its various orbits and 
take this opj)ortunity to explain why we just now called the first orbit 
the normal state of the atom. Wo again designate the nuclear charge 
by Ze. I'lio energy is composed of potential and kinetio energy. The 
potential ((Joulomb) energy is, in view of (4), 







nVi^ 


( 10 ) 


The negative sign indicates attraction. In the case of repulsion we 
slioidd have to exert work in bringing the electron from infinity up to 
tlio nucleus, as in tliio case of a spring that wo set ; this would correspond 
to tho positive sign. When the force is attractive, wo correspondingly 
gain energy, and have thus to exert negative work, 

In general wo have tho rule in a Coulomb field (see Note 3) that 

.... ( 11 ) 


Wo oan immediately confirm this rule hero, For, by (3), 




kin 





( 12 ) 


and tliis is, by (10), actually identical with half of tho negative potential 
energy witli tlio sign reversed. If W denotes the constant value of the 
total energy then by (10) and (12) , 


W 




— 27r%e“J5* 
p ’ 


I 


(13) 


'iMius wo may H»ii)plemont our tl\ird ICoplor law by stating that the energy 
Constanta of ' the variom orbits are inversely proportional to the squares of 
the corresponding quantum numbers. 

Oiu.' way of counting tho onoi'gy entails that wo give to an infinitely 
groali orbit the energy zero. As a result of this the energy constant for 
all flinto paths comes out negative. As wo are oonoornod later only with 
diftoi'oncoB of energy tho negative sign causes no difficulty whatsoever, 
although it aj)pear8 to contradict tho nature of energy. But wo should 
immediately arrive at a positive value for the energy if wo wore really 
to calculate tho total energy of tho moving electron, and thus count 
bosidoH tile kinetio and potential energies also, for example, the 
“ ]') roper ” energy contained in the field of the electron, According to 
tho view of tho theory of relativity, the latter energy is simply equal to 
mc% that is, equal to an amount of energy, which is many times greater 
than the other parts of the energy and which would therefore make the 
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sign of the total amount positive. In the same way, wo oouhl iinthulo 
the still considerably greater positive xn’opor energy of the niujIiMis. 
■But since these pro})or energies are constant, tliey naturally eaiicol 
when we form energy-differences and tlioy are, thorofon^, inorii eon- 
veniently left out of account from the very outset. 

Our energy-constant W has the algebraically smalhist value in the 
first {innermost) orbit. If we call it Wi, then in the 2n(l and Ilrd orhits, 
respectively, we haveWg = iWj, W 3 = |Wi. TJioso amounts are >\Vi, 
since Wi < 0. Hence the electron can bo lifted from an inner to an 
outer orbit only by an addition of energy. It oan fall from an outer ttt 
an inner orbit when it loses energy, The innermost orbit is tlieri'foro 
most stable and represents, as we said earlier, the normal state of the 
revolving electron, As a rule the hydrogen atom is in tins wm'cih'd 
state. All the other states, in which the electron desorihes a more 
external orbit, are called excited ” states. ^L'ho additional (uu'rgy 
reqnired to bring about this change of state may bo transmitted let Hm 
atom olectiically or thermally, by collisions with oloctronK or wiili 
other atoms. 


According to the principles of the quantum tlicory the ioiality of 
oxoited and unexcited states represents a discrelo, so.riM of possibilities. 
Intlii'a respect our atomic planetary system differs from the solar ])laiu’* 
tary system.* But our system also deviates dofinitoly from olassifal 
electrodynamics. According to the latter theory, as we saw in Olinpter 1 , 
§ 0 , an electron radiates energy when it i.s aecolcratod. Uniform rota- 
tioii is an accelerated motion (on account of cliango (jf diri'etiou (ff 
velocity, although the magnitude of the velocity remains eouslaut). 
Brit the quantum theory must postulate that its statioJUiry orbits are 
mdtaiionless (occur without the emission of radiation). (I'Jns is imnu-( li - 
ately clear in the case of the ground orbit, in particular ; otliorwist^ Urn 
atom would lose its energy in a very shoit time and wo Hliould hav(^ ut« 
permanent, invariable, atom at all 

The process of emission, like the other jirocosscs in tlio atom, js, 
according to the quantum theory, discontinuous. The oontinuonK 
decrease of energy assumed in classical theory hocomes replaced in iJm 
quantum theory by a broken line. Tiffs lino is hori/.ontal in parl« 
namely, when it represents the atom as being in a stationary quaiffiscti 

to a quantised state of less energy, in particular, in passing to fclie ground 
energy law does this disooniimioiiH decrcHso of 

These were brought together under Einstein’s Jaw (of. OJmp. I, 
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§ 6 ), aiul wore oxtoiidod as far as Bolw'n frcqumicij co7uUlion for si^ootml 
omiHslon {he. cM. oqn. ( 0 )) : 

(14)- 


This equation states tliat if the atom passes over from an initial state of 
oiiorgy W„ to a final state of lessor energy W,„, then the excess of energy 
is radiated out in the form of a monoolivomatic wave of light, the fro- 
quoiKjy V of whieh is determined hy jnst this equation (14), Each such 
transition thus causes an omission of well-defined liglit and is obsorvod 
as a sharp spectral lino. How the change of tlie liberated atomic 
energy into light-onergy is offcoted is still a matter of mystery. Earlier, 
when dealing witli Einstein’s law, wo emphasised that equation (14) 
does not rest on the ideas of the continuous electromagnotio field, but 
on tho idea of liglit quanta (photons). 

We nou' substitute the energy-value (13) in equation (14). Passing 
inimecl lately from the frequency v (scc-i) to wavo-mimbor v (cm.'"^), 
Ave divide the right-hand side of equation (14) by c (of. p. 71, cqn. ( 6 )). 
Lot the quantum number for tlio final orbit bo n, and for the initial 
orbit m > n. Wo got 



Avhoji we have vised tho ahhreviation 


~ihr 


( 16 ) 


Since Z ” 1 for tho hydrogen atom wo got from (15) precisely ihe, 
Bttlmer scries in Us general fom (0) on page 73, and/or li im have the 
significance of the llydherg conslanl. For other hyclrogon-liko atoms, 
Li'”'', and so forth (15) holds if wo Avrito Z = 2, 3 , oto. 

But tho swooping suocoss of Bohr’s tlieory is not founded only on the 
derivation of Balmer’s formula., but especially on tlio numorioal calcula- 
tion of the Rydborg'Ritz constant B. that occurs in it, Before Bohr, 
A. E. Haas,* in partioiilar, had already proved the universal nature of 
this constant, and had shoAvn hoAV it Avas very probable tliat it could be 
expressed in terms of h and electronic data. But Bohr’s theory first 
brought complete olearnoss by giving tlio relation (16). If avo use the 
values given on page 86 : 

e == 4-77 . 10-10 (,, 1 ^ ^ 1.77 . 10’ . 0 A ^ 6*55 . IQ-S’ 


then it follows that 

R = POO . 10« om.-i . . . . (17) 


This value of R agrees, except for the last, not quite certain, figure Avitli 
tho observed value in equation (2) of page 70, in Avhich R === 1 •00078. 
Bolir’s theory is thus confirmed very strikingly. 

f Sitz-ungabor, Wiener Akad., March, 1000. 
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We sliall now continue to reverse tlie sequence of results and use the 
theoretical formula for Rydberg’s constant to correct one of the data 
occurring in it, namely, e, m or h. Wo actually know Rydberg’s number 
to a degree of aocurucy that wo can never hope to attain in measurements 

of e, “ or h. This leads us to the problem of spectroscopic units, whioh 

we shall, however, ho able to solve only in tlie next section when wo 
liavo deepened tlie theory of Rydberg’s constant. The problem is to 

calculate the universal constants e, /t from purely spectroscopic data 

m 

with “ spectroscopic accuracy.” 

In Mg, 22 we once more summarise Rohr’s theory graphically. The 
ultra-violet (Lyman) series (n = 1), the visible Balmer series {n ~ 2), 
and the infra-rod Rasolien series (jj, = 3), and the Brackett series, whioh 

is still more rod, are 
indicated by the arroAvs 
denoting tlie oorrcsjiond- 
ing olectronio transi- 
tions. 

In Mg. 22 the difTor- 
ont circular orbits have 
been drawn in one piano. 
TJiis is, of course, arbi- 
trary, The position of 
the orbit remains un- 
defined in space and is, 
moreover, of no account 
for tlio problem of 
spootral lines, since this 
is concerned only Avith 
the energy. difToroncos of 
the orbits. ![ii the last section of tlie present chapter we shall discuss 
the question of orientating the liydrogon orbits in space, that is, of 
performing ” spatial quantising.” Rurthor, avo shall see in the next 
volume that the olomontary ideas of orbits are banished by Avavo- 
meclianios and are ro]>laced by statistical moan values. . 

§ 6. Relative Motion of the Nucleus 

In the preceding section the nuoloar mass Avaa assumed to bo infinite 
and the nuolous itself avos assumed to bo at rest. Wo now talce into 
account tiro fact that the moss of the miolous is finite and then see 
that it, too, Avill move. Our first Koplor LaAv on page 80 Avill now 
accordingly bo onvmoiatod thus : 

The and the sun each move in a circle about their common 
centre of gravity, 


iiltrn-vlolct 
series (Uyniiin) 



Unlincr 

aeries 


Fia. 22, — Diagi'ammatio roprbaonliation of tlio 
origin of Iho liydrogon sorios from tlio olootron 
transi lions bofcwoon tho diaoroto circular orbits 
of tlio Bolir tlioory, 


§ 5. Relative Motion of the Nucleus 

In Fig. 23 let m bo the mass of the planet, M that of the sun. Accorcb 
ing to the law of conservation of tlio centre of gravity, the centre of 
gravity S of m and M remains at rest. in and M move on their circles 
at the ends of a common diameter with the common angular velocity w. 
Let a be the distance Sm, A the distance iSM, Then 

am ~ AM (1) 

from v'liioli it follows 

+ ^ = + 

l^'ho classical condition (p. 85) noAV requires that the Coulomb attrao* 
tion is equal not only to the centrifugal 
force of the planet, but also to that of the 
sun. Thus 

mao)^ — MAoi^ ~ . — 

{a -I- A)2 

This double equation reduces, on account 
of (1), to a simple equation. By subatitut> 
ing a from (2) and by using /x as tlio “ re- 
sultant ” mass of 771 and M, namely, 

„ Mm 1 _ 1 , 1 ... 

M: “h m* Ji 771 ' M ’ ^ 

wo got ii{a d- A)'’w2 — , (4) 

The qiiaiiium condition next becomes 
added to the olassical condition. This deals 
with the moment of momentum p of the 
rotator, il’ho latter quantity is coniposod 
of the moment of momentum of tho planet ma!^(jo and that of tlie sun 
MA^u;, thus ; 

p TTta^O) -I- 

by equations (1), (2), and (3) wo write for p successively, 

p =: 77ia{a -\- A)o} « = /x(a -|- A)8w . (5) 

Tho quantum condition requires that 27rjp » Tih, thus wo got 

+ . . . . ( 0 ) 

Equations (4) and (0) agree with equations (1) and (2) of tho pre- 
ceding section, with the exception that ft and a -I- A takes tho place of 
in and a, OonHoqiiontly wo may use the solutions for these equations 
obtained from (4) of tlio previous Hcotion. Tlie result is 



Ida. 23. — Motion of Uio 
mioloiis In hydi'ogoii, 
]3oth tho nucloiiB and 
tho olooU'on move Six 
oii’oulai’ orbits round 
tho common contro of 
gravity. 


( 7 ) 
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The potonfcial energy between tiio min and the planet ia now {ef. (10) 
of the preceding section) 


E 


-‘pot 


47rV2^e^ 

a -}- A 


'Pho Icinotio energy is again equal to lialf the potential energy with 
reversed sign (this theorem is }irovcd in Note 8 at the end of the book 
for moving nuclei, too), bonce the total energy is 


W = E,,-„ E,„e 


27rVZV 

nVi^ 


(H) 


'l.’he circumstance that p,, the “ resultant ” mass of the sun and 
planet enters into this equation, points to the fact that wo are now 
ooncornod with the energy-constant of the common motion of both 
masses (their relative motion). For this common motion there is a 
discrete scries of quantised states of motion that are singled out of the 
manifold of all states of motion by the quantum number ?i, in exactly 
the same way as previously for the cases in which the planetary orbits 
wore alone considered. 

Wo now consider a transition from an initial state of motion (with 
the energy-constant W„„ quantum number m) to a final state of motion 
(with the energy-constant W„, quantum number n < m), and assunui 
that the energy set free again becomes transformed into monoohroinatic 
radiation, according to equation (14) of the previous section. The 
energy sot free is derived now, not only from the planet but also from 
the sun during the transition ; the sun’s orbit alters simultaneously 
with that of the planet in a ratio definitely fixed by the change in the 
quantum numbers. The spectral formula obtained in this way is 
clearly again equation (16) of the jn’evious section, but with ju- in place 
of m. Consequently wo got for Rydberg’s constant 




2n^me!^ 


Rci 




(‘+ 5 ) 


1-1- 


00 


Hero we have inserted the value of p, out of equation (8), and l\avo 
divided tlio denominator by M. 'J’he symbol R„, recalls tlxo eaidior 
value of R in equatioit (10) of the previous pnragraj)h, Avlnoli Avas 
actually obtained under the assumption that M = oo. Equation (!)) 
contains the following remarkable result: 

Owing to the relative motion o! the nucleus Rydberg’s constant 

1 d- : 1* Rydberg’s constant is least 
for hydrogen, for Avhich. its value is 


B 


It - 


R 


I -|- 


CO 

m 

Wh 


( 10 ) 
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Its valiui for tlio hydrt)goii-liko Ho’ -ion being 

Rcc Roc 


R 


Ho 


1 -|. 


m 

^0 


1 + 
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. ( 11 ) 


anti, foi’ inerofiaing atomic weight, axiproaches the universal limit R^oj 
wliieli. was (Icsignated as Rydberg’s constant simply by R in the previous 
scotion. 

'.I'his result, too, wo owe to Bohr. Ho remarked at once that from 
tho speetroseox)ie detormination of Rn and Rco» what is easier to 
curry out in ])raetico, from the detormination of Rn and Rno, tho 
ixuantity could be obtained. For it follows from (10) and (11) 

that 

Rno Rh n2i 

Rn “ iRiio 

Tho detormination of mjmn in equation (12) is equivalent to the 
determination of tho HX)eoific eleotronic charge e/m. We actually liavo 


m 


elmi 

ejm 


. (13) 


Now, e/mii is the H])eciric ionic cliargo, the electrochemical equivalent * 
of § 2, (Ihai)ter I, that is, a quantity that is very accurately known (its 
vaiiie is 96,49d Coulombs). An exact spectroscopic determination of 
w/mu denotes at tho same time an exact knowledge of e/m, one that is 
presuinably more accurate than can over be obtained from exxjerimonts 
on tlu) doileotion of catlvodo rays. Wo have thereby come a step nearoi' 
to tho goal that wo set iq) as the xn'oblom of speotroacox^ic units in the 
Xii’cceding soetiou : Instead of using the one value of R = R«; hi equa- 
tion (HI) of tlie jirovious section, wc use the two values l^n and Ruo out 
of the above ocpiations (10) and (11), and wo get, instead of one, two 

* Wo Juiml; call afctoiidoii to tho following ciroumstanco. Tho atomic weights 
are rofcmiil to oxygon 10 j Hio atomic weight of hydrogen cloos not then oomo 
out an 1 bub as 1-0078. When wo sot tho olootroohomioal oqinvalont 0040 of tho 

mol. in Oliaptor T, § 2, equal wo did not then imply that ?n„ woa to stand for 

tho muss of tho bruo hydrogen atom, but for tho mass of an imaginary 
siguilios tho unit for tho table of atomic weights. Wo shall 
hydrogon atom from this imaginary hydrogen atom 

tho symbol «i?,. Thoy aro then rolatod by w,c = 1‘0078 m,i. Loschmult 8 
nuinhor L, which rofors acouratoly to tho mol. of arnouiit 1 grin., is no . 
1/mfi, bub to limit, Wlion tho rolabivo motion of tho nnolous, ’‘^^ovor, is lakon 
into account wo donl with tho bruo mass «i?t of tho ^ 

w,,. Consoquontly, to bo oxnob, wo ahonld roplaco m (1^) J^y , . 

and wo Bhoiild take c/mfr 0640 -4/ 1*0078. In tho same way, wo should wuto 

for mil in equation (10), bub not in equation (11), bocauso the true atoniio 
weight of He Is equal to four times tho Ideal, and nob tho real nto”"® oxiiot 
A corrootion shoild blxon also hayo to apphod to oquatioM 
mimorioal caloulabiona aro dosirotl, but wo have loft those out of occounb m tho 

text. 



94 


Chapter II. The Hydrogen Spectrum 

oquiitkjii.s for dotoiiiuiiing l>lio tlnco iiniveraal nails «/»?, iiad h. Tlw' 
iieceaanry tlilrcl huo]i. relation wo shall got to know in Oliaptor Y. 

Wo nuist next broach tlic question as to liow tlio dill'orciico botwoon 
Tin a-ud IIho may bo made evidont in j)raotice. This is made jjossiblo 
by tho aeries of ionised He, of which wo spoko in § 2. 

Ionised helium is of tho type of hydrogoji {ivasserstqffahnUch ~ 
hydrogen-like). Accordingly its spectral lines are contained in tho 
general formula (Ifi) of Balmer’s typo, mentioned in tho provious 
section, if wo sot 2 = 2 in it. But the earlier R = Uu is now to bo 
replaced by lino* Troni equation (16) of the previous paragraph, there 
thus arises in this way, if we sot ■» — 4 : 



Fia. 24, — Dingrammatlo roproaonfcafcioii of tho spootrum of a mixture of ionifloil 
helium and hydrogen, TJio linos of tho Piokoring sorios (P) ahow Umir 
corrospoiuloneo with the linos adjactont to tito Bahnor linos by the riigular 
diminution of intunsity in tho series. 

Tho subdivision into two pai'ts (which is not really contained in tho 
nature of the mattor in question) brings into ovidonco the oirouiUHtauco 
that tho oompouont for wlucb tn is oven {w =: 2m) coinoidca vory uoaiTy 
with Bahnor ’b scries, wlioreas tho other imrt (m = 2m H- 1) has tho 
form of Pickering’s sorios that was given earlier in equation (12) of 
pngo 74. Tho combination of tlio two partial series {which conforiuH 
with the nature of tho jnattor in hand) into one uniform series oorro- 
spoiids to tho earlior formula (12») on page 74. 

In Pig. 24 wo exhibit tho positions of tho He''' -lines rolativoly to tho 
Bahnor lines. Tlio longtlis of tho linos denote diagramraatioally thoir 
intensity, on tho assumption that wo are dealing with a mixture of 
Ho ' and of H. For this reason tho Balmor linos aro drawn sliortor 
than tho noighboiiring Ho ’ -lines. Tho dilforenco in tho iiosition of tho 
two sorios corresponds to tho difforonco between Rko and Ilji. 8inuo 
Tljie > Tliti tho helium lines, as compared with the Balmor linos, are 
displaced a little towards tho vlolot ond. Tho lines P of Piokoring’s 
sorios, tliat is, the bolimn lines m “ 2m -f- 1, arrango tliemsolvos 
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I)et.\vw!n tlio holiuin linos m ~~ 2m, as ompliasiaed on page 75, in order 
of HUiudily iuoreawing iulionaity. 

The researches of l.’asclioii inentiojieil oj\ page 75 give fur the wave- 
loirgtha of tho helium linos and the noighho\iring Balmer lines tlie 
following values (hero cut short at tho first decimal place) in Angstrom 
units, which confirm the displacomeut towards the violet, as predicted 
by theory. 

Taulk 3 



Hg-i- 

H 

J/l 0 , , , 

flCflO-1 

0602*8 (H„) 

— 7 . 

fi<Ul-0 

— 

JH 1=5 8 , , , 

*1869-8 

4801*3 {%) 

5=5 U . 

4501*0 

— 

10 . 

4338-7 

4340*5 (Hy) 

m r--- U . 

4109-0 


ni 12 . , 

4100-0 

4101*7 (Ha) ■ 


According to our wliolo development of the question, this violet shift 
of tlie helinm linos with respect to tho Balmer lines may bo regarded as 
a certain indication of tho relative motion of the nuclei during tho 
stationary forms of motion of the atom, or, more accurately, of tlie 
slightly dilToi'ont relative motion of the Ireavior helium nucleus com- 
pared witli that of tlio lighter hydrogen nuolous. [from the difference 
ill tho wavo-longths of tho He'^-lines as compared with the H-linos, 
Paschoii dotorinihed the value of BHoandUu (for the lines of He+ aotu- 
ully measured by him), More recent prooisiou measurements by 
W. V. lluimion * give the values 

Khc =- 100, 722-403 0-004\ 

Itu 100,077-759 ± 0-008/ * * ^ ^ 

By equation (12) wo obtain from Houston’s values (of. also tlie oorreo- 
tion referred to In tlie footnote to p. 93) 

1830, 1*761 . lO’.c . . . (19) 

By ecpiations (10) or (11) we got from Bit or Bne that 

B B« = 109,737-42 i 0-00 .. . . (17) 

Houston’s value for ^ in (10) is given on page 6 , equation (2), as tlio 
‘tn 

Hpecti’oseopio value. .t i ,• 

Of the sorios of ionised Ivolium, wo have here considered partion- 
larly that whoso final quantum number is 4 (Pickering), and in § 2 we 

* Phys. Bov.. 30, 008 (1027), Bor tho oalonlafcion soo also Bii-ge, ha. ciu 
p, 0, of Olmp. I. 
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have bi’iedy mentioned -that avIioho hiinl minibor in 3 (Powler). Sonu' 
ropresentativea of the soriea wiiose final qiiaiitmn numb era are 1. and 2 
have also been measured . Tlioir succession of lines is identical with 
that of tlio ordinary Lyman series and Balmor aeries except for the 
faetor 7? — 4. Hence the ooiTOsponding linos lie in tlio oxtronie 
ultra-violet ; tlieiu Avavo- lengths result from those of the corresponding 
hydrogen linos hy dividing hy 4 (if avo disregard the small dilfei’enoe in 
the constant B) : ' 


r = 4 b( 

1— 1 [§? , 

I 

A = - 

'■■■r’ l* = 804, ; 

II 

L_LA 

2 * 3V’ 

A = 

iiriju = 1040 ; 


The first inoasiiromcnts of the Avave -lengths of the lines of these series 
Avem made by Lyman.* Further lines Avore then discovered by 
Compton and Boyce,* so that uoav three lines of the series avIioso linal 
quantum is 2 (as far as A — 1086 A) are knoAvn, and live lines of the 
series Avhoso Jinal quantum number is 1 (as far as A — 234 A) , 

In the succession of liydrogen-like spectra the H- and the Ho''- 
spectriim Avould noAV bo folloAVcd. by the speotnim of Li'"’', that is, of 
doubly ionised lithium. This ionised atom again consists of a nnolous 
and an eleotroii ; its spectrum, hence, is of the general form of equation 
(16) of the preceding section Avith 2 now equal to 3. On aooount of the 
relative motion of the, nucleus we noAV Avrito this equation as 

r = llu === — ^ - '■ . . ( 18 ) 

\n^ 7kV ^ L JIL 

mu 

!Rdl6n and Ericson If Imvo monsured the first two linos of the 
Lyman series, w ~ 1, m = 2, 3 in the spootrum of Li'"'". Ifliey lie in 
the extreme ultra-violet at 13 6-0 and 113d) A, exactly at tiio place 
given by caloulation from formula (18), llri has the value 101)728*0. 
The “ ground lino w = 1, = 2 , A = 75 -04 A of trebly ionised 

borynium (Bo*' '■' ) has also been moastired by the same investigators. 
Heuco, ATO may close our discussion of the hydrogon-liko spectra for 
the present Avith the statement ; the froquenoy-oquation (16), page 89, 
as AAmll as its more rigorous form (9), page 92, Avhioh is obtained by taking 
into account the relative motion of the nuolous, are brilliantly eoii- 
firnicd by experiment. 

§ 6. Introduotion to Hamiltonian Meohanios 

In § 3 ATO found it convenient to introduce the concopts of Haiuil- 
'toniair mcolvanios. We shall uoav proceed to describe this theory 

*Tb. Lyman, AstroiJliys, Joum., 80, 1 (1024); K. T, Compton ami 4. 0. 
-Boyco, Joum, o£ tho Franklin Xnatituto, 206, 407 (1028). 

t B. Jkll(5n and A, Frioaon, Naturo, 125, 233 (1030). 
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Hyatoinnticalh^ Himio. it is so oxtnioi’diuiirily oouvenioul f(H‘ cloivliiig 
with tlu5 most important |)rol)!onis oC tlio quniitiini tlieory. '.I.'liis will, 
at the same time prepare vis for the foundations of wavo-iuoolinnies 
wliioh links up olosely with tlio formalisiu of Hamiltonian moohanics. 

Om* lirst objecjtive is the derivation of ilia luirtial tUJJv.mniud Pfinulion 
of IfamUtnn and Jacobi, Wo start out from d’Alombort’s prinoi])lo t»f 
mechanics (non-rolativistic). 'rhis has the advantage that iuhmI 
not rostriot ourselves to oonsidoring mochaiiical systonm of isolatcnl 
point-masses, hut may pass straight on to a inoolmnieaL syshmi with 
any arbitrary internal relationships. 

B’Alombort’s principle states that the oxtornal forocn are in etpuli^ 
briiim with the inertial resistances by virtue of the rolatioiiHliips between 
the parts of the system. In testing whothor this equilibrium exists with 
rcapeot to infinite.simal virtual displacoinonts, iinmoly, sueh as are (Knn- 
])atible with the internal relationships of tlie system, wo postulate that 
the work performed by the oxtornal forces and the inertial resistaiiecs' 
(“ virtual work ”) must vanish. 

Let the rectilinear components of the external fortujs be denoted 
in turn by K,. ; the inertial resistances, also resolved into reotangular 
components, arc then given by — m^^(of, p. 77, eqn. (2)). 

For a system of point-masses which are described by n oo- ordinates 
taken all in all, the principle then assoi'ts that 

n 

2(K,-ji,.)S-A.-0 . . . . (1) 

A'-t 

Any connexions that may exist between tho puint-niaHHCs neeil not 
be taken into aeconnt, since they do ]io work in the virtual displaco- 
ment Bq,^. 

We assume that the external foroes liavo a potential. Wo then 
have 

It 

SH,,, . . . . (2) 

k-l 

Further, 

ti II ri 

A'^-i A-.1 A»^.L 

The Slim on the right-hand side may easily bo transformed. Wo 
have 

^ "• • (II) 

in wliioh wo liave used the last equation of those two lines abdvo. 

From (1), (2), (II) it thorofore follows tliat : 

IPiS?,, - S(T0t,„ - E„,) 8L, 


von, I. — 7 
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I-* = — ^voi i» called bhn “ Ijagriingo fimction ” ; from its d**" 

llnition \v (5 see that it in quite indopendoiit of tlie ehoieo of oo-ordiiuileHi- 
By integrating from 0 to i (tJio variable under tlio integral i.s called t I * * 
distinguish it from i), we get 

f 

j’sLdr .... (-1 ) 

‘o 

From (4), n.s is well known, wo immediately get Hamilton’s priimipl* 
of mechanics : 

i 

8jLdT = 0 .... Mr/) 

0 

if wo decide that Si^fc is to vanish at the limits t ~ 0 and t -- /, niul 
that H i.s to ho zero along tlie ])ath. 

Wo next show that equation (4) liolds not only for roetangnin ** 
Cartesian co-ordinates, as wo assumed earlier, but quite generally f< 
arbitrary co-ordinates Q,^ and momenta Vj.. It is immediately tdeii 
from the moaning of L (see above) that the right-hand side of tli<“ 
equation is independent of the choice of co-ordinates. The same Intii M 
of the left-hand side, since it signifies the work of the iinpvds('S /»f^ 
during the virtual displacement of Sg*. Hence we must have 



J.fAt = = 1. 2. . . . « ; J = 1, 2. . . . / 

k I 


where/ < n denotes the ninnhcr of degrees of freedom of the moclmuii'M 1 
system and n — f the immbor of equations of condition hotwctui lli»* 
points of the system, which wo imagine to be already fullillod in inlrt »- 
duoing the now co-ordinates Q, P. ^’ho invariance of .may I »* *■ 

worked out analytioally as folloAVS. Wo fliippo.se the now oo-ordiimtt*#^ 
Q^. to bo given us fiiiiotions of the rectangular co-ordinates Qf . : 


(7jfc=-A(Qi. • • • Q/) 

Then 

We now calculate 


Qj — 2, 

n 

«. = 2 


)ij=i 




. n 
•/ 


(r.) 


(H) 


pk == 




and imagine to bo expressed in terms of the new co-ordinah'S mitl 
velocities ; wo tlion have 


Pk 




7)ISw 




t/?) 
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till) last atop luMUff on tie(3onnt of ((3). On the other luiiid, \v6 got 
for Sr//,. 


«i=>i 

so that wo obtain from ( 7 ) and (8) 

k-..l /==! .n=l 

^ t)Qi 


( 8 ) 




‘)(Z& 


I’he hist Kvinnnatu)!! over /: gives 0 when I =b I when I = m. 

Hence 

k..i 1^1 

If wo now take ovor the general tlerinition for the impulse or momentum 
from (fi), page 7 tS, 

P „ _ . ( 9 ) 

‘ sQt ' 

WO obtain the ro(|vnrod result: 

/--I A-==-l. 

'I'ho variations are at present still quite arbitrary. If we also 
imagine the moment I of tlio end of the orbit to be varied by M, we 
have 

i I 


’sbdr r- sjLdr ~ L8/, 


0 0 

and wo then obtain (4) if instead of the capitals Q^, wo now again use 
the siuall letters <//,., Pk f«J* gouoraliaed co-ordinates : 

‘ / * 


2Pfc8(Zit 


ni 


S Ldr-LSi 


( 11 ) 


If na wo have Idthorto assumed (of. equation ( 2 )) the potential 
energy does not contain the time, the energy law holds in the form 

H: -= H- W 

Hero (as on p. 77 ) H denotes the total energy of the system. Prom 
(12) it follows that 


Pj?ot “ l^fcoi “ W, L 2 I!jj, 


'Wn 


W 


j Ldr " 


^(Ir ^ Wf == S - Wf 


( 13 ) 
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The quantity 

( 

s = 2jn..„A .... (1-1) 

1 ) 

here introdncctl has the diincnsionH of an action (erg see), and is called 
the acHon funclim {Wirhunfffifunklion). 

If wo substitute (13) in (11) we obtain 

= 8S - tm - (W -h h)U 8S - tm - 2E^.,.„S<. (in) 

As in tlie cose of rectangular co-ordinates, is again a homogeneous 
quadratic function of the generalised volooities, so that wo may use 
Euler’s theorem aud write 

Erom (16) wo obtain 

- 8S — im - 

The integral (II:) is to bo taken over any mechanically possible path, 
as is showji by. its derivation from d’Alembert’s principle. Through 
fixing siioli a path by moans of its initial conditions (initial position and 
initial momentum) S becomes a definite funotion of the time. By 
.making the initial conditions variable, S aiipears as a function of 2/ H* 1 
variables (of the time, oh / co-ordinates of the initial position and of 
/co-ordinates of the initial momontum), Bnt instead of these 2/ -|- 1 
variables wo shall introduce other variables, namely (xwoceeding as for 
a ballistic in’oblom), besides the co-orclinatos gj of the initial jjoint, the 
co-ordinates q^. of the ond-i)oint target point ” ; “ TreffqmnH ”) and, 
simultaneously, instead of the time t between the initial jioint and 
the target point, tlio energy W (in ballistic termSjs the “ charge ”). As 
a matter, of fact, stai^bing from a given initial point, avo can roaoli a 
given target point by diHerent paths and in various orbital times, 
according to the amount of energy available,, v ^J’ho equation that 
accordingly exists between W, and gjj allows us to oaloulato /. as 
a function of W, and q^ and to eliminate it by inserting this value in 
the upper limit of S, In the sequel we accordingly regard S, the Junclion 
of aclmiy as a function of the co-ordinates of the final 2iosilion and of the 
co-ordinates g^ of the initial postfiow, ami as a fmiction of the energy W. 
We take 8S as standing for the exjiressioii 

SgsjH Hsw . . (IB) 

Wo suppose this value of 8S inserted in the right-hand side of equation 
(16ff ). Designating the displacements Sg^. for i = 0 and t^t on the loft- 
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hand side of (Ifirt) by 83 J. and Sg[., we wi‘ito, in place of (15ft), 
k^'S k~S ' 

2 PtCSsi -I- iS) - J.'fM -I- = 8S . . (166) 

Ar-l H::,l 

Lot the quantity SjJ. be eallcd the “ variation nl the end-point of 
the orbit/’ It signifies the virtual diaplaconiont to wliioli wo have 
subjected the orbital element at the time r ~ i. Wo must distinguish 
between tliis and the “ variation of the end-point of the orbit,” which, 
ns in equation ( 10 ), will bo called The latter is now composed of 
two i)arts ; ( 1 ) of the virtual displacomont SgJ. that wo have olfcoted 
at the end of the orbit, and ( 2 ) of the longthoning of the orbit which 
corresponds to the alteration of the orbital time by the amount Bl. Wo 
have to imagine the co-ordinate qf. to continue its course during the 
time Bt with the velocity qj^. The second part therefore becomes q^^t 
and wo have 

m -f 

If wo insert this in the left-hand side of (156) the following relation 
results, on which all that follows is founded : 

k./ k^^t 

. 2i>A»-2i)M M 8 W = S,S . . (17) 

k.-.-.\. k=--l 

(where Bqi^, is the variation of the end-point of tlio orbit). 

By oomxjaring (10) and (17) and assuming 8 g^, 8 W as all in- 
dependent of each other (no equations of condition), wo obtain 

ft = ('») Pi = - § m ( - ^ ■ (184) 

If, no\v, iS wore known in any way as a function of the <?*.’«> I'hon by (18) 
wo should bo able to derive the p^.’s from S. But this does not really 
help us on. Ifor, to dotorinino S as a funotion of the fffc’s, wo should 
require previously to have integrated the equations of motion. Then, 
besides tho successivo jjositions of the system, also the corresponding 
momentum oo-ordinates would be known and equation (18) would 
become superfluous. 

Wo can, however, use equation (18) indirectly to find S. l»'or if wo 
insert (18) in the energy law ( 12 ) 

+ B..,, = H{a ; q^) = W . •• . (lO) 

wltoro H denotes Hamilton’s function, that is, the total energy, expressed 
as a function of tho and then wo got HamiUon’s parUal (Uffer- 
enlial ^ualion 
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It is of the first order and of the second degree (at least in tlin ease <tf 
classical meohaiiios, since heroEft,',, is a quadratic fiinetion of tli(» Pi/h). 
We shall assume that we can integrate equation (20), that ia, that u o 
can specify a solution 


containing/ arbitrary constants of integration. One of ('(tn.stimt s, 
say is merely added to S and is therefore of nt) ac(!onnt ; it does nnt 
enter into the expressions for the^^.’s. But S also (loivtains W us nii 
essential constant arising from the differential equation. W(* slmll (mil 
special attention to this by writing 


S = S((?i Waga^ . . . a/)d' • • (Ul) 

We shall see presently how, under certain eircuiUHtancuH (l)y HUjiani- 
tion of the variables), we can actually arrive at a solidiioii of the (liUVr- 
ential equation (20) of the form (21). Wo first exlubit tins iniu'r 
tionshij) between the quantum theory and Hamilton’H method involviiip: 
the function of aotion, of Avhioh we spoke at the beginning of tluK iiolt*. 
Ifc rests on the fact that our phasodntcgrals 

allow themselves to he expressed directly by tlui funeiion of aetion S. 
On account of (18) we have 


= Jl' 


dqk ^ .Ti 




^ By the rule on page 84, about the integration limilu of the 
integral, denotes the inoreaso that S undergoes wlien tljti vnriahh^ n., 
ra verses the region that comprises the complete doseription of all llii* 
phases of motion of the system, l^ixing our attention on piu-ioiiiM 
motmns (or^ conditionally periodic ’’ motions, see below), we huiuiow^ 
hilt m the integration qj, returns to its value at tlie outset, and w(! eitll 
condffcioiw of tU funeiion of action. Our quantuiu 


= njfi 


^h^<^riodiciiii of thn action funrtum fw, whoh^ 
multiples of Planck s quantum of action. 

To see how the moduli of periodicity of B are dehwmined we nnint 

° jntogration of tlie diffmmntia.) (‘quafimi 

(20). .[he only method that is succcsafnl is timt of the .^rmn /inn nf 
the variables. We shall illustrate it by a simple e.xninple ^ 

& — AJga’j, net on the jioini . 
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iiKiss m in tiio divGOtions of three mutually perpendicular axes 
Pv 'lh> Pn, ‘U’o tiio components of momentum (p* =» then 


15. 


'kiti 




2m 


15})o{ H' d' 


h<i^i + = 2?nW (23) 


and tlio partial difTerontial equation (20) then becomes 

This equation allows itself to bo “ separated ’’ with respect to the 
nirmhhH x\, that is, it allows itself to be resolved into the followhijg' 
threo <!(| nations, that each depend on only one of the three variabloa : 


pS\ 

Us 




1~ mhaX^^ ■ — Kg 


(24) 


whore «a ai’O integration constants between Ayhioh the folloiving 

relation holds ; 

«! + «2 4" «3 ^ 2mW . , , . (2S} 

We thus have only two arbilrary constants ; the third constant is 
tletni'inined by those two and W. 

Jfiqiiations (24) ^ive ns 

'x Q ^ 

== V'm^i — av® . . ( 26 ) 

Hero wo have sot 

«/ = mhiCi^ (27) 

Kquatum (2(1) shows in oon]iinotiou with the mechanical moaning of 

= .... ( 28 ) 

that the variable Xi is limited, to the region botwcon dr % fl'nd tliat it can 
rovorso its sense of motion only at the end-points rfc fhis region. 
.For ]f aq -wore to overstep the region ± then would hcoome 
iniagiiiaryv whieii is impossible. If ■wore to stop before getting to the 
honnetan'os of the region and reverse its direction at a point iiiside, 
thett .4'i would 0 liere ; but by (28) this would entail the vanishing of 
whioh is excluded by (26), since cmi vanish only ab the 

lijniting points -J:. a^. 'h^iuis Ch& variable Xi traverses the entire regmi dr Oy 
aUmialeMj in the increasing and the decreasing sense, reversing its sense of 
inoiion and the sign o/p^ at the end-points of the regioji. That ig, tho full 
region of variability of aii stretches from - to d- a^ andbaok again to 
— . We indioato thia ititogration by adding a oircle Q fo tho integral 

sign, Our ({tiantum (lomHtioiis arc then to be Avritton in the form 
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Here tlie integral obviously denotes tlie circular surface wIidnu ^ 

af. Thus wo conclude from (29) that 

2 __ • 
nVmlCi 

From (27) and (2/5) it tlien follows that 

^ = 2?/iW . . ' 

Wo finally introduce the vibration nunibers Avhioh (!{in<*HjM.VM5 • 
the free oscillations of our pointonass intlio three GO>ordina(i' din < > " 

These arc given by 

2m>i ~ \l~t Vviki ~ 27Tmvi. 

* Y m 

If wo insert this in the second equation (31), wo got 

2niW ==^2mvinjit W = ' 

Tho energy of our oscillator thus appears, as was to he 
an integral sum of onorgy-quantn hvi that coiTespond tn th^ 
partial vibrations ; our spatial oscillator, just like tho linear tmi 
in § 3, equation (13o.), is quantised according to onergy-elemeni w 
A sorioa of general remarks follow from this simple exainphv 

(a) If Hamilton’s diilorential oq^uation of a system of f dej*r» « 
freedom allows itself to be fully separated as regards th(» 

( 7 j , . . 5 /, that is, divided into parts that depend in turji on only ■ :-4i 

the co-ordinates qi, then, as in (24), / constants appear, nf «|iM 
however, only/— 1 are arbitrary. In this way we ol>talu h> 
method of separation of variables the complete solution of I « 

difForontial equation with the number of integration oonstanls 
in our former remarks. Together with the onorgy-oonstant W u»' 

J paranietors (we shall call them briefly the “constants a"), wlnw 
according to classical mechanicst may be chosen freely within, a 
manifold^ but, accordmg lo the quantum theory ^ are capable only of 
values. 

(b) Just like tho Hamiltonian equations so the partial 

derived from them by tho process of separation in tlio ^ 

are of tho first order and of tlio second degree. Wo shall asHUim* 

Hamilton s equation only tho .squaros (and not the produotH) of 1 !»>' «» 

.‘•''f’.s- 

ooGiir ; this is equivalent to tho kinotio energy being ootnpoHod hiw»>i!i^i % 
of tho squaros of tho p/s, In this case wo speak of the 
oo-ordinatoH q, If wo caloulato then, as in (20), we nlUiiitjtii, ^ 

pure square root of a function of alone : 
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Lot rtj and ho two consecutive simple real roots of the fiinotion ft 
in a region of values which is accessible to tlie co-ordinate according 
to its mcolianical signilicaneo ; wo then see from the same considora- 
tioiiR as those applied in our special example, that if once lies betweoii 
the values a,- and 6 ^, then it swings permanently between these limits 
(“ lilmition limits ”). li’or oacli libratiou and for each co-ordinate S 
inorenses by a fixed inodulua of periodicity. Just as in our examido the 
])eriods corresponding to the various co-ordinates do not in general 
snporposo exactly, and lumco the orbit will not return into itself. Wo 
call this bohavioiir comlUionally periodic,.* ITor further details, in par- 
ticular concorning the conditions under which an asymptotic “ limita- 
tion motion ” occurs, in place of tlio “ libratiou motion ” we refer the 
reader to Chaiiieivj' Odeslial Maclimim (“ Meohanik des Himmels ”). 

(0) In all conditionally periodic systems the form of the orbital 
curve has the character of Liasajous figures. In Fig. 25 wo draw the 
two-dimensional Lissajous curve 
whicli is doBcribcd by the co- 
ord mates of our ^ example. 

I’hc oiirvo touches its onvolopcs 
•'>'1 ::L «i o-nd 3:2 =" :i;: 02 alter- 

nately. Exactly tiro same occurs 
in the general case, for whioli wo 
denoted the corresponding limits 
for the co-ordinates q^ by bf. 

'Fho somewhat different appoaranoo 
of, for example, figures which will 
bo shown in Oliaptor VI to illiiBtrato 
the Stark effect, is merely duo to 
tiiG fact that tiio co-ordinates qt 
are not Oai’te.sian but have been drawn as curvilinear co-ordinates in 
agroomont with their pliysioal signifioanco. The Lissajous curve in 
this case does not nestle in a rectangle but in a curvilinear quadrangle. 

(d) An essential difleronco, however, manifests itself if there happens 
to bo a oyolio azimuth among the co-ordinates </< of the system, that is an 
angular co-ordinate f/j, whioli does not oooiir in the expression for the 
energy. In this ease in place of equation ( 33 ), the following holds : 



pHH 

R 



H 

■lllllH 



Fig. 25. — Form of blio orbital ciu'vo 
of a coiKlitionally poriodie system 
Imving two dogroos of froodom 

*’l» •'^2* 


i</> 


const. =3 p 


.. m) 


* Non-sopamblo iwobloms can also htvvo iv conditionally periodic form for the 
orbits as E. li'uos has shown (Zoits. f. ’J?hysll<, 34, 788 (1026), following the ideas 
contained in a pniJor by tCnoaov, Math. Ann., 84, 277 (1921.), 

f Leipzig, 1002, Vol. I, pp. 85 c/- aeq. Tho name “conditionally periodic " 
atoao from tho circnnistanco that wlion one or more conditions of coininonsuv- 
ability (Note 6) bocamo oddod to tho inotion, it “ dogonoratod ” into a truly 
periodic motion. Tho more aj)propr into town “multiply poriodlo” has boon 
suggested by Bolu’. 
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In fj} wc have no libration limits l)ut the mass-point continually tra- 
verses the orbit aro\ind the origin of the co-ordinate 8y.stem, according 
to the law of areas. The representation of tlio relativistic Kepler ellipse 
in Chapter V, § 1, gives us a iiiotiiro of this behaviour. It is inolurled 
between two enveloping circles instead of being hedged in by a curved 
quadrangle. The full region of variability for a cyclic co-ordinate 
stretches from 0 — 0 to 0 = 27r. Consequently the corresponding 
modulus of periodicity of 8 is 


2n 



and the quantum condition becomes, as in the case of the simple 
rotator 

27t 2> ~ nh . . . . . (Jlfi) 

It is not necessary for the sequel to emphasise this fi’cquently 
occurring exceptional case, Ilather, use is to bo made of it in deiining 
the conditions of the conditionally periodic system. 

(c) 'I'lic general quantum conditions for a conditionally periodic 
system are, following on (33), for orthogonal co-ordinates : 

= jVUq„ W. • • ( 3 «) 

'L’hoy furnish us with / equations for determining the / constants W, 
aa . . . «/. These constants, in particular also the energy W, are thus 
fixed by the quantum numbers . A discrete manifold is seqmmled out 
from the continuous manifold of their values. In particular, the quantismq 
of the energy pays due regard to the sharpness of spectral lines, 

(/) Gom 2 )lex integration ' oKors the natural method a|)proj>riato for 
evaluating the integrals of the form (36). As wo have already indicated 
by the sign 0> the path of integration is a closed one. It runs round 
the two branch points of tlie square root, which wo supiioso coii- 
nectod by a branch incision ; and, moreover, since the square root 
changes its sign in passing around the one or the other branoh-point, 
and since the integrand of the })ha8e-intogral is necessarily jmsitive 
(cf . p. 84) the x^atli forwards must bo traced on the positive, that back- 
wards on the negative, edgo of the iuoision. Wo ro-model it (of. 
Note 4) into any arbitrary course about the incision and may, in giv(ui 
oases, simjilify it further by contraction into the singular points of the 
integrand. Thus the most poioerjiil huslnment of the theory of funclio7is, 
the method of complex integration, places itself beside the methods of higher 
mechanics in the service of the qzianlmn tlteory. 

{g) Hitliorto we liavo disregarded the real problem of integration of 
the dilforontial equations of incehanios, that is, the rojjrosontatiou of 
the motion in its dependence on time. We must now supplement onr 
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remarks by a few statements about the method of ealculating the 
orbits that constitutes the time achievement of Jacobi in this field. 
This is done most briefly by means of the theory of canonical traiisforraa* 
tions (see Note 2). We start out from the integral (21) of the Hamilton- 
Jacobi equation with the integration constants W, ag, an . ■ . a^. (wo shall 
in future continue to omit the unessential constant a^) and perform the 
process of variation on it, obtaining 




DW 


1 ■ 2 

Using equation (18), wo write this 

/ / 
8S • !- -1- 


• (37) 


The quantities liero introduced arc to be defined thus, as a comparison 
with the preceding equation shows : 






h:^2 , . .J 


m 


Equation (!17) states that between the q^,, 2h as original variables, and. 
tho^,., (witli ai™W) ns “ new varialfies,” the charae tends tie, relation of 
the contact transformation, equation (lOi) of Note 2, again holds. The 
function E* that occurred tlierc is here again represented by S. As it 
docs not cojitain i explicitly, equation (lOa) of Note 2 assumes the form 
H(p, q) ^ H(P, Q) ; that is, in our case 

H(p, q) ^ H(W, aa . . . . §,) - W . (Ill)) 


From tins it follows that 
(iH . m 


t)W 




t)a. 


0, , , .f, 


^>[•1 

Wu 


0, /. (40) 


Now the Hamiltonian equations hold in the new co-ordinates W, 
a, /3, just as much as in the old 00 -ordinates jj, q. Thus, in view of 
(4(1), we have 


da/,. 

~f!c 


(U 

3”/?a- 


0 , 


bjSj, “ ^ ' dl “■■■ 

% ^ -- 0 

"(U '■■■ Ui: ’ 


Ic 2 


. , (41«) 

. . / . {^H6) 


ii^heao equations assort nothing new so fai* as W and a;;, are oonoorned. 
They oidy oonfirm tlieir constanoy during the convso of tlvo motion. 
Hut concerning they state that the quantUkH ... (if are ako 
conetanl during the motion, and ihal becomes equal to I (except for 
an additive constant, wJiioli we can inohule in the reckoning of the 
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time). If \Yo now eompare this result with tho equation of (h^linilimi 
(38) of the jS’s, wo have 




i>5 

m 

(iOC;. 


const., k 





(■Id) 


Equations (43) give /—I relations J)etweeii tho co-ori linn 

... < 7 ^ of the orbit, which do not contain the time. ‘.I'liey snlVioo 
to dosci-ibe the /om of the orbit. We call them th(» orbital (yiiulions. 
The constants together witli tlie and W, givi' tlir 

sti'ii wanting constants of integration of tile prohhvni. '.I’Ik' (iours*' jjI 
the motion in time is ropresentod by equation (‘1-2). 

We have thu.s dedneed^ — ^by the sliortest way- tlm romarkahir 
thoorem of JaooH : the integraJs of the equation fi of motion nun/, if n 
complete solution S of the partial (Uffercnlial equations is knoioUi hr 
obtained by mere differentiation . 

(7i) We .sliall conclude this section with a few rejnnrka on tho m'igin 
of Hamilton ’r theory. Onr account is based on two notes liy 1<\ KUuii,'*' 
Hamilton was an astronomer who studied tlio course of rays tif iigljl' 
in optical instruments. He found ray optics prevalent (Newlojj’n 
emissive (coi’puscidar) theory of optics), in which tln^ path of eorpuseh-M 
of iight in a medium which is homogeneous in sections nr, ]nor(' giUKU'iilly, 
in a non -homogeneous medium, is desoribed by total flifferenlitd eq na- 
tions. Hamilton endeavoured to link up this theory witli tliat of wavr- 
opiicSf which had just begun to come into being at tlijit 'Um(',t Ity meiiMH 
of %mrlial differential equations. 

He recognised ns the connecting link the conapl of tjm imvosinfticr. 
In wave-optics this is defined as the surface for which the viln'ations of 
light arc in the same phase ; in ray optics it may be defijicd as 
orthogonal surface to tho orbits of tho light oorpiisek^s. jji ovory 
optical j>roblem there is a family of wavo-surfaoos, Hot this fnm'dy )»/* 
represented analytically by S = const., where the constant is tile pnni- 
meter of the family and S is a function of tho oo-orclinat(»R 
Tor the meohanic.s of light-corpuscles / 3 and spneo is )'Jueli/h>an ; 

for the problems of general moohanigs wo must pass over into an 
/-dimensional space which, moreover, is in gonoml jjon-ICiKdidean. 

As wo know from the theory of surfaces, the direotionmoRinos of the 
normal to the surface S = const, is determined by tho mtian af tha 
derivatives 'bSj'bqf,. The momontunl of the light oorpmnhs is in Ihc 
direction of this normal, so that Pj, is proportional tf) iiS/lirp.. This nt 


* Gosmmnoho Ablanull., S, 001 niul 003 j ihoy aiincaroq ctviuitmllv in 

bonchto d. Doutsch, MnU,, 1, mi, end Hmi f. Valh. PllSl 40 llJoi 

t Hamilton s papers on ray optics date from mn to ,1 k 3'? ('I'miw V'i«b 

LoiuIotT^ ' ' hnm 1«34 to JH:m (TmnV lU^. 
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once telln im Uie g<M)jnotiri(!iil nnuining of our (!<iuaticm (I.H) and at the 
sumo time isonvituKJs us timl tlio o((iuiti(m S ooiist. of tlie \rtiV4?- 
surface is analogous to tlu! postulate tluit Hamilton’s fiumtuni of action 
must bo constant. I'he oireumstanee tliat the wave -surfaces arc to lie 
described by a partial differential equation is plausible gconioti’ically, 
just as is the fact that its orthogonal trajectories may be derived by 
simple difTerentiation (see above, m\dor ({/)), 

Jacobi toolc vij) and extended only tliab as])eot of Hamilton’s theory 
wliiek could ])e dealt witli by analytical mccbanics. ’’riic optical asp(Hsfc 
became lost to view, and was newly dis(!Overed by Briitis * in his theory 
of the dkonuL J*he eikonal is e.Hsontially tlie time taken by a ray of 
light to pass in an optical system from a given initial point to a- variable 
final point. Hence the eikonal becomes identical 'with the phase in the 
nndulatory theory, tliat is with the action function 8. At tlio same 
time, Hamilton’s prinoiplo, ocpiation {4a), which wo may also vvrito in 
the form SS — 0, hecomes merged into Ifermat’s principle of least time. 

ll.ho relation shp) het\\'eon i.‘ay optics and ordinaiy meohanios, which, 
has here bocm sketched, was all-important for the disco very of wave- 
mechanics ; just as ray optics is only a limiting caso (wavo-longth 
small c()m])a]’cd with tlio dilTi'acting objects) and is in general to bo 
replaced by wave -op tics, so, according to tSohrddingar, ordinary 
mechanics must be replaced, when we deal witli atomic dinumsiorm, 
by ■\vave-muehanics, 

§ 7, Elliptic Orbits in the Case of Hydrogoii 

In §§ 4 and 5 we liavo spoken only of tlio ciroular orbits of the 
electron of tlio hydrogen atom. Tins is obviously an riniieaesaary 
limitation. As in planetary systems so hero we must hx our atten- 
tion on the ellijiso as the general form. ![u this sonso ^vo express 
Kepler’s hnv in the form : 

The electron moves in mi eHijjse, in one focus of which Ihc nucleus is 
situate, d. 

In the formulation of Kepler’s law tlio I'clativo motion of tlio nncloviH 
is loft out of account for the present : this defect can bo remedied 
subsequently. \ 

The motion in the ellipse roprosoiits a problem in ttdq degreea of 
freedom t in that the position of tlio oleetroii is doterunino^^ liy two 
co-ordinates, lioro by the polar oo-ordinatos measnicd from M |0 foeim, 
namely, the azimuth (j) and tlio radius veotor Wo treat the pxiblom 
most simply f by tlio metbocls of the xn’eoediiig section ; that V wc 
start out from the Hamilton- Jacobi dihorontial ecxuatioii m\tlio 

* Abliautll, d, .Loipzigor Akad., 31, 1805. \ 

t In tlio proviouB English odition of this book (p, 20 1) the olUptlo motion wir# 
ti'oniod in as olomontavy a man nor ns possible. It sooms appropriate uowuday^ 
to follow tho divoot if somowhat thorny path of Hamilton’s inofchotb pavlioiilady 
in viow of i;ho t'l’ond towards wavo-moclianios, 
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eo-onlinate.s i\ <(). To he able to sot up Huh <liHeroniiiil o<(iintinii wr 
nuist lii'st writo down tho total otiorgy H uh a luiiotiou tjt tlio iiupiilHc.s 
or momenta p and the co-ordinates ({, 

We form tlie orbital element (h of tlio elootron in jiidar <!o*itrdiiiaii‘H : 

ds'^ = dr'^ -p r^d(j}^, 

From this we obtain tlie kiiiotic energy 


The potential energy is 


rr — rrf ^ \ 
2 \d() 


t&X - > -I- <'V-“) 


E 


'pot 


^2 

r 


(1) 

(2) 


where we again fii\st denote the nnolear charge geiua’iUly liy 
Corresponding to the position co-ordinates 

q = (j) and g — r, resixjutively, 

We have, by equation 9 of § 0 of the present ehajher, tlu' inii>uf,sr or 
momenkmi co-ordinates 

' ' ' ' 

We call them andp,,, and on account of (I) and (Jl), 

~ ^ 7>i)' , 

(1)> (2) and (4) tlie energy law now runs : 

w = E,„„ -I- E„, = yi{f‘ + -1^ 




(■)) 


= ^(' 
2m V 




■ I' 


Zp2 

qy 


By the general rule on page 101, equation (20), wn gist from this tlu* 
Kamilton- Jacobi equation if we replace p, by l>,S/3r and p,,, hv 

1/1)S\2 2ndAc.^ 

= 2 mWd . . (H) 

Since 4 does not occur explicitly (oyolie co-ordinate, see p. 105). \V(‘ urn v 
next set 

liS 




= const. s=; p 


( 11 ) 


This int^ral of the differential equation is equivalent to tin' law nf 
areas. Foi« pj, is by equation (4) the moment of the inomenttiMi 
mv, that IS, the procluot of the arm r and the a'/,imiitluil cmnponmjt of 
the momentum mref. By the law of areas (“ the radius vector swenim 
out equal areas m cqualtimes ” ; Kepler’s scooiul law) is, howcviV. 
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ctinHfciuil; (luring tlio iiiotioii, and this is also ussorttid by crpuitioii ( 0 ). 
Tiic (.piantiim postiiUitc 



0 


Itenoo givcifl ns os the value of j) : 


n^h 




^ ~ 

27r 


(7) 

( 8 ) 


'file equation (7) is called the azimuthal quantum condition ; it 
agrees with the earlier quantum condition of the rotator (see eqn. (18), 
p. 82) ; ?i,j, is tho azimuthal quantum ^lumber, 'flie limits of the integral 
in (7) correspond to the rule on page 8 t. '.fhey comprise the whole 
domain of values of the position co-ordinate <f>. By substituting 
equation ( 8 ) in equation (5) wo obtain 



2«f-W -I- 


2mZe^ 

r 


47tV 


(9) 


or 




,\Ja d- 


.B 


0 


, (10) 


with the abbreviations 

2wW, G- 


V 

4tt‘^ ’ 


We need not concern ourselves with the general integration of (5), 
but may immediately * form 

J, = - ?q/i .... (11) 


( 11 ) is tho radial quantum co7uUiion, and n,. is oorrespondingly the 
radial quanbim number, (flio limits of the integral must comprise the 
full range of values of r ; that is, r runs from to and back to 
'^rain I doiioto tliis by attaching a oirolo to tho middle of tho 

integral sign. Wo may evaluate the integral by the method of complex 
integration and then obtain, as is shown in Note 4, 



:tf wo HuliHtitute this in (11) we get, in view of the meanings of A, B 
and 0 , 



wZflg 

■\/2r?iW 



(13) 


*W. Wilson dodneod fclio above oquafciona (U) and (7) from hia gonoml 
forrauinfcioii of tho quantum coiuUtionB, quoted on j), 83, slightly oarlior than tho 
author (Wilson's paper. l?hil. Mag., 81 (101), 1010, was conoludod in Novembor, 
11)16, tho avithov^s in Dooombor, 1016). But Wilson mado no application of 
those oquations to Balmor’s sorios, 
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(lu determining the sign of we nmst ixnir in mind tlm Jiiiul remark 
in ]S!()te 4.) Eqiuition (13) now redneen lo 


or 


V27u\V 


{iH -{■ n,)h, 




/i® ’ (»<{, + 




(U) 


where we h{jve taken the value of R from equation (1(1), page HP, niid 
lifive set 

. . . • (If') 

We call 71 the quantum sum or, according to Boiir, the. jfjrinrjprd 
(pumtim mmiber. Like and it is a jjositivn integer. 
suggested using h for Instead of this we f)hall later introduun llu* 

quantity (Z), which is given to ns by wavonncchanies. 

The result (H) is of very great importance^, and of iinjiressivo 
simplicity : tee hav^ foU7id for the aixe-Tgu of ific, oMiplio orhUn (he. mitit* 
value as loe. found in equation (13) on fago 37 for cirmlar orhil.v ; Iht^ 
qxmikmi 7tn7nber n that occurred before is 7ioio replaced />;/ llir. princijntl 
quaniuni 7ixmber -f- 71^, Wo siiall presently show that the. quanluiti 
conditions (7) and (11) select from the mhereiitly continuous uianifoUl «/ 
all possible ellipses a faTnily of q^ianiised elUqxses ivliich arc gimn by (ha 
itvo positive lohote nvsnbers 7i,if and or, as we may say in v'unv < 
ivhose sm and foipi is deteimined by 7i^ anil ?q,. .hkinatifm (l-:l) thi*n 
states that each of the quantised ellipses of our faniily is cijuivulcul in 
energy to a definite Bohr circle. 

We realise the form of the el]ip.ses host by determining tluui’ simii’. 
major and semi-minor axes. For this juirpose we require tlu' ajiiieiidii 
and the perihelion distances, that is, and W(' oittain tlitmo 
quantities by forming p^ m ^ 0. By eqnatiun (9) tJiiw 

gives 

2mWr3 d- 

4 it^ 

But for the major axis wo clearly have 


that is, 


2a max "h 


min > 


- 27nZ ef 
2 . 2wW 


Jifnf 


. (Uki) 


the last step following from (14). For the semimiinor axis h we Imvi. 

nf tlf 62 =: a2 „ c\ Wliero e denotes tlio ilistanm. 

of the focus from the centre of tlio ollqjso, B'enco it follon-s m m 
imniecEiately obvious geouietrioally, ’ 

4» = (a - c)(« -I- c) = 
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llonco 

hi - __ = /' 

477® . 2mW U7r%?52eV 
"■'"'47r%556a“ ?i 


. (166) 


If, as in equation (7) on page 86, wo write c= = radius of the 

first Bohr circle as an abbreviation in equations (16a) and. (166), we 
got 





6 = a 


nn^ 

^~Z 


(16c) 


equations (10a, 6, c) show that the size and form of the ellipses is, 
in fact, fully doterniined by and w,.. We also observe that our value 
for a coincides with the radius of the circular orbit, having the same 
11 (of. eqn. (4), p. 86). 

We may now also calculate the period of revolution t from the law of 
sectorial areas. Wo know that 

m ^ m ^Tt 


denotes double the surface swept out by the radius vector in unit time, 
and hence is also equal to where .P — fl67r is the total surface of the 
ellipse. Hence it follows that 

a6 — I 


2mE _ 47r% 

-Ji 




that is, exactly tlio same value ns for the oircular orbit having the same 

n (eqn. (4a), p. 86). j.i 

Finally, we may conclude from (16a) and (17), as on page 86, that 

Kepler’s third law also holds for our elliptic motion ; 


^ = const, 
a** 


47r®m 

Ze® 


(18) 


(In the astronomical case, we must replace Ze® by wM, in agreement 

with Nowton’s law ; hero M * sun’s mass.) 

If wo had also taken into account the motion of the nucleus (of. the 
beginning of this section), wo should have had to replace the oleotronio 
mass m in all our formulro by the “ resultant mass g (of. § 6). In 
place of R«> wo should then have to substitute the general value R ot 

equation (9), page 92. 1 1 -j. ..e +1..^ 

Wo next take one ellipse of the family as the initial orbit of the 

electron (lot the principal quantum number of the ellipse be m), another 
ellipse as tho final orbit (its principal quantum number being ^ 
von. 1,-^8 
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order that the transition may bo spontaiioouH and a(!(!oinj)tuii('(l liy tin' 
emission of energy avo must have m > n. Wo ouloulatt^ the <‘minHitm oi 
energy by the Av-laAV. Wo obtain, aJialogouH to oqiiatioji ( l b), Sll, 



and ill particular for hydrogen (for wliieh ^ • 1)> 



( 20 ) 


Prom the point of vieAv of practical rosvilts, thia Hpisoti’al i’onnuln 
again gives only Balmer’s series, but ii has a (Ue'pniml ilmmdmtl siyniji^ 
ca-nce and its origin has now mtiUi2de roots. ]hj tha. admissitm of oar 
dU2)tic orbits the series has gained no extra lines and has last none of its 
sharp 7 iess. 

When the author, early in 1916, developed tho alu)v(^ tln^ory, ht» 
referred at the outset to a series of Avays * hy Avhieli tlu» varioim possi- 
bilities of generation contained in a Balinor lino may bo inado manifoHt. 

1, In the natural state of the H>atoni Avitliout a snpor-iinpoHod liohl 
the various possibilities of generation coiJAcide only aooidontally, m il 
AA'ere, in one line. But if avo alloAv an oleotrio (iold to act on tho luniin* 
esceut atom, in the manner practised by Stark, tho original quantum 
orbits AAull be disturbed. It is evident that tlio disturbaneo Avill ufl’mii 
the various ellipses differently ; it aa^II thorofdro alter tho onoi'gy of tho 
various orbits differently in each case, Tho result is the sO'ealbnl 
Stark effect, to Avhioh avo shall rotvivu in Ohaptor VI. 2, Similar 
consequences foIIoAV from the application of a magnotio Hold aiul tin* 
result is the Zeeman effect. Hero, too — both in our theory and in the 
older vieAv based on the classical theory — ^tho resolution of tho linos in 
not due to neAv possibilities of vibration being gonerntod but to tlm oir- 
eumstanco that lines Avhioh Avoro originally coinoidout are differently 
displaced and hence separated by tlio magnotio hold. We sliall alMei 
study the Zeeman effect in Chapter Vl.f 3. (1,'lie most beautiful and 
most instructive manifestation of tho quantum states that belong tti 
the same Balmer line is, hoAvover, given by Nature herself Avithont our 
agency in the fine structure of spaco-timo conditions as relltjotod in tbo 
fine structure of spectral lines. This Avill bo dealt Avith in Cliaptor \^ 
to Avhich Ave refer the reader. 4. Tho (in hydrogen) eoiuoidont lIueK 
may be separated by an inner atomic field in place {)f an extoriml 
electric or magnetic field. Such an inner atomio field does not, indetod , 
occur m the case of hydrogen itself or atoms of thohydrogoii bu t 

does m the case of all other atoms (neutral Ho, Li, etc.). In Uhapter 


Sitzungsboi'iohta dor Hunchonoi- Aknclomio, lOlfi, p, < 125 , of., iu liiu-twuliU'. t tl 
fl ml accurate to say that wo shall first deal Avith tho Zooinau olToi'l. for 
fields that are not too weak, Tho oompHeations that oooiu' iu thu Xcmuuu uffniif 

Chapto° vilL® ' 'voak are (lisuiiHBoU lit 
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Vn wo sluill HOC tlm(i Huoh atom 10 (iokls are tlu) catise of the single 
Balmei* series of liydrogoji Hplitting up in the oloineuts noli of the hydro- 
gen type ijik) the series systems : Prinoipal Horios, Eirst and Second 
(Subsidiary Series, etc. 

All tlusso tilings are connected witli a conception whicli was intro- 
duced into the (jnantuin theory by (Soliwarzseliild (of. the quotation on 
p. 851 ). It is a question of the dilforenco between degenerate and non- 
degenerate systems. A system of / dogi'ces of freedom is degenerate if 
less tlian / quantum numbers are sufFiciont to fix its energy according 
to tlui quantum theory. [Idio elnssioal Koplor motion and, indeed, 
every purely ^loriodie motion is fully degenerate, since the one principal 
quantum number n sufTicos alone. d?he relativistic Kepler motion is 
non-dogonorato ; on account of the smallness of the relativity oorrcction 
it may, liowovor, bo called axiproximately degonorato. In the same way 
the degonoraoy is partially countoraoted by the eleotrlo field of the 
Stark oiTect, the magnetic field of the Zeeman ofleot, the inner atoniio 
field and so forth. It is only in the case of non-dogonorato systems that 
all the / phase -integi'als come into action, as wo mentioned earlier in 
introducing them (p. 82 ). fi’Jio analytical criterion of degonoraoy sot 
uj) by Scliwarzscliikl or taken over from celestial mechanics is dcvoloxied 
later in Note 5 of tlio Aiipondix. 

We next enumerate tlio various possible oiroular and olliptio orbits, 
wliicli belong to a given value of n — n,;, -|- Wo begin by remarking 
tliat : 

(a) = 0 denotes a oiroular orbit. This follows from the radial 

quantum condition (11), which shows that when vanishes, so also 
does that is, r, and so r must bo constant. 

{b) n^, ~ 0 denotes a degenerate ellipse, namely, the focal distanoo 
takoji twice (to and fro). Ifor wlmn n^, = 0 wo also have by (10/;) that 
6 0, 

But this degonci’ate ellipse must bo excluded, X^rom tlio point of 
view of orbits tlio reason given was that if the oleotron wore to traverso 
the focal distance it would necessarily collide with the mioleus. 'Bho 
view of wave -mechanics is muoh more satisfactory. In wavo-meclianios 
the assimuthal quantum mnnbor, our or Bohr’s h (see above), beoomGS 
replaced by the quantity : 

- 1 , / = 0 , 1 , 2 ( 21 ) 

Prom this it follows immediately that 1 is the smallest value of onr 
quantum number n,^, that can oooin.’ according to Avave-moclianios, or, 
in other words, that n,;, — 0 h forbidden, 

At the same time it follows from n = -I- tliat the upper limit 

of is the value ?i., and honoo that the up]ior limit of tlio Avavo-mooliani- 
oal quantity Z is w — 1 . Accordingly for a given n wo have jn-eoisoly 
71 possibilities of resolution into radial and azimuthal quantum numbers, 
oorresponding to the ti. permissible values of /, namely, Z—0, 1, 2 , . . 
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This 18 illii 8 fcrated in tho following tabulation, where wo oiuimerute llio 
varioiw lypew of orbit aceordiug to tho qiiaiituin numbers n and I (the 
signilieftnce of tlie expreaaioua K — , L — , M N — shell will ho made 
clear in the next chapter) : 

n~ 1, one possibility, K-shcll 
Z — 0 71,. = 0 a = a^~h 

a circle 

» = 2, two possibilities, L-shell 
Z = 1 iiy ' a — 2%, b ~ a 

Z = 0 nf~X - a — . b ~ 

y'g 

circle or ellipse of eccentricity e — -^y 

n — 3, three possibilities, M-slioll 
Z — 2 ji,. ~ 0 a ~ 3®rti b = a 

I = 1 7iy ~1 a — 3%i b ~ |a 

Z = 0 ny — 2 a = b ~ la 

circle or ellipses of eoeontricities e = or e = 

o o 

n = 4, four possibilities, N-shcll 


/ = 3 

o 

11 

a — 4**a, 

b^a 

Z==2 

ny — 1 

11 

b = fd 

Z = 1 

a 

11 

s 

a ~ 4-^ai 

b = fa 

z = o 

11 

a ~ 4“rti 

b - \a 



«, 9*-i 16», 


Fia, 26. — Shape of tho orbit of tho hydrogen elootron for w =» 1, 2, 3, <1: (from 
loft to right), Tlio orbits are drawn oonoontrically in ortlor to show tho 
relative si'/, os of tho orbits whioh have tho same value of n. 

The diagrams drawn in iPig. 26 have not been' drawn to the same 
scale (in. order to save spaco) ; of. the arrows %, 4ai, . . . drawn at tho 
bottom. Moreover, for tho sake of oleai’ness the ourvoH have boon 
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clepicted concentrically instead of confocally. If we draw them con* 
fooally wc obtain the following picture instead : 


K. L. M. N. 



•l^ici. 27. — Orbits of tlio hydrogoii (dootrou for n ~ 1, 2, 3, 4 drawn uonfocally. 


We introduce an al)breviatcd name for thc.so dilforcnt types of 
orbits ; wc call thorn generally 

7 ii ~ orbits, 

tv inodilication of IBohr’s nomonolaturo n,^, — orbits, which wc find it 
iieoosaary to supersede in conformity with oiir present-day knowledge ; 
lienee wo must associate witli tho letters K, L, M, N the following 
ayjnbols : 

K L M N 

1« Ha 4, 

2o 'll 'I 2 ' 

'Ifl 'll 

4o 

^Xho orbits ropresonted by tho symbols in tho top row arc circles, and 
lihoso bolow them aro ellipses of increasingly groat eccentricity. 

Among all tho elcotronic orbits that will engage our attention in 
tho sequel tho Koiiler ollipso will ocoupy a special position ; it is purely 
periodic. Wo know that in tho two-body problem for any arbitrary 
law of attraction f{r) purely periodic orbits oooiir in only two oases, 
namely, when /(r) is proportional to r~^ (Kopler ollipso) or proportional 
to r''i (two-dimensional harmonic oscillator). Wo shall sec that tlio 
chief result of this section is intimately connected with this kinomati<< 
character of motion in Koplor orbits, this result being tho fact that tho 
energy depends only on tho sum of the azimuthal and tho radial 
quantum number. 

For if wb integrate fclie tliird equation on page 100, namely, tlio rolii* 
tionship, 

Ejfcf,, == .... (22) 


with respoot to I over tho period t of the motion, wo obtain 

T 


(2:1) 


Tho right-hand side is tho sum of onv phase-integrals for tho dilToront 
co-ordinates of tho system. In a purely periodic motion (and only in 
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such) every co-ordinate qj. actually traverses its full rang(J of variahilil.y 
(of, p. 103), while the time t varie.s from 0 to t. 'L’luis in tho notation 
of page 83 the right-hand side is 

We denote the left-hand side of equation (23) by iT ; in virtue' of ita 
definition from the kinetic energy it is indopondont of tlu' ohoi<!t' of 
co-ordinates and, by equations (14) and (22) of § (1, is ('qiial to tlu* 
increase of the function of action after each coinplotc iH'Volution. If 
we follow Bohr * by demanding that 


.= 2 }] 


~ nh 


{:il) 


wo are clearly in agreement with our rule for the phnso-inU'gralH, anti 
wo got simply that n — (principal quantuin luiniln'r, Hiim of 
quanta). 

Tho individual quantum number % lofors to tho (io-ordinait' qf.y anti 
so has no physical meaning unless this co-ordinato is distingiiiHlictl by 
the nature of the problem; but tlio in’iiioipal quantum Jtumbt'r n ia 
independent of the choice of eo-ordinates.f In tho oaso of tlu' Xo|>lt'r 
problem the ambiguity in tho choice of co-ordiiiatoH may bo ('Uaily 
followed, In the present section wo liavo used polar uo-ordiiuit<‘H. 
When we discuss the hydrogen atom in tho oleotrio ‘field (8tark ofi'ot'l ) 
in Chapter VI we shall use parabolic co-ordinates. In partioular, \\v 
may. apply parabolic co-ordinates to tho onso of a van isl ling ly hi nail 
electric field, that is, to a pure Kepler motion. Lastly, wo n'lay use 
el iptio X co-ordinates, namely, such that tho Koplor orliit forms an 
ellipse of the co-ordinate system. In all thoso throo oo-ordlmito 
systems the phase-integrals may bo formed indojxmdontly of oiiu 
another, that is, the problem may bo separated. ‘Wo find that wo 
obtain, according to the co-ordinate system used, various (umnfcutn 
conditions - n^Ji, that is, differeiU sJia 2 m (oocontrioitii's) for tho 
yiantised ellipse. But we always have tho mma value, for the enemif 
(because the value of W is determined simultaneously with tlio tinu^ 
mean of the kinetic energy, see Note 3), and, as wo may add, tho sumo 

value for the wtyor aicw a aiwUk penod T. 


Vol.^; fo??’ Koiumhngon Anulnuy. 


(23) of fcho toxli annoai’s foi' tlia flrsl; Minn 'I’Kr.*, * § I ho oquiitioii 

presmUed parMcular diffloultrc. a 

nui™! uirSoS'd 
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Honoo we see equation (24) leads directly and without calculation 
to the essential elements that doflno the orbit ; those elements which it 
does not yield, for example, the minor axis 6, are dependent on the 
co-ordinate system and must therefore bo of no importanoo physically. 
If, in spite of this, wo did not give up using the special co-ordinates r, (f>, 
the reasons are as follows : 

(1) Oiir point of view is that the results of classical mechanics are 
limiting cases of rolativistio mechanics. But in the relativistic troat- 
jnont tlvo quantising of the Kepler ellipses is fully determined, and it is 
not sufRciont to introduce only the one quantum numlior n. At the 
same time, tlio use of polar co-ordinates is prescribed by the nature 
of the problem, 'l.^lns also justifies the ?i(-orbits designated above, 
namely, as limiting coses of the corresponding relativistic orbital curves, 
which arise when the relativity correction is neglected. 

(2) When wo develop the theory of the periodic system in the next 
chapter wo require, besides the major, also the minor axis and the 
form of tire ii^-orbits, exactly as given aljovo. Their use for this 
purpose may likoAviso bo justified as a limiting process. If we are not 
dealing with Ijydrogon, but with more general atomic models, there 
numl, be added to the Coulomb field of force an additional field which 
arises from tlio clcotronic onvolopo around tlio nuolous, and which may 
be (IcHcribod to a first degree of approximation as a central field. The 
treatment of this case according to the quantum theory is similar to 
that of the rolativistio case. The polar co-ordinates arc also pre- 
scribed hero as separation variables and give rise to two quantum 
conditions which fix the minor axis as well as the major axis and the 
energy. Our Wi-orbits, which wo have so far developed for hydrogen, 
then result as limiting oases of the corresponding orbits in a central 
lioki of vanishingly small intensity. 

(3) 'J.’ho process favoured by Bohr oannot bo generalised by wave- 
mechanics, whereas this is possible with our process of quantising in 
polar (or parabolic) co-ordinates. For in tlie wavo-meohanioal treat- 
ment wo mtist take into account all the degrees of freedom of the system; 
in the Kepler problem not oven the plane polar co-ordinates are sufli- 
ciont ; rather wo must treat the probiom as spatial, as will be shown iu 
the next section. 

§ 8. Quantising of the Spatial Position of Keplei Orbits. Theory of 

the Magneton 

In the preceding section wo quantised the Kepler orbits with respect 
to size and form, by moans of the azimuthal quantum number and 
the radial quantum ivumber We wish to show that tho quanta can 
perform still more ; they also determine tlio position of tho orbits in 
Space, that is, tlioy select from tho continuous mauifold of all possible 
positions of the orbits in siiaco a discrete number of orbits that conform 
to certain quantum conditions. 
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It is possible to quantise spatially only, of course, wluui a (tort run 
favoured direction is given v'ith respect to whicli wo may inoasuro ( ho 
orientation of the orbits. Suoli a favoured direction may be given by 
an external field of force. But in this ease wo have no longei*, even feir 
the hydrogen atom, pure Kepler orbits. Bather, those are dofornnul 
by the external field of force, If wo wish to managr^ with t-h<» 
Kepler orbits, notwithstanding this, avo must pass on to the “ limit 
Avhen the force tends to zero.” In this passage to tho limit tlu^ dia- 
turbance of the orbits by the field of force vanishes, but on tlu' otliiu' 
hand the possibility of them orientating Avith rc.sj)00b to th(> field oC 
force remains. The reason for this is that, Avhorons the disturhamie eiC 
tho orbits is a phenomenon Avhicli varies conlinuously Avith tlio iudd of 

force, tho orientation of the orbits 



|*.w¥ ~ 

Jpjdr = 
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The integration witli respect to 0 is from 0 to 2?r. Tho integration 
with rcapeot to 0 strotohea from = NA to NB and back again 

1^0 ^min (of' P' 84) ; the integration with respect to r is, as before (of. 
]). Ill), from to back again to Hence the radial 

(piantvim integral is not different from that obtained from the two- 
dimensional point of view, and determines the shape of the orbit in the 
same way, Similarly, wo may take over from tlie case of the plane 
t-he azimuthal quantum number and the areal constant = moment 
of momontuni about the normal to tlio orbit, for which we have, by our 
above remarks, 

j pd^) = 2iTp ~ ihiJi . . . . (2) 

0 

Wo assort that Ike azimidJial qiuiniuvi immber is eqml lo Ihe sum of 
the *' equatorial or 'Unaqnelie/' quantum number n^, and the “laiiiud- 
inal ” quantum number Uq : 

%/, == -I- no. . . . . (3) 

l*ho pi’oof is contained in equation (23) of the jneceding seotion. 

By using first plane iiolar co-ordinates nj), and tlien space polar 
co-ordinates wo obtain 

-1- -f . . (4) 

If we cancel tlio radial phase-integral on both sides and substitute -for 
the values of the others from (1) and (2), we obtain directly equation (3). 
But wo have the additional relationship 

— % cos « (5) ■ 

btjtwcen the quantum numbers and n^. For jf) is the total moment 
of momentum of the revolving electron ; is its comj)onent in the 
equatorial plane, The former is drawn in Fig. 28 as a vector in the 

direction of the normal OM to the orbital plane, the latter as a vootor 

in the direction of the normal ON to the equatorial idaiio. As Fig. 
28 shows, 

27^ ~ p oofia. .... (,6). 

According to this 27 ^, just like ^3, is constant * during the motion. The 
equatorial quantum condition (1) comes out, if oaloiilated, as 

= n^h (7) 


"’If wn had tiBod Hamilton’s inothocl horo, that is, if wr had. sob tip tho partial 
difforoiitial equation in tho spuco co-ordinates r, 0, ^ wo sliould have soon from the 
analysis immodiatoly tliafc 

becauBQ t/i i» a oyolio co-ordinate. 
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In virtue of this equation and equation (2) wo see bliat (6) is identkial 
with (5). 

Wo may forniiilato tho equations (2) and (7) as follows ; not only the, 
total moment of momentum p, but also its component p^ in the direction of 
the lines of force is an integral multiple of 7^/27r. The cosine of the a^igle 
of inclination of the moment of momenium to the direction of the lines of 
force is thus rational. 

For we immediately have, from (0), (7), (2), and (II), 


cos a = 


J'~ni 


71^ 

71^ H- 7lo 


(fi) 


Spatial quantising has no influence on tho calculation, of the energy 
of the orbits and of tho consequent siieotral inferonces, so long as we 
roatriot ourselves to the limiting case, “ external force tends to «oro.” 
The two quantum numbers n^ and ?^o occur in tho energy expression 
only as tlio sum — 7i^ -\- 71^. Thus tho energy expression and 
tlio spectral vibrations to bo derived from it remain tho same as for 
simple quantising in a plane. 

It is on this aocoimt that tlio spatial Kepler problem is one (h^grcie 
more “ elegonornto ” than the piano problem. Whoj.’eas Ave express it 
meclianioally as a problem in tlireo degrees of freedom by moans of 
three co-ordinates, tho energy expression involves only the quantum 
sum 71 “ n.f, d- n^ 7if.. It is this particular oirouni stance of greatest 
degeneracy which makes onr present treatment valuable as a xmolim- 
inary step to the later wave -mechanical solution of tho Kepler x)roblom. 

We consider successively the oases = 1, 2, 3, . . . , where, for 
reasons presently to be explained, we shall use for 7i^, tho abbreviation J 
(and not, as in the preceding section, I -1- 1). We wish to express by 
this changed notation tliat in every atom there is a quantity j (“ inner 
quantum number ”) which is a measure of tho total moment of momen- 
tum, and wliioh orientates itself in the magnetio field in tho way in 
whioli, according to tho above remarks, tho moment of momentum 2> 
or its associated q^uantum number 7i,j, must orientate themselves. 

In Figs. 29, a, h, c the direction of the lines of force is to ho 
regarded as proceeding from above downwards, as in tho jn’ooeding 
Fig lire. * Tlio arrows repro.scnt the moment of momentum oorrospond- 
ing to our f T'hey are to bo inclined to tho direotion of tho lines of 
force in suoh a way that their projection on this direotion in the unit 
scale of tho IB'iguro is integral. In Fig. 29a tho unit scale is tho radiim 
itself, on account of j = 1 ; in Fig. 296 it is half tho radius, since j ~ 2, 
and in Fig. 20c it is ono-thircl of the radius, since j = 3. Hence, in 
Fig. 296 wo divide tlio vertical radius into two, and in Ifig. 20c into 
three, equal parts and then draw horizontal lines throiigb the ]ioint.H of 


* Figfl, 2fl, fit, b, 0 ovo taken fi'om a paper by tho author on tho S^tunnun 
offoot of hydrogoii, Physilc. Zoila., 17, <i01 (lOlO) ; of, also tho paper by Pubyo, 
ibid.^ p. 607, or Gbtfcinger Nachr., Juno, 1016. 
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intersection as far as the ciroumforence of the oirclo. 'The straight 
lines connecting these points of intersection with the centre give tho 
theoretically possible orientations of tho niornent of nioinentuni j. 
In view of tlio axial character of j we draw arrows in opposite directions. 

Fig. 29ff, i “ 1. The moniont of momentum sots itself either 
parallel or anti -parallel or porpcndioular to the lines of force, 

Fig, 296, j ~ 2. Besides tho parallel, anti-parallel, and porpondicular 
positions the position making an angle of 60° witli tho linos of force is 
also possible, ^Pho h’iguro shon's this po.sition to the right and to tlio 
loft of the vortical . In space wo may imagine tlieso two positioiis to ho 
connected by means of a cii’oular cone described about the vortical, 
Fig. 29c, j = 3. Besides tho parallel, anti-])arallol, and porpondioular 
positions, cos a " di 1> 0, wo now also have the inclinations 
cos a = ± f and di 



;yia. 2l)rt. Fio. 206, 20c!. 

Dii'ocitionnl quautiBing in a magiiotio fiold (rogardod as in'oaoocling Trom toi> 
to bottom), Possiblo positions of tbo total momont of momontum j for 
j I, 2, 3. 

It would bo logical to plueo at tho beginning of those Idguros tho 
case j = 0. But in this case there is no position, since there is no 
momont of momontum to bo placed in position. 

On the other hand, it is illogioal and yet, as wo shall loam, necessary , 
to supplomont onr series of Figs. 29 by a second series of Figures in 
which j has half-inlegral values. If, from tlio preceding discussion, wo 
retain the rule that tho difference of the momouts of momontum pro- 
jected on tlio direction of the linos of force is to ho integral, then wo 
obtain the following Ifiguros analogous to those whioli have just 
iweceded : 

Fig. 30a, f = Only the parallel and anti-iiarallol jiositiona jior- 
inissiblo. 

Fig. 306, f “ ;1 . In addition to tho parallol and anti-parallel posi- 
tion, wo also have those given by cos a = 

Fig, 3 O 0 , g H . Besides tbe ])ara11ol and anti-parallel positions, the 
orientations cos a ~ rb «•> :J: il- are ])ossiblo, 

Wliat is tho position as regards tho empirical proof of s 2 )aUal qna7i’- 
Using? Wo must state immediately that am fond every 55ooinan 
Ijliotograpli contains a proof of this kind, as wo shall see in Chapter VI. 
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Without entering into details here, wo may asstM’t that the tlilhM’iml' 
componerits of a Zeeman pattern correspond to diiTorcmt positioiiH <>f a 
magnetic moment in space, which results from the magnotio aotioiiH 
of the electrons in the atom. Since tlicso compoiumts ans (lis<o'<‘(o 



Fia. 30«, t’lH. Ua/t. . l'h(J. 


Directionol qiiniitising lii a magnotip Hold (I'ogai’dod as pniooialing tVeiin lu|i In 
boWom). Possible positions of tho total inoinoiit jif nioiiunituiu j f<ii' 

./ = h h ^ 


and sharp, so also the j)ositions of tlie magnetit! mommit and tlic 
corresponding orientations of tho atom arc sharply delimsl, Mini; in, 
spatially quantised. 

It is true that this proof is indirect, 'Hiere is, liowover, a diroct. 



Fig. 31. — Kxpovimontal 
arrangomout of tho 
Stom-Goi'laoh ex- 
periment. A beam 
of atomio rays from 
the ovon 3C, formed 
by the diaphragms 
B, posses through 
a non -homogeneous 
magnetic field NS, 
and strikes tho plate 


experimental proof, wliitih ima lightly ennwd n 
great stir, namely, tlio experiment of Slorn 
and Gerlach.”' Tlio experimental arrnngemoul 
is as follows (cf. tho diagram of Fig. Ill) : uit 
evacuated tube contains a samjilo K of Uii* 
substance to be examined (tliis was silver in 
the first experiments), which is then lieateil. 
It sends out “ atomic rays ” in all direebimiN. 
that is, in this case atoms of silver, wliieli luiv<' 
assumed a thermal velocity (several lumdrcH 
metros per sec.) corresponding to th(vtennH*i'n ■■ 
ture of vaporisation, By tho use of appro] ud- 
ate diaphragms B a sharp linear beam of atoiviio 
rays is cut out of tho clivorgont beam. d'hiM 
linear beam passes through a magnetie (ieUI 
which is made as intenso and non-liomogeius 
ous ns possible, its linos of force, whioli nm 
in the direction 8N in tlio figure, boiiig jut- 
pcndicular to tho direction of tho atomio heiitii. 
Ihc magnetic field dofloots tho atoms according 


Since then thomethodhna boon olaboratod iiuihilimdio^i! in Hm ‘‘ [/.'I!' 
y.m Molokulnrati’nld-inolhodo aus dom Tiisliin o ,. , u u i- V 
Hivinbui'giaohon Univorsitill, ” {Zoils, f. TdivK ' froin lli nn' i? i?' 
and tho munbor of oxperimoiUiil fnauiiH^nm . V i |b ^ ^ ***” tscsiMil. Iiiim}. 
For tho quantitative ovnluntion of tho roanlio iscroiiMmL 

0. Stent Z™te f 41, 503^^ 
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to the i noli nation of their nuvgiieih? moiuout fx with rcspeet to tho 
nmgnetio lidkl .tj; with tho force 

cos iix, H) (0) 

Horn ~ gives a niensuni of tho non-iioinogoneity of the (ioUl, tlmt is, 

of the cliff oronco hetv'ecn tho magnetic action on tlic positive and 
uogativo polcj of tho atomic magnet, and is equal to thc^ iiicroaso of H 
in tlio direction of H. On a jdato PP, which is i)laccd in tho path of tho 
rays and is aftcn'wttrds developed in some appropriate way, wo therefore 
expeot bullet marks to' he made hy tho atoms as on a target : namely, 
a maximum density of distribution in tho centre hocoining contimiously 
less as wo proceed to tho sides. Put tho true re.sult of the experi- 



Fra. 32«. Fro. 32/), 

Stom-florlaoh oxporiinents with nilvcr. '6’moo of Iho atoinii! rays oti tho sonsitivo 
])lato — on tiui loft, without a uiagmsttc Hold ; ou tho riglit, witli a nuvgnotio 
ilokl. 

inent with Ag-rays is shown in ID'ig. 32, magnifted twenty times. On 
tlie left-hand side is the result without a magnetio field ; ' on the right- 
hand side tho field is on. Tlie left-hand picture is the image of tho 
diaphragms as marked out on the receiving plate PI? by the atomic rays ; 
we SCO a sharp imago of the slit. The right-hand pictui'O shows tho 
deflection in the magnetio field ; there is a band on each side, but the 
middle is completely free of “ bullets, ** (Tire irregularity in the middle 
of the band on the riglit is due to tho irregularity of tho magnetic field 
at the right-hand polo of the magnet, whioli ends in an edge in order 
to produce a non-homogonoous field, Tlie convergence of the baud at 
tho top and at tho bottom signifies that tlie magnetio field deoreasos 
trail svorsally, that is, porpondioularly to tho plane of tho diagram of 
P’ig. 31.) How aro we to interpret those two bands of the deflection 
picture -? Glearly they are due to the directional quantising of the silver 
atoms, 1^0 soon ns tlio atoms entor into the magnetio field tho axes of 
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thoii* iiiagiiolio 3110111 on orieiitato thomaoJvos oitlior parallol or por- 
ponclioular to lliu liiioa of foi’oo. J.u tlio oxproHsIon (U) uoa (/.t, H) is 
oitlior -|- I or — 1. TJkh'o aio no iutoL'iiuuliaU! jioaitions, aiui in par- 
ticular no possibility of cos {p,, H) =0. In Fig. 31 wo have iiiclicnfced 
tlic two positions of the silver atom and of its moment p that are 
possible according to the cpiantuin theory by arrows. The one arrow 
points precisely in the direction of the field 81S1, the other in precisely 
the opposite dirootioii. In Fig. 33 wo show the result of a now expori- 
ment with atomic rays of hydrogen.* The two jiarallol lines show 
the deilcction in the iiuignotio field. 'I'lic oheck photograjih without a 
inagnetio field -was taken on the same plato which was simply rotated 
and displaced ; this gives tlie sliarp oblique line on the right-hand side 
of the liguro. A companson of the picture with the preceding picture 
shov's the advance in experimental technique that has been achieved 

in the ineantimo ; this is the more romark- 
ablo since the present subject of research, 
the hydrogen atoms, wore more difficult 
to control and to bo made to register a 
mark on the plate than the silver atoms. 
AVith j’ogard to the tlieoiy the pioture 
shows that the hydrogen atom — like the 
silver atom — .sets itself either parallel or 
anti -parallel to the field, that is, in the 
aonso of our Fig. 30a. 

!Froni the point of view of the tlieory 
hitherto put forward, this resxdt is sur- 
prising. For ivo should expect rather a 
defieotion picture of the character of Fig. 
29a, that is, besides the two lateral bands 
a central band whioh is not doilected and 
which Avould cori'csxxond to the po.sition 
porjiondioiilar to the magnetic fiokl. For by tlie theory so far 
tievelopcd the hydrogen atom should, in the ground state, liavo a 
moment of momcxitunx n^, == 1, and it suggests itself at first sight to 
identify the moment of momentum j (whioh is the deoisivo factor for 
the position taken up) with 71, f,. Wo noted on jiago 116, liowovor, that 
accord ingi to wavo-mechanios n,f, should he replaced by the number 
i ~ n,j, ~ 1. But its value iii tlxo ground state Avould be Z 0, and 
til is xvoiilcl lead to no doiinito ixosition iix the field at all if xvo identify 
j with Z, and so have = 0. The result of the experiment with tlie 
atomic rays, therefore, leads us to infer that there is a now sort of 
oaiiso for the positions taken xip, and that tiiis cause loads to our sohoine 
with j ~ This oaiiso is, as wo now know, the spin of Ihe eleclro 7 i 3 
{MeUmmi-Di'aHi Goudsmit and Uldenbeok), whioh has its roots ulti- 
mately in tlip rolntivistio scheme of physical events. We shall require 

* F. Wrodo, iioits. f. hhys., 41, fifiO (1027). 



Fia. 38, — ►SXom-CiGi'Iaoh ox- 
poi'iinont with liydrogoii 
(otuioi'ding to Wrodo). 
'Pho two si oiling parullol 
linos (U’o obfctunctl wltli a 
inngnotio iiold j tliu siiiglo 
obliqiio lino witliovit a 
nnignotio Held, tlio slit 
boiiig.i'otutod. 
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the whole HyHteiu of Hixictra to explain this most pecmlinr eonsoqiioiioc 
of modern physics, and wavu-jneclianics to estahlisli it logically. Iterc 
wo Jiuist remain satislied for tlio [)i'esont with having found a ilrsfc 
indication of electron-spin in the doliection j)ioturo, Kig. 33. At the 
same time we must note that tlio liydrogcn atom — in its grouiid state 
jMid, as wo may add, in its excited states — has. not tlie single stnicture 
whieh wo liavo liithorto asaiunod. llather, it rosombles the silver 
atom and is, like it, alkaline in its spectral oharaetor. Wo shall revert 
to this point frequently later. 

Wo sliall discuss a further consequoneo which Stern has deduced 
from tlicso experiments , It concerns tlio magnitude of the magnetic 
moment /x whieh by (9) determines the amount of the delleotion. '!Po 
understand the signilioaiico of this inference we must make some 
remarks about some older work. 

niho view that every paramagnetic substance (i.o, susceptibility > 0) 
has a dolinito magnetic moleonlar moment is old established among 
physicists. It "was developed in particular by Wilhelm Weber, and 
was rendered certain by Lange vin’s theory of the dependence of para- 
magnetisih on tomperaturo. Buring the last few decades P. Weiss * has 
been engaged in establishing, by means of a groat number of detailed 
moosuromonts, tliat this moment occurs not as an arbitrary quantity, 
but as a whole, multiple of a certain elementary moment, “ the magneton.” 

I'ho assumption suggested itself to physicists that this elementary 
magnetic quantum was no now constant, but was probably conncotecl 
with the elementary oleotrio quantum of ohargo e and the quantum of 
action h. Let us endeavour to establish this connexion as simxily as 
possible, 

As wo know, a magnetic moment is equivalent to an oleotrio current ; 
Weber’s eloctromagnetio measure of ourront in C.G.S. units depends 
precisely on tlio fact that tlio current strength J nfuitiplied by the 
area of tlie enelo.sed surface around wliioh the curj.‘ent flows is equal 
to the moment /x of the elementary magnet, whieh, placed at right 
angles to tlio plane of tlio ourront, pi’oducos the same magnotio field as 
the ciu’rent 

JF = /X . . , . . (10) 

If the current J is an “ Amp 6 ro moleonlar oiirrent,” produced j^y an 
electron revolving in an atom, then 



where c is the elootronio charge In oleotromagnetic units, t = time ot 
revolution of tlie olcotron, so tliat - := mimhor of times per second that 
the ohargo e traverses tlio “ oross-sootion of the ourront.” 


* Sinnmavios avo given by P. Weisa, Phys, Zoita., Ig, 03i) (1911), or Vorh, cL I). 
Phys. Qosolla., 13, 718 (1011) \ 11. H. Wobor, Jahrb. f. Bad. v. I'Moldir., 12, U 
(1015) ; B, Cabrera, J, do Cliiinio Physique (Guyo), 16, 442 (1918). 
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From (10) lb follows tluib 


;ir 


. (hi) 


Ifow the moment of moinontnm p of the revolving (detitron (*T. 
eqn. (17) on p. 1I.S) ia, generally, 


So we obtain 


o 

p = 2w-'. 

T 


Rp 


. (hi) 


But the moment of momentum is quantised ao that wo luivi' lioit^ again 
to substitute instead of the moinont of momentum ijuantum huiuIku’ 
of our elementary theory the number j* ; 

Ji 

Hence, by (12) the magnetic moment also beoomcH a (|unntiH(’d (jUaiit ily 
Avliich la expressed as a j-fold multiple f of an elementary (|imiituni : 

. e A 


Here gj is the fundamental unit of magnotie moment of the (luantniu 
theory ; it is the theoretical magneton. Instead of referring tlu' f ui it I a - 
mental unit of the magneton to the individual aboiu W(‘ ))r('f(n’ to n^rtM' 
it to the mol, that is, to L atoms (when L Losolnnidt’H number jii*r 
mol, or Avogadro’s number ; see p. 4), and wo obtain as tlu^ nuK^rc i- 
unit of magnetio moment the so-oalled Bohr niagnoton : 

M„ = i,,i, “ h,. 

Inserting the known valuc.s of e/?a, h and L, we obtain 

Mjj = 5604 gauss cm. per mol . . . (14) 

It h very remarkable that Weiss obtained from his mnmmmtvnirn. 
paificularly from those of the forro-magnetlo inotals at tlm 
temperatures, a smaller unit,— one nearly five times as Hinall, nuiiudy, 

Mw — 1123*6 gauss cm, per mol . . (Ifi) 

the total moment of momentum, but ‘that for tile nbaolim Uhm 
moment of momentum wo must bavo p =» V?/7TT) A/!>^ l.v /»«!*'? 

to bo ehangecl analogouBly to «= Vlim) rnf oL.i ' f 

the following footnote, ^ ^ B fffO* boncoi.|iiiig tlm fiml or r/, irf, 

hH’? f-ho thoon 
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Wo sliall oiuleuvour to rceonoilo tlioso tipparonbly oonfcradiotory 
statoincnta by UHing the icloti of spatial quantising. At present wo are 
intorested in the Bohr inagnoton and not in tho Weiss inagnoton. 

Storn and Gorlacli have shoAvn by oarofully measui'ing tho inag!iotie 
held, its departure from liomogeneity, and the deflection obtained on 
tlio ])hotogi’aphic plate, Mg. 326, that tho magnetic moment of tlio 
silver atom is of the order of magnitude of our quantity fl^^ ; they 
estimate their experimental error to bo only 10 per cent. Hence Iha 
silver atom has in its ground stale a magnetic moment of the magnitude of 
a Bohr magneton. The same value for p, follows from Fig. 33 for the 
hydrogen atom in the ground slate. 

By means of tlioir bold experimental aiTangomont, Stern and Gorlacli 
liavo thorofoi’c not only demonstrated ad ocidos the spatial guanlising of 
the atom in the magnetic field, but they liavo also proved tlio atomic 
nature of the magnetic moment, its quant'im origin, and its relalionahip to 
the atomic structure of electricity. 
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THE NATURAL SYS'riOM 01)’ lOlVlOftH-JN'I’H 

§ 1. Small and Great Periods. Atomic Weights and AtomiolNuiuhorH 

I N the face of the manifold of elements which wci’c brought to light by 
the alchemists of the Middle Ages and by the research clminists of 
eighteenth and nineteenth centuries, the Iminuu intellect has novri' 
quite lost the view that unity and order exist among tliem. '.riici old 
postulate of natural philosophy that there must bo a conimoii ImMi** 
substance in all matter recurred again and again, ])articvi]ai'!y in ilio 
form of Front’s hypothesis (1816), because only the fullilincnt <tf tlil« 
condition could give us hope that wo should succ(!ed in nmlerstaiuliiiK 
fully chemical action, 

This goal has assumed a more dolinito .shape siiieci the dis(!oyery ti/ 
the natural or periodic system of the elements hy Lothar Meyer am I 
MendeEeff about 1870. In this system, as is well knowji, tlie eltuuorilH 
are written down in the order of increasing atomic weights, tlui 
being broken off at appropriate points. Oliomically related tdt>nn*iitM 
arc uritten in the same vertical column, o.g. the alkalies, In, Na, K,. lib, 
Cs, in the first column ; the halogens, F, 01, Br, I, in Oobunu V l t ; Himn' 
1896 (Rayleigh and Ramsay) the inert gases Ho, No, A, Kv, X, I'lm, 
have become added as Column VHI (of. Table 2). 

In general, the number of the column is the same as the oxygOJl** 
valency of the elements contained in it. The valency increases by um* 
for every step from left to right in the poriodio system. On tile ol-bt*r 
hand, a different kind of valency, the hydrogen-valency, iiicrisiscs in t i n* 
periodic system from right to left ; this is particularly projiminet'd in 
the columns from VII to IV, As the oxygon -valency iiufriinseH Ibi* 
electropositive character (basic nature) diminishes and piisses nvi'r 
into the electronegative clraractor (aoidio nature). 

In this mode of tabulation the system of oloinents seoms, exku'unll v* 
at least, to be built up of periods of eight. Before tlie tlwcnvory of tim 
inert gases they were true “ octaves ” in the nuisioal sense, i.o. cif 

seven (Newlands, 1864). The struoturo in periods of eiglit is, lKnvc<v<*i% 
only apparent, for the periodic system has not so simple a jierkfdioHfV*' 
At the beginning, for example, there is a period of only fcvro oiommitH (It 
and He). Then there follow two periods of eight, the two ’* smiUI ” 
periods of eight exactly corresponding elements. 'Diey aro succeeds I Uy 

m 



































132 Chapter III. The Natural System of Elements 

two “ greiit ” periods of oighteou cbinonts, whieh can be forced in In ( 
selioino of soricj.s of eight only by soinewJiat artilieial reasoning. 
matter of fact the alkalies, halogens, inert gases, and altogether 1 1*** 
elements which exhibit exactly corresponding chemical boliavii 
follow one another after a further eighteen stops, and are thus separa i ■* * 

in our .scheme by an intermediate series. By writing tJio tcrins 01 1 i ' *** 
right or left side of the individual spaces we succeed in making 
tho.se elements that correspond exactly lie in a vertical line, 'l/'t*** 
oorrespondeiicG hero implied is that which is connected Avith ah;//* 
slruclure, and which expre.s 3 c.s itself jjarticularly in tlio structiiiA* * 
spectral lines. From the chemical point of view, in which wo an^ «:t # > * * 
Goi'iied with the behaviour of ions in compounds, Ave lind it conveiiii'** 
to alter the distribution of elements among the sub-groups at srif*'*’’ 
points, for example, in the third and fourtli columns in tho easci of I I*** 
lightest elements. It is to bo noted, however, that tho olomonts l l »•*►*'' 
lie consecutively in the same vertical column but are not writbui in »* *• 
exact vertical lino, arc related in certain ways. For example, (hi a l 
Ag are uuivalent just like the alkalies in the same column ; Zn and t * 
are divalent like the alkaline earths, and so forth, TJiis “ H{?ooiidar;>’' 
rolationship becomes weaker at the end of tho horizontal sories, 
tioularly in Column VIII, in which Ave group Avith tho inert guscM t f 
triads, Fc, Go, Ni, and Bii, Rh, Pd, constellations of olomonts that ti. *"* • 
interrelated among themselves, but are absolutely dissimilar from I l i** 
inert gases. It is only by uniting these triads in one column Unit lit** 
number 18 of the great periods can bo adapted to fit tho double jniml »* *»* 
2 . 8 of the small periods. 

TJio great periods are then foUoAved by a very great period of tbirt>' 
tAVO elements, which begins in tho regular fashion Avith an alkali ((h) a 1 1 » I 
ends Avith an inert gas (Em). It, too, has its roprosontativo in Cuhin 1 * 1 
VIII, a triad Os, Ir, Ft. But the whole series of rare earths (stretebi i • M 
from Co to Lu), sixteen in number, Avill admit of no periodicity ami t'jin * 
in no Avay be inserted in tho Columns I to VIII ; they have had to 
printed separately beloAV, Written in this way, the iieriod of tliii’bjv'* ^ 
tAVO elements also appears distributed among tho spaces of two - 
zoirtal series, Avhereby exactly oorresxAonding elements, separated by *^<1 
horizontal row, lie beloAv the oorresiAonding elements of tho poriml * *1“ 
18 ; thus W lies under Or and Mo, An under Ag, and so forth. 

This greatest period is folloAved by a series of only six olomonts, Avhi t 
ends Avitli the heaviest element, uranium. But it is quite admissible 
imagine this scries continued, say, to the number of thirty- two fconiup^, 
and to assume that it is only due to reasons of radioactive decay 
the later elements no longer exist. 

Tho periodic numbers 2, 8, 18; 32, Avith Avhioh Ave are thus loft, jna.,v 
Anally be written in the following somewhat cabalistic form suggest (c* cl 
by Rydberg ; 

2 ==2.12, 8 = 2.22, 18 = 2 . 32 , 32 = 2 . 42 . 
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Various other suggestions have been put forward about the pliysical 
meaning of these numbers. For example, Bohr (Nature, 24th Maroh, 
1921) proposed the factors ; 

2 = 1.2, 8 = 2. 4, 18 = ;i . G, 32 = 4 . 8. 

We shall see later (pxu 154, 155) how Pauli’s Principle eonlirm.s with 
tho Kydborg .seliomc. 

If wo write down the natural system of the elements in tho order of 
inpreasing atomic weights wo find that at four points the natui'al order 
is transgressed, There is no doubt that wo must write tho inert gas Ar 
before tho alkali K, although the atomic weight of tho former is greater 
than that of tho latter. Furthermore, Co must come before Ni and 'fe 
before I, in spite of tho order of atomic weights. After tho recent 
discovery of protoaotinimn wo have tho fourth exception, for wo must 
sot Th and I’a in tho reverse order of their atomic weights. Those 
necessary reversals of order liavo been indicated in tho table by a double 
arrow. Tho method of X-ray analysis will remove these hlomishos in 
the system and will re, store the natural order of tho elements, ll'liis 
method will show that tho atomic weight is not tho true regulative 
principle in the natural system, hut that it is only a complicated function 
of tho true “ atomic number ” {Ordnungszahl), 

The true atomic number is, as wo know {Cha|). If, § 1), the number of 
net 2iOsUive units of charge in the nuckus, or, what amounts to the same 
thing, the number of electrons hi the atom. It is equal to the atomic 
nun^er, tliat is, to the number giving the position of the element in the 
natural system xohen the eUmenls are arranged in the order aqij’^roqmale 
io their chemical properties. In our table wo have inserted this number 
just before tho symbol of each element. 

On tho basis of tho periodic table physicists had boon able, oven 
earlier, to predict tho oxistonoo of unknown olomonts, Avhioh. wore 
subsequently discovered, ^.'hose wore given tho nationalistic names : 
Gallium (1876, Loooq, do Boisbaudran), Scandium (1879, Nilsou), 
Germanium (1880, Winkler), Polonium (1898, Madame Curio), to 
which there have boon added lately : !H.afnium (Bohr, Coster, and 
Hovosy), Bhonium, Masurium (Noddaok, Borg, and Taeke), and Instly 
Illinium (Hopkins, Hari’is, and Yntoma). Tlio first throe had boon 
predicted by Mon dole j off as eka-boron, oka-alurniivium ami oka-silicon, 
and their propoHies wore accurately desorlbcd. Nowadays — also by 
tho method of X-rays — ^the number of gaps still present in the system 
has boon found to bo two only. 9.'lioso two have been marked by an 
asterisk in tho table. Aooording to their position in tlie table they are 
designated as oka-ioclino and oka-eaosium. 

The atomic weights, witlv a regularity far exceeding the bounds sot 
by tho laws of probability, are integral mimbors nr very nearly so when 
referred to oxygon = 16. 'Tliis integral pro|)Gi’ty agrees witli Prout’s 
hypothesis (that olomonts are composed of liydrogon atoms). Thoro 
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are certain oxcoptions 
01=35-40, and Ou^«3-57), 
birt they are rare. Wt' 
shall revert to tlioso extK^i- 
tiona and to their oliniinu- 
tion by P. W. Aston in tlte 
noxtscotioii of this oha])ter. 
Whole numbers of the form, 
4w and 4??, -\~ 3, are particu- 
larly frequent, tho former 
generally in even spaces, 
tho latter in x)lacea whert' 
tho atomic number is odd. 

Tims, if wo compare an 
element with tho next Imt 
one element, wo got for tlu' 
difference of tlieir at()mi<! 
weights, as a rule, approxi- 
mately four. Hence the 
average inoroaso in the 
atomic weight as wo [)asH 
from element to oloinont is 
not one but two. Thv. 
aiomic number of the ehmenl 
does not on the aver<m(\ 
coincide u)ilh the atomic 
weight, hut with the half of 
the ato7nic weight. This rule 
certainly holds only at the 
beginning of tho system (ns 
far OS Ca) ; thence onwards 
systematic deviations ooour 
in tho sense that tho semi- 
atomic weight inci'oaseH 
jnoi’o rapidly than the 
atomic number and ex- 
hibits a greater and greater 
difference (of. Pig. 34). 

Por the sake of econo- 
mising space wo have 
marked olT tho atoinie 
numboi‘s (tho abscissa)) 
alternately to the right 
and to the loft after every 
twenty stoics, so that the 
first hranoh of the line 
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coiTosponds to the Glomoiits from H to Ca, the second to those from 
Ca to Zr, and so forth. Tlio ordinates roprosont for the one part tiio 
atoinio uuinber.s thoinselves (coutinuous lino), for the other part half 
the atomic woiglits (crosses). Wo see tlmt tlie latter, in the moan, 
inci'oa.so to the same extent as the atomic nnmbors, but that with 
tlie exception of the lowest branch they lie above the corrcsponcling 
points of the atomic numbers, the diA'crence increasing as the atomic 
nnmbor inoroascs. Thus our diagram gives ns a picture of tlie abovo- 
montioned ooniplioated relationship between atoinio weight and atomic 
nnmbor. 

Concerning the arrnngomont of tlio periodic system in onv table, it 
cannot fail to bo recognised that it is in many ways arbitrary. Wo have 
already pointed out the arbitrary nature of the eight coliinins into wliich 
wo conld insert the groat periods only by force, as it wore. A further 
arbitrary adjiiatmont consists in liaving placed the eighth column on the 
right, next to the seventh column. As is often done, wo may place it as 
the 0th column in front of the lirat on tlio loft, The 0th column would 
then contain tlio olomonts of " valonoy zero,*’ that is the ohoniioally 
inert gases. The whole theory of atomic structuro, as we shall show in 
§ :3 of the present chapter, points to the inert gases marking the end 
and the completion of a period, and not the beginning of a now poricKl. 

§ TJie Laws o£ Radioactive Displacement and tlie Theory ol Isotopes 

The oharaotovistio proporties of the a-partiolo (its double charge, its 
great ponoirativo power, and so forth, of. p. 17) have already served us 
as a dircot and obvious confirmation of our fundamental views, namely, 
those on nuoloi, mioloar charge, and atomic nnmhor (of. §§ II, 5) . Radio- 
activity, howovor, can furnish us with still more information on this 
question. 

Lot us oonaidor the gonoalogioal treo of the radium family in Table 1 
of page 53, and disonss the position of Ra itself. Since it was first 
isolated tlioro has licon. no doubt that it belonged to tlio group of 
alkaline earths Ca, Sr, Biv. In partieular, B-a is so closely related to I5a 
ebomioally, that, originally, it was didieiilt to separate tiiem from one 
another ; the similarity in the spectra of the two is also perfect. On 
tho other hand, radium emanation, in virtue of its chemically inert 
behaviour, beyond doubt belongs to tlio group of inert gases. 

Now, ihis inuiiial iioailion of Jla and liaEm in Iha periodic si/ate-m is 
j^ial such as is demanded by oxir nuclear theory, Ra cl isintog rates, pro- 
ducing RaRin and omitting a>radiation, Tho doubly cliarged positive 
a-par tides comes out o[ the nudo.na of the, .Jia-alom and thus climiiiishes 
its positive charge by two units, 2e, Honco tho atoiuic luiinber of the 
resulting domeivt must also ho recliiccd by two, that is, tho iiowly pro- 
duced element must pioeedo the Ra in the system of oloinents hy pwo 
places. The midear mass hocomes reduced simultaneously witliVtho 
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nuclear charge, namely, hy four units cori'cspoudiug to the aioini** 
weight of He. The atomic weight of Ha is 220*0. IlatUum emaiuvl to*^ 
(also called radon and niton) must thereforo havo the atomic n«nvl»^*‘ ’ 

226 — 4 — 222 — which agrees witli tlie results of experiment. 

We generalise the remark just made about Ita and llaEin an ft 
cniuiciato the first law of radioactive displacement thm. J.n pmry 
of radioactive disintegration loliich is accompanied by the, e, mission- 
OL-rays {oLdransformation) a p)'>'od^^ct results, the nto^nie Qinmber of whirh 
in the jieriodic system is reduced by two units ; the eUmmi moms f t*'** 
2 ilaces to the left in the table. At the same lime its atomic weight decrvttsif'f^ 
by four miiis. 

Now what happens in tho case of ^4ramformalions, that i.s, of tliOHf’ 
radioactive processes during which ^-rays are emitted'? Does 
j9-ray electron in this case come out of the electronic slmll of the olomonl' 
or out of its nucleus ? In the former case the charaotor of the demon t> 
and its position in the periodic system would remain uualttu'ed, W<’ 
should have before us a process to which the term ionisati<ni A\'()iild have' 
to be applied. But wo know that jS-transforjuations also caus (5 
elements to bo formed. Hence tho ^-omission, like the a'emis.slon, iiu ih b 
come out of the nucleus. 


We must assume (this will bo discussed in detail in § 0) that in. a 
nucleus of atomic number Z there must bo, in addition to tlie Z vo 
unit charges that determine tJiis atomic number, othoi’ positive aufl 
negative charges which are mutually bound and which ncntraliHo ont' 
another (of. also the note on p. 63). Now if a negative unit charge (a n 
electron) is thrown ont of this neutral stock of cliargcs, a 3 K)sitivt) uniO 
of charge is free, that is, unbalanced by a negative charge, But tlioii. 
tlie nuclear charge must increase by one unit. Honco wo got tlicf 
second law of radioactive displacement. In the case of fidransfonna^ 
iions, the atomic number of the element undergoing change increases by ott-fi 
mil, and moves ^ to the next position on the right in the periodic table. 
The diminution in the atomic loeight in this process, however, is inapriveei- 
able on account of the small mass of the electron. 

^ In fact, the atomic weight does not become reduced at all if wo takci 
into account the fact that the atom which, owing to tho fi-transforina- 
tion, has become positive, will soon neutralise itself by drawing to itsol C 
a free electron from -without. Such free electrons, so wo may assumo, 
MO always oTOilablo in tlie interior of a metal, and in an atmosphoro cem- 
t nuaily subject to radioactive radiations and iionoo ionised, Of oonrao 
the external electron just mentioned does not enter into tlio iiiiolovis bub 
into the eleotromo shell. In this way it oomplotos tlie number ot 

B >«"’ olomont derived by tho 

is'folh^Thv'""' ^“ging proooss of tho ;8-transf(irnfntioii 

Zmi Z] ^ Wie small climimlion oj alomia 

wagU m M imrniy cmwd by tho loss of the ^-Ocotron is tlms mliflerl 
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After the a-iransfonnation, too, a process of neutralisatioii will also 
take place, Ror the atom which has arisen through the a-omission will 
at first have two electrons more than the number corresponding to its 
nuclear charge. It will therefore give U]^ tv^o of its electrons to ifc.s 
surroundings, not, of course, in tlio form of /3-radiation, but by way of 
balaiusing its charge witliout the generation of considerable kinetic 
energy, 'lllio decrease of atomic Avoight to the extent of four units, 
Avhioh corresponds to the a-omission, thus becomes slightly more marked 
OAving to tins additional loss. 

It is of historical interest to note that Fajans * and Soddy t share 
equally the honour of liaving disoovered these laAVS of displacement. J 
Soddy first enunciated tlie laAv of displacement for a-transformatious. 
ili'ajans tested it on further material and added tlio laAV of displace- 
ment for jS-transformations. He and, a little later, Soddy foi’innlated 
botli hvAvs of displacomont in the form Avhioh is noAV generally accepted 
a.s valid. A. S. Ilussoll endeavoured to express the gonoral laAv almost 
at the same time, hut his formulation Avas not quite correct. 

In our account a\'o havo road the huvs of displacement directly out 
of the tlieory of nuclear structure. Historically, the state of a (lairs Ava.s 
of course dill’crent. When those laAVS Avere first enunciated this nuclear 
theory did not exist, nor Avas it possible at that time to arrange tlio radio- 
active products into the groups of the periodic system in all oases. It 
Avas rather the laAA's of displacement tliat have led to tlio present arrange- 
ment of the radioactive elements into the scheme, and at the same time 
they have given the theory of nuclear charges a sound foundation. 

'.fable n shoAvs on tlio one hand tlio distribution of the radio- elements 
in the periodic .system, on the other, in the Awtioal columns, their dis- 
tribution in tlio scale of atomic Avoights. The char actor of the radiation 
omitted is, as in the former table on p. 53, indicated by the loiters, 
a, /3 jirofixcd to the symbol of tlie element under coiisidoration. 

Lot n.s, for example, folloAv out the radium family, beginning Avith 
lla and proceeding Avith the zig-zag step presoribod by the laAVS of dis- 
placomont, Wo got from Ra {Column il, At. Wgt. 226) to HaEin. 
(Oolamn VIII, At. Wgt. 222) to .RaA (Column VI, At. Wgt. 218), to 
RaB (Column IV, At. Wgt. 214) by successive a-transformations. Next, 
from ;RaB wo got by a /S-transformation to RaC (Column V, At. Wgt. 
214). At llaO the interesting branching that was discussed earlier (on 
p. 53) takes place : by an a-transformation avo got to RaC ' ' (Column III, 
At. Wgt. 210) and then by /S-transformation to tho long-lived Ral) 
(Column IV, At. Wgt. 210) ; on tho other hand, from RaC by a ^-trans- 
formation to RaO' (Colnnm VI, At. Wgt. 214)— to this transformation 


* ITiibiliiatioiisfloln’ifli Kai'isriiho, 1912; PJiysilc. 14, 131 and 130 


f Thc- VhcmiHlr}! oj the If odium ISlemculs, lOIl i Clioiu. Nonvh, Vol. 107, ]). 97 

YtIio gonoral law was boing sought almost aimultanooiisly by A. S. BviSfioH (of. 
Ohoin. Nows, Vol. 107, p. fi2), but liis formulation was not qullo corroot. 
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wo owo the omission of intense y-rays by RaC — then by an a-trans- 
fonnation we likewise get to EaD. From RaD a two-fold |5-transfor- 
niation loads to RaE (Column V) and RaF (== Polonium, Column VI) 
in whioh tho atomic weight 210 is retained. The position of polonium 
in tho periodic system may, according to Marckwald, be verifled by 
ohomieal mothod.s. It is somewhat more eloctronegativo than Bi 
(m tho sense elucidated in § 1, p. 1;10) and this conforms with tho 
positi()n '\vhioh has been assigned to it, namely, that immcdijitoly suo- 
ceeding Bi. A final a-transformation olianges polonium into RaG, 
also called radium load (Column IV, At. Wgt. 206. which is less than 
tho atomic weight of ordinary lead, 207-2). Radium lead is tho final 
product of tlie radium series. Tho thorium and the actinium series 
also end at tho same point of the periodic system, at thorium lead 
(ThD) and actinium lead (AoD). 

We must next refer to the interesting complex of faots, to whioh the 
name isotopes is applied colloctivoly. Isotope signifies occupying tlie 
same po.sitiou ; isotopes are elements that occupy tho same position 
in tho periodic system. Tho totality of isotope elomonts in one eom- 
partmeut of the system is oalled pleiad. In Table 6 every group com- 
posed of elements whoso symbols lie vertically below one another form 
a pleiad of this kind. Tlie pleiads of load and polonium include no loss 
tluin eight and seven members rospectiyely. The individual mombors 
(lihor among themselves in atomic weight up to as many as eight units, 
hut are yet so similar that they are usually considered, not as difToront 
elomonts, but as difforent species of tho same element , For isotopic 
ehme.nls cannot be separalad from one a-notlier by Chemical means at all 
anti exhibit i(lenlka.l physkal %yroperlus IhroughouL 'fho only means of 
separating lliom chemically or physically is that offered by tho dilfor- 
ence in tho atomic weights whioh may inanifest itself in a difference 
iji their gravitational and inertial action. 

'Tlie most convincing confirmation has been found for tho theory of 
isotopes ill the case of load. When tho atomic weights of load isotopes 
of varying origin were comjiai’ed with one another, it was shown tliat 
load from radium minerals (RaG) has tho atomic weight 200-0 and load 
from tiiorhim minerals 1ms tho atomio weight 207-0, whereas ordinary 
load has an atomio weight 207-2. 

On account of tho interposition of isotopes the traditional frame - 
-w^ork of tlio poriodio system must ho extended. Since there are now 
several olaimaiits to one space of tho system, the scheme on one plane 
no longer gives, a n on-ambiguous allocation of tho elements, It would 
ho host to extend the scliomo spatially. We imagine the isotoiios to 
h{5 placed heinnd one another in order of their longevity, stiy, 'l?lio 
longest-lived element forms tlm chief representative of tho plciatl in 
question and would stand furthest back in our .spatial scheme, in tho 
same vortical piano ns the permanent elements which are not suapeotecl 
of being rndinnotivo. From this longest-lived element the series of 
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isotopes of decreasing longevity would then be successively amiyi'd 
outwards and upwards perpendicular to the piano soliomo. Tlius, in 
tlie two-dimensional table of elements, we sliould, to bo more acouriiio, 
have to place Ui in the lowest space below uranium, whereas tlio isotoim 
TJji would have to be placed in front of it (out in space), In the last 
place but one, protoactinium stands as tlie longe.st-lived oleinont of Ks 
typo (its stretch of life is about 32,000 years), whereas the element 
(also called brevium) that has hitherto been installed there has a life 
of only 1'17 minutes and would thus have to bo bi’ouglit forward out 
of tlio table. Of tlio three emanations Ra-Em is the longest lived 
(3*825 days), and must therefore stand as the representative of the inert 
gases ill the sixth period. In tlio former table the ohiof representatives 
of the types of corresponding elements were empJiasised by being priiitiul 
in dark typo. 

TJu’OUgh the discovery of isotopes atomic weight has been dispheed 
from Us position of aovereignti/ by the nuclear charge. Wo are acqiiuinUsl 
with elements, for examiile, RaGr and RaB, or Bo and RaA, which dilh’i' 
in atomic weiglit by eight units and yet (as isotopes) they beliave 
identically alike in chemical reactions. On the other hand, wo know 
elements, for example, RaD and Po that behave chemically as dilhir- 
ently as 0 and 0, which belong, namely, to the fourth and sixth oolumn 
of the periodic system, and yet tliey liavo the same atomic weight. 
Pairs of elements of the latter type ai*o to be found in Table 5 in 
a horizontal lino ; pairs of elements of the former type occur vertically. 

Not only among decaying olemonts hut also among pet'manent de- 
ments there are isotopes. Nor do they occur as exceptions ; indeed, 
they are the rule. Of the elements that have hitherto been invostigat(?d 
for signs of isotopy most Jiave shown themselves to bo multiform. 
Those that have been proved to be of one typo * only are 


H 

IIo 

Bo 

C 

N 

0 

I?' 

1-0078 

4-002 

0-02 

12-000 

14-008 

10-0000 

10-00 

Na 

Al 


As 

I 

Cs 

Bi 

22*007 

20-07 

31-02 

74-06 

120-93 

132-81 

200-00 

The following elements have been found to be multiple : 


Li 

B 

No 

Mg 

Si 

S 

Cl 

O'OdO 

10-82 

20-18 

24-32 

28-00 

32-00 

36-467 

Ar 

K 

Ca 

3?o 

Ni 

Oil 

Zn 

30-04 

30-104 

40-07 

66-84 

68-09 

03-67 

06-38 

iSo 

Br 

Kr 

Bb 

Sr 

Zv 

Ag 

70*2 

70-916 

82-9 

86*46 

87-63 

01-22 

107-880 

Od 

Su 

Sb 

To 

Xo 

Hg 

Pb 

] 12-41 

118-70 

121-70 

127-5 

130-2 

200-61 

207-21 


* There are, liowever, extremely rare isotojiGs of 0, 0, and N. 
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VVe HW. that the atoiiru! weights that have hcuMi printed below the 
syml)t)ls for the ideinents are in tlie ease of the simple (doinentH — in. 
particular, of the lighter ones — almost (^xae■tly whole numbers ; on the 
other liand, they diverge considerably from integers in the case of ele- 
ments that have been recognised a s multiform . If 11 rthor , the olomontary 
constituents into which the latter may bo resolved are lioro, as wo shall 
see, exactly whole numbers, within the limits of error (except for the 
packing ell’eot ; cf. § (5 of the present chapter). 

Wo are indebted for this important Iciiowledgci to the work * of 
R. W. Aston, who, for his part, added a new link to the analysis of canal 
rays {“ positive rays ”) carried out by J . d'. Thomson (of. p, 00). In the 
canal-ray tube there are manifold fragments of matter, simply and 
multiply charged, atom-ions and molcculc-ions. In an oleotrioal Held 
they are deflected by an amount propoiiiional to their charge and in- 
vorsely pro])ortional to tlieir mass. Hence in the case of two isotopes 
of the same charge and different mass the Ixoavior constituent will bo loss 
doQocted than the lighter, bhirthorinore, the amount of the dofleotion 
depends on the velocity that has been acqxiired by the x^f^i’ticlo in 
question. TIkj advantage of Aston’s method over Thomson’s was gained 
by arranging behind the olootrical Hold a magnetic iiold, tlio intensity 
and range of which was so chosen that all invrtioles of the same mass 
wore concentrated at one and the same spot : the photograjxhs so ob- 
tained are called " mass-speotrograms.” 

Tlio first result of Aston states ! Neon consists of two isotopes of 
atomic weight 20-00 and 22-00, “ noon ” and “ mota-noon.” The 
atomic weight obtained by cliomioal moans, 20-2, rosult.s from a mixture 
of both in a constant proportion. 

’I’lio resolution of chlorine into two isotopes of atomio weight 35-0 and 
3*70 is particularly impressive. The cliomioal atomic woiglit of chlorine, 
36-46, ivhioh among the lighter elements is the first serious contradiction 
to the integral (whole number) bharactoi- of the atomic woiglit, comes 
about owing to the fact that, as is shown from tlio photographio jilato, 
the OI35 is present in greater quantity tlian the OI37 ; tlie proportion is 
3:1. In addition to the spots of 36 and 37 wo sec in the mass spoobro- 
gram of the Ol-iihotograxihs also the spots 30 and 38 iirosent in about 
equal x^i’oportions : these are to bo interxireted as HCIgs and HOI37. 
Then, again, there are spots 17-6 and 18-6 that represent doubly charged 
•CI35 and Clg,. (In a speotrogram double the oliai-go acts lilco half the 
mass,) 

In the ease of tJie inert gases Icrypton and xenon, not loss than six 
and nine isotopes, rospeotivoly, have been disclosed, of wliieh the atomic 
weights differ up to 8 uni ts in the case of Kr, and 12 in that of Xo. In 
the case of )Sn eleven isotopes wore observed, in that of Zn and !B'g tlioro 
wore’ seven for each. Honco we have pleiads lioro of the same number 

* Phil. Mng., 30, 440 ami 011 (1020). Soo also Isotopes, P. W. Aston, 1022, 
IHtlwtU’tl Arnold Sc Co., London, ' 
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as iti thfi.oase of tlio radivun oleiiients ((if. 'I’ahlo H). AH 

odd atomic aiuiiiber appear to have only '2 iH(3t(jp<-'M, if t k'} u (- .. 

t\\ the following Table 0 wo follow Aatou in attatihing IIk' lottor.s 
a b c ... to the relative amount iu which tlio eorrospoiuling HpiiOU’.s 
of element is represented in the mixed elomont {a acuiotos m' 
.strongest component, b the next strongest, and so hu’Vli). ... 

duly atoms in the gaseous state can ho examined hy ^ ^ 

motliod. A series of non-volatilci olojnents, for examjdo, Mg> /ui, 
have been investigated by A. <1, Bompster | by a canal I’a.V mot an 
whicli differs from that used by Aston. ^ 

A more sensitive method than oitlier of those and oim wiiiolt 
also be used for very small quantities of isotopic admix tuixis 
method which uses spectral bands. In Chapter I.X , ^ wo Him! I 
discuss the infra-red absorption spectrum of HOI, winch hringH out. 
clearly the two isotopes CIgg and CI37 . But whoreas in this caHC a k nown 
result is confirmed optically research on bands has diuelfwid new and 
entirely unexpected results in the case of oxygon, carbon, and nitrogen. 
(Sfi'aque and dofniston | interpret certain weak lines iir tlio atniOHpluM’io 
absorption hands of oxygen as a comhiuation of Dig arid Ojjy, and HtU 
weaker lines of the saims spectrum have been ascribed by Babeock JJ 
and Birge If to a molecule wJiioh is formed from and Oj?. Tim 
rareness of the atomic species and Ojg is indicatad in the w<iak 
intensity of the corresponding bands, tho ratio of tJioJr fz'(3(pienoy of 
oeouiTence (ffcmfiglcBitsverlidltnis) as compared with ordinary oxygon 
amounting to 1 ; 1260 and 1 : 10,000 reapeotivoly . In tho case of carhoii 
au isotope of atomic weight 13 has been shown by Birgo to bo jiroHon t 
in the C C-bamls (Swan speotrum)~“as well as in tho CO- and t'N- 
bands (cyanogen bands)-— and in this case, too, to so small an extent 
that it could not lUanifest itself directly in tho maas HpcctrograpJ). 
According to researches by Naudd ff tho N-isotope is apparently 
indicated in the bazids of HO. 

Iji view of all these discoveries the traditional term '* atOmlo weight 
as used for the quantity which is familiar to tho ohouiiHt is really zio 
longer approimiate. Tho constant values of the latter must be jntiuv 
preted as showing that the isotopes of tho mixture oamo iPtu oxiHt(3iiee 
before the earth’s crust had solidified, in epochs in which tlioiv iiuiforiu 
(Commingling was possible and inovitable. TJiis alono would oxphiiu 
why the chemist everywhere and at all times fijicls tJiojii ocovvHug in 
the same proportions. 

The striking characteristic of elementary atomic weights, tijat of 

* F. W. Aston, Pi'oo. Roy. Soc., 136, 611 (1030). 

f Phya. Rev., 11, 310 (1918), and ir <137 (1021). 

I Nature, 128, 318 (1920). || Ibid., 138, 813 (1920). 

If Ibid., 134, 13 (2 m). ** im., 134, 1 82 (1029). 

ft Pbys, Bov,, 34, 1408 (1929). Bosiefog the Imoa of NuO.q NaucM also fluds 
tlioao of tl»o combinatious with tho rarer ojcygoii isotopoa N,., 0 , 7 , Nj,,0,8. 
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boing integral, lustoros ProuCn hypolhem to its position of- honour*: 
accord ing to tliis liypotlvcsis, all atoms arc supposed to ho built up of 
liydvogon. ll.^hc fact tirat hydrogen itself is simple has been proved 
not only by Aston but also by 8tcrn and Vohnor * by anotlior method 
( , (fractionated difTusion of hydrogen and oxygon). 

If, in accordance with the sonso of Prout’s liypothosis, H-micloi aro 
tiro real olomontary “ hrioks ” of whicli all gravitational matter is 
built up, it must oaiiso surprise tjrat in tiro radioactivo transformations 
“ H-rays ” have novor boon observed. Why does not the liydrogon 
mioleus occur as a decay product of tiro higher eleinonts just as well 
as the loss simple Ho-nuoleus ? In the last scotion of this ohaptor wo 
shall give reasons why sponkmeojw omission of in’otons does not occur, 
Wo slrall hero only remark, howovor, that in avlificially slimulaled 
disintegration, as first used successfully by Kuthorford in the case of 
nitrogen, proton rays are actually produced. Wo slmll also disouss 
the latter phenomenon in tlie last sootion. 

§ 3. Peripheral and Central Properties o£ the Atom. Visible and 
X-ray Spectra. Configurations o! the Inert Gases 

In the roi)resontation of the periodic system givo]i in the first para- 
graph we followed the example of Mondoldoif essentially, both in tlio 
sotting out of the table and in giving valency the xu’edominant posi tion 

* Aim, d, Idiys., 60, 22C (lOlO). 
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aa tho rcgulativo principle lor the various groujis 
remains now to develop the representation that Lothar ivl.c,y< ^ 
lieriodic sy.stGin at the same time as MondeleeH. I'S ^ , j,, 

the classical curve of atomic volumes, Eig. Jlo. As wo knin\ , 
volume denotes the ratio 


atomic weight 
density 

This ratio has the dimensions of a volume (em.») ; it (lenotuH, Inns ' 
ever, not the volume of. one atom, but of so many afcoins as ait' ’ 
tained in the number of grammes given by tlie atomic w('ig it. im < 



Fia. 35. — Curve of atomic volumes takou from ono of tlio tubloH {'oiiipiluil l»,V 
Stefan Moyor.’'' A distinct periodicity, is oxhihited, 


of atomic volume we might say more correotly gramino-atom voluimn 
We shall, however, retain the term that has been sanobioned by UHtim*. 

The atomic volume is, of course, deftned only for the solid and liquid 
state. The gaseous state admits of no imopor volnmo tliat is ohar- 
acteristio of a substance {unless we calculate suoli a volume from van <icH* 
WaaVs gas equation). In the case of the so-called ponnaiiciib giiHOt* wis 
must, tlierefore, in defining the atomic volume, derive tlio density from 
the liquid state. In the case of solids that ocour in various aUoti’ 0 [»i** 
modifications (diamond, graphite), wo get several values. 

We call attention to the following in'ominent features of t!ie on wo : 

* JSlster and Qeitel Featsclmjl (Braunsclnvoig, 1015}, p, 1511. 
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the inaxiina at tho poinls oecmpiod by the alkalies, the iininecliatoly 
lollo-wiiig (loseontliiig braneheH of ilio ourve, the flat niintnuun in tlio 
iniddlo of the lioriotl, tho asoonding l)raiicli.0H boforo tho next snooeasivo 
alkali, tho likewise high ordinates of tho points occupied by tho inert 
giuses, and ])articnlarly tho similarity of appoaranoo botweon tho groat 
periods of 18, 18, and 32 elements with tho small periods of 8 and again 
8 mombors ; this similarity is such tliat in this rcprosontation of tho 
periodic system thoro is no sign of a subdivision of tho groat periods 
into two small periods. 

Later, a series of other properties wore discovered which exhibited 
an aiialogons behaviour in tlioir mode of dojjondenco on tho atoini(! 
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■Ifia. 30. — t’m’Mioi' owunplos o£ piM'iodic pro] lor tics. Ou»n|H’(Wsiliilt(iy « (bottom 
llguro), (jooinoionb t)f cxpiuisiou oc (middlo llgiiro), rooiprocul inoH)iiig-i>oint 
•l/T (top /Igiiro) aa ordiuatoH, atoniio mimberH Z oh ubsoisHuc. 


weiglit {or afcomio luimbor, rospootivoly). In Pig. 30 wo exhibit as 
examples of snob properties : tho oomprossihility >f, the eoeffioient of 

I 

expansion «, the reciprocal of tlvo melting-point (a.s an inverse measure 

of tho tondonoy of tho olomont in (piostion to be a solid) ; tlioso are 
properties that concern itot tlio filling of space itself as in tho caso of 
tho atomic volume, but tho altoration of the volume occupied owing to 
pressnro and tomporature changes, I’u a broad, sense, theso curves run 
parallel to those of tho atomic volumes, but they seem a little less 
regular. .In tho curve of the reciprocal melting-points, the maxima are 
not at tho alkalies but, as is oa.sy to understand, at tho inert gases, 
which, show tho least inclination towards becoming solids, 
von. I — 10 
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All these tilings conoern apronoiincod external property <ii’ (hr »«■• ** *^ | 
namely » its claim on siiaco. Its connoxiou ivith valoiuiy i!<(iu!il i»nr. | 
tho structure of tlvo poriodio systojn in Lothar Moyer’s eurvi* 
olmmiml a^lioTis, <oo, depe7id on external propert ies of the atom. I ii ar I * * * , j 
fact, they regulate the external relations of atoms to one anollin- •*** 
theinsolves (topond on tho uumhor and aiTangcinont of tlu^ rxh<i *** i* 
oksotrons that dotorniino tlio valency. Also the clastic piopri !» >"* 
atoms, their thermal hohavioiu* as shown by .D along and Ih^titV 
of specific heats and tho oleotrical conductivity each give ii « i.* • ^ ^ 
anaiogons to that given by atomio volumes, and thereby pviivr f ' 
they too are external prope^iies of the atotn. ^ 

But also the plteimnena that give rise to the emissmi of visililv ' 
occur at the periphery of the atom. The spectra of tho alkalies e\U** ** , 
an essentially similar structure in spite of their greatly dilTcireul iti* * 
numhors, Z = 3, 11, 19, 37, 65, and the consequent increase in t 
plexity of the internal atomic struotnro. Only the peripheral lu ra*'* ^ 

ment of electrons in the series of alkalies is similar ; hut this sullh ^ 

bring about an essential similarity in their visible spectra. 'I’lte '****' 
cori’ospoiidenco exists between the spectra of tho alkaline eiiiiliw 
Ca, Br, Ba, as well as between Zn, Cd, Hg. Almost in (wery ft** 
posUio7i of the elemeiit in its ^yeriod and 7iol its jjosition in the sysii'i* * 
a whole (its atomio nuinhor) is the deoisive factor. Tho hiller 
number) gives only a slight sign of itsolf, in that tho spectral liie f* f ** 
in general not simj)lo lines hut oonsiat of two or throe lincH tlud Jw-I* •* *J^ 
together and arc more or loss close together hr the speeslriiiii. ’"1*1**^ 
difforencos between the frequencies of this “ doublet” and ” 
inercaso regularly with the atomio weight, as used to bo Hlatetb ^*'***' 
wo now say, with tho atomio number or nuclear charge. But II if |*'S*r* 
played by the luiolear charge in the optical spectra is hut a minor * 

TJ\o position is dift’oront in tho case of X-ray spectra. Kur 1 1* 
the atomio numbor is tho chief factor, in that from the atomic nm* * lpr*’*r 
of the element tho oorresponding X-ray lino, and, convci'Hi'ily, fnmsi t 
X-ray spoobrum the atomio numbor, oan be detormined uiiupiel.v. * 
frequency of a definite X-ray line, for examido, tho principal liiu’ u>l' 

IC-sorios (of. tho next ohaxrtor), inoroasos uniformly and cimtirm**«,iiml 3 t*“ 
with tho atomio numbor throughout the whole system of 
almost without showing a trace of jreriodioity. In this cast* it U m *t 1 
position of tho olemont within thoxreriod of the system hut itw 
in iJte aystent as a tvhole iJial ia the aU-importa7il factor. 

Now, what does it signify that in X-ray sirootra tho ivtnnile tiiiijrm«|M;«,|^ 
of the olomont, its nuoloar charge, exhibits itself so strikingly, 
in tiro spectra of tho visible region it hides itsolf ? 'I'liis signiliw f l t jfnf,; 
the 7'egion in which the X-ray epectrum takes its origm is the 
part of the aUnn, the immediate viemity of the nucleus, and ihtU, 
olheft' hand, at the periphery of the atom, where the ojiliml 
2 y)‘oduced, the 7vuclear charge is screened off by the cloud of hmer 
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K>r j’Ufil skhies family iJmmgli lkem> if is owing lio the fact that tlio 
'X-ray wpcaitra lak(t their origin from ilie euntral region near tlio miclous, 
Avhei’t! tli(5 forees are strongest ami least mutlilied, tliat tlieir penetrative 
^l^owor and liardness is so groat. In contrast witli this, the visible 
*speotra recxnire for their excitation only small amounts of cjiorgy. At 
lihe surface of tlie atom the events ocenr on a moderate scale, but in 
tilto intenor of the atom tliey become intensilied to an extreme 
<l(!gi'ee. 

U^he nnelous and the innermost regions of the atom around it are not 
t>uilt up x>eriodiealIy but, in view of the intensity of tlio holds of foroo, 
’their structure is a continuous growth in conformity with the contin- 
Vious increase of tlio atomio unmber. The X-ray spootra reflect this 
*Hy.stomatio iiioroaso of growth and thereby lose all connexion with the 
Aperiodic structuro of the natural system. Periodicily is an e:cternal, and 
'^lol an internal, ^^'f'ojjerty of atomic stmeture, 

A general inforonco about the arrangement of tlio oloctrons about 
t:lic nucleus may be drawn from observations concerning isotopes. Ttoo 
of an element cannot be aepamfeiZ by chemical means (o.g. radium 
*Xiul mosothoriimi, thorium and radiotborimii, or CI.J5 and Ol^,) ; tliat is, 
■tilio perixiheral x>nvts of their atoms are built uj) similarly, since it is 
tilieso parts tliat are alone of aoooimt in chemical reactions. Moreover, 
i-ivo isotopic elements have similar -spectra * in the visible and the ultra- 
tjiolel regions (for example, thorium and ionium or mixtures of the 
ti’svo) : this similarity also loads ns to eonoludo tliat the arrangomont 
of the oxtoriial olomonts is very axiproximatoly the same. But two 
ii^oto2nc elements have also the same X-ray speclra (e.g. in the case of load 
ti-iid EaQ, according to Hiogbahn and Stonstrom) ; hence they are also 
txliko in the arrangomont of the internal electrons. Hence the wliolo 
I'l.tomio structure is dotormined nniquoly by tlio nuclear ohargo ; given 
t>ho same iniolear charge wo get the same atomio struotnro, in siiito of 
varying atomio weights ; this ajiplios, in particular, to the radioactive 
olcments. As the decay oontinuos and the nuoloar ohargo alters, the 
xxiiw arrangomont of the oloctrons that oorresponds to the new nuolear 
oJ largo is offeeted automatically. The alotnic structure is unifomly 
^•'cgulaied, by electrical agency from within outwards as far as the 2)eri- 
^j 7 iery of the atom, by the magiii tilde of the nuclear charge. 

h’o describe the x)Oi'ipheral structure provisionally for the present, wo 
3 >ictui’o to oui'solvos the xH’ogrossive synthesis of tlio atoms in the order 
of the poriodio system. At oaoli step a new olootron is added, In 
^onoral the now electron attao]io.s itself to the outside, as wo may assume 
t>liat in the interior of the atom there is no room for the immigration of 
tijclditional clootrons. As the number of external olootrons increases, 
top by step, a limit is reached Avliioh, for reasons of stability, cannot bo 

*T]io Bimilai'ity doofi nol; rofoi' to tlio mimbor mid position of possiblo 
* * satollifcos,” of. Chap. VIII. Tlio lattor aro aonnootod with tho flno details of 
jivolonr structuro and may diffor from ono anotlior in tlio oaso of isotopic atoms. 
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exceeded ; of, § 4- of tlio present ehaptor. From that point onwardn a 
now outer slioll begins to form, the previous outermost shell (iontriietiiig 
inwards. To picture this, we need, only rcniomber the rings of a trtte 
in its yearly growth. 

The alkalies are decidedly univalent and electropositive, ^L'hei'o can 
bo no doubt that we must assign to them in each period one outer electron 
in the outermost shell. The alkaline earths arc divalent, thti earth.s are 
trivalent ; to these must be ascribed, respectively, on(5, two, and thrive 
outer electrons {valency-electrons). In general wo ascribe to the eleotro. 
positive atoms at the beginning of eachxmriod just as many outer oIe(!- 
trons as is expressed by their valency with resj)cot to oxygon (of. p. Kid). 
Ehclro'posiiive character deiioles readiness to part with eleclro7is. Now 
the electronegative elements are at the end of oaoli jmriod. Mleclro- 
negative character denotes readiness to take up eleclroiis. ^I.'he (deetni- 
negative atoms lack just as many eleotrons as they have hydrogen, 
valency ; fluorine wants one, oxygen two, nitrogen three, 'I.’Iu^ho 
electrons are not wanting in them for electrical neutralisation but for 
electromechanical stabilisation , 

Between the electropositive elements following the end of a peritul 
and the electronegative elements preceding it there is situated in each 
case an ineiti gas. When the electropositive elements give \ij) tluur 
valency- electrons, they reduce their configuration to that of inert gases ; 
whereas when the elcotronogativo elements satisfy their valoncios by 
taking up eleotrons, they complete themselves as configuratioiis of the inert 
gases. Thus both i)arties strive towards this goal. Honeo wo must 
assume thatthe configuration of inoH gases possesses a sxXioiid degree of 
stability, and we see why in the progressive synthesis of the atoms in tlu^ 
natural system each x)eriod ends with an inert gas and that then a u<uv 
shell begins. 

The two small periods each contain eight elements. The inert gascH 
neon and argon that stand at the end of these periods are thus entitUal 
to eight eleotrons in the outer shell. Wo shall see that the other imu't 
gases, also, as far as radium emanation are to bo credited with eight 
outer electrons. Instead of ” configuration of inert gases ” we might 
just as well say “ 8 -shell.” Helium with its two outer olootrons is, of 
course, an exception, 

Tlie union of electropositive and eleotronogativo elements donotcH In 
the simxfiost cases the oreation of one or more S-shells, Wo call to mltul 
HF , H 3 O, NHg, Fluorine, by taking from H the electron tliat it lacka, 
completes itself as an 8 -shell ; in. the same way, oxygon and nitrogen do 
likewise by depriving two or three hydrogen atoms of their olcotronH. 
In all cases the result is the neon configuration with attached hydrogc.vu 
nuclei. Further, in the formation of NaCl two full S-sholls oonuv 
about : the outer electron of Na emigrates to G1 ; 01 becomes raised 
to the argon type, and Na becomes lowered to the noon tyjm. 
A corresponding argument Imlds for all the alkali halides. Wo may 
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ropr(!HUiii> this process by the somewhat umisual chemical formula 


Na+Cl- = Nci^Ai, 

Avliicli expresses that the positive Na-ion resembles a neon shell and 
that tho negative Cl-ioii ,resoiiibles an argon shell, Avitli the difference 
tiuit tlvcs nuclear charge of the former is not 10 but 11, and that of the 
latt(U‘ is not 18 but 17, In tiro case of divalent f)olar compounds two 
cJiHitroiia pass from the elccti:opositivc to the electronegative component, 
li'or example, M'O find that Avith OaO tAvo 8-sl\ells form, the one, Ca'*"’’ 
being of tlio argon type, the other 0 — being of the neon type ; this 
may bo expressed thus ; 

0- - AsoNeg. 

llesidcs the tendency to the 8 -configurations of the inert gases, we also 
find a tondonoy to the “ IS-configurations ” of the ions Cu'^, Ag'^, Au+ 
in tho compounds of tho neighbouring atoms. 

W. Kossol,* who revi\md Berzelius’ theory, Avorked out fully this 
vioAV of chemical action and tested it not only on tho typically simple 
polar oojnponnds, but also on Werner’s complex compounds. He 
arrived at the result that in tho case of all such compounds the directed 
single forces denoted by bonds in tho old chemical schemes may be 
ro])]aocd by tho electric forces of the ions, Avhich are more intelligible 
physioally. This vioAV, of course, does not embrace non-polar bonds, t 
tliat is, those bonds for Avhioh no ions can be assumed, as in the case of, 
say, 14, Na, O2 ; and, naturally, t)\ero are connecting transitions between 
tho liinibing conceptions polar and non-polar. 

It lias been held up as an objection to iCossePs line of reasoning, that, 
in the effort to traoo ohomioal actions hack to clectrostatio forces alone, 
it lias noglectod the q_uintcs3onco of tho modern iihysies of the atom, 
namely, tlie q[uantum theory. Tho author is of the opinion that in 
KossePs hlieory tho quantum ingredient is represented by the fact that, 
going beyond Berzelius, ICossol takes the atomic volumes (bettor, the 
ionio volumes) into account Avhereby, for example, the decrease in the 
intensity of tho polar union Avith increase of atomic size is explained 
aooordiiig to Coulomb’s law. In fact, tho size of atoms is given, accord- 
ing to our modern vioAV, merely by the extent of their peripheral elec- 
tronic orbits, and those, in turn, are determined essentially by their 
quantum numbers. 

'J’his brings us for a moment back once again to the curve of atomic 
. volunios, witli which wo started this section. Tho doAvnward course of 
tho cur VO at the beginning of each period may be made clear quite 


* In Iair loiAK papov, " Bbor MoloUaibildnng als Frago rloa Atombnixes, 
Ann. d Pliys., 49, 221) (101 0). Cf. also ” tlbor tlio physikniisolio Nai-iir dor VfllonK- 
kv-aflo,’’ kaUwwiRa., 7, 1190 nnd 900 (1010), or llio monogi-nplt, VolflvzkMflfi imd 
(2nd (1(1., Springor, 102‘t). ' ^ m 1 

i " ■tIoiiAooviolivv ” ftccovdiug to fcUo nomonclaluvo of R. Abogg, whQ.]nopntoa 
llm way for Kossol’s olootrical thooiy. Instond ot polar Abogg and use 

tlio term “ liokovopolar,” 
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simply, if superficially, by the following consideration. In. the {;aso of 
a neutral atom of an alkali metal, an external electron is situatod in tli<^ 
field of an atomic residue carrying a single positive olrargo. In tlu' 
of an atom of the alkaline earths, or of the oartlis, if they are eleotrioally 
neutral, we have two or three outer oleotrons in the field of a doidiiy 
or trebly charged positive atomic residue. The inoreasc^d atti’aetitm 
arising from this more higlily charged atomic reskluo, whicsh ahvayN 
outweighs the repulsion on the part of the other valentsy ('li'ctronH, 
clearly effects a contraction of the dimensions of the orbit, as (!om[»u’e<l 
with the alkali atom, and so explains the dcci’case of the atomic voIuiik^h 
at the beginning of the periods. The ascending branclu'S at tlui «m<l of 
each period cannot be interpreted so readily. 


§ 4. Introduction to the Theory of the Periodic System. Pauli’s Prinoiplo 

The theory of the periodic system is founded partly on the olnmneid 
system of arrangement and partly on spectroscopic facts. Wt' toimhed 
on the former in the preceding section ; wo sliall dovoloj) tlie latter in 
the following chapters. Hence in our present account of tlie tiu'ory <if 
the periodic system avo are forced to proceed somewhat dogmatieidly, 
and shall have to leave many empirical confirmations of si)ectros<fo|)ie 
origin till later. We commence by stating some general points of view 
Avliioh Avill be used as a basis for considerations given in the nc'xt. 
section, Avbioh are more detailed. 


1. Comparison with the States of tlie Hydrogen Atom 

111 the case of any arbitrary atom of atomic number Z wo liavo Z 
electrons. We shall, os a first approximation, treat oaoli of them ua 
independent of the remainder. Wo may then oompare it witli the 
electron of the hydrogen atom,— in which ease the nuclear eluirge 
of this hydrogen atom is to be set, not equal to 1, but to Z. ilCxaotly 
as in the hydrogen atom avo denote the state of tlio electron in iiuoHtion 
by means of certain quantum numbers. In describing the hydrogiai* 
states in space Ave used tlie quantum numbers 


(cf. p, 120), and called 


n — rif -t- no d- 


the 'princi'pal qutintum number, 

no -\~n^~ 1 

tho azimnlhaV im,aum numhar. T|,d Jattor takes tlie placo ef tlie 
quantum number ‘ 

H “ no -h 

of the older theory (p. 116). Precisely os tos to siguily the iiroicm. 
11 . on a favoured direction (magnotio axis), of. pago 121, bo 
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in the Hcquol wo shall nse the projection o£ 1 011 such a favoured direction 
and sna I um nii signify the magnetic quantum number. The index I 
m to ( iHtinguish this niimber from an analogous quantity which will be 
introduced later and will be called w, ; is a whole number, like 
n and t. U roin definition we then have, as in Fig. 29 of page 123, 

ao that thoro arc alfcogotlier 21 -f 1 different values of Wjfor a giveiU. 
llie introduction of the threji quantum numbers 


n, I, nil 

in tlio case of the hydrogen electron or any selected electron of a com- 
plicated atoju corresponds to tho three degrees of freedom of the point- 
mass in particle mechanics. By adding to the three data n, I, Wj the 
above quantity wo pass beyond tho mechanics of tho single point- 
mass and endow tho olcobron with an axis (“ spinning electron ”). 


2. Principal Quantum Number and Shell Structure 

We know that as wo pass from one element in tho periodic table up 
(in atomic number value) to the next, wo find a new electron at each 
stop. Wo also know tliat tho electrons of an oleniont distribute them- 
selves over different shells. 

As already liintod on pago 110, wo assign the values of the principal 
quantum n innbor n to tho individual shells of the atom. We speak of 
an inmu’inoHt or K-sholl ; it consists of tho electrons which have 
the value 1 for tho principal quantum number. We call the next 
shell outwards tho L-sholl ; it comprises the electrons for which n — 2, 
'I’he (somploto scheme, so far as it is actually required in building up 
tho olomonts, runs : 

n 1 2 3 4- fi 0 7 

Hlmll . . . K L M N ‘ 0 P Q 

'I’lio concoption and also the nomenclature of the successive atomic 
shells originate in the rosoarohos on X-ray spectra, The fact that 
steadily iiioroasing values of tho principal quantum number belong to 
tho fluccossivo shells was suggested from tho very beginning in the study 
of X-ray ap^octra and was confirmed by tho discovery of L-doublets 
(of. tho next chapter, § 5). Tho beginning of a new shell in the periodic 
system at the same time denotes the beginning of a new <penod. But 
tlio allocation of tho shells to tho periods is not unique, as we shall see, 
and is complicated by various adjustments. 

Our reaHon for giving tho principal quantum numhei? n tho dominant 
position in distributing the electrons is that, as we know, tho successive 
energy kwolw of Jiydrogon are distinguislied by successive values of u. 
n ~~ 1 denotes the ground state of hydrogen, tho state of lowest energy. 
7J, =a 2 is tho next lowest energy state. Corresponding to this we have 
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fcliafc in any arbitrary atom Wio K-sliell is the lowest in energy, the 
most stable, and the L-shell the next most stable, a.nd so forth. 

3. Azimutlial Quantum Number and Sub-Glroups of the Shells 

For a given principal q^nantiim number n there are in general, in 
the ca.so of the hydrogen atom, different types of orbits, according to 
the value of the azimuthal quantum mimbor Z, as illu.strated in Figs. 
2fi and 27. Wo now assign to tlieso dilTerciit types of orbits clifToront 
snb-groups of the shells in question ; that is, avo defino subsidiary 
shells. Only the ground orbit, for Avliich = 1, is single. Accordingly^ 
I7ie K-sltell is also single. Here I necessarily has the value zero. For 
w — 2 Avo had tAvo types of orbits, Avhioh corresj)oiKl to Z = 0 and Z = 1 . 
Accordingly t iJie L-shell divides into two snb-gronpsy AAdiich avo denote by 

Li and Ln -b Lm. 

The reason for again dividing the second sub-group into Ln and Lui 
can bo given only later Avlien aa^c deal Avith X-ray spectra. For tlio 
present AAm remark only that this distinction is connected Avith the spin 
of tho oloctrons. Tlio same applies to tlio sub-divisions in the sucoos- 
sivc later shells. For % ~ 3 aa'c have diwn tJiree typos of orl)it.s, 
Avliich belonged to tlio values Z = 0, 1, 2. Hence the M -shell resolves 
into three stih-groups, Avhich aa'o sliall call 

Ml, Mil + Mill, Miv + Mv. 

And so for tho other shells. In the case of the N-shell avo haAm four 
sxih-groups, Avliioh avo represent by tho seven symliols, 

Hi, Nn -b Nm, Niv + Hv, Nvi + Nyii. 

They correspond, in order, to the values 

Z = 0, 1, 2, 3 

of tliD azimuthal quantum number. Summarising, avg may say that 
there are n sub-groups in tho shell, and that they are designated by 
27V — 1 symbols. In tho ease of hydrogen the different typos of orbits 
do not differ at all as regards energy if ii remains the same {degonoraoy). 
This is not strictly true for a more complicated atom, but it is still 
correct to say that tho energy-differences botAveen the sub-groups, for 
example of the L-sholl, are much smaller tlian tho onorgy-difforonce 
botAveen tho IC- and the L-shell, and so foHh. 

4. Magnetic Quantum Number and Multiplicity of the Sub-Grroups. 
Introduction of the Spin Quantum Number 

For a given Z there are, as stated above, 2Z -b 1 different po.ssiblo 
Amines of tho magnetic quantum number Wj. The .states corrosponding 
to the cliffoi’ont Audues of 7ni have, it is triie, the same orbital type, and 
differ only in the different position of the orbit Avith respeot to the axis 
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of reforcnco chosen, But by oliaracterising the states by moans of 
their quantum numbers we treat suoli states of the same orbital typo 
but differently orientated as being different. This will bo so muoli 
inoro the ease, since the wavo-meclianioal refinement of the orbital 
conception actually docs lead hero to different descriptions of the 
states (different proper f unction, s). Every sub-group of the azimuthal 
quantum number I accordingly comprises 21 + 1 .states. Only the 
sub-groups belonging to I ^ 0, luimoly 

.Iv, Nl> ' • • > 

are simple ; for from ? = 0 it ncces.sarily follows that mi ~ fi. On the 
other hand, the Hub-grou])s that belong to / ~ 1, namely 

Eji H- Biii> Mn -|- Mill, Nji -)~ Nin > . • • 

arc ihrec-fold, for hero oan assume the values -h 1, 0, — 1. In the 
same way the sub-groups for which I == 2, namely 

Miv -h Mv, N,v -I- Nv, . . . 

im) five-foMy (jorrospoiuling to the possible values -[■ 2, 1, 0 for ?a,. 

But the multiplicity wliioli lias boon found in this way is not yet 
siiffioiout either for sjiectrosoopio or for chemical purposes, .lUach suh- 
(fwup I com2)riscs not 21 -I- 1 but 2(2/ 1) stales. Wo express tliis in 

the language of quantum numbers by saying that the individual state 
of the olocti'on is defined not by three, but by Jonr quantum numbers. 
To the numbers 71-, /, nii that have hitliorto boon used, wo must add a 
quantum number m-s which is capable of having either of the values 

” zb I- 

TJiis causes every state that has hitherto been simjilo to siib-divido 
into two different states, namely, those distinguished by the two values 
of TO,. In a certain graphical way the moaning of n\ is analogous to that 
of mi. Whereas TOj defines the orientation of tlio revolving motion in 
the orbit with respect to a favoured axis, to, denotes the orientation of 
tlio sense of rotation of the electron itself, namely, its “ spui,”, wliioh 
can set itself either parallel {nig — H- 1) or anti-parallel {m^ ^ to 
the favoured axis. Eor an empirical foundation of this interpretation 
wo refer to the olassical piotiires of the SlcrmOerlack effect (see Eigs. 
32 and 33). The iioo dofloctions in the ground state of Ag and K, both 
of which signify a state with I ™ 0 (and hence also nii = 0) are to ho 
regarded as parallel and anti-parallel adjustments of tlio electron to 
tlio magnetic linos of force * and correspond to the two values *1 of 
the spin quantum inimbor. 


■" 'I’lio viRoi'oim Dirnn fiioory of Uio " rolailnpt ’’ olootron fonmilntra Uiifl fionio- 
wliab clifforontly ; for mu- abovo " half-olasHiital " iiiodol of Hio oloobvon (no 
wavo-mGobnuitiB boing usod) iJio tloBoi'iption givoii in tho toxt is logionl and 
fiufficiont. 
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6. Pauli*s Principle 

Wo may now formiilato rigorously and simply tlio fundainontal 
principle of Pauli (Pauli’s Exclusion Principle, the Pauli Ve.rbol) * thus : 

Inside an atom one and the same quantum state can be occtqned only 
by one electron. The quantum state must bo well defined, that is, it 
must l>o specified by its four quantum nunibors ih h niu m^. In other 
words, it is forbidden for any two electrons m the atom to have Ike same 
values for all the quantum numbers w, i!, ?»„ m,,. The existonoo of one 
oleotroii having certain defiuito values for these numbers oxohulos 
the existence of another electron having the same values for all four ol 
tliese numbers. 

The empirical ooiilirmation of Pauli’s iiriiiciple is contained in tin 
sum total of speotroscopio observation (occurrence or non-ocourronc( 
of quantum states in the visible and in the Ubntgen region). A 
theoretical proof can bo deduced neither from the older txuantum tlieory 
nor from wave-moohauics. Tiio xirinciplo must for the present bt 
regarded as a i)oiiit of view which becomes added to and regulates tin 
quantum tlioory. Put Pauli’s princqfie may bo expressed in a j^ar- 
tioularly simple and fundamental form by wave-mechanics (by tin 
j)ostulato of change of sign of the proper functions when any two elec- 
trons are exchanged). This will be demonstrated in Vol. ll of tin 
pro.sont work. Por the jn’esent we must rostriot ourselves to drawing 
the oonseqxiencos of the principle for the periodic system, in partioiilai 
for the completion of the shells and sub-groups. This is ofiected aooord 
ing to the follovung scheme : 


Qiven 

XiiinDor ot Klooli'ons 

Ws, Un ly U 

1 

mi, 1, n 

2 

1, n 

2(2? + 1) 

1 


71 

2 2 (2^ + 1) = 2^’’ 


0 


The first liiiq of this table is identical with the statement of Pauli’ 
iw'inciplo. The second uses the fact that can have only the tw' 
values ± i (parallel or anti-parallel x)osition). The third lino adds th 
fact that Wj can assume the values 0, 4; 1, . . . ^ ? (2Z + 1 difl’oron 
positions). In this way wo have found the maximum number of elec 
troiis thnt is possible, according to Pauli’s principle, for the (liflVwoii 
.sub-groups. Wo tabulate tliom as follows : 

* W. PouU, juiir., “ tlboi'douZusammenhaug clos Absohlussos dor Elokfcroiion, 
etc., Zoits. f. Ikys., 31, 706 (1026). 
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t : 0 IC, Ll, Ml, Nl, . . . 

.1. ;Ur -h Un, Mil -h Mm, N„ + Nm, 
2 Miv atv, Nrv 4- Nv, . . . 

2 Nvi Nvit 


2 . 1=2 
2.3= 6 
2 . 5 = 10 
2 . 7 = 14 


'Pin* fourth row of tlio prov'Iou.s scheme is obtained by summing up 
tiu' (H!{uipntif)u nmubei’K in the last scheme and gives us for tlie occupa- 
tion numbers ft)r the full sholls 


K-hUcU 
L- , , 
M- „ 
N- » 


2 2 . P 

2 d- 6 = 8 2 . 2« 

2 + (5 + 10 18 = 2 . 32 

2 -I- 6 + 10 + 14 = 32 = 2 . 42 


uro, however, Eydborg’s numbers for the lengths of the periods, 
wliicb we eallod “ cabalistic ” in § 1 of this chapter. They are, as we 
«eo, a tUre(!t tiouatutuonce of Pauli’s principle (which is no less cabalistic). 

;it is to bo remarked that liistorically E. C. Stoner* i-ead off the 
nui«l>(>rri ill the last table but one from regularities in the X-ray spectra 
ti Hliort time hoforc Pauli. In contrast Avith Bohr, who sub-divided 
the Hydbrn-g numbers provisionally into equal sub-groups, 

l8 = 0-b0-b6, 32^8-h8-h8 + 8, 


Stnuev recognised tlvo aub-divisiou given in our last tabulation, 
Kr;=2b(l, .18 2 -i- 0 + 10, 32 = 2 -I- G -IjglO-h 14. 

W(' have hero applied Pauli’s principle only to the condition.s in tlie 
individual ukmi, Bh geuornl oharnoter is, however, signalised Ip^ the 
faet that it holds for tlio totality of electrons that are umtedpn 
,vn nrliltriuy mokenk~~\n(M, even for tlio far more oomprehensive 
HvaUnn of eoiuUuituui oleotrona that belong to a melaloi arbitrary extent 
'PhiH raises in a more aouto form tlio question Avhioh occurred m t c 
«.M« <it tlio .vtc.iit : How ia it posaiblo for tlio oleotrom to be awaro ol the 
lUuwtimi iKwitUma ai-o to bo oemtpiod so that they avoid tians- 
i„Haiiin the 1-a.di oxeluHiim doo,-oo i This question ,a “Mainly not 
mi.abli.nf boiiiK aiiaweiwl from the oorpuscular point of view, i o 
X'-imiohauiml viow tonos down tho paradoxical natiii-e of tlio 
(jiimtlon, bnt by no .menus ansivors it completely. 


5 B. The Stittotvifo oi the Elements in the Periodic System 
W« Hluill now tloscribo bow tlio elements arc built 

at fonn '-y*r 

r:td fo'C:;:: ;r =■ 

b;:;pt::n;i:Xs *01;-™ Wl.evoasi«tbeca.*o£ 

1 plUh Mag., 48, 710 (1P2'1).' 
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fclio real system of neutral atoms tlio nuclear charge grows conmuTontly 
with tliQ successive number of electrons, in our ideal system wo keep 
the nuclear charge fixed and allow only the number of eloctron.s to 
grow larger. The real system gives us the poriplieral properties of the 
atoms, which are of interest to the eliomist and the spcotroscopist in 
the visible region. The ideal system describes the interior of the atoms, 
and is of interest to the X-ray sj^ectroscopist, The ideal system is 
simpler fclian the real system. By assuming a liigh nuoloar charge we 
eliminate all questions involving stability, which x)lay a part in the 
real system. In the ideal system, the electrons are hound in the order 
of shells and sub -shells ; the binding energy can bo read off directly 
from, the X-ray sjpectra (of. the section on absorption limits in OJiap. IV). 
These sx^eotrn, therefore, also prove emihrically that the regular succes- 
sion of shells and sitb-grou 2 )s that we set up above, 

3C, Li, Lii -f- Ljii, Mx, Mn -f Mm, Mjy + Ni, Nn -f- Win , . . . . 
is oorreot. 

Before we describe the deviations from this ideal sequence that occur 
in the real ayatom we shall interjjose some historical romavka. In the 
front raiilc wo find the name of Rydberg, who witli visionary ])onotra- 
tion had calculated out beforehand from very iiisuffloiont data the 
nritlimetio relationships of the system and had obtained essentially 
correct results. The beginnings of the genetic view go back to works of 
Kosscl (of, tho quotation on p. 149). In j)aiticular the position of the 
inert gases as inflc-stones in tho periodic system is emphasised. At tho 
saino time, and indoioendently of ICossel, G. N. Leuds dovolojiod tho 
idea of 8-sheUs, namely, in tho geometrical form of cubes. Tho inoom- 
2 :)letD {nicliUahgeacldosa&nen) shells were first charaotorised by 15. Ladon- 
burg * as intermediate shells, and were brought into relatiomhij) with 
the paramagnetism of tho a.ssociated ions. All these assumxitions were 
systematically apx^lied and elaborated in Bohr’s theory of the xmriodio 
system t of 1921 . lu particular Bohr worked out the idea of the 
siiocessivG capture of the electrons, their binding energy, and tlie 
nltorod jiositions in tlio real and tho ideal systems. Bohr’s system was 
finbjeotecl to correction by Stoner (see quotation on x^- 3135). The 
final xDliaso of tho theory was acliiovod by Pauli’s xjdnciple which fixed 
tlio completion of the shells by quantum numbers, in oontradistinotion- 
to Bohr, who had hoped to be able to solve this problem by ajiidying 
classical theory and tho correspondence x^rinciple, 

Tho attractive x^ictures with wliioh Bohr had illustrated the theory 
of tlio periodic system are suxipressed in the present edition of this 
hook. Novortlioless, tho orbital view still ha,s a certain importance 

* Nal.urwifiii, , 1 020, Hoft ,1 . 

f Put foi’wat'tl in xpi'ovifiional form in n Coponliagon roport of Ootobor, 
publiahod ns the tliircl essay iii “.Droi Aufsatzn ilbor Sijolcfcron und Atombuu,” 
Sninmlimg Viewog-, Braimsobwoig lt)22 f further ekboratect ill the Ann. d. Pliys., 
71, 228 (1023). 
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ovon for the presceituluy view of wavo-juechauioH in so far as it is tlu^ 
currier of the ((uantuin tuimbers, as in the previous section. But it 
cannot bo maintained beyond tliat ])oint, as, for example, in ])ostulatiiig 
the symmetrical arrangement of orbits into sttii's or tetrahedra, 

Tlie hydrogen atom has been fully described in the preceding ohapter. 
In the ground state the electron desoribos a ona-qiiantum orbit about 
the inioleiis ; this is shown in the first diagram of the Figs. 2(5 and 27. 
In the ground state of the helium atom both eleotrons taken alone 
dcsoi'ibe a ono-tpiantnm orbit. All experimental results, particularly 
tiio.so involving the diamagnetism of the liolimu atom, agree in de- 
manding tliat tiiese orbits must form a symmetrical and stable con- 
figuration which must be closed in itself, and whioli endows helium 
with its character as an inert gas. 

Witli helium the K-sholl is completed. TJiis shell retains 2 m tire 
number of its eleetrojis and also its closed elmractor in all the subsequent 
elements. Ihudi’s principle, wliich demands the maximum number 2 
for the K-sholl, simultaneously guarantees that the slioll will bo closed, 
that is, eomplotcd, (I'ho spin moments of momentum of the two 
eleotrons eoin]Kinsate one another, since one vig ^ d- '!•> ^iid the other 
— I. The spectroscopio character of the ground state of liolium 
(parheliiim-8-term, cf. (fiia]): VII, § 1) confirms this. 

(rjio jj-sholl begins with th(5 third element Li, for wliich Z ~ 3, 
since X*auli's principle forliids the newly added electron to oooiipy a 
one-quantum orbit. fi’Iio transition from a ono-quautum orbit bo two- 
quantum orbits is accom paniod by a groat inorease in the orbital dimen- 
sions, namely, an increase in the ratio 1 : 4 if wo calculate according 
to the simple model of the hydrogen atom, Xliis explains the extremely 
great difi’cronco in the chemical behaviour of Ho and Li, Helium holds 
its electrons partioulaiiy tightly in patlis wliioh closely envelop the 
nucleus, Li readily parts with its external valency electron which can 
move out relatively far from tjio centre of the atom. Helium lias the 
greatest ionisation potential (that is, the work necessary to detach an 
electron) of all oloments for whicli tills factor has boon doterminod, 
wlioroas lithium, in agreement witli its cloctroxiositivo charaotor, 1ms a 
low value for this factor. 

';rho same romarlc applies to all the alkalies. Since oaoli stands at 
the beginning of a jieriod, whore the quantum number n increases by I, 
their valency electron describes an orbit of relatively groat dimonsious, 
and may bo removed with oaso. 

'J'horo are two kinds of 2-quanbiim states, corrospoiidiiig to Iho sub- 
groups Lf, and Lir -h Enn XJie .sub-group L; presents itself finst in 
the ideal system. Xhero is speotroseopic confirmation that tliis actu- 
ally occurs in the case of the Li atom. Tlie so-called “ principal scries ” 
in tlio litliium spectrum appears as absorption lines in unexcited lithium 
vapour. XluiH the initial state of the lithium atom in this absorption 
process is the natural ground state of tlie lithium atom. Wo shall 
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ehametoriso tliia iuitial stafca spcotroseopiotilly in Ohapfcor § 1, as 
ivu >S-toi'n\. Tl\is ijvipliea, aucording to llio gtu\<M’al HysUau u(! hoj’Ick, 
tiiat ’WO imisti Hsei’ibG to it the azimuthal ([uantuni iiuinbor I — 0. It 
may bo proved rigorously by spoctiuscopio means tliat the valency 
olootron of the lithium atom belongs to the sub-group Li cliaraoterised 
by ^ = 0. 

Wo arrive at the second element of tlio second periodj beryllium, 
for vdiicli Z = 4 . Bo is divalent, like Mg, Ca, . , . ; so we also allocate 
tile newly added electron to tlio Li-sholl. Paulies prinoiplo onsuros 
tliat this sub -shell becomes completed in the cases of Bo and that it has 
no spin moment of momentum. 

I^ho third element, Boron, for which Z = 0 , marks the beginning of 
the second sub-shell Lu d- Lm. T)io throe outer electrons (valency- 
electrons) of boron are thus dissimilar in kind : two bolong to i ~ 0 
(the Li-shell), and quo to ^ = 1 - It is singular that also in the oase of 
carbon (Z = 6) we must regard tlie four valonoies as consisting of dis- 
similar pairs, which is contrary to the chemical fact of the oarbon- 
tetrahedron ; two electrons belong to the Li-sliell, and aro more tightly 
bound, the other two being more loosely bound and belonging to the 
(Lit “h L'ni)-shoU. 

Proceeding to the end of tlio period, we arrive at tlio elements of 
more and more electronegative character, irhe significance of olootro- 
negative ■^mloiioy becomes clear wlieii we advance to tlio inert gas typo, 
neon, for wliioh Z := 10 . Here wo have besides the two electrons of 
tho K-shoLl, the (2 6) electron's of the completed L-shell. We must 

XJioturo to ourselves tliat the preceding elements, P, 0 , N strive to 
attain the eompleteneas of the noon-shell, F by taking iij) one oleotron, 
O and N by drawing to themselves two and tlireo olootrons respectively. 

We come to the third period of the system of elements and begin 
with Na for which Z ~ 11. A Z-qiiantim (yrbit now ]}i’e3enta itself, 
’W.iiioh marlcs tlie beginning of tho M-shell, The fact that the valency 
electron of Ha describes an orbit of the type 1 — 0 is inforrod from 
spectroscopic data (from the S-torm ” of tho Na-spectrum) just os in 
the oase of Li. In tho case of sodium it is, in parbioular, tho well-known 
D-lino, the first term of the prinoipkal series which makes this conolnaion 
incontrovertible. Hence tlie M-shell begins, as wo must expect from 
tho regular nature of tho ideal system, with tho sub-group Mj. (This 
sub-group becomes completed in the next element Mg, for which Z — 12 . 
As in the case of Bo, wo here have two valency electrons, wlioso spiin 
moments of momentum oom}3ensate each other. 

In tho case of Al, for which Z = 13 , the conditions are as for B. 
The last electro 11, the thirteenth, finds no room in the Mi-shell and 
enters the group of tlie (Mix + Mm) -electrons. For Si, Z = 14 , wo 
liave, as in the case of 0 (in S2)ite of the chemical similarity of its vah 
encies) two electrons in the group (Mu + Mm), and two others, more 
tightly bound, in the Mi- group. The third period closes with Ar, for 
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ieii Z 1,8. Tlin 8 -Hlndl, forniod of 2 d- h electrons liiiviiig the 
quantmn iiuml)er » l{, is (ioinpleied iii siuili a way that thn 

oediiig oleeti’onegative elonionts halanoo tlioir energies when tJioy 
coed, tlirougli capturing electrons, in completing themselves so as 
leliieve th(^ symmetry of the argon atom. 

^riio eon Hgii ration of 2 (1 electro nie tjrhits in tiie argon atom 

resents the provimmal " hut not the ‘'final” cxmi'iiMlmi of the 
’thell, 

The (|vuilitativo similarity of tho peripheral oonliguration of No 
1 Ar will reeiir when wo eojne to tho higher inert gases Kr, 
Em. 

Wo summarise all tho above rejnarks in tho following d’ablo 7 ; it 
3 s in a simple soheme tho distvibulion of electrons in the shells in the 
md slates for all the elemenls from J1 to Ar. 

From eonsiderations of the ideal system, wo should expect the next 
Iron to hecomo added to thoM-shell, that is, to begin tlio (M^v Mv) 
-ip. But this is cortaiidy not tho case. Potassium, Z — ID, is 
/alont, with a pronounced tendency to i)art ^vitli its outer electron, 
configuration must resemble} that f)f Li and Na. W(} must there- 
begin a new sliell, the N-shell, witli K by putting its valenoy eleotron 
' a 4-quantum orbit. It can bo proved speetroscopioally tlinb wo 
jioro flcaliiig with an orbital ty])o for wideh I ■--- 0 , that is, with tho 
?roiip. 

K is followed by Oa, for which Z 20. Wo liore have two valonoy- 
brons of equal value and of the same orbital type. Tho Ni-shell is 
ploted when wo arrive at Oa. !tts ;tn’omature ap]}oaranoo signifitss 
first deparlwe of the real from the ideal sijsiem. '.fio aoeount for this 
ation we can only follow Bohr and say that tho oax^turo of Ni-oUso- 
H (of orbital type loads to a more stable configuration tlian the 
uu’o of (Miv ~\- Mv) -electrons (of orbital type Ilg). fields is not, of 
■so, a proper tlieoretioal reason, but only a repetition of the state of 
rs in another form. That this contrast of the ideal and th(} real 
om has a physical meaning may bo shown very strikingly at just 
X)oint of tJie periodic table. , 

dot iiH consider the electron io configuration widolv consists of 10 
irons. An example of this is given by tho neutral K-atoin, Z — 10. 
Cher example is given by tlie ionised Ga’-atom, which has lost one 
10 20 electrons which normally belong to it, Wo obtain speotro- 
io information about the neutral K-atom from tlio arc spootrum of 
lid about the ionised Ca ^ -atom from the sjiark speetruni of Oa 
“ first spark spootrum *’). In both oases we find that tho ground 

> is an “ S'tcrm ; that is, it is oliavactorisod by I ~ 0. From 
wo conoludo that tlie eleotron in question (tho valenoy -electron in 
laso of K and. tho remaining one of the two valenoy eleotrons of Oa) 
igs to the Ni-shell. As a third oxainxde of an electron configuration 

> members wo may take So *' ‘‘j as a fourth Ti '‘ ' (that is, doubly 
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Slioll symbol K L| Lji + Lju Mj| -|- Jrjn 

Orbital typo lo 


1 :t-r 1 

2 Ho 2 


3 Li 2 1 

4Ho . 2 2 

5 J3 2 2 1 

GO.. 2 2 2 

7N 2 2 3 

8 0,, 2 2 4 

{J I-i' 2 2 6 

10 No 2 2 0 


11 Nfi 2 2 fl 1 

12 Mg 2 2 0 2 

13 Al 2 2 0 2 1 

14 Si ....... . 2 2 0 2 2 

IB r 2 2 0 2 3 

10 S 2 2 0 2 4 

17 Cl 2 2 6 2 5 

18 Ar 2 2 0 2 0 


ionised soandiiim and trebly ionised titanium. Hero * tho “ second 
and “ third ” spark spectra, respectively inform us that tlio ground 
state belongs to Z = 2 {“ P-term ” and not an ” S-term ” ). But tho 
shell Miv + My is characterised precisely by Z = 2. Wo must thoroforo 
infer that tlie 19th electron enters in the case of Sc*"'", Ti’’"'”'', . . . into 
the still rmoGCUpied {Miy + Mv)-shell, •whereas it prefers tho Ni-sholl 
in the case of K and Ca+. Thus tho increase of tho nuoloar obargo 
from 19 (K) to 21 (So) Just suffices to restore tho manner of distribution 
of tho ideal system and to avoid the premature filling of tlio Ni-sholl 
in the real system. It should bo mentioned that as early as 1921, Bohr 
had drawn the same conclusion from tho spectra of K and Ca'*' by 
methods of extrapolation. 

Hence we see that tlie ocoiirronce of the Ni-sliell in the ease o.f 
K and Oa is only a superficial anomaly. In the case of iSo tho liighoj.’ 
nuclear charge 21 is already able to bind an electron, the 19th, into tho 
(Miv Mv) -shell (orbital type Sg). The other two electrons, namely, 
the 20th and the 2l8t, then attach themselves as parts of tho N-sholl 
to the outside of the M-sholI, which is now modified and deviates from 
the argon shell 

Wi tli So we enter into a group of elements which have many intorost- 
ing features, and which end in the iron -triad (Fo, Co, Ni ) . The otherwise 

* B. C, Gibbs and H, B. White, Proe, Nat. Ac. Wash,, 18, (508 (1020). 
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rt'KU lor ivd vauct^ in tho valoiujy factors hero receives a clieck. iMoreuver, 

AVI' liei'o eiunninloi' tlin important paraiuagnctio xnopertics (of. the refer- 
riiee U> Ivadcoilnirg on p, 150), not only in the case of neutral atoms hut 
alsn ill that of tlioir ions ; in particular, we know doubly ionised atoms 
(ha t'Xivi npU', th(! ferro-ions, ,Fo '’ ‘ ) and triply ionised atoms (e.g. Pe * } ; 

Hie Hiiiiuv ujipliiis to all the olomonts of this group. The magnetism of 
the ions inmins that the olcotron configuration is not neutralised mag- 
net iea 11 y, hul Has a roaultant magnetic moment. We understand this im- 
mediately it \ve lioar in mind that in the case of all these ions the (Miv + 
Mv)-aliell irt incomplete, and is in process of being constructed. When 
wo lurivo at Ni, the end of the iron triad, Ave should in this Avay have 
H eleetrotiH more in tlic M-sholl than in the case of Ar, that is, if the two 
oltH'tvtma that lie in the N-shell in the case of Ga and Sc remain in tin's 
hIjoII. MpcetroHcopio information proves that this is so with Ni, hut 
t liut it docM not liold for the clement Cu Avhich folloAVS on Ni. The 
nnivnlt‘i\t Aduvvaeter of Cu and its partial similarity to the alkalies sliows 
that it lia« only one oUiotron in the N-shell, the 29th electron, the last to 
ho Iwamd. Thim the two olootrons which Avere valency electrons in the 
onsc oft la ami iSu have now migrated into the M -shell. In the case of 
(hi the Mmlmll consists not of 16 but of 16 -h 2 — 18 electrons. This 
nnmlan* IH i« tlm third in tho series of x^eriodic mnnbers 2, 8, 18, 32,-~ 
<if pngi' Ififi. com^dfite M-sliell becomes a reality for the first lime m 

thv. Vtw tf fhti (/if ‘ -iwi. 

In uuiuY rospeutfi the IB-slvoll of. the Oid-ion is an analogous con- 
nuuralum to tlm H-kUoU of tho inert gases ; like the latter, it is com- 
, doled and ajipoam to be ^vomleidully stable. Ihe elen^^^^^^ 

LlUiw on (!u tlioreforo add their superstructure to the IS-shed. but 
Umm is >v diirovcmco in that tho elements which precede ^u m’C not 
nliMitrmicKntivo, mnnoVy, they do not complete themselves to an 18-sheU. 
I'm Urn it on of 0 d’ (and likewise of Ag^ Au^ striven after 
Urn ‘ Xhe side of the higher atomic numbers, 

VJKioniii mmipioHo'i NT-shell With Ga we 

two Ni-olmdronH, which V NmVshell ; here we have an 

Imgin the (uinHtnmUou of the tlm ^ Qe Ave have 

tdoctron of orbital typo elootronegative elements As, Se, 

two HuelL (dcofcroim, and so orth. ,,,,,, type, which 

lb- follow with Ih *1, 5 olooti’Oim, . i . , configuration, and 

Hldvo to oonn-Iot". 1 uAo V and six if.eleotrons). 



11 


(Miv 


VOL. 1. 




configuration of four Sg- and two 4Q-elGotrons, wJiich wo iiorti cxpcot, in 
slightly less stable than that of five fig-electrons and ono do-ohiutron {fur 
further remarks on this point see Ohap. VIII). 

The fifth period which runs analogously to the fourth, begins with 
the alkali Ub and ends witli the inert gas Xe. First we find, tluit tin* 
beginnings of the 6-quantum 0-shell form about the inoomplote N-hIm'II, 
in the case of Ub with one valency olcotron in a Sq- orbit, in that of Si* 
with two valency electrons in 6o-orbits. So once again u'o havt! u- 
deviation from the sequence of the ideal system, whioli would for jin 
part demand the further construction of the N-.sholl. But oven in tin.* 
case of Y, the analogous element to Sc, the process of completing the? 
N-shell begins. It is the 37th electron, similarly to the IDth in tlto cntMU 
of So, which finds itself to be more stable in tlio N-sholl than in tliu 
0-shell. On the other hand, the 38th and 39th eleotron of Y find fchtdi* 
places in the 0 -shell In the succeeding elements, as far as the palla- 
dium triad, the N-shell becomes filled up gradually, but not to its firm I 
and complete number which would amount to 2.2'i =i 32, but only U t 
the provisional stage of completion 2.3^ = 18. This stage is roaohoil 
in this period by Pd. The spectrum of palladium teaches us that tlin 
normal state of Pd corresponds to a configuration of tlio ton dg-oleotranH. 
(Of., however, the distribution in the homologous oloment Ni I) W <5 
find the same distribution in Ag+, tlie analogous oloment to Ou'' in tluj 
fourth period. Fi-om this point onwards all the available olootroim lira 
used to build up the 0-shell, which becomes oomplotod at Xe in the* 
first stage as an 8-shell It is unnecessary to add a special tablo foi* 
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tlicso r(! 8 ults, «8 it woulti coino out, nmUUiff nmkmdu, very similarly 
to the jjrt’eeding table. 

We now eoiiie to the sixtli [lerioil, the great period of 32 elements, 
which lends to the linal completion of the N*shell and to the second 
stage of the completion of the O-shell, whicli at tlio same time, lunv- 
evor, give the beginnings of the P-sholl. Lot ns consider '.rable 1 ). 
Ill tlio ease of Cs we have a (ij-oloctron, in that of Ba we liavo two 
(Jo-oleetrons. We provisionally begin the Pi-sholl and postpone the 
completion of the O-sludl — again making a de])artm'o from the ideal 
order of seipience. In tlio ease of the next element La, Z = 57, wo 
find that as in Sc and Y an electron enters into the still empty (Oiv + 
()v)- 8 holl, here as a bg-electron. Wo might now eonjeeturo that the 
filling up of this intermediate shell would bo continued up to its next 
stage of completion. But in reality this process is once again tcin- 
jiorarily suspended up to the I^t-trind, and the next element Oe begins 
the final stage of completing the N-shell. Oe brings us to the groui) of 
the. rare, earthe, which through their stationary valency bear such striking 
testimony to the fact that the process of atomio construction does not 
now oc(!ur on the periphery of the atom, but in a layer which lies 
deeper. 'I'liis deeper layer, the (Nyi -1- Nvii)-shcll is in a transition 
state in the whole groux) of the rare earths, and hence is not balanced 
out magnetically, — which aocounts for the strong paramagnetic 
character of this group. 
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''.l.’ho number of elements of tbo rare earth tyxie may now bo specified 
theoretically ; it is, according to Pauli’s principle, equal to 2 (2? + 1) 
for I = 1 -. 3, that is, Id. If wo ooimt from Co, Z 58, as the first of those 
olomonts, wo arrive at Lu, Z ™ 71, as tho last olomont of tlio group. 
The element 72 is thus no lotiger lo be ex 2 >ecled In he a rare earth. 
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Thiy reflection on the part of Bohr loci, as wo know, to tJio diHcovoi'y 
of the element 72 by Coster and Hevesy, M'ho gave it the mimo luvfniuniL 
(Hfb When the N -shell has been completed at 55 = 71 Wo arrive at 
Z 72 in a manner fully analogous to that by which wo arrived at !Zi', 
Z — 40, and Ti, Z = 22. It has its place in the fourth column e£ tlit' 
periodic system, where it also stands in onr Table 4 of the pciriculie 
system ; this loads us to expect that it would occur naturally in asHfxdn- 
tion with Zr and possibly Ti, It was actually iii xirooiiium minoralu of; 
different origin that Coster and Hevesy proved tlio oxistonco of tlu^ 
new element by means of the X-ray method. 

Hafnium recommences the filling up of the O-shell. In the case o£ 
Au the 18 O-shell is completed and provided with an outer valoiuiy 
electron. Thus Au'*' now represents the complete stage of (lovolopnion I', 
of the O-shell. Further development now occurs, as after Cu ' and Ag * , 
at the outside of the atom and leads to the 8 P-shcll in the ease of ICiii - 

Lastly, we have in the incomplete seventh and last period thit 
beginnings of the Q-shell and the beginning of the process of filling np 
the (Piv -f Pv)-groiip, but we do not even arrive at a provisional com- 
pletion of this shell (cf. Table 10). 
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On the whole, then, we are able to give a complete and uiiforond 
account of the facts of chemical constitution, which is brought out 
partioularly well by the properties of hafnium in a very gtrikinj^ 
manner- Oonoltisive proof is, however, given by the numerous anoofcj'o- 
seopic facts Avhich we shall adduce later. 


oundatiw ^ discovered and named this element seem do voUl 
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§ 6. Some Remarks about Nuclear Physios 

' I’ hero Ih no (\ou))t trUab the radioactive miciei contain hcliimi nuclei 
mill idt’(d rons, whicii they omit as a- and ^'rays. Pront's hypothesis and 
its ennliriuiilion by Aston’s researches on isotopes demand still fui-ther 
(lint tiU ntornic iiuelci must ultimately be built up from protons and 
('k‘C‘( fons. Ill tlu' ease of the helium nuclei themselves this necessarily 
lemlH In tlui usHiimption that it consists of four H-nucIei which are 
hmind lnj^<»thoi’ hy two electrons. 

1 1 j gmu'i’al , we may say that a nucleus of atomic weight A and atomic 
miiuhi'i' Vt must contiiin, in all, 

K A - Z (1) 

(dm-lrniiH. For A (which, following Aston, wo assume to bo integral) 
tlniintuH the n inn her of hydrogen nuclei and hence also the total number 
n( ehargoH ; 7^ is the value of the positive charge which acts 

tmtwavdK. The cUn’erouce between, these two charges must be com- 

neiiHuh'il by the nuoloar electrons. 

(n the of the light elomonts in particular we find that atomic 
weigh Is of tlu' form A 4?^ oocur with atomic numbers Z == for 
ill llKi oiwo lit 0 , O, Mg, Si, S, Ca anti ao forth. This points 
(n uuHHililt^ Kuh. nuclear unit-s of the same composition ns cc-particles. 
For wlien A • and Z - 271, we get by (1) that K = 27i. and lieiico m 
not greivter than is lumossary to bind together each of the n 
Mill- iiinHUinahly wo need not imagine this union of protons and elec- 
i'o HO 'light as I'C, garth, the energy inyolred as is enooxintered 
nutnhle Hie niioh'i ii> tho ease of real «.partioles. Otherwise no energy 
.v.xiUl rnmain tor hiatUng tlio «-partioleB themselves together. 

Till' A oi half the atomie weight above the atomic number 

«hirU wo atu-liod "uport.dally in Kg_ anti whmh 

w" aiu Uialeulato this geiiorally not only for atomic ™ghte °f 
tnrrn din but ate, tor those of t.io form 4^+ ^f ieotro.i^; 


lltMlUClloi. 


I'illlH 


or 


Thou wo oloarly have 

A ^ 4 a; d- » 

2 r-= 2a; -I- 2 — ?/. 
A 
2 

V ^ -I' 2 




( 2 ) 
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y increases systematically with the atomic number, but in snob a -vvay 
that y remains small coinjiared with the number of a-particles oontninod 
in the nucleus. 

From this we may make an inference about the probability a-iul 
number of a- and ^-emissions in the ease of the radioactive (VlomoiitH. 
Let us imagine a diagram in whicli atomic weight A (as ordiiiatcH) is 
plotted against nuclear charge Z (as absoissse) and form a b»ind-lilc(» 
region which characterises the stable nuclei, that is iiucloi in wliieli 
a concentration of a- and /3-particlos exists which is favourable to the 
maintenance of the nuclei. The middle course of this band approxi- 
mately follows the straight line A = 2Z with the u])ward deviation 
shown in Fig. 34. Now ^-radiation displaces the nucleus parallel to 
the axis of abscissie to the right by one unit. Hence we see that afUu’ 
a small number of ^-emissions the nucleus will have travelled through 
the band of stability. On the other hand, a-cmission denotes the dis- 
placement of the nucleus parallel to the straight lino A — 2Z (diminu- 
tion of A by 4 units and Z by 2 units), so that with contimiod a-cmi.s- 
sions the nucleus will have appreciably ohanged its position with, regard 
to the band of stability only after several such, processes. If the band 
of stability were to run exactly parallel to the straight line A 2Z, 
the nucleus would never leave the band of stability at all tlu’r)Ugli 
a-einissions. In reality a small number of jS-omissions is nocosHary 
to restore the stability impaired by a-omission. In tins way the 
general character of the decay schemes of page 53— several a-omission s 
and only a few jS-emissions — is in agreement with our arguinont. The 
fact that the ^-emissions almost always occur in pairs may porhajis Ik^ 
brought into relationship with the spin of the electrons, which may 
favour the balancing of electrons in pairs in the nucleus. ExperimontH 
have taught ns that the second jS-emission follows the iirst in a shortei* 
time than the first follows the preceding a-omission. ^Phis may 
interpreted by stating that the nucleus with complete pairs of olecti.'oiiH 
is more stable than a nucleus which has an oleotro.ii wliioh. is not 
balanced. L. Meitner * has endeavoured to explain the ooeurromso of 
^-omissions in pairs by means of a special Jiypothesis (a '-particles whioli 
are previously present in the nucleus and are not hound). Hut after 
our above remarks it seems that this argument is unnccessai'y. 

These speculations entered upon an entirely now phase aPfcor 
Butherford f had snoceeded in 1919 in artificially disintegrating tho 
nuclei of the lighter elements, in the first place, nitrogen. On that 
occasion, the H-nuclei were shown for the first time also to bo olomon- 
tary constituents of the nuclear structure, and wore studied quantita- 
tively. '■ 

Butherford used a-rays from BaC \ their velocity is 2 . 10® cin./so(^ 


* Zoita. f. Physik., 4, 140 (1921). 

«, ‘ -0 a'»*viok. im.. 
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thoir range 7 cma. ; that is, in air at atmosj)horio x'Jressure they excite 
aointillations in a luminescent screen (ZnS-soreen) at distances less than 
7 oms., but not at greater distances. Such a-rays represent the most 
liOAVorful concentration of energy available to us at the present time. 
When they encounter hydrogen moloculos or bodies containing water, 
tliey release H-nucloi as very fast “ H-raya.” The range of those 
secondary H*raya is, corresponding to their smaller mass, greater than 
that of the primary a-rays, namely, 28 oms. in air. Hence they can 
easily bo distinguished from the a-rays by moans of the fluorescent 
screen. The nature of these rays was later examined very carefully 
by G. Stottor * by accurate moosuromonts of a simultaneous magnetic 
and electric deflection (determination of c/wu with an accuracy of 
1 per cent.). 

]}ut H-rays could bo proved to exist not only in gases containing 
hydrogen but also in air free of water vai)our. Consklci'ably more 
scintillations occurred in xmro nitrogen than in a mixture of nitrogen 
and oxygon. This led experimenters to conclude that the H-rays 
origimle in the, nitrogen nucleus. '!l?huH for the first time an atom had 
boon artificially transmuted and the dream of the alchemists liad become 
a reality. 

In addition to nitrogen, Itutherford also succeeded in disintegrating 
tlio following atoms by moans of a-rays from IlaO : 

15 ;p Na A1 I? 

Z = 3 0 11 13 16 

A « 10 ; 11 10 23 27 31 

'.riio scintillation method was also used in the-se oases. Going still further 
Kirsch and Pottorson f havo found that Bo (Z ^ 'A) and Mg (Z — 12) 
and Si (Z 14) also yield H-rays. 

In the ease of Al and P sointillation observations gave surprisingly 
groat ranges (for Al the maximum range was 90 eras.), although those 
great ranges occurred only quite exceptionally. The moan range is 
much smaller. If, as wo are led to assume, wo are also dealing witli 
H-rays in the case of thoso groat ranges, their initial energy would be 
up to 30 per cent, greater than the energy of the exciting a-rays. (If 
the carriers were of greater mass, it is clear that a still greater value 
would ro-sult for the energy.) Hero wo havo a first indication of the 
possibility of releasing the internal energy of the nuoloi and achieving 
over 100 per cent, output ; that is, if 100 calorics of energy of a-radia- 
tion are expended then more than 100 calories of kinetic energy of 
H-rays are gained if wo oaloulato the nuclear disintegration in terms 
equivalent to the energy of the a-radiation. 

By vising indiroot methods of observation (the fluorosoont screen in 
this case not being in the prolongation of tlio inoident rays, but later- 
ally situated) it was found possible to add furthor elements to the list 

* Zoitfi. f. Pliyailc., 84, 168 (192?)). 
t Verojfmlhchvngcn dca liadnminalilulat Wion, 1923. 
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of atoms that could bo disintegrated, in partionlar also atoiuH of 
the typo A — 4w, Z = 2 h, which Rutherford originally beliovod fioultl 
not bo disintegrated. Experiments carried out partly in Vienna a,ncl 
jiartly in Cambridge showed that nil elomonts between iluorino ami 
cnlciuin could be disintegrated by mean.s of a-rays from BaC. In thiH 
sequence of elements the range of the H-rays from elomonta of 
atomic number is always less than that of H-rays from elomonts nf citkl 
atomic number. This may bo regarded as an indication that the muiUri 
of oven atomic number are raoro stable than tho.so of odd atomic? 
niimljer. 

Originally there was some uncertainty avS to what became of the' 
N-atom whioh had been disintegrated. Tlio readiest suggestion wau to 
assume a transition to C, two protons being emitted. Wo nowaxlayH, 
know, however, from the beautiful cloud-traok photographs of W M. S. 
Blackett * that the a-particle is taken up by the nitrogen nuohuiH, an 
H-ray being emitted : 

+ « = Ojj -j- H. 

Hence in this case there is actually no disintegration of nuvttor but it 
building up by tlie acquisition of new matter ! This result had atnmdy 
been predicted theoretioally a little earlier by ICirsch f on the hasiH nf 
observations of the velooity of H-rays produced by a-rays of dinV'rciiit 
ranges. >^*T]io spectroscopic proof of the oxistonco of wJvieli lias boon 
obtained in the meantime (of. p, 14-2) has given strong .supjiort to thiH 
view. 


We revert to the simplest problem of nuolcar struoturo, tluit of 
helium (cf. the beginning of this section). Tlic atomic weight of 
apparently suggests that it is not built up from four H-nuoloi. Accord - 
ing to the most exact measurements, the atomic weight of H is 1'0()7B 
and that of He is 4'002. In associating themselves into Ho the fovir 
H-nuolei would therefore suffer a defect hi muss whioh, oaloulated for 
the gramme -atom of Ho, comes out as 


== 4 . 1-0078 — 4-002 = 0-029 . . . (:j) 

The mass of the two electrons whioh become added to tlio four H-iniulcd 
increases this number by unity in the last decimal place. 

But this defect in mass is only a^nmenily a oontradiotion to tlio 
idea of the construction of the He-nuoleus, from four H-nuolei. Ta 
reality it explains the great siabiliiy of the Ho-miclous in a very Halin- 
lactory manner. 


As early as 1900 Lorentz deduced from the point of view of Ibc 
electromagnetic theory that the mass of a system of positive and 
nega,tive oharps lying close together must be smaller than the sum r>l 
the individual masses of these charges. The theory of relativity lum 
given a solid foundation to thig result, and has generalised it. Ah 


* Proo. Roy. Soo., 107, 340 (102fi). 


t Pliys. Zeita., 28, 487 (1025). 
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Miuv in ( 51m n ter I, 7, mass and energy are linked together by the 
bniiHila 1^ ■ Hence, if any system loses energy (say hy emis- 

sitm) it Hullers a defoot in mass. Conversely, from a defect in ma.ss 
i\)H \vi> t?au (l(‘<lnce iv loss of onorgy AE of value 

AE — c^Aw. . . . • ( 4 ) 

Aeeoi'ilingly, we may assume that the four H-nuclei, when they 
^•lllul»i^e to form an H(vnuolGiis with the agency of the two binding 
ehmlrous, give o(T tli(\ energy dotormined by (4). Such an emission of 
lUM'i gy i» fiiinilinr to ns from atomic chemical reactions. There >ve call 
it, when ineivsiired in heat units, the '* heat of combination or “ heat 
font'” (VVilrmeUimmg), and call a reaction “exothermic” when it 
oeeurH Avitli tlni ^Muission cd onorgy. We shall aj)ply this idea and thi.s 
li'i-mhiology to <nir nuclear reaction. By (3) and (4) the emission of 
oni'i'gy uiniiuntrt to 

AE = c^Am = 0*03c2 . . . . (5) 


nor grnmnu'uiltmi of He. 

'I'hiH at tin' mum' time determines the work that must be expended 
Ko para to ouoh lle-inicleus of the gram me -atom into its four H-nuclei, 
mill lionoo fiirnishoH us Avibb a measure for the stability of theHc-nuoleus, 
'I'liiH iiinnimt of woi'k is so great that wo are unable to produce it by 
nur phvHioal inebliodH. Lot ns compare it, for example, with t|e energy 
\vUi('li is available in. the motion of tlio a-paiticle of RaC. bmee the 
velocity ill IhiH ease' is 1 ; - 2 , = -.Vc, this energy amounts to 

It iM lliren fcimc'H smallor than tlie energy (5) which has been calculated 
the si\n\<' luisiH, tliat is, for tho gramme atom. 

Uv divkling AEby tho moohanicalectuivalont of heat m kilogramme- 

Iiotwumi aloiiiH, of tbo heat of formation Q of our nuclear reaction. 


o-oap** 

4 « 11)7 10'" 


C*4 . 10'' kilogramme- calories 


•n.i- -luantity of „uor«y i« ono^o™. 

,,,,,,1. Urn root that the boat of to'— « °Cs »“■ 

il of lh« rn-iU-t of 1(K) m the ratio 

liiimfion IH move' Htiiblo than i, oftan aiifBoioirt to 

bn»nl< 1111 uhoniuial compoundH tho oncigy 

Humen t« hrunk up bho hiH^^oar coupon requires no 

Wt' KOI' frmu thiH i-omarkably trustworthy 

pariitniliir idoa of of Enoigy ” tlmt the stability of 

•• Priuv.ipU' of Mm Ooiiaervabiotv of destroy it by the means 

Hp.mielonM is, in o\M, q^,estioii. In conjunction Avith 

at pruHunt aviiilnhlo appears out of tlie questio 
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Bnthei'ford’s exx^eriments it therefore follov's from this that not only 
are the iioliutn elements of structure that are struck very stable, but 
also the impinging a-partioles. It is true that our reflections on 
stability arc bound up with the assumption that the Hc'inioleus wouhl 
dissociate directly into four H-nuclei. In the event of incoinplcfct’ 
disintegration, for exanix)le, if a single H-nuolous wore to be split off 
or were to be taken up in the manner of the nitrogen reaction —>■ ()i 7 » 
no assertion can be made about the energy of the resultant product, 
and therefore we can say notliing about the stability. 

We generalise this for other nuclei and restrict ourselves, of cours<v, 
to nnoloi of atomic olements of a single Icind, disregarding inixturciH 
of isotopes. Whereas the atomic weights rounded off to wliolo numbf’f 
values give us iuformation about the number of iirotons ooncern(?rl 
in the construction of the nucleus in question (for example, four in 
the case of He), the deviations of tlio atomic weights from wlioU^ 
numbers give us information about the finer structure of the nuclouK. 
We are indebted to Aston for the empirical foundation of our argumonb, 
namely the exact mass-speotroscoxho knowledge of the atomic AvoightH 
of tho elements, and Ave shall in the first place folIoAV his acoo^mt. 
Aston * refers the atomic Aveights as usual to 0 = IG-OOO and dividt^H 
tlie doviation from tho integral values so defined by tho number of jn’O- 
tons concerned in the construction of the nucleus, that is, by the atomio 
Avoigbt rounded oE to a Avhole number. Ho calls the ninnbor obtain('< I 
in tills Avay tlio ” effect per x^'oton.” There is, hoAvovor, 

the diffioulty that in tlio meantime it has been shoAvn tliat oxygeui 
is not a simx>le element but that there arc also atoms of Ojj, and Ojy, 
even if only in vanisliiiigly small quantities, and this has somoAvliat 
disxffaced the jiliysioal foundation used for calculating tho packing 
effects and, indeed, for determining atomic Aveights in general. 

Fig. 37 shoAvs Aston’s packing effect, multiplied by lOh as a function 
of the number of protons. Oxygon, as it should, has tlie packing offootF 
zero. Tho value of the ordinate of He is in round numbers, 


4-002 ^ 4 
4 


. 10 * = 


5 . 


Beyond oxygen the x***‘Ckiiig effect becomes negative and latei' 
becomes positive again only Avhen aa'C reach Hg and Pb. The nioBfc 
striking feature of this celebrated curve is its brancbing into tAVO 
directions for small numbers of protons ; the loAver branch 
through the atomic Aveights of the form 4?i, the higher branoh x^assoH 
through the remaining atomio Aveights. Othei’Avise tlie curve niim 
smoothly and exhibits no relationship to the periodic system of tho 
olements. 

Lot us 11 OAV inquire Iioav avo are to define the packing effect in tlio 


Proc. Roy. Soe„ 116, 487 (1927). 
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seiiRO of our analysis of the Hc-nuoleus. In this analysis wo calculated 
in equation (9) that 

Am d: . 1*0()78 - 4'()02 . . . ( 7 ) 


If we divide throughout by the factor 1-0078, wc ol)tain 


D 4 ~ 


4-0()2 

1-0078 


(«) 


which is the (hfecl in muss rojerred lo H -- 1 ; for the second torin 
on the right-hand side of ( 8 ) is equal to the atomic weight referred 



* 37.- riujUing offodt pm- jjnaoii, i-nfori-dd Lo 0 ; Ifl-OOOO, ai.-tjonling to 

il, W. Aston. 


to H 1 , and the iirst tei'in is equal to the nuinhor of ju'otona or the 
atomic weight in round numb era. 

What wo have here said about the lie-nucleus applies goiiornlly. If 
Aj^o is the atomic A\a)ight referred to 0 --- Ul, if 


A -- 

^ '■ P0078 


(Ort) 


is tlio atomic weight referred to H 1, it M is in round numbers, 
and if 

D-^M-A,. .... (06) 

then Am •■■■■- 1) , l'()078 .... (9c) 


* 800 note tit 011(1 of ((luviil'i't-, 
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gives the true packing effect.* Stefan Moyer f haN plnttod the ouv^'■o 
for T>(M. with M as the abscissa {see ITig. 38, -whoro the inimbcr.s on tlip 
ordinate axis denote!) . 10^/M), Fig. 38 exhibits two essential diffe^r- 
ences as compared with Aston’s curve in Fig. 37 : ( L) there is no roasnii 
for making the curve resolve into two branches for small nninlM'i'U 
of protons ; (2) the curve is not smooth, rather it sh(nv.s peaks and v alloys 
which are at first not well marked and then become less pronihu'Ul', 
and which appear to indicate a relationship with tlio periodic sysloin. 

This method of presentation seems to ns to ho xn'uferable to that 
of Aston since it corresponds better with our moasnro of Htahility ls.vh 
than the latter. We might also, as Ave did in the oase of holliUn, nil<l 
the mass of the nuclear electrons (A 2 in nvimbor, by eqn. {! )) l«> 
the mass of the nuclear protons, but this ^voiikl not alter the coui'ho 
of the curve ap^ireoiably. The connexion between stability of tln:t 



Pm, 38.-^Padd«g effect per proton, raforretl to H == 1, a( 3 oordiiic to Htofun 
iUeyor. Thfl orclmixte sonlo gives the value of D/M . 108 j apHoiasan At 
numoer of protons. 


miclous and periodioity of the atomic envelope wdiioh oinorgos from 
Fig. 38 is Very surprising. 

As in all questions of stability we must be clear as to wluit sfciitnn 
are to 6e compared in forming a measure of stability. In mir oiiko 
at is obviously the state in wJiioh the nucleus is considered coinplekdy 
resolved into 1 ^ primary components, xirotons and olootronH. 'Tjiiw 
emphasised above in the case of the helium nuolous. Just an 
there so here our T/M is proportional to the “boat of formation ” 
genm^tedjhen the nucleus is built np from its primary oompono»l«, 

resolution of the nueloun, 
only mdivichial protons or efeotrong being d ism em bored, tlio states to 


4. MTJ ....... 


die 

J'ya., 81 AVI ( 1028 ). 

t Wiener Bor., igg, 431 ( 1029 ), 


of 
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bo compared arc now dilToiviit ; for we have siniiily to uho in our cal- 
culations the atomic weiglits of the initial element and of the disin- 
tegrated product, includijig tlu'- emitted corpuscles. We illu.strato this 
by giving two exami)le.s, one being an imagined disintegration accom- 
panied by the (unissioii of an H -ray, the otlior being an actual case of 
disintegration caused by tlio einis.sion of an a-ray. 

Lot us first coiuparc Ar;,„ {7j 18) with Cl., 5 (Z = 17). Ar.,0 con- 

tains in it.H nuclouH 3(1 protons and 18 electrons ; Cl,,s has 35 protons 
and likewise 18 electrons. In each case, according to measurements 
made by Aston,* the A,„ is ef(ual to 35*1)7(1 and 34'983, respectively. 
The difieronc(5 between these two mond)or8, namely, 0*993, is less than 
1*0078, which is the A,q of H. Thus the one H-nuclens is so firmly 
embedded in Ag„ that its release (the transition from A^^ to CI35, 
with the emission of H;' ) nspiired the energy (1*0078 -- 0*993) c® to be 
expended j)or gramme-atom. Consccpiontly it is impossible for spon- 
taneous emission of H’' to occur in this case. 'I’lie same may be 
proved of any two elements of the ])oriodio system, which differ to 
the extent of only one protoii (or of a ])roton -h an electron), so long 
as their atomic weiglits arc sufiioiontly Avell known. Wo thus see 
from our comparison of the atomic weights why no spontaneous 
omission of If-rays ocimrs when the olomonts decay. 

1 If, however, we compare two elements with each other, which 
dift’er by one or more in the number of helium nuclei, wo can find 
examples whore spontaneous decay is possible. Let us consider 
(Z “ 92) and uranium load (llaGgoo* ^ ^2) 1 1 differ by 32 

protons and 22 electrons, or, oxprcssetl in helium nuclei, by 8 helium 
nuclei and (1 electrons (in addition to the 1(1 electrons contained in 
the 8 helium nuoloi). 'I'ho latter constitution is also to bo deduced 
from the uranium lino of decay on p. 53. Tlio A,o of tlieso 8 He- 
nuoloi is 8 . ‘1*002 = 32*01(1 (the olootrons affect only the third decimal 
place and may therefore bo neglected). On the other hand the A,0 
of U amounts to 238*1<I: and that of RaCI to 200*0, so that tlio dilTor- 
onoe in the atomic weights is 32*14. It is greater than the weight of 
the 8 Hc-miolei. Ifrom this wo may oonoliulo that the decay is spon- 
ianeous ; that is, it may ocour without the agency of external energy. 
On the other hand we may easily convince ourselves that tlio transi- 
tion U ->• llaG cannot occur sponlaneoualu with the omi,s.sion of separate 
protons and elootrons (32 and 22, rospootively). 

Recapitulating, wo say : 

The ejection of helium nuclei (He ' ' ) that is, the emission of a-rays 
is possible at oertaln places in the periodic table, but not the ejection 
of H-nuclei, that is, protons, 

* Aston, loo, oil, 

t Wo ohooso tho oxmnpio boeanso, nldioiigh it suffora from tho dofeot that 
wo do not know tlioso ntoiriio weigh ta exactly, it iUnatmtoa a form of decay 
winch notually otieniw in inituro. Wo beliovo tliat onv eonclnsions will not bo 
essentially alToeted by an exact knowledge of tho atomic weights. 
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Coinieetccl with tlio sfcalhlity of the nuclei tluu’c is tho t;[UC!Hl>iciii 
of the frequency of occurrence of Ike elenmnis. It is very renmrkuhln 
that {)1) per cent, of tho eiirtli’s crust (also of jneteorites) is forinod tif 
elements of atomic numbers ^ 20 (iron). Tho ]no.st x)revalent olommib 
is 0, followed by Fe, Even 0 occurs in a relatively small atnouirb. 
Moreover, it is remarkable that the frequoney of oocurrenco decynHtSf'n 
within any column of the periodic table as the atomic weiglit inerccfst^n. 
It is also a surprising fact that all common clemonts have evPM ntoinio 
numbers (Fe 26, 0 8). Wo must refer tho I’cadcr for furtlior dotnilH 
on this subject and on that of frequency of ocoirrrcncc goneraliy to 
the researches of Harkins,* TJie variation of frequency i.s shown 
particularly strikingly in the group of rare earths : iu .spite of thoir 
great similarity and the difficulty of separating them tlioy are not itni- 
foi'inly mixed ; rather the earths of evon atomio number always ocoiil* 
a little more frequently than those of odd atomic number, j' ^L'he »uiiu^ 
law holds generally for the elejnents that are represented in tho Holfir 
speotrura by Fraunliofer lines.! There are, of course, no thoorotionl 
points of view available at all at jpresent which might give an anHwer 
to these questions. We must also mention the following rule •wlnieli 
appears to poijit to the construction of nuclei from already formed 
oc-partioles ; there are no stable nuclei of odd atomic number and <d 
atomic weight 4.% (Fajans), ; 

Certain observations of the scattering of a-i)artiolea lead us to infer 
that the structure of nuclei is not rigid but is mobile in itself. I.'^or 
in the distribution of scattered a*partioles certain deviations arc foinitl 
to oocur from the law of probability which is to bo oxpooted in tlie 
case where the nucleus is spherically symmotrioal and wliero CouloJnb’H 
law is assumed to hold witliout modilioation, lluthorford and 1i1h 
colleagues were inclined to assiime tlmt in the close vicinity of tho 
ntioleus the Coulomb repulsion of tho a-pai*ticlo becomes roplacuul 
by an attraction. But H. Pettersson jj showed that this hyptithoniH 
is mmecossary, and that it can be replaced by tho 8imp)lor ivs.suin|>ti(in 
that tho positive and negative charges are capable of being displaood 
to the periphery of the nucleus in such a way that under tho influonocit 
of the incident «-partiole the negative charges become pushed to’wartiH 
the direction of the a-particle and tho positive cliargos in tlio ox)l}OHito 
dii*eotion. In this manner the nuoleus becomes polarised and so Iohok 
its spherical symmetry ; the dipole induced in tho nuoleus oxorfca ivii 
attractive force on the approaching a-paitiolo. T4ie same idea huH 

♦For oxampls, “Evolution of Elomonts," Amor. Chom. Soo., 89, 86(1 ( UUY), 
^graphioftl reprosontnUou of tho frequoney of diatributioii is given in Soicnev, 

t V. M, Goldschmidt, " Qoo-ohomicnl Laws of Diatributioii of tho hDumunlK " 
Norako Vid. Akad, I, 1925*27, Oslo. It is baaed on tho woll-known ocuiirruiiuu 
of tho elomonts in Sweden (Ytterby). ' 

! H, N. Ruasoll, Astrophya. Journ., 70, 11 (1029), 

II Arkiv. f. Mat., Astr, och Fys., 19 B, Nr. 2 (1926). 
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boon worked, out quantitatively by r)el)yo and Hai’dinoior and has 
been sliown to agree with the facts in order of niagnitude.**' 

Just as tlie spectral lines in tlie visil)le and X,-ray i’{3gion rollect 
most perfectly the structure of the atojuic envelope, so wo may expect 
the most trustworthy information on the structure of nucloi to bo given 
by tlie omitted y-raya. The y-raya are, like the X-rays that come from 
the atomic shells, essentially monochromatic. dMiis is the general 
result at winch Jj. Meitner has arrived after a detailed study of the 
radioaetivo soqiienoes and of their y- omissions. Moreover, it is found 
that y-radiations are omitted, not by the decaying, but b}'- the already 
decayed nucleus, namely, in that the y-omission presumably originates 
ill the process of rearranging the mielear constituents, which has 
become nooGssary through tlio decay, *11110 question suggests itself 
us to whoblier the rearrangement occurs in a obango of position of an 
electron or of a proton oi' a-iiartiole. W. IfCuhn ‘\ believes that the 
latter ease is that which actually occurs, as be shmvs that the y*rays 
may be assigned on tho classical theory to tlie vibrations of heavy 
mas-soB, iJi'otons or a“]iar tides, but not of jS-par tides. 

In general tlio monodiromatic diaractor of y-rays shows that the 
energy do vds of the nude us, whoso dill'oronees are tho frequencies 
of the y>rays, form a disconlimioua series, Wo arc compelled to con- 
jecture that those onorgy-levds are dotormined by qxiankm laim. 
Tho indications of porlodidties in tho ourvo whidi exhibits tlio packing 
olTeets, Ifig. 8S, leads to the same .suggestion. Hence, we inbr that 
the eonslruclion of Ihe nuclei from eleinenlcmj conaUluenla is probably 
effecled according to the same laws, namely those of the giiantum theory, 
as the coiistruction of atoms from electrons and nuclei, X 

NoTTfl. — It has been pointed out to the author that the Pigs. 37 and 38 
for tlio packing oftoct diffor only in tbo manner of lu’cscntation and not in 
blioir Hontont. I’lio packing oftoct as given by Aston is equal to 0'0078 
minus tho packing offoct as given by Stefan Moyoi* ; that is, the values are 
ooraploinontary. Moyer used later and moro aoourato values foi* the 
atomic weights, so that Ids curves exhibit some liner details, 

+ Pliys, Z;cita., 87, HMl (1U2Q) ; 88, 181 (1027) ; of. also tho wayo-inochanicttl 
trontmciit by 'I’li, tioxl, NatunviHs., 18, 2*17 (1030) inid (I. HcoU, Zeitw. f. Physik,, 
68, 350 (1030). 

t Zeits. f. Physilc,, VoIh. 43 and 44, 1027. 

f See Translator’s note, p. 51)6, 



CHAPTER IV 


X-RAY SPECTRA 


§ 1. Laue’s Discovery * 


I N oitr introduotory note on RSntgen or X-rays (Oliap. I, g 5) wo hixw 
that Rontgen radiation is a radiation of iransverm wav(5H. Wo 
spoke of the wave-length and of the spectrum of X-ray radiation, 
both in the case of the characteristic radiation, which is tlio ])art timfc is 
characteristic of the material composing the anti-cathode, oorr’os\)oinU 
ing to the free vibrations of the electrons of the anti-cathode, and in 
that of the impulse radiation, which is the part that is oharaotoristio of 
the voltage of the X-ray tube, corresponding to forced radiation of tin* 
electrons of the cathode rays. Assuming tlie results of oxporlnnuit, 
we described the spectriiin of the characteristic radiation as a lina 
spectrum, that is, as a discrete sequence of individual wavo-lcngtlw, 
and the spectrum of impulse radiation as a continuous spectrum wliitdt 
stretches from long wave-lengths over a region of maxiiniim iiiton«ity 
to a sharply defined edge of short wave-length. In both oascn tlu^ 
wave-length (the dominant wave-length, the region of greatest intemsity) 
is an inverse measure of the hardness, a diroot measure of the soflnenH, 
of X-rays. 

How are the wave-lengths of X-rays moasm’od ? The gonornl 
properties of X-rays, compared witli those of visible light, show that 
their wave-lengths must bo very much .smaller than optical wave?- 
lengths, In optics the best method of measuring wave-jongtlis, and 
the only method that leads to absolute determination of them, is that 
founded on dijOTmeto. , 

As early as 1896 RSntgen himself had made tentative dilfraotloii 
experiments with his X-rays, but the result wa.s negative. RohiiRh 
by other experimenters, which were claimed to bo positive, were la tin* 
proved to be due to optical illusions, half-shadow offleots arising fmm 
the scattering of the secondary radiation. Accurate dilVmetiou 
photographs were first obtained in 1900 by Haga and Wind, who uhimI 


v.rv a oomprohonaive ncooimt of lus disoovory in « Jidivbui.Ji fUr 

isSrim by R -P. Acf si "!««•; 
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§ I. Lane’s Discoveiy 
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a Hlit Ibai- mxH pluct'd x>«i‘P<Mxcliciilar to the course of the ray • the 
i,«v« ,)f (.III. sht mm not, m is tmual. paiullol to ono mother, bui, met 
ot tlio lowiir 0111 1, flo tliivt Its opening, wliioh liad a wkltli oJ several 
fi lit tlio iippor end, ueoauie reduced to several fx.fi at the lower end 
Thu ililtniotinu ulTuot was to manifest itself in a broatleniug of tlai 
iliu'fc Iiaiul of the iiogativo at the lower ontl of the slit. Tlvese photo- 
Ki'a|)l!H were ri^peatcd witli greator reHnement by Walter * * and Pohl. 
Tho platoH were woj’ktid out by the author, after P. P. Koch i’ (of Ham- 
^***^K) biul nu’UHUied tliciu out photometrically with great care by his 
own method. Prom a x>botograph taken with hard Rontgen radiation 
tlie ilominunt wave-length (“ width of impulse,’’ as it was called at 
that time) was foiiud by oalculation to be A ^ 4 . lO-^ cms. Contrast 
with tliiH the wave-length of yellow light, which is (1 . 10'« cma. 

Only a your after those results were made known, this determina- 
tion of wjivivlengfchs was to be surpassed 
in noourtioy and oortainty iu an undreamt- 
of man nor by IjIUIo’s disco very, 

III optics, tho diffraction grating is 
more oflootive than tho diffraction slit, 
both na regards the intensity of its light 
and its vosolviiig power. The action of 
tho diffrauliou grating depends on the 
rognUir siUjCOHsioii of the lines of the 
grating, tbo distanoe botwooii which we 
.shall cull fclio '* grating constant ” a. The 
wi<lth of tho form of the, so lines have no influence on the angle of 
din'raction and arc only of secondary importance even for the dis- 
tribution of intensity among the spoetr a of various orders. 

Tbo theory of tho dilTmction grating is ono of the most familiar 
brunchoH of tbo wave-theory of optics. Nevertheless, to lay bare the 
r4a»t of l.<auo’s diHCOvory, wo must hero set out some of its essentials. 

!tu Pig, 111) wo exhibit a section of the grating ; 1, 2, 3, . . . nxe the 
truces of tho linos of the grating ; the distances (1> 2) = (2, 3) = . . . 
aro Clonal to tho grating con at ant a. Let the inoidenb beam o£ rays 
have tlio dii'oclion cosine «o witli tho line 1, 2, 3, . . .,the direction 
cohIuo of the cunorgoiit beam with respect to the same line 1, 2 ^ 3, . . . 
buing <y.. (dip and a aro simultaneously the sines of the angle.? of 
incidoium and omergonco.) Using Hnyghen’s Principle, let us imagine 
I'lvyH Hkivvting out from each grating line in all directions. Thus, for 
tho i>roHont, \vc may regard a as any arbitrary angle whatsoever. In 



* Wo aulviiiti Kilo latoi' romai'Ics by stating that in 1924 B« ^Va.lte^’, usiu^ mono- 
elji'Oinatie X-rays {CuK«-lino) obtained deftnlto diffraction fringes at a fine sfjt, 
luid that A. Liu'sson in his Diseortation (Upsala, 1920) includes extraordinarily 
bimutiful (lilTmotiou pic lines, whiob, in the abarpness and number of the maxima 
iin<1 iniuhna are (tuilo ns good na those obtained with ordinary ligiifc. 

f V. I>. Kooli, Ann. d. Phys., 38, 807 (1012). 

von. r. — 12 
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fche figiirtj the ease of IransmilUd light Ih jiiotunnl. By foldin;^ tin* 
diffracted rays in the iignre about tlio axis I, '2, 2, . . ^vo goV^ V\u' 
case of light reflected by diffraotion. 

Tile theory of the diffraction grating is contained in the eijuntion 

(r(oc — (Xo) — AA , . . • (0 

In (I) the left-hand side denotes the difforenee in longtli of patU 
between the ray, for example, tliat goes througli aperture 1 ami thiiV- 
which goes through aperture 2 {and, generally, the dilTm'eiuie of puti» 
between any such ray and its iioiglibonrs). If or «a f-” 11^ is tlu' diHer- 
ence of path between the diffracted rays tlirough 1 and 2, and ]jk<nvia(i 
is the difference between the lengths of path of tlie ineident rnyw 
through 2 and 1. Thus our equation demands tliat the patli-difforeuV-e 
in the whole cour.se of the rays be equal to a wave-length, or a niultijiln 
of the wave-length (that is, li must be an integer). In this ease we get 
an amplification of intensity through interfereneo, tliat is, a diffrnelhni 
maximum. We get diffraction minima, that is, a novitralisatiou of 
intensity by choosing A =-• or h = an integer I, 

In the first place, equation (1) shows that tho diffraotion grating 
is a spectral apparatus, inasmuoh as it givo.s for each wavo-longtli A 
a definite angle of diffraotion. Hence incident white light is aiialyHial 
into its spectral components. Again, red is more strongly diffriudial 
tlian blue. For h =. l, we get a spectrum of the first order ; for h ^ ' ■ 2, 
we get one of the second order, and so forth, Oorrosjionding to tho 
ease A = 0 is direct ligJd, whioli is not resolved Hpootrally. ()ji b)io 
other side of the direot ray .spectra of tho first, sooond. . , , order aliso 
occur, namely, for A ~ 1, A = - 2, and so forth. The HO])aration 
ot the colours (the dispersion) is double as groat for a spootrum of tin? 
second order as for one of the first order, and so forth. HiirMmjv 
equation (Jj fejfs us that the grating constant a must he greater tlnm A, 


but not loo much greater, For if a < A, wo Hlioidd )mvo I ntul 
A a ' " 

hence A- could not be equal to 0 ( - as is demanded by (1) 

the difforenee between two cosines, is c 1), If, on tlui 
her hand, « > A, then a - «[, will become very small for modoralo 

he nmmiont and the grating would fail to be of uso as a Hnootivil 
pparatug. In tho ease of Howland gratings, which are of purfmff 

construction, j amounts to less than 10 units. 

«'0 oxoollom» 
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It) Nt)j^)ui’!il fi luitl iiuvkt' uiousuniblc Mpectral. lines wliose wiive-leiigtlis 
dilTfi' tiuly Hligld'ly from ono auotiier. The resolving power is given 
directly by fclii' mini Iter of linos N. 

Ifroiu the sini plo lino -grating Ave pass on to the crossed grating, 
or lattice, hlvory one knows the beautiful diffraction spectra that 
are iircsented to the eye when we look at a distant source of light through 
lineiy woven gaii/.o. Wo shall confine our attention in paiticular to a 
ijumlratio system of lino apertures ; that is, we suppose the threads of 
the wel) or networlc to run at right angles to one another and suppose 
tUoiu to Im eomparativcly thick, so that tlio intermediate spaces that 
let tlirmigh the light may ho regarded as mere points. The distance 
hetweeii ouch two neighbouring aporbures is to be called the “ lattice 
eonstdiit ” a. Xu !Ifig. 40 wo take two roivs of such apertures as our 
jr- and i/-u.xis ; avo draw a ^p-axis perpendicular to both. We cannot 
piuturo the eourse of tho hoam for the inoident and diffracted rays 
since fcluvir patlis lie in space. Nevertheless Ave may, exactly as in 
Figv lUl, lot be tho direction cosines of 
the iuci<loub viiy with respect to the tr- and 
2 /-iixis, I'Ortpcotlvely ; lot «, ^ he those of the 
diffraolocl. ray. Tn tho diifraoted ray the con- 
tributioim of all a])ertui’C8 are to strengthen 
one (vnotlior addiuivoly ns a result of the 
iutcvferumic. 'X*’or example, let us consider 
the cnntrilmtions of 1 and 2. If they 
strcngtluvn one another then 

Fia. 40. — Crossed grating 
n((y, — OCd) — /tiA . • (2) (plnno-lattico) : regu- 

lar arrniigoinent of the 

Avhere hi an integer. In tho same way diffracting apertures. 

the eonlrihutions of I and 2' are to act 

mlilitivoly through intei'fereuee, To assure this, Ave must have 

rt(i9-i8o) = M . . • • (2') 



Avhere -- an intoger. Tliis equation, too, may he read off from 
Vm, 40. if we nrojeot tho distanoo betAveen 1 and r on the incident 
and tlio iliffraetod vay. But if 1 acts together with 2 and 2 to pr^ 
tluce increase of brightness as a result of the mterfevmice, then y 
oponinM aots in tho same sense, since, then, the difference of p a 
l,kv..,m .-mill tm, oponingn m oqual to ^ ^v^ole i«mbet of 

Llkinvimi tlio liittioo (ovoased grating) resolves t''o 1 « , 

into its Hpoetml oomponouta. lor, from equations p) and (2 ), it 
; 1 , l\ «» «lvim, there is dofinod for each A a different direetion 

/ m ( (litTi'aotod ravs We constnvot the qiatli of this lay as 

Mil W ItrlhoT the of Kg. 40 a oone such that the 

, Lshu, of Us imglo of iiportiiro is ^ t?„;t"dror a^t 

ta similarly detemiuod by the direction cosine 
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given by (2'). Those cones interseet in the i*ny wJiose jawiticm 
require {as well as in tlio ray tliat is syjninotrioal to tlie liittor ^viill 
respect to the .ry-plane, the lattice acting, so to speak, as a 
plane). Our construction holds for a dolinite wavo-longth A. .l'’oi‘ u 
new A the apertures of the cones must be altered to acicord wit-Ii (2) 
and (2'), and thus we got a jiow direotion for the diirraetocl vity. 
Hence, for given values of hi and Ag '"'o obtain a sjpcclrum whicli tior- 
responds to the Wo order numbers hi, Ag, and by varying A^ w<t ged- 
a two- fold manifold of 8j)ectra, Each of those spectra repeats tho etnii^ 
plete series of spectral colours from red (on tho outside) to viololi (tni 
the inside), witli the exception of the spectrum (0, 0), the continnutitm 
of the incident ray, which is not analysed in this special case, '.rim 
spectra (1, 0), (2, 0), (3, 0) . . . lie in the xdano through tho imddonl 
ray and thea;-axis ; the spectra (0, 1), (0, 2), (0, 3) . . . Ho in tho jjltum 
through the incident ray and the y-axis. The spectra {1, I), (2, 2), 
(3, 3) . . further, are situated in tiie xdane through tho inoitlniit 
ray and the bisectors of the angle between tho .'r-axis and tho 
and so forth for the other sx^ectra. Be.sidos tho speotra (-p A,, ■ Ag), 
there are, allotted to the other quadrants of the rr^z-jilano, spectra 
(+ Aj, -- Ag), [—hi, 4- Ag), and {— A^, — Ag). /Ifl in (he ease of thr 
line-grating we must have a > A but we cannot allow a ^ A. 

From tho crossed grating or plane-lattice wo pass on to ooiiHidor 
the case of a space-lattice, for example, a cubical space -lattice. W<» 
may imagine that there is added to the quadratic system of opouingn 
of Fig. 40 a whole system of similar systems idaoed one hoiiind anoth<>r 
at equal distances a. For this purpose wc prefer to talk, nob of 

apertures," but of '* lattice-points," whioli not as “ diffraction centres " 
or as scattering points." Thus we have a cubical system of lattim!- 
points, of which each t^wo neighbours are s6j)aratod by a dintaiuM* 
equal to the lattice constant a along tho direotion of each axis, a;, y/, s. 
Wo allow light to fall into tho system of lattice -points iu tho diroofci(»n 
^o^oYo (these being tlie direction cosines with respect to tlio tlu’oo ax<''H, 
respectively). At each of our lattice-points a fraction of the inoititml. 
light will be diffi’acted or scattered in all direotions, for oxamTilo, in 
the direotion a^y. At a great distance from our spaco-lattioo tlm 
waves that emerge in the direction a^y from each lattico-point form 
a homogeneous ray, namely, the ray oc)3y diffracted by our 
Jattice. (In order that this ray might form without obstruction in 
all du'eotions, it was necessary to roxdaco the idea of “diffraction 
apertures by that of “ diffraobion centres," otherwise tho formation 
f ray would bo impeded by the difeuoting sorooiw timl, 

assume between the diffraction ajicrtures.) 
heHim'aoted ray a^y, however, is aiipreoiably briglit only wlion 
the contributions of all the lattice -points act togothe? in the Hainc 
p lase 111 producing it. If^this it is necessary that the path-difforonoo 
of the rays from neighbef ing lattice-points bo a whole m.mir o? 
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i8i 


ThuH wo avi-ivo at iliree conditions, one for the direction 
of .T (tlmt is, for two neighbours tliat are at a distance a from one another 
in the direetion of x), one for tho y-direction, and one for the 2 -directiou ; 


rt{c 4 — <X.q) = lli\ 

a(^ ^o) ~ ^^2^ 

a(y — Yo) = ^^3^ 


(3) 

(3') 

(3") 


When tliose conditions arc fullilled, the effect of interference is to 
amplify the intensity, and indeed, not only of that due to two neigh- 
hours bid generally, to that due to any two of our lattice -imints, since 
for tlitnn the path- difference is a whole multiple of the difference of 
natit fer two neighbours. The rays thus intensified as a result of 
iuteifermuie from all tlio lattice -points are, furthermore, the only ones 
that ar(» apprtMuably bright, For, in the case of a sufficiently great 
inunber of lattioe-points (Nj, Ng, Ns in tho three co-ordinate directions), 
ravH that are intensified through the combined action of only a fraction 
of tlu'so lattice-points (for example, only the lattice-points, Nj and Ng) 
wcuild appi^m' infinitely faint compared with those discussed above. 

Miniations (3) comprises tho essential features of the theory of tlie 
.lattice. Wo road fi'om them that : every interference ray is 
Zieximl hy three whole mwibers (h„ h), the order numbers o/ the 

intprfereim>, phv.nommon in question. Wo may not, however, as before, 

1 V till) Nimrai-liitticai no longov ooiitaina all tlio wnye-lengt is m jiixto- 
lositioii, as liappai'a 

Ik \h on k]wGon\ivxvy, monochromatic hght. 

For, from effuations (3) it follows that 


« «, • I- Ajj. ^ - ft y = yo + % 


(4) 


Mmwivui', wo liavo tHo rolatioii between the direetion cosines : 

oCi . |, ■ 1 - y2 1, and likowiso «o^ + + yo^ = 1 . . (5) 

By .HiimiTing oaol, ino.nl.ev oi (4) and then summing, using (6), we get 


1 1 -I- 2(/h«„ -I- !>A + '*.iyo)5 + 


and Imnce, 


+ hsf^o 4- hy^ 
- + V 


m 


. I I u nnn be diffracted in the interference ray 

'I'liiiH tlio wiivo.longUi t int can bo ^ji„^,,£inoidenoe. 

of fmlor (h]y /ia> ^bi) ’s fnlly dotormin . analonens to that which 
We illnstmto this by a eonieal 

wo linvii Iili'oacly Iisoil m tl'i’ “aso of . f , anertiiros have oosines 

*.,ixi« in turn wo ilosoribo cones whoso anguta a pmtoca 

Hucli as are donmnded by oanations (4). Two 
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whereas the third will not, in general, pass through a lino of intorsee- 
tion of the otlier two. But the latter condition is ahsolutoly iioonsHavy 
if the amplification produced hy interferonco is to roaoh full strength. 
Hence, for an arbitrarily chosen A, there will, in general, he no dilTnush^d 
ray. By altering A we also alter, according to (4), tlio oonieal aporttiiM-n 
continuously. If we proceed in this way we shall sueeood, at a certain 
value of A, in making all three cones have a common, line of inter- 
section. This is the intorferoneo ray (ajSy) ; 
the corresponding Avavo-longth is that which 
was caloulatodin (6), 

From . equations (fi) wo shall straightway 
make a further deduotion. For this purpo.se 
wc introduce the following .syjnhols (of. Fig. 
41) : 26 is to denote the angle between tlic 
incident and the diffracted ray, that is, 0 is 
the angle which the incident or the dlfifractctl 
makes with the miclcllo x^lane MM i)etwcen 
both, We tlien have 



Fm, 41. — DilTmcitioa at 
a spaco-lattico. 


008 20 ^ aao /3^„ yyo • 0 ) 

By squaring each member of (11), then slim- 


ming and using (5) and (7), wo got 
(a — + (y — yo)“ = 3 — 2 cos 20 =5 4 ain^ 0 


A« 


iK 4- -I- (H) 


Taking the square root, we get 


sm« = ^V/T7+l?W' • . . (II) 

We shall find that this equation wili bo ot fundaniontiil iinnortiiiu'i, 
in §2. ' 

In the region of optics our spacedattico is only a fiction, a moilcl 
which we have conceived so os to generalise the schemo of dlfifractioii 
as presented by ordinary diffraction gratings. The art of tho meohauin 
and of the weaver are of no avail for producing sucli spaco-lattioes. 
In the realm of Kontgon radiation, tlie position is difforont. It was 
Laue s brilliant idea to recognise that tho ajiaoo-straoturo of. orystnlH 
18 just as happily adapted to the wave-length of Bfintgon racliabioji, 
as the structure of a Rowland grating is adapted to the wave-length of 
ordinary light, that is, that we can take directly out of tho liands of 
Nature the diffraction apparatus necessary for Rontgon rays, in tlie 
form of One of her masterjiieoes, a crystal of regular growth, 

It was a favourite idea of mineralogists and mathonuitieiivnH ( llauv 
Bravais, Frankenheim, Soliuke, Feclorow, Sohonfiies) to aeconiit for 
the regular shape and structure of crystals by tlio regular arrangoraent 



§ !• Lane’s Discoveiy 
of thcii.' olonuMits of Hkuotiiro of thnir 

t., this a lattiao of tho ouhiial typ. ,vould hlv^t'o bra,o4“d1o‘! 
otystal of tli(^ regular or cubical system. If we determi™ tet i„«” 
cmslanl. ,> » such a crystal from tho density of the orystaUnfthc 
mass of 1,0 tonw cmnposmg it (as wo shall do at tho end of 8 2 of t h 
cimptoi' for the case of rock-salt), we furcl that a 1, of the ordi of “na^ 
n.tmie 11 « or example a = .h-O . lo^. i„ t,,„ NaCl) oir 

the other hand, we saw at the heginning of this section that the vave! 
lougth of Himtgon rays is to be placed heWeen the orders of maanitndo 
l(i-» and 1 « ems. (4 . lo-o tor a hard tube, according to frong, 

caUuihaion on tho dilh-aotion). We assert then that tU ?a«L 

com tan t a nf lha crt/Mal is gnatar 


than //fr wavv-lo.ngth A 0/ the 
jlioyitgm rays, hut not vary graat 
in comparison with Omni. Thus 
a ivncl A ivro roliited to one 
unotluu' in just tlie way that wo 
fovind al)ov(^ to bo nocoHsary if 
a (lilTi’aotion appavatiiB is to bo' 
olTootivo. Wn oau Kjad tho 
wuno (ionditiou out of equation 

(0) ; if iw a proper fraction 

tl\at in not t(HJ Hinall, wo got for 
tins nnglo of lii hr action a 
pOHMiliIe and not too wnmll value. 
'I, 'ho at<HnK that coniposo our 
K|uu!(u lattice ar(^ direotly effeo- 
tivo an labtieeqiointH. Wo on- 
otnmtereil in i!l\apter I, § 6j 
theii.' jiroperty of forming clii- 
fmtdiou (or acatterlng) contros 
ft>r ;Rihitg(nx raya ; blmro we saw 



Fia. 42. — Diffraotioii of “ white ” Tl6ntgen 
light -at tho crystal lattice of Zng, 
The crystal is out parallel to the cube 
face, end tho incident light is per- 
pendicular to the crystal surface, 
The photographic plate is at a dis- 
taneo of 3- £3 eras, from tho crystal. 
Note the four-fold symmetry of the 
dififmetlon patfccni, 


tluifc thoir BO at boring in proportional to the number of electrons Z? 
ciontainod in tliom. 


<12, <i 1), '1 4i {vi’o i.*op].’Odviotiona of sonao of the famous photographs 
bakon l>y Jvaiio, h'riodrioh, and ICnipping early in 1912. The experi- 
ment was arranged vory Blmply. By means of lead guides (screens 
with IjoIoh), a fine beam was aopiarated out of the light from an X-ray 
hulh, ThiH boain ftjU on a erystal plato—in the plates reproduced 
bhoHO wore of zinc hlontlo, ZnS— about O-d mm. thick, 5 mm. wide and 

long/ wbich wan mounted on a spectrometer table, and oapable of 

Vmiiig aom irately lulj listed with it. When the incident ^ primary 
wvy travej’BOH Ihe ei’yatal piato, aecondary interference ray-s aie 
dodoobed out of it owing bo dlfTraction by the atomic lattices of the 
crystal. These intorlereiice rays emerge from the crystal as a wdely 
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divergent beam of many membcj's. Several centimetres behind the 
crystal is the photographic plate. On it there is traced, besides the 
primary ray (greatly magnified owing to irradiation), the track of the 
"beam of interference rays. In the first photographs the time of ex* 
posuro was many hours ; the tube was run witli about 3 milliamps. 
and 60 kilovolts. The plate and the crystal were protcoted by being 
fiuiTounded by lead, 

In Kgs, 42 and 43 the crystal plate was cut parallel to the face of 
the cube and placed at right angles to the incident ray, with the 
diHorenoo that in I’ig. 42 the photograi)hic plate was 3-5 oms. from the 
crystal, whereas in Fig. ‘13 the distance was only 1 cm. Thus Fig. 43 
is a section through the same interference beam as Fig. 42, but greatly 



Pia, 43, — ^Photograph taken aa 
in Fig. 42, but with the 
pliotographio plato only I 
cm. away from the crystal. 


Iha. 44. — Diffraction of “ white ” llontgon 
light at the crystal lattice of ZnS. '.L’ho 
crystal is cut porpondicnlar to a space 
diagonal of tho cubic lattice, and the 
incident light is porpendioulor to tho 
crystal surface. Throo-fold symmetry 
of the diffraction pattern. 


compressed and reduced in size. In Fig. 42 as well as in Ifig. 43 tho 
2 n*imary ray travelled in the direction of the four-fold axis of symmetry 
(edge of tho ouho). Correspondingly, the respective diffi’aotion pictures 
are of four-fold symmetry. They have four planes of symmetry, two 
parallel to tho edges, two parallel to the diagonals of tho cube face. 
Every spot that lies on one of those planes of symmetry in tho ifioturo 
ooonrs four times, whereas every other spot occurs eight times. Each 
such group of related spots that again arises from itself by rotation 
and reflection shows the sawe intensity and is marked on tho plate by 
tho same wavelength. If tho photograifiiio plate and our retina wore 
sensitive to the imaginary colour of Rontgen rays, wo should sop each 
.suoh group of points shining forth in one pure colour and oaoli two 
diiierent groui^s of ijoints in general emitting different colours, J?or 
example, there belong to the two particularly strongly pronouiiocd 



§ 1. Liiuc's Discoveiy 

(>r Hj)otM ill Figs. 42 and 43, the fractional mimbers 
7i 27 ft "" 36 

Sin<5o Mu' !iiiti(!(' coiintaiit for zinc blonde is found to bo 

a -= 6-43 . 10-8 cm., 

we got the coiTcsponding wave-lengths as 

A " - 4'()2 , 10”” cm. and A = S-ll . 10-” cm. 

I n l*’ig. '14, the crystal plate was cut iierpondicular to a space diagonal 
of the i!uh(% wliieh i’(ipre.sonts n triply symmetrical axis for the substance 
of the (jry.stal. ’.riio primary Rdntgon radiation again fell perpen- 
dioulivt’ly on tlio plato, and thus traversed the crystal in the direction 
of one of its three-fold axes. Corresponding to this, Fig. 44 is of three- 
fold Hymmetry : it jiossesses three planes of symmetry inclined to one 
anotluu’ lit an angle of 120”. In general, each spot occurs six times, 
hut in a jiarticular position on one of these planes of symmetry it occurs 
thrive tiiiK'H. .1‘huili 3* or (i-group of spots, respectively, is produced by 
the Hiinui wave-Iengtli. For example, in the case of the very prominent 
(bgroup of spots wo have 

A = 3 >30 . 10-” cm. 

a 10 Vs 


M'ho wave-long tlis that are singled out in this way by the crystal 
Ktnictiiro and iivo diffracted to definite points of the photographic plate 
are all contained in the primary bundle of rays, just as the colours 
of tlu» minhow are contained in the white light of the sun. In Lane’s 
method the ranlmuoua spoetrum is used to produce the interference 
pioturo. M'his continiioiis apoctrnm, however, is not, as in the case of 
the lino-griiting or plane lattice (crossed grating), mapped out com- 
plctoly, hut certain individual wave-lengths (more accurately, several 
luin-ow i-egions of wave-lengths) that are appropriate for the crystal 
structure are seleetiHl from the oontinuous manifold of the spectrum 
and made prominont. 'L’lio prominence of certain wave-lengths in 
the intorferenoe jiietnre is partly due to the fact that they are par- 
tieularly sti'ongly rejirosonted in tlio primary spectrum (the region of 
imixiniiim intensity of the contimions spectrum), and partly due to 
Uh> tR«t tlidli thu pKotoKraphio plato ranots 
tliom (Bokiotivo Honsitivity oJ the silver^ bromide). L"-™® 
tolls iw nothing nt tho Uw-speclrmn, of 

iico not in gonorivl wkptod to tho crystal structure. Smoe the h - 
amiotnim ae tlio oliaraotoristio rudiotion of the atoms of the a 
Mthndo, is imrtleularly important for the stiiidy f 
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ill the root idea. This idea, of using bho crystal as an analy«or for 
Bontgen rays, is as essential to them as to the original method. 

So far wo have given Lane’s theory for tiie case of the rognhir 
system with the lattice constant a, How this is to be oxhoiided to 
the other systems of crystals suggests itself to us immediately. In 
the ease of the rhombic system, which is built upon throe mivtiuilly 
perpendicular axes, it is only necessary to replace the quantity a in 
equation (3) by the lattice constants, a, b, c in tlio dirootions of the 
three axes respectively. We then get in place of equation (6) 




/h 




Yo 


hi L ^ JL 

ai "r *2 + 


. (. 10 ) 


In the same way, equation (9) now becomes 


sin 0 


h j j 

2 V c2 


(M) 


The case of the tetragonal system is given by sotting h ■■■■ a. In 
the remaining crystal systems, in whioh the axes of the lattioo iifi' in 
general inclined towards one another (oblique), the direcAiwi miglpfi 
of the crystal axes appear in the corrospoiiding formulco, bosidoH tho 
lengths of the edges. 

The roads of research opened up by Lauo’s disoovoi’y hranoh oiT 
in two directions, In the one case we measure out the lidntge7i speclruni 
of a given tube and of an anti-cathode of given material hi lerms of tk(* 
lattice constants of a suitably chosen crystal. In tho othor caHO, wo 
measure out the structure of a given crystal in terms of a suitably cdiomm. 
wave-length of a Rdntgen ray. 

The results of the first line of investigation form tho content of tlio 
present chapter. Bor the results of the second lino of rosearoh ooiiHiilt, 
for example, the book by Ewald mentioned at tho beginning of thin 
chapter. 

The experimental methods of X-ray spectroscopy woro first huiu- 
marised by M. Siegbalm, “ Spectroscopy of X-rays " (O.U.l’.). More 
recent results up to the present time are contamod in tho account by 
A. Lindh, “ BSntgenspoktroskopio,” Vol. 24, 2, of tho Handbuoh dor 
Experimentalphysik (Wien-Harms). 

§ 2, Methods oi Measuring Wave-lengths 

Whereas in the first section we have discussed the clifTniotion by 
lattices exclusively from Laue’s x'x^int of view, wo sliall no'w pasa on I’o 
that of W. H. and W. L. Bragg. For this purpose, wo iirovo tho 
following theorems ; — 

1. The median plane MM between the incident ray (a^jS^yQ) and tlio 
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(lifTractixl ray (a^y) is a nai plane of the crystal, that is, a plane that 
cutK an inllnito not of points out of the crystal lattice, and may there- 
foi'O i )0 n^gardod as a possible crystallographic boundary surface. 

2. ilio (hdrachid rays niny bo regarded as being generated by a 
I'ellotition at tliis not ])luno. 

In ] proving 1, avo. vostriot ourselves, as in the first section, to the 
regular sysUitu. 

In l<hg. 41, above, lot tho distances 

OP = OQ = 1. 


n wo (iluioKO 0 as tlio origin of a rectangular system of co-ordinates, 
wJuoli (joinoidos with tlic crystal axes, then the co-ordinates 

of P «o^oyoi of Q are ajSy. 

the co-ordinates of any point M in the median plane he a*, ij, z. 
Tim median piano is tl\o gooniotrical loons of equal distances, PM = QM. 
Thus its equation is 

{X -- ao)'' ■ i • (2/ - Ai)' -1- - yo)" - - oc)® + (2/ - Y? 

or, after reduotion, 

(a Wn)^: • l - - fin)!J + iV - Yo)^ = 0. 


H wo insert into this tho intorforonoo conditions (3) of § 1, Ave get 

hiX -!- h^J/ - 1 - hsz ~0 . . . . (!) 

Let n bo Homo oommon divisor of tho order numbers hi, h^, Itg, that is 
hi nli-l, h^ == ?i74> \ — nh\. . . (2) 

Avhor<4)y h\, /q, hav(i no common factor. Equation (I) then stat^ 

blnit a plane tliat Is parallel to MM has intercepts on the crystallographic 
axes til at arc inversely proportional to the integers h\, which are 
prime to one another, 'l.’ho numbers h\, hi, hi are called the indrccs 
of iha snrAice KM,. The fundamental laAV of crystallography, tlio 
'* hiAV of rational indices ” states that every surface that has nitegral 
imliooH iH a possible surfaco of a crystal . (As in the case of all physical 
liiwa ill wliicili ratioiml ratios oooms rational iiKlioes denote suoh as are 
ropiwimtaiito by tiio ratios o£ small integers,) From the joint of new 
of tlio lattioo idea, tliia law is solf-ovident. It **”-*?“ "“***“« j j 
that ovory iKiuiidavy svivfaoe of a crystal is occupied by a full net of 

wt havo'iluis scon that lU ,mdian yiaiis M 
(md Iho (Uffraded rail is a net plane oj the cryalal : the order 
hi, }H,'h/is ilir. inlifmnce plmoinenon determ, me stmuUaneouslij the 
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iiB from interpreting the phenomenon of diffraction as a reflection at 
this net iDlane, This is, hoAvever, not sn-rface reflection, hut sjMce 
reflection y On the one hand, it is not necessary for the refleoting not 
plane of the crystal to be a bounding plane of it : the reflection takes 
place j ust as well at the inner virtual crystal planes as at tlie external 
real ones. On the other hand, the whole system of parallel not plano.s 
reflects concurrently witli the individual plane MM. As wo saw in 
the first section, all lattice-points on vdiieli the primary ray impinges 
contribute to the interference phenomenon. Thus the reflected in- 
tensity is derived from the interior of the crystal. 

But, further, Ave are liero dealing irot with a general reflection of all 
ivave-lengths, but with a selective reflection of certain favoured toave- 
lenglhs. “ White light ” is not reflected back as white light, as occurs 
in optics, but reappears “ coloured.*’ Whereas all other wave-longtlm 
remain appreciably united in the primary ray, and traverse the crystal 
in a straight lino, certain wave-lengths, of appropriate length for tlic 
lattice structure, are selected by the reflection. fl.'his selective colour 
of interference rays has already been met witli in the first section. 
V^e shall now deduce it again from the standpoint of reflection. 

Lot OA, OQ be the incident and reflected rays at the lattioo-poiut A, 
and lot PC, OP bo the incident and reflected rays at the lattice-point C, 
whioli is situated in the plane parallel and adjacent to MM. 'The 
difference between the lengths of path of both sots of rays is found hy 
dropping from A the porpondioulars AB and A!D on to PC and CP. 
TJie difference of path is, if d denotes the distance AC between the not 
planes, 

BC + CD = 2d sin 9. 

This must he a wliolc multiple of A if the two reflected rays AQ and OP 
are to be in phase and are to strengthen one another by interference , 
This gives us the fundamental relation 

2dmi0^nX .... (3} 

According to Darwin and Ewald, Bragg’s calculation is to bo 
corrected to 

2dn sin 6 == nX, d^ ~ — 

, li* Q/ 

where h depends on the tightness with which the electrons are bound. 
Of. the summary given by Ewald in Vol. 24 of the Handlnioh dor 
Physik (Geigor-Soheel) ; for the experimental confirmation sec A. 
Larsson, Zeits. f. Physik,, 36, 401 (1926) ; 41, 507 (1927), and M.. 
Siegbahn, Journ. da Phys,, 6, 228 (1925). 

But in deriving this relation wo liave made an unnocossary .special- 
isation. It is not necessary for the two lattice -points A and 0, in Pig. 
46, which are being compared to lie directly beliind one another, that 
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in, ini (hi* sniiu' normal |.(» MM m wn u ^ 

Iho Muku (*l' sim|ilH!il.v Jn Uni.i ^imo for 

|Miinfc ( ! ui'l»il-rari!y in il,H luit nUino to 0' ThT’ T+Y fke 

11. I- 1,1} irv 1 " IJuino 10 u , inepath of thcravs PT''P' 

(doOfcd m I ig. .|(i) oloivrly h«a the same optical length ns the path PCE 

,.r.m.h.d that the wo pmnts VP' and EE' are asTumed. in partiS’ 

» 1.0 on a wave piano through the inoide.rt and reflected ray. row’ 

tivoly. 1 his .a shown oloarly in Kg. 4 e, in which the pointe kn Co 

jihu.ial Htill moKt Miuatmlly, oamoly, symmetrically to PP' with resner-t 

to 1.1,0 j, aoo ot „,v,n,notry SH there drawn ; this has no eftect on ihe 

phaso-d. lo,-onoo at E and E'. Wo soo that the optical paths PQl 

,.nd E 0 1 - a,;o nnagos of one another. H the trvo rays incident at 

1 , II 11(1 1 aio in pluiHO, then also the two reflected rays at B, and R' 

will ho in plowo. But thou it follows from Pig. 46 that in it, too there 

i« tlin Hinno dilToronoo of path between the reflected rays G'R' and AO 

as hetwi^e^i OK and AQ, namely, the difference nX; the former 

Hlrengtliim oiH' another hy interference just as mncli as the latter. 

In fact, generally, any two lattice.points of the crystal, no matter 

wlu^lli(‘r they lit' on two neighbouring net planes or on two net planes 



timt me distant from one another by various multiples of d, no matter 
whetlu'i* they hi the plane of incidence (that of the page) or not, 
will Htrengtheii one anothisr hy interforonce, provided only that the 
wave-length uud the angle of inoidenco are related to one another hy 
the eonditioii postulated in ( 3 ). It is not even necessary for the points 
(KP , . . to he arranged in lattice form, that is, equidistantly, wthiii 
tlu'ir net jilane. What is important for reflection at the system of 
jdaneH MM is nu'rely the regular sequence of these planes, not the 
regular Ke(|uenee of pointn within a plane of the system. The latter 
faetor eomes into aeoount only when we wish to change the reflection 
plane, that is, when tiro crystal, besides reflecting from the system of 
]itanoH MM, is alatr to rodect from other net planes running through 
the oryatal. I.i’or this, that ia, for the existence of further net planes 
and for their action by infcorforonoo, the necessary condition is that the 
Inltitse-pointa bo I'oguUu'ly arranged in the first system of net planes, 
in opth'H wo aro familiar with the pii’ocess of 0 . Wiener, in which, 
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by means of stationary Avaves, silver particles arc in’ocipitatetl in piu’- 
allol equidistant planes in a layer of silver oliloritlo. '.L'iu^ silver j»a rluilcH 
succeed each other irregularly Avithiu each plane, hut tl\c piaiu?H HtieciM'd 
each other regularly at a distance equal to half that hotAVOon two crcHtH 
of the stationary liglrt, that is, equal to half the Avavo-longth tint 
monochromatic light used. These strata of Wiener have boon uhcmI, 
as Ave knoAv, In Lippmann’s process of photography in natural cudoiii’M. 
Here avc have the case assumed above of a regularly .stratified 
of xdancs, Avhich, for their x^art, are irregularly oocn])iod by Hilvor 
granules. In interxn’oting such pli^oomcna our equation (3) x>layod ti 
part,* long before its importance in the realm of Xlontgeii rays otmld 
be surmised in any Avay. 

Of course this equation mu.st ho identical Avitli the formulm (t>) and 
(11) found in § 1 for the wave-length. In fact, on the vioAv that f ho 
quantities li\ are surface indioos Ave see by the simxdo goonititriiiU I 
oonsideration that tire distance d hetAveen tAvo successive of tliu 

group parallel to MM is given iir the oubio and the i‘homhio wyHltun, 
respectively, by 


2 = 7,VA? + / 4 '‘ + /.^ 


1 A? 

d V a2 “p* 


(‘0 


If, taking account of (2), wo introduce these values iirto (9) and (11) »rf 
the first section, both these equations resolve into our xrresont oixiiatioii 
(3). We see from the method by Avhioh it has noAv boon derived, that 
it is not confined to the case of tiro regular system but is gonoral ly A'alii I , 
The meaning, too, of the integral number n introduced in equation (2) 
(it is the greatest common factor of the order numborH Aj, Ag, A„ of 
interference olfect) is now also intelligible physically : n denottm thi’! 
order numhor of the refleotion phonomonon, that is, the nuinhor (d 
Avavo-longths by Avliioli each reflected ray differs from its neiglihoui’in^ 
rays that are reflected from tlie next or the x>recoding not ])iano. 

For a given angle of reflection 0 and given distance d betAvoon tlii^ 
net xflanes, equation (3) determines one and only one quite dulhiilo 
wavo-longth, Aj of the first order (for n = 1) that is capable of rollint- 


tion, and likeAvise one of the second, third, . . . order, 


2’ 




A, 

;} • 


. . .(for?i — 2 , 3, , .). Hence if we Avish to reflect the AvholoHx>ootrmii 
from one and the same crystal face, for exainxile, in tho first, orclor, 
then d must bo made variable, For tho short-wave side of tlio sjicotriiiii , 
d is to be chosen small, for tho long- wave side it must be ohostui cor- 
respondingly great, This goal has been reached in various Avayn ojt- 
perimeiitally . On acoount of its historical importance wo shall dlKcusH 
chiefly tlie method of the revolving crystal, Avith Avhioh W. H. and W. U. 


* III the theory o£ W. Zenkor, 


Cf. his Lehrbtioh der Photoohromie, Borlin, | H(t8, 
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Itmgg* iu'iiu5V<*(l HiK'ii Htrikiiig buccohs, iiamelj^ in the two <lir<‘etions 
liiinirlci'iKril on liHge IHd, tlic aiitilysis of X-rays hy crystals unci the 
umilyHW of ciyHtiil struoliiro hy X-rays, 

h'ig. '17 given iv M(*4u‘intttic horizoiital section of the arrungeineut of 
n^>jwvi\tim tor the motlind of revolving crystals. At tlie top the 
Hdiilgen tuho is indicated by its cathode IC and its anti-cathodi? A. 
Tho slit »Si in a lead plate singles out from the rays emitted from the 
fcKtiiK of the miti'Oiithode. a narrow beam of rays. Sg is a second small 
slit t»f whh'h HCM'vcss to limit tho ijenoil of rays still further. This 
beuin tliiMi fuliK on the orystal Kr, which is set up on a table T, carrying 
vernier divisions, in suoh a way that the 
fvowi volliHiting net plane of tho crystal 
(for I'xampU', a eleavago piano of rock- 
rtidt) puss«^s through the vortical axis of 
rotathm 0 e£ tho vornior table. The 
latter is slowly ttirned about the axis 0 
wiliiin a <!ortain i'ang(5 of angles. All 
wave-h'ngtlis of a ocu’taiu range of wave- 
lengths then impinge on tho table suo- 
ewaively at tho netKJSKary angle of inoi- 
doiice 0 (or “glancing angle”) and arc 
HopamU'd sp.Hstmlly hy the reflection. 

'I’hcv (lellnmite thoinsidvca sharply on the 
,,l.oh.gmpl,i.. lilin I«, wl.ioK i« bort fixed 
Le liclow) tOin>K 

It may aleo Im 

iiinne nliolograjduc plate 1. i- ■ . 

1 ', Ih till' |i»lnl oil till' film. >vt "''“O’' 
iimikcil Hi" liiiimoy I'lolmtioo <)£ ^ i 

HOiilWii tuli" tl>»t tiivvoraed tlio 

ei-vutal witlimit ivHootion i there follow 

i rl.uliv"ly oil the Him the shortest 

Tve h. Ktim eoivtoiiuHl in tho iiriinary 
,,«ve.|( Kins ones 

r ..,, Ltlnii (81, mny be 


I9I 



Fia. 


47, ^Botating crystai 
mothod used with Rontgen 
raya. 

ivnve-ii-iiK."" , Hu, loiiaor ones. The longest wave-length 

l,e,u„ X-mys. nml *7, (jt lay be reflected by a crystal with 
which. nceimliiiK to ‘'A plaras is A = 2<i ; the eorrespoiid- 

w given distoiiee d hctwomi tho not p 

„ ’t The tmeo of the wave-length on tho him 

1 . H H is olivlons that this maximum wave-length can 

irrellcetal mi'ly b> tho “'‘Yinoidonct of the raya can also he 7 - 
or WHime a ™toV If wo use a diverging or a converging 

tahiedwillioul rotating the oi'yatol'f w 

1 > Maurico De Broglie nwt. 
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boiiiu ot mys. In tlio latter caao the slit which marks ofT tlio btsam 
may be roplaced by a niotal edge wliioli is broiiglit near to tho crystal 
surJEaco (Soemann’s method).’’* 

Ill the case of hard mys a difflculty avisos owing to thoir groat 
penetrating power in that the exact position, of the system of reflecting 
layers is uncertain and this renders it impossible to measni’o aucuratoly 
the angle of inoidonco. Instead of reflected light -we therefore use in 
this ease transniiited X-rays, whicli are reflected at tho inner net pianos 
of tho crystal, The slit must tlien be adjusted behind tlio crystal plato. 
This arrangement Avas first used by Eiithorford and Andrade f for 
analysing y-rays, 

Another diffioulty in tho case of very hard rays consists in tho 
fact that for them the angle 0, by (3), becomes very small, so that tho 
accuracy is reduced. In tlie case of very small values of Xjd wo have 
almost grazing incidence with respect to the reflecting net-planc. 
We may oireumvent this diffioulty by observing in a higher order 
(of. the factor n in ecpi. (3)) and by using as small a distance d hotwomi 
tho net-planes as possible. Changing tho crystal does not, howevoi’, 
alter d by much. Whereas for rock-salt tlie lattice- constant is ft = M ^ 
5*63 . 10“^, for the crystal of smallest known lattice -constant, namely, 
diamond, the value is ft = 3’66 . 10"®. It is more ofleotivo to pass 
from a crystal face (for example, of cube face 100) to one Avith highor 
indices (for example, of octahedral face 111), Avhioh, by oqn. (4) makoH 
d smaller (in the ratio V3 : 1), Both these devices (proceeding to 
higher ordoi? of reflection and faces AA'ith lAigher indices) load, to a 
diminution of intensity. 

If very soft rays, Avhich are strongly absorbed in several centi- 
metros of air at atmosjfliei'io pressure, are to bo photogi’a])liod, tins 
whole course of tho rays must lie in vacuo. Tliis requirement loads to 
the constrAiotion of vacuum spectrographs, wliioli havo been dovelopo<l 
hy (Siegbahn along tho lines of Moseley, The whole apparatus (son 
Pig. 47) from tho circle up to and including tho plato P'P' huM 
for this reason been enclosed in a brass case connected Avith an air-pum ;| j. 
The X-ray tube is also to be considered in this flgiiro as oonneoted with 
fcliis brass case by a tube Sj that may be evacuated. 

riii’ther diffioulties are also raised here hy the lattioo-oonstant of 
tho crystal. Noav tho fundamental equation (3) demands for tho 
case Avhere = 1 (observation in tho first order, to Avliioh avo may 
restrict onrsolvos if the rays are very soft), 

2d > A (fi) 

Accordingly rock-salt (2d = 6*63 . 10"®) may bo used only as far an 
Avavo-lengths not exceeding A = sA. Gyx)sum and mica, hoAVOVor, 

*'■ II. Seomann, Ann. cl. Phys,, 40, 470 (1016), and Phys. Zoits,, 18, 242 (1017). 
See also Soomann aiidPvioclrioh, ibid,, 20, 65 (lOlO). 

t Ruthovford and Andmdo, Phil. Mag,, 28, 266 ( 1 914). 
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Nrn)^»lj' MS wi(.li g(««l (fryHfcals with, considorablj^ greater valiios for the 
e<)imtent. ('I'lna eonosjxnulH with the rule, which is .solf-evutent, 
tliiU- very taisy cleiivugii is usually associated with a Uirg(5 value of the 
hittioo (ionstunt for tiio net planes in question.) A step towards 
rotfoulation was ftrab taken by Siegbahn and 
'rhoi'uouK,* who uwid palmiticj acid, for which 2d = 70-98 A, ns tlu* 
^■^dUu(ting crystal. 

AVe now jiroeiHsl to dismiss two other methods of X-ray apeetro- 
Hcopy, the lirst heing tho ionisation method of W. H. Bragg. In it 
lliu photogi’aplne ])hvte or film is rejilaoed hy an ionisation chamber, 
lUnt is, •'.V a vessel that is filled with a (preferably heavy) gas, wlncii 
ruunives tlie rellcotisl radiation at P (Big. 47). The gaseou-s content 
ln‘m>un’.« cmulucting (ionisml) in xn’oportion to the radiation absorbed ; 

Uio eondm'.tivity i« measured by electrometers. The ionisation chamber 
must be tunu'd. step l)y stop, along the circle PiPS of Pig. 47 to the 
Hiuno extent us the crystal is turned forward, step by stej^, when avo 
uuHH fi(*in oi'<’ wave-length of the sjaeotrum to another that is neigh* 
luiurini£ to it. 'Tlius, in this ease, the spectrum is represented not by 
It mnvtiuuous distribution of darkened spots, but by a discoutiuuona 
Hucecrtsion of oUiotrometer <lollcctiona. The method has its advantage 
in nuMWuring tlie intensities in tho X-ray spectrum as, through the use 
of olcclromoters. it is spcoinlly sensitive and allows quantitative com* 
V.ui»on» (!... aocmil) V «>« appioximate proportionality l.cU-c.ni 

of powdera, devised by DeliK^ 

* !.. s. ^-r yiSi £ 

volnprd in ^'‘7'’' ^ in spite of tho hlooknde 

iniwlUvliione»« of ranonl/i un almost siniultaneoualy in 

.1,11, to Uio war, tin, aamo idoa “1^“® J j e„ rays falls info 

Goi-mnny and Amnrioa. A "J-y '.J jygtaUjne powder, and strikes 
n little tiilw wliioh m hllua orientations. For 

Olio and tlio same crystal £aoo P inclined at the correct 

i iiuli wavn-leiiKtli tlinro aro orys direction of the incident 

* and indisHl hi all rf^'TatC wave-length 

ray. Homs., the rolloctod “undrical film pla-=f<' 

a 'coiio aliont the .wkoiitd by the reficoted radiation at its 

axially in position, will > ^ primary ray travels along 

ourvo of intorsootioii with , oyiindrioal film is placed vcrti- 

liorteintally, the simple and has already h»n 

oiiliy. '.I'ho arrangomciit is ^ minerals occur more 

„t giwt “ Jlcd amorphous form, than rn that 

ofteu iu Oho powdor ioini, bo 

* Cf. Soxmu Opt. Soo. Amor., B, 23& 11S26). 

VOL. 
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well-groAvn crystals ; it nocoasavy, the linojioss of the gramiloH nuiy 
ho increased artificially. 

We now give an indication of tli(^ power of .X-ray sptictro.scnipy by 
reproducing some photographs of historic importance. .Ifig. 48 inprc- 
sents one of the first really successful X-ray xdiotographs ; it wan 
taken by E. Wagner in 1917 hy means of a xdatinvnn anti-cuithodo 
and a rotating crystal of rock-salt.* 'The wave-lengths increase from 
left to right. On tho less exposed inght side of the figure the eliar- 
actei’istic lines of platinum {so-called L-series, denoted hy ct/lyS) stand 
out very conspicuously as straight lines, accomx^^nicd by Hovoral 
weaker lines of iridium, which is related to platinum, and HOvoral 
mercury lines. On tho left side of the ligviro, whicli wa.s exposed to 
the reflected rays more often owing to the manner of adjustment of 
the orystal, and was therefore darkened relatively more than blio 

background of tlie right side 
of the xficture, wo mco tlio 
conlinuoiis ' speclnm d(i- 
picted as a fairly uniformly 
darkened field. Tlio in- 
tensity of the darkness d(J- 
oreases at the puiiit marked 
d (“ hromino hand,’' of. § 7 
of this chapter) in a strik- 
ingly sudden way towards 
the right, owing to tluj 
selootivo sensitivity of the 
Xfiiotograj:)hio layer of silvoL' 
hromklo for X-rays, Ilonoo 
we hero have doom non tary 
oyidoiioo of tho two emu- 
ponenta of X-rays, re- 
peatedly mentioned ahovcj, 
namely, the continuous speotriira (impulse radiation) and tho llne- 
sXJeotrum. 

The next picture is one of a series of systoinatio johotogi’axfiis by 
means of which W. H. and W. L. Bragg have unravelled tho atruoturo 
of rock-salt (Eig. 49). The source of radiation was a tube vdtli ti 
rhodium anti-oathode, This gives, in addition to a weak oontinuoUM 
spectrum, two lines, in particular, one, the more intense but soffcoi* 
oc-line, and the other, tho weaker but harder jS-line of the so-oallod 
IC-series. The cube face of rock-salt served as the reflecting orystal 
face. The intensity of reflection was measured by the ionisation 
method. The ordinates of the figure are thus eleotrometer doflootioiis 
giving the intensity of the ionisation current ; tho abaoissco deiioto 

* Phys. Zoits., 18, 406 (1017), 



Fia, 48, — ChavacteriBtifl Rttntgon spootrum o£ 
Pt (L-series, y, 8) takoii with a rotat- 
ing crystal of NaCl. Tho strong Boloctivo 
absorption of tho hvomino (K-^sorption 
limit) in tho light sonsitivo layer of the 
photographic plate bogina at d. Wavo- 
lorigths inoreaso toworda tho right. 
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tlio angles (ef. Fig. 47 ), through which the ionisation clnnnbor must 
1)0 turned so as to al)!c to rcMieivi’. tlu' red lee ha I Intensity nndoi* 
eonsideration in tiirn. 'I'lm iigure shows tlui two lines a and ^ in throe 
(lUJerout positions. '.L’lio dlfCoronco I )o tween the lines, which gives 
a measure of the speetroscopic resolution, increases with the order- 
nuinbor of tiro rollection ; at the same time, however, the intensity 
of the lines raxriclly dooroasos (the amount of this decrease deirends 
not only on the general conditions of tlic diffraction, but also on the 
Xrarticiilar structure of tin? crystal used). Foth facts, increase of 
resolution and. dem’ease of intensity, luive already been emphasised 
f^bovo. The sharpne.ss of the linos, comirared with the xrreoeding 
pliotograxrh, is by no moans groat in this ionisation picture. 

Wo give as our third xriotui'G a photograxdr,* taken by Bobyo and 
Scherror, of very linely powdered LiF. The source of radiation, a 
tube with a Ou-anti-cathode, again omits, in x)t^i’tloular, two char- 
aoteristio wave-lengths, the a- and the j 3 -lines of the K-serios, the- 
former being a little more intense than tho latter. Tire dark lines of 


1 



Pro. <10. — Oliiinuitts'iHMo HOatgon snoctrnm of Kli (Ka^) obtdnocl witli an 
ionisation olminbor, TJio manboi’H 1, 2, !} tlonolo tho Ist, Sad ,aiul Jirtl 
• ordors ot I'onoc.tiou at tho orystul faoo (oubo fmio of NaOl). 

I * ^ ‘ 

tiro photograph are prodneod hy these two wave-longtlis, wliorons tho 
] oontinuous spootrimi of the Cu tube bas produced no appreciable 
darkening. These dark linos are, as wo remarked above, tiro intor- 
aoctiong of tire film with tho oivoiilar cones that start out from tho 
I ' crystal powder, and are dosorihod about tho dircotion axis of tho in- 
oldont X-ray pencil. In the middle of the piotiiro tho linos of darkness 
are straight, booause the oiroiilar oone that is described about tho 
X^^'hnary ray becomes a ])lane wlion its angle of axjorturo is 00°, and it 
I therefore intersects tho film in a straight lino. Towards the right and 
I : tiro loft ends of tho picture (emergent and incident directions of tho 
I jirimary ray) tho ourvaturo of tho lines of intorsootion inoroasos. Tho 
I very dark linos oor respond throughout to tho a-lino of Cu, likewise 
I the moderately dark ones ; tlio weak linos correspond to tho ^-lino, 
I in the main. Tho a-radiation and likewise tho /3-radiation gives us 
I not only one, but several dark images, because it is reflected appreoi- 
ably at several faces of the mloro -crystals (ootahodral, dodecahedral, 

* Tahcii from tho tlbttingor Naolu‘iol)tou of tho yoai* 11)10. 
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cubic face, ami, iuclcerl, not only in the first order, iiut also^ in Idin 
second, third, and fourth orders), whereby these faces nuist u\ inw.h 
case have the appropriate orientation towards tlio iueident .Rcnitgcii 

^ But 'WO must now follow the purpose .stated in tlio title of ^ thin 
seotion—tbe measurement of the wave-length of lliintgon rays. TIiih 
depends, as is clear from eq^uatioii (!3) and from Lauo’s own funda- 
mental idea, on a ooinparison of the wave-length sought with tho 
dimensions of the crystal lattice, in partioular, with the diata.n<?o d 
between the net xdanes. 

Let us return to the method of the revolving crystal and ussunro 
that a number of lines arc photographed very distinctly and sharply 
on the film ini' of 47. The distance of an individual lino from tho 
primary ray gives us the angle 20 directly (cf, Irig. 47). Iri'om tlris 
we calculate 0 and sin 0. Thus, so long as d is knowJi, A can also l.u> 
given directly from (3), 



Pia. 50.-— Bobyo-Scherror-photogmph ohtaiiiod 
with powdered LiF. Charaoteristio BOatgoii 
speotrum of Cu (KajS), 



It only remains for us to clesoribo liow d is found. T’lro oarliont 
precise measurements were made by using a piece of rook-oryHfcal 
cleaved along the cube faces. The atruotnral skeleton of tlio ISTaf *! 
crystal is shown in Kig, 61 . We have a simple ouhe lattice whoso yari iit« 
are occupied alternately by Ka- and 01-atoma (more corroctly, Nft * - 
and Oh'ions). The distance between the not ydanes which comes into 
question here is d === a/2, that is, it is equal to half the edge of ilui> 
cube in which the Na-ions and the Ol-ions are arranged. If wo imagino 
a cube described about each Na- and 01-iou as oonti;o, then, fchoao 
cubes completely fill the crystal . Hence, in the space tlmi-o -ndn 
be a mass -f- Tnci. This mass amoimts to 

(23'00 + 364e)mH = .10-®, 

that is, the sum of the atomio weights of Na and G1 multiplied hy the 
mass mn of the hydrogen atom, or> more accurately, witli the rooip* 

* Cf. tbo dotailod disouasion by E. Wagnor, Ann, d. Pliya,, 49, 026 (1010), 
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rocal of L, IjosohmicU^s nuinhor y)or mol, tlio value of which we got 
from I?ig. In on page 7. 

We get in this way, for the density of mass of rock-salt, 


58-40 
^ "" 0 ' 0 () , 




This density of mass is, on the other hand, known from direct observa- 
tion, or can ho determined experimentally for tlio crystal of rock-salt 
used in each particular case. A very exact measurement hy ltdntgen 
gives 

p 2-104. 

By comparing the two values of p wo liiid 


/ 58-40 . l()“ 2 a 
V 2. 2*104. 0-06 


2-814 A 


2814 X-unita, 


where, following Sieghahn, we liave introduced the unit 
1 X-unit A. 

'Pile greatest uncertainty in the mi m hers used is contained in the 
value of tlie Losohmidt (or Avogadro) mimher, aud amounts to at most 
1 per cent. ; the possible error in the lattice-eonstant d lienee becomes 
loss than per cent. 

The value d = 2-81,4 A was used as the basis for the hi'st wavo- 
longbh dotorminationH by Moseley in 1,9 13. Seigbalm adojitcd tlio 
convention of taking 281,4-00 X-units as his basis ; all measurements 
obtained in Siogbahn’s laboratory arc roforred to this value, In 
praotioal respects, however, fluorspar is sujierior to rock-salt on account 
of the nature of its oleavago planes and its small coofllciont of ex- 
pansion. Precision measurements are therefore ];)orformed wherever 
possible with fluorspar ; the lattice -constant of fluorspar, referred to 
the d of rock-salt, amounts at IS** 0. to 3029-04 X-units. 

The methods so far disoussed give a rcUUiw ‘wavo-length measure- 
ment, whioh do];)onds on an exact knowledge of the value of d for 
a normal crystal. Since the appearance of a fimdamontal paper by 
Compton and !Doan * in 1925 it has become possible to make an absolute 
moiisuromont of wave-lengths in the manner used in measuring lattices 
optically. All that is necessary is an ordinary ruled grating on 
Toflocting metal or glass, whioh need not oven have* a voiy small lattioo- 
constaut (for example, 50 lines to the millimetre). 

How does this harmonise with our tvssortion in § 1 , according 
to which the lattice -constant must not ho gi'oat compared with the 
wave-length ? Tlie explanation is that in these experiments ex- 
Iremely sinall mighs of incidence are used. Kor tlio lattice equation ( 1 ) 
in § 1 shows directly that a may be inereased in propoHion as a- oco 

* A. K. Compton luiil H. L, Doim, i?i'ou. Nat, Ao„ 11, 6i)S (Jl)20). 
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diminished. Moreover, in tlie new method it is not Hoh’-otivo but 
total reflection that is used, and this implie.s a considerable gain in in* 
tensity and sharpness of the lines. The phenomenon of total rolloction, 
which ocours when a ray passes from a denser to a loss doiiHO intuVunn 
(glass into air), is, of eourse, well known in the optical region. In tho 
X-ray region air or a vacuum is tho “ donser ” and glass or inotal 
the “ less dense medium. Wo saw in note 1. that in Hoabtoring 
processes ordinary and X-ray light behaved in op])OHito 
Whereas in the optical region we could neglect oj in coinparinon with 

(the freq^irenoy of tho light in ooiuj^arison witli tlio natural or 
proper freq^uonoy of tho scattering atoms), in tho X-ray I’ftgioii wo 
had to negleot wq in comparison witli w. Hence in cqn. (2) of nofco I 
the oharaoteristic denominator reverses its sign. Bub tho saino do* 
nominator also occurs in the dispersion formula and horo dotorininea 
the deviation of the refractive index from L Whereas tho rofraotivo 
index of ordinary light is greater tlian unity in passing from air tr» glass, 
the refractive index of X-ray light becomes less than 1 although only 
by a very small amount. Hence total reflection oan ocoiii' in tliis 
transition, but only when the angles are extremely small. 

In the meantime this method has been perfected to an extraordinary 
degree, both in Upsala by Baoklin (Dissertation, 1928) and in Cliieago 
by Bearden (Nat. Ac., 1929) ; it yields X-ray lines of irroproaohablo 
definition and resolution as far as the tentli order. Hroni huoIi 
photographs the wave-length A of tlie X-ray line in question <m.ii bo 
determined absolutely by using tho lattice-oonstanb a. On tho other 
hand, by comparing the A-valuos so obtained with those obtained by 
reflections from crystals we can determine the labtice-constaiit d of 
the crystals. For fluorspar, for example, BHoklin obtained the voUio 

d = 3033 X-units, 

whioh is not inconsiderably greater than that given above. 

But this involves a further oorrectioir in Losolimidt’a niuuber luul 
consequently also in the value for the olomontary oliargo c. Acoording 
to B&oklin or Bearden, Millikan’s value e == 4*774 . 10~io (cf, p, Ifi) 
would have to ho increased to 

e = 4*793 . or 4*804 . lO"*^® respootively. 

Judgment about the* sources of error involved in tho now inobhod miiHt 
be suspended for the present. Heiioe for tho present wo sliall rotaiji 
the values given in Chapter I for the fundamental oonstaiits e, m, L 
and so fortli. We ooiisider it only right, liowevor, to point out that 
possibly a more accurate determination of those oonatauta will bo 
possible as a result of absolute lattice measurements of tho waA''o- 
lengths of X-rays. 
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§ 3‘ Purvey of the K-, L-, and M-sencs 

§ 8. Survey ol the K-, Hi-* and M- series and the Corresponding 
Limits oi Excitation 


ntiw inhiu' into a region of physical resoarcli which was founded 
nily In lUlIl and wirudi, in Hpito of the rmfavourahle conditions of the 
iiiUn-veninj' has iilvoacly beoii developed so far that to-day its 

^ili'uetnie is ('ixpoHcd to ovir gaze with greater clearness of detail than 
Iht' legiouM wli'nili have l,)eoii explored mxich longer and from which the 
now ri'Si'iirehcH liav<^ ))orrowod their aims and methods. It is in fact 
Iriie that tim Hiwdroftcopy of Jldnlgen ray a shows in many ways simpler 
and inoi<' HiiliHfindory rosnlts than the illimitahlc speclroacojiy of Ihe 
rtaihh nyian. 

'j'he rt'iisnn for thia striking fact was touched on in § 3 of the pre- 
foditig ehupter ; tlie X-rays came from the inner part of the atom 
wlmre iho el ee Irons, owing to tho influence of the nnwealtened nuclear , 
oh urge, uliiy siinpU^ laws ; visible spectra start out from the periphery 
nC tiu/ivtoin, wlmro tlio olcatrons acoinmilate and the nuclear charge 
ItjHes Hs i'emilativ(' power. A further reason luust ho added : right 
frmii t he on iso t X-ray Hi>cctroscopy had tho new atomic theory ot 
Uuhr to Riiido it and direct it, whereas optical spectroscopy 

wUH tor dexmdi'H without thoorotxoal guidance and had flrat to generate 
from within, ns it werxj, tho facts on which the atomic theory could jc 

llmli oii«t !V gldiioo a1> om- knowledge o£ Eentgm radiation 
1 r 1 ii.it’a iliH(!nv<irv that is at the characleristtc radiahori of the, 

Har la X “to®* ‘I''’ “'y ““ 

r k MU' » lis . itu i U la, wiinso ^ Rver v element , on to whi ch 

i.,l„ lor tliia <ino»tron ^ * S oCotete primary 

ontloHlo mya or X-raya arc lire tardnei 

...earn, VO, I l,y noting 

ill tlic oosti of, Htiy, Hlumuuum. must to a great extent 

‘l„d tlo, eonvloHinn ikat “’““"nd 

Im hmnognmiUH. Hnn and the atomic weight of the element 

huiwHsm tlm liiiulnnsH of radiation an absorption decreases) 

!n«iu.ing H.. to ea^; orcoVn.«>«. “‘r 

iiH Uw atoiniu weight inoieasos. ^ ^ ^ of the character- 

Ksis;';;:;"" 

iitoinie weiglit. ^lunviug tho oxistonce of two senes 

oxli'aiinlalkm ot tin, oteovvod k ray 
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luado it ovident that they would be so soft tliat, with the means at 
tliafc time available, their iiresonco could not bo detected. On the 
otliGi’ hand, the extrapolation of the K-radiation in the dirootion (if 
tho heavy metals showed that in their case the K-radiation would 
have to bo so hard that it could not ho excited hy tho X-ray tubes tliat 
were available at that time, 3?or it is a general la-w of the oxeitation 
of a characteristic radiation that tho exciting radiation must be harder 
than that which is excited. This law of excitation pointed to an analogy 
in the realm of optics, namely to Stolce'a rule for light produced b\j 
fluorescence. If a fluorescent substance is to he made to fluorosoo, tlie 
incident light must in general ho of shorter wave-length than that of 
the light omitted by fluorescence. In this case, too, thoir, tho oxoiting 
liglit must be “ harder ” than that which is excited. Hence Barlda 
also called characteristic X-rays fluorescence rays, thus charaotorisiug 
theiir origin fittingly. Just as tho fluorescence light is determined by 
tho nature of the fluorescent body and is different in naturo from tho 
exciting light, so tho fluorescenco X-ray liglrt is determined by tho 
structure of tho omitting atom, indoxioiidontly of tho constitution of 
tho exciting radiation, provided that tho latter is sii ffioicjutly bard. 

After Lane’s discovery all these relations became iiioomiiarably 
more certain and definite, The q[ualitativc moasui'oment of hardnesH 
by means of absorptmi was replaced by tho quantitative moaHuromonti 
of wavedength, whiclv was free from all arbitrariness, Tho homogeneUy 
of tho oharactoristio radiation was on tho one hand sharpened and 
on the other limited. Tho spectroscopio resolution of tho ohai*- 
aefcoristio radiation disclosed a speotrum of sharp lines, of which each, 
taken alone, represents Edntgeu light of very great homogeneity, hut 
tho totality of which signifies an emission of light of a certain degrees 
of heterogeneity. The general dependence of tho hardness on tho 
atomic weight could now, after tho arbitrary mode of moasuronioul 
by absorption had been replaced by the natural method of measuring 
wave -lengths, and after, thanks to Bohr’s theory, tho somewhat 
indefinite atomic weight had been replaced by the simpler c^nantity, 
atomio number, be expressed os a simple numerical law bekueen wane- 
length and aio7nic mmber. It also became possible to express ike 
condition of excitation quantitatively. When tho exciting radiation 
was resolved spoctroscopioally, it was seen by how much its short- wave 
end had to exceed tho oxoited radiation in harcliioss, in tho sense of 
Stake’s ride. Finally, it was found possible to add to tho two char- 
actoristie omissions denoted IC- and L-radiation hy Barkla two other 
radiations, appropriately called M*, N- and 0-radiation. 

We next give a general graphical survey of tho wave -lengths of 
K-, L-, and M-radiation, which is derived from an account given by 
M. Siegbahn and E. Thoraeus (Fig. 52). Wo mark off tho wave- 
lengths liorizoutally, whereas, starting from the top, wo measure oil 
vertically the increasing atomic numbers of the elements omitting thean 
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wave-longths. a’hc liorizontal lino thus signifies in a certain sense the 
extent of tlio spoetrmn in (luestion, and the vortical direction, in steps 
of 3 units at a time, the sequence of the natural system of the elements. 
Tlio K-radiation is the hardest of the three types of rays ; it has hcon 
observed for cases ranging from tlio liglitest olomouts, for which even 
the ICradiation is already extraordinarily soft, to eases for which the 
rays are extremely hard. Still softer tlrau the L-radiation tliore is 
the M-radiation, vdiieh has so far been observed only in tire ease of 
heavy elements, and oven then special precautions (vaouum spectro- 
graph, of. p. 192) were rendered neecssary. The N-radiation is again 
softer and has boon ob.served only in tlio ease of the heaviest elements. 





to n V IJ M }S 16 )7 fS 19 70 21 22 23 24 25 
Wnve-Lengths — ► 

t'la. B2. 


Each of tiioso kinds of rays consists, as the hguro indicates, of several 
linoB and eaoli inoroascs regularly in hardness as the atomic number 
increases. 

Wo follow this survey of tlio experimental results by the theoretical 
picture to which they have led. ^idiis pieture is based entirely on the 
atomio model, oonsisting of the jiositive nuoleus os the central body 
and the cleotron shells surrounding it, which, autioipating llarkla’.s 
nomonclaturo, wo oalled !IC-, Ij-, and M» shell in the preceding chapter. 
l?or the iirosent we shall consider those shells, as was originally done, 
as uniform so far as the enorgy-eontent of each is eoneernod, ; that is, 
we sliaK thsregard the sub-division of tiie shells into various sub-groiqis. 

Wo shall now describe (a) the phononienon of excitation, (6) the 
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process of emission for the IC-, L-, M-radiation according to tlio i>lnn 
of W. ICossol,* whose views seem to ho more and more confirmed hy 
the facts. 

To excite K-radiation, an electron must he removed from the inrun’- 
most shell, the K-ring, and transferred to the pcriirhory of tiro atom. 
If the excitation occurs through the agency of cathode rays, it is cuAsy 
to imagine that the tearing-off of the “ K-electron ” is effected hy tlnA 
impact of a oathodo-ray particle that has penetrated into the atom. 
To detach the K-electron, a certain energy, lifting power, is neccHsiiry. 
The energy of the impinging cathode ray must he at least as great as 
this lifting energy. Tliis .sets a definite limit to the excitation neoesary 
to produce the K-radiation, that is, there is a lower limit to tho 
necessary hardness of the cathode rays. If the exoitatioii is offceUul 
not by cathode rays but by primary BSntgen radiation, then wo inimt 
demand for the corresponding minimum of its hardness that its liv valiio 
(of. Cliap. I, § 6) is at least as great as the lifting power required to do 
the work of transferonoe. 

To excile the h-radialiont it is necessary to remove an electron from 

tho L-slicU to an outer position. ^J'lio 
lifting work necessary is less tluiii Hh» 
corresponding work for the same atom 
in tho case of a K-oloctron. HtuKaf, 
for the L-eleotron, tho neccHKary 
hardness of tho exciting cathode rayu 
or Edntgon rays is less. In irig. 
tho process of excitation is reprcA- 
sonted diagrammatioally by tlu^ 
arrows that point from within out- 
wards. They bear tlio signs 
(K.~Orenze = IC-limit), Ij-Gr. (L-liniil ), 
and so forth. 

Through tho excitation tho atcuii 
is prepared for the subsequent 
process of emission. When the K-eleotrou has boon torn out, the 'Iv- 
shell strives to complete itself again. Tlio missing oleotron may he; 
furnished by either the L-shell or tho M-shell, or some other. Whore lx.^ 
the process of excitation was accompanied by a gain of energy (\v<u‘h 
of lifting, absorption .of energy), the converse proooss takes jilaco with 
the loss of energy (energy of falling, emission). Wo assume that lliit 



Fio. 63. — Diagi’ainniatic roproson- 
tnfcion of tho oxcitafcioii and 
omission of Rontgoii sorios (K-, 
li-, M-soi’ios). 


appears in the form of energy of radiation, and that it is omitted o» 


monoohroraatic radiation, that is, as radiation of one wave-length, 
each case. Acoording as tho missing electron, howover, rotAiriiH 
tho K-ring from tho L-, M-, or N-shell, the energy sot free vdll 
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* W. Kossol, Voi'h. d. Doutschon Physikal. Gesollsoh., 1914, jip. 800 and 0B!1 
11)18, p. 830. 
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and M- series 

in «nniunt ; (OTnapoudingly thoro bo variouH posaihlo 
«u|l> «t winch is ropcoaented by a dofinitc wavelength, 
f. talk ol the Ka-lim. (tmnaition from tho L. to tho ICshcll) of tho 
I the M- tn Tf 


» i'. fiviiv VIJ. fiiv trom me h- to the K-shelU 

(tmnmtion from the M- to the IC-shell), of the ICv-line (trail. 
Hition froiu th(» N- to the .K-hIioH). The lines Ka, K^, Ky togUher 

1* o .. 1 T/" • 1 a .a 


oonHUtuto tlio K-w:nV.s. 


p o . together 

-- - .Kp is JMtdcr thtiii Ida, and ICy is harder than 

on muaiuiit of the HueccBsivo increase in the energy of falling that 


in iivuihihU 
Kj^ in -mtii 
of the o( 


iPH . On tlu' other hand, Ida is more intense than Kp, and 
r>ni inlense than Ky owing to the fact that the probability 
III mv inKninemiO of tho traiiMition beooraes successively smaller. It 
Homim very plausilde to suiiposo that the replacement of tho missing 
eleelrou is idhuited more often hy the neighbouring shell than by the 
next or sonu’ Uvbn' hIioU. In li'ig. 53 these electronic transitions arc 
rt^lireKontod l>y the arrows that point inwards to the nucleus; they 
arc (liatinguisluMl, in so fai’ as they belong to the emission of Id-lincs, 
by the synibolH Ka, Ky3, Idy. 

Wlieieas all deetronio jumps that end in the Id-shcll belong to the 
K-Kei'H’H, all lhcs(' that end in tho L-shell belong to the lines of Ihe 
} ,-srri(‘Sr It a place iu tho L-sholl has become vacant owing to a pre- 
riHling oxollation, Ihe L-shoU scoka to restore its full complement of 
ohudrons at the expense of fclio M- or the N-shell, and so forth. Tho 
iMHTgv that is hereby act fi eo again appears os monochromatic radiation. 
Wi' Hpouk of the La-line (transition from the M- to the L-shell), of the 
Ly-Unn (jump from tlio N- to the Xi-sKoll), and so forth. Ly is harder 
and h'HH inUuwe than tlie i ia-lino for reasons analogous to those given 
above. ( ?ouceruiug tlie naming of these arrows it must he remarked 
that thei (' are also lines L/? and KS, which, however, like a series of 
further lines of tl‘« L-sories, have not yet been successfully htted into 
<mr proviHional solumio. The following sections will deal further with 

h'iniiUvi ekuitrmiio kansitiona that end m tho M-shell, furnish 
dintwiio<,H ..t .mwgy Oiat oorrosponclto omissions of 
III our lltture tliis series is roproeonted by only one line, Ma, corre 
sporniinl! to tho IrnnHition torn tho N- into the M-shell. In reality. 

““‘“‘“"““I I.™**'’ 

aluniinimu. pai«) Biirkhv boliovcd in 1917 

otiiradliitiiin still liivK or thnnK-i«b • j able to 

R«p^tod U* by o h» the theory a place 

cr.! tiSr: « mt^ard I— „s .0 hardest 

poaaiblo mdiatum ; IJns “fig, 54 as n still more soliematio 

In Hneeessiou to Ing. rKt \\b giy - J ^ This diagram 

lUualraliou of tho account of the ciuantitative 

has an advantage in that ^ the various shells not 

nnpoct of tho phenonumon. In H we visin 
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by thoir relative positions in the atom but by their relative oiiorgy- 
differonces. Thus we draw a succession of energy -sUps suoli that the 
diffcienco of height between two steps gives the energy that is liberated 
wlioii an electron drops from the higher to the lower sto]) (orbit). Tlio 
lowest step bears the sign K, the next L, and so forth, ^'he energy- 
lovel of the nucleus is to be considered at — oo. H’lio highest dothul 
limit of the stops corresponds to the periphery of tho atom, li we> 
consider the energy -levels of the hydrogen atom to the first degnte 
of approximation) that is, disregarding tlie interaction hobweeii tlu^ 
atomic olcotrons and considering only tlioir energy in the nucleiir 
field, then we anust set down tho position of tho ?i-(piantum stop below 

the highest level at a distance proportional to (cf. p. 87). Acseord- 

ingly wo make tho height of the stops in tho figure deeroaso, from 





Ji'ia, 6'i. — Dingrtvinmalio roprosontation of tho ouorgy lovols of a HOutgoa 

flpootrum. 

the bottom upwards, in the manner indicated by tho difrorenoo.s tif 
height 1, I, , . . written at the side (on tho right). Moreover, wci 
again draw the arrows Koc, Kj3, . . ., La . . . that oorj’ospond to the 
various possibilities of energy-emission, and tiro aii’ows K-Gr, L-Gr, 
which correspond to the various kinds of energy-absorption. 

This theoretical diagram enables us to understand at onoo tho 
genoral laws for the hardness of Eontgen lines that came into ovidonoo 
in Fig. 62. For acoordiiig to the fundamental quantum lulatiou 
7iv = Wj — MV 2 the lengths of the arrows in our figiu'e denote dirootly 
the frequency of the associated emission lines and absorption limits, 

Hence it follows : for owe and the same atom the U hardnr 

than the L-senes which, in ium, is harder than the M-aeries. Within 
the K-sei'ies the hardness increases from Ka beyond ![Cj3 to lC.y, but in 
ever-decreasing steps, and finally arrives approximately at the hardnesH 
of the K-limit. The same holds for the L-series, and likewise for tiro 
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ollun’H. (hit fm'tIuM’, availahlo- differeiicos of energy depend cKsen 
tmlly on Iho lunoimt .d the nuelear ohargo. The greater the nnetear 
idiargu (and h»me('- t\io atomic luimhcr of the oloment). the moreintcuHe 
is tliii electric lii'ld around the luiclcns. The energy steya ])ocomc greater 
im 7, increawi'K (rcngldy, in proportion to ag i,i tji^ ease of the 
hydnigcn-liko atom, eqn. (13), on p. 87). But this meana tlmt tlie 
iturdncHU increom Jor m.ry linR with every ste^y forward in (he nniuml 
Hyntrm af idnnmlH. 


But ‘I'Hg. nd alao cnahlea m to reeognise a further principle. If 
%S’i5 Vine K, Ij, M> . . . to (lonoto directly the rvorks of excitation (or 
itnviHalinn) divided by h, ^YhicK are necessary to remove an electron 
from the K", h*, M'- . , , Bholl, we clearly have ^ 


K.(/, ^ ^ K - • h, IC^ K - M, Ky = K - N, . . .i 

La -'^= L ~ M, Ly = L — N, . . .1 (1) 

— N, . . .) 

'CliCKC <Mpuitioim denote the first step towards representing X-ray 
sjtcolnv hy nieans of Imn.^, which we shall give iu its final fonn in 
§ 7 of the prcMimt ciuvptor. At the same time they show how Eitz’s 
Ct)inl>inatit)u Ihinciple (of. Oiiap. II, § 2) is applied to X-ray spectra, 
it’L'oiu tlio equations (1) wo obtain, by eliminating the limits K-, 
jj- fil.', . . ■, tivo combmation relaiions between the omission lines, 
which were first set up hy ICosael, namely, 


K'^ Kiy. ■ ( . ■ • fi’unv the first and second columns of eqns. (1)' 

Ky ICa 1 hv ... „ first and'third ,, » 

I,y ^ d - Ma . . . » second and third », 

Ky ’K/i d Ma . . ■ second and third „ 


fi'lvn velathmshipB may obviously also he read off the figure directly 
without tlK^ use of the cfiuations (1), It is highly suggestive that the 
(HUiatioim (2) hold only approximately and not exactly. This is not 
dun to the muubinatioii principle not being accurately traehutto oiir 
idea td thiv energydevola of the different shells, as hitherto represented 
H«U tuo iuuooumto, and that the L- and M-. hell, have to be 
&ub divided. A hint to this effect is also given by the two lines 
luid h8 of' the IVsericH which were mentioned on page 203. The 
H^liading Zimn, ,o.vo to daaoribe the .eftuement o£ tho lavoh- 

Holiemo in this sense. 


* n Uii'Hd cquatloiiB are to hi Cf. p. 71. In tlie sequel we 

divide IhnvvodvHotoxoitation not by /v but by fto- ^ I 

Hludl nnHUinu Ihat d'i» 
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§ 4. The K-sories. Its Bearing on the Poriodio System o£ Elements 

Following ill the {ootsteps ol; Barkla, Moseley * was the iirst to 
bring the emission of the Uontgen lines into relationship with the 
scheme of the natural system, His first photographs (1013) dealt 
with the K-sories of the elements between Ca;Z = 20, and Cu, Z — 20, 
inclusive. 

Let us at once look at a now famous figure in Moseley’s papor. 
The photograpiis have here been pasted above each other succossivoly 
so that positions vei'tioally below one another denote equal wave- 
lengths. 0?he wave- 
lengths increase as we 
pass from the left to the 
riglit. Wo learn from 
Fig. f)5 : • 

1, As the atomic 
number increase.s, corro- 
spondiug lines in the 
spectra move regularly 
and sucoessively towards 
the region of smaller 
wave-longtlia, The hard- 
ness oS the lines increases 
as Z inoreases. This is 
already known to us from 
the previous section and 
holds not only for tlio 
K-series but also, ns Fig, 
62 shows, for the L- anti 
M-series. 

2, In the case of oaoli 
element, two lines ooour : 
they are the more inlerme 

but softer line ICot and the less intense but harder line IC/3, ■which wo 
have already met under the same names in the preceding paragraph. 
The faint line Ky that was also mentioned earlier is not distinguislinblo 
from tlie ICj3, and appears only when refined spectrosoopio motiiods 
are apidied, 

3. The X-ray spootra are a pure property of the atom, and, indeed, 
an additive ^ro'perty. The last picture of the series, which ropreaonts 
brass, that is, an alloy of Ou and Zn, accordingly exhibits the samo 

*H. 6. J. Moseley, *‘Tho High Prequenoy Spectra of tho ElomonfcB,” l?hll. 
Mftg., 26, 1024 (1913) } 27, 703 (1014), Mosoloy’s apparatus is still prosorvocl In 
tho Eleotrionl Laboratory, Oxford, whoro ho earriod out thoao rosoavchos iindor 
tho sniiovvisiou of Professor J. S, Townsond. — (Transl.) 


Pxa. B6, — Mosoloy diagram of tho K-aorioa from 
Ca (Z = 20) to Cu (Z ~ 20), Wavodongtlis 
inorenao towards tho right. Equal wavo- 
longths are arranged undor oiio nnothor. 
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Mh'i-, wo olusorvo in iho caso of Oo» which 
it in ililVicnll hi Ht'panito IVoin N1 ajid It'o (/h'.st triad of tho povkidio 
HynM'iu), Iick’mIom Uio a* and /f-liinv of t/O jd«o lossi intonso iniaacy of the 

1 ?- I- 1.1 ,..l Ml a ' 
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‘HI tif Ko am) Ni. 

•^Ohe or<h'i‘ of Oo and Ni in tho poriodio S 5 '’stem is rectified by tliis 
b of X-niy tvnalysirt. Whoi-oas, nocorcling to the values of the 
iv. wcigiitH, Ni alaaiid protiedu Oo (at. wgts. being 68*68 and 58'b7 
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in the figure. The I’ognlar inoroa.so (that) was einphaHiHod in I) in i'hn 
harcliioiss as 55 increases reveals infallibly ovtuy gaji in fclu'. HyHt<nii, 
Wlicroas Avo are hero concerned with the Avell-knoAvn elonnnit tSc-, 
Ave shall in Pig. 57 recognise a gap of this sort at Z = 48, Avhiuli point-H 
to the element Masurium Avhioh Avas only recently discovorotl, tin-! 
discovery being made by means of X-rays. TJio previous gnpn ’A •- -HI 
and 76 have also been filled by the X-ray method, Avhoreas the Iaa'o 
places Z = 85, Z = 87 are still shoAvn to bo gaps by the same jnetlHnl. 

Partly to continue Moseley’s figure in the direction of inoroiminK 
atomic numbers and partly to bring into ovidenco the advancui.s Mini; 
have been made in photographing Kontgon rays, Ave ghm as oiii' m^xfc 
illustration Pig. 66, by Siegbahn : it represents tho olomontH from Ah, 
Z = 33, to nil, Z = 45. In this case the spectra have been takim by 
the method of the revolving orystal ; as a result, tho lines ai’o Hharjuu' 
than in Moseley’s case and more completely separated. Bosidos l>lu< 
second most intense line Kj3, Avo see hero also the /am/ line Ky (to l lio 
left, and hence harder than K/3), the origin of AAdiich avo know iroiri tin.) 
preceding section, Purtlier, we see tliat tho most intense lino K« bun 
been resolved into tho doublet (a, a') (a Ms to the right of a, aiul honco 
is softer), Besides these linos, tho zero mark (on the oxtrcino left) 
has been photographed ; it is made by the uudiffraetocl |)rinmi*y 
radiation. 

Tlve same remarks a^iply to this figure as to tho former ; tho hiiril- 
ness increases for each lino as tho atomio nuinbor inoroascs ; tho IS i’* lino 
adulterates the Bb-speotrum ; gaps occur in tho suocosHion of Lin* 
elements, exhibited by irregularly great differences in tlio ImrdiiOHH, 
namely, betAveen Br, Z = 35, andBb, Z ~ 37, the inert gas Ki*, V* JiCl, 
is missing. 

We first give a shoi*t survey of the dilTorent nomoiielatures and tlm 
origin and intensity of the ICdincs. 


Tatjlk 11, 


Sommeiicld 

Sicgbiihii 

I OrlUlIll 

1 TnUtiiHlly 

a'A 

«9 

Lu IC 

fiO 

« ] 

I “i 

bi[[ -> :ic 

101) 


h 

Mu - > K 

l-ir. 



Mm -> K 

J,}r. 

y 

1 ^9 

Niir -> K 

1 Ifi 


The lines are arranged in order of inoroasing hardnoHH, In 
Sioghalin’s notation tAvo groups of linos are distinguisliod, tho nuft 
oc-lines and the harder ^-linos ; ho numbers tho lines in both gruujjH 
aooording to their intensity, A number of fainter linos tluit uoonr 
only in tho case of the lowest atomio numbers, and that arc to bniir 
the names ccg, oc,i, ag, ao, aecordiiig to Siegbahn, are not inoludmi 
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in otu’ Wo nliall roviu’i; to this in § 7. The intensity data have 
biM'H liiii’i’mviMl from hook (reforrecl to on j). 18(i) and denote 

raUo.M. 

'.l.'jio data al)uut tlio origin of tho lines correspond to the representa- 
tion of torniH in eqn, (1) of tho preceding section and supplement this 
Hclnmii' in the of tlie sub-division of the energy-steps there set 
out. I''m' this reason wii luive provided the syjnbols of the L-, M-, 
iiml N-s1u!]I with indi<ios, whoso general scheme wo shall discuss in 
§ d of tlu' pn^semt (h up ter. The lines a 'a, have been bracketed 
togidJmr to (hmoto that they form with each other the doublet differ- 
onccH Til It * Tilt and M.jn — M'n, which we shall discuss in the next 
Hfotion. 

Wo now givti a list of tho wave-lengths of the principal lines of the 
K-sories, using in general X-iinits (cf. p. 197) ; 1 X — A. 

W»> Hhall k('e]) to tin 5 ineasuromonts obtained in Seigbahn’a Institute, 
oxee]>t in tlie ease of Ma, for wliioh wo give Berg and Tacke’s measure- 
inontM. Finally we add in tho last column but one the wave-lengths 
of ibn altsorption liinits (TC-limit) as given by the measurements of 
Ia'UIo (UiKMertatum, Lund, lOafi), so that we have now collected the 
iiuwt important data relating to wave-lengths of the IC-series in one 
tablo, We sliall give a detailed discussion of the absorption limits 

ill § (b 

At the beginning of tlie table the lines aa' have not yet been 
Hoparattal. While tho gaps in thq table are obviously accidental 
(for luxamijle, tlui inert gases are absent) tlie y-liiie seems to find its 
miluml limit in the neighbourhood of Ti, Zl = 22 ; we shall revert to 
tbiK iu § 7 uv eonjunotion with tlio interesting questions of the .suc- 

ceasive Imildiiig up of the shellH. ^ ,11 

h'rom the wave-longths A wo pass on to thoir reciprocal values, 
the wave 'U umbers r ; to niTtve at un -named numbers of a convemen 

maKnitiuk. wo divide tho v's by tho Bydberg oonston (eqn. 

{ m im n. SD). ;i II tlLis way we obtain tho columns 2 to h m iable 16, 
We Hot next to tliem in columns 0 and 7 the di0oj;mices between Idie 
r/E-H for tho lines a and a' and the value of VvIR iov the hneKa 
(at tbo liead of tlio tablo ivo liavo denoted these columns briefly by 

von. T. • I't 
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TFrtVfi-/cn/7^/ts of the K-mies in X~nnits 


z I 

. 1. 

« 

P 

Y 

K-Ilinifc 

74 

H (.) 

23-73 (A.-U.) 

. , 

, ■ 



8 0 

U I .*’ 

18-30 „ 

— 

— 

— 

0 If 

11 Na 

1188:1-0 


11691 

, — 

— 

U Nti 

12 Mg 

0867-76 

0534-6 

— 

— 

12 Mg 

13 Ai 

8310-40 

V ^ 

— 

— 

13 Al 

14. Si 

7100-17 


— 

. — , 

14 Si 

15 P 

6141-71 


— 

, — . 

16 r 

10 S 

6303-75 

6300-00 


— 

. — . 

10 s 

17 Cl 

4721-30 

4718-21 

4304-0 

. — 

— 

17 01 

10 K 

3737-00 

3733-08 

3-140-80 

— 

— 

10 K 

20 Oa 

3364-95 

3361-00 

3083-43 

— 

— 


21 So 

3028-40 

3026-03 

2773-04 

— 

— 

21 Sa 

22 Ti 

2740-81 

2743-17 

2608-08 


— 

22 Ti 

23 V 

2602-13 

2408-36 

2279-72 

2204-0 


23 V 

24 Cr 

2288-007 

2286-033 

2080-680 

2000-71 

. — . 

24 Or 

25 Max 

2101-480 

2097-606 

1000-106 

1893-27 

— 

26 Mix 

20 Fo 

1930-012 

1932-070 

1763-013 

1740-80 

— 

20 Fo 

27 Co 

1780-187 

1786-287 

1617-430 

1005-02 

— 

27 Co 

28 Ni 

1058-363 

106-4-603 

1407-046 

1485-61 

— 

28 Ni 

29 Cu 

1541-10 

1637-20 

1380-33 

1378-0 

1377-06 

20 Cu 

30 Zn 

1436-87 

1432-00 

1292-00 

1280-97 

1280-8 

30 Zn 

32 Go 

1266-21 

1261-30 

1120-74 

1114-02 

, — . 

32 Go 

33 As 

1177-40 

1173-43 

1056-18 

1042-03 

1042-03 

:13 Ah 

34 So 

1100-43 

1102-42 

900-26 

077-90 

077-73 

34 Su 

35 Br 

1041-00 

1037-60 

030-84 

018-20 

018-00 

36 Br 

37 lih 

027-72 

923-00 

827-03 

814-84 

814-10 

37 Kb 

38 Sr 

877-54 

873-37 

781-63 

700-10 

708-37 

38 Sr 

30 Yfc 

831-19 

827-01 

730-31 

720-92 

— 

30 Yt 

40 Zr 

788-60 

784-20 

700-47 

088-34 

087-38 

40 Zr 

41 Nb 

748-82 

744-67 

064-49 

052-66 

061-68 

41 Nh 

42 Mo 

712-105 

707-831 

030-078 * 

010-008 

018-48 

<12 Mo 

43 Ma 

0-076 (A) 

0-072 (A) 

0-001 (A) 

— 

— 

43 Ma 

4 <1: Bu 

040-16 

041-81 

671-43 

500-48 

— 

<14 Bu 

46 Kli 

010-371 

012-023 

6-14-401 * 

533-057 

633-03 

45 Bh 

46 Bel 

688-032 

584-200 

619-471 * 

500-181 

607-06 

40 ihl 

47 Ag 

602-0Q9 

658-277 

490-000 + 

480-030 

484-80 

47 Ag 

48 Cd 

538-20 

633-80 

474-20 

404-30 

403-13 

48 Cxi 

4:0 In 

618-40 

611-03 

453-72 

444-08 

442-08 

40 III 

60 Sn 

404-010 

480-672 

434-207 + 

424-002 

423-04 

60 Sn 

61 Sb 

473-87 

400-31 

410-23 

407-10 

400-00 

61 Sb 

62 :\'o 

454-01 

450-37 

300-2(1 

300-37 

380-24 

62 'I’o 

63 I 

437-03 

432-40 

383-20 

374-71 

373-44 

63 :r. 

60 Ca 

404-11 

300-60 

— 


344-07 

66 Ca 

60 13a 

388-90 

384-43 

— 

— 

330-70 

60 Ba 

67 La 

374-00 

370-04 

— 

— 

318-14 

67X.a 

68 Co 

301-10 

360-47 

— 


300-20 

68 Co 

60 Nd 

336-95 

331-26 

— 


284-68 

00 Nd 

02 Sm 

313-02 

308-33 

— 

— 

— 

02 Sux 

03 Eu 

302-06 

207-00 

— 


— 

03 Eu 

04 Od 

202-01 

287-82 

— 


— 

04 Gd 

06 Tb 

282-80 

278-20 

— 



— 

05 Tb 

06 By 

273-76 

200-03 

— 

— 

— , 

00 By 

67 Ho 

204-00 

200-30 

— 

— 

222-04 

07 Ho 

08 El- 

260-04 

261-97 

— 

— 

— 

mmm 

70 Yb 

240-08 

230-28 

— 

— 

— 

70 Yb 

74 W 

. 213-62 

208-86 

184-30 

179-40 

— 

74 W 

77 Ir 

106-8 

— 

108-4 

— 

— 

77 Ir 

78 Bt 

100-10 

186-28 

103-4 

168-2 

— 

78 Pb 


* lu tho ease of those olemonts f)' has been aoporatocl from ^ ■whoroas for fcho 
other olemonts our wave*longfch data for p denote tho unresolved complex of 
lines j9 'H j?', Wo have 


= 0*505 X.units for Mo, Z = <12 /5' - ^ « 0-028 X-niuts for Ag, Z «= <17 
« 0-002 „ „ Bh, Z = 45 ' « 0-650 .. Sn. Z « fiO 
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Chapter IV. X-ray Spectra 

the jieighbouring linos a' and y (the two outormost linos) follow tlnnii 

in their course. . , p v „ 

In IHg. 57 our earlier Htatonicnts about the heiiaviour ot A-tu.> 

snectra and their relationship to the natural system of elements am 
shouai particularly clearly. We see the regular inoroaso o, hardness 
Avitii atomic number, which is linear in our prosont mothod oi repre- 
sentation. There is as yet no sign of the periodicity of the ohmients. 
We interpreted this earlier as moaning that only tlie peripheral jiiuis 
of the atom are constructed in a periodic way and tliat tJm (UKU’gy 



ratios in the interior of the atom increase regularly rvith the nuttkini* 
charge. 

Tliis method of representation gains in certainty when wo draw 
inferences about the possible gaps in the system of olomenta. If 
the figure had been drawn without account being taken of the gap 
wliioli was present earlier at Z = 43 (masurium), a discontinuity 
would have manifested itself at the point in question in fho course of 
the graph and this would at once have called attention to the missing 
element. Also note the sequence Te, I (Z t= 52 and 53), which in 
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CRtabliulHMl boyoml d(nibt in our diagram and wliioli agrees with the 
rcquironionts of tho clmniieal sohonio (I in the seventh vertical column* 
Imlow If* 01 and Br). 

It is also intorosting to note tho jnagnitude of the increase of V« 
in 'i’liblo 111, that in, tho ohango in V vjR in tho lla-line as we pass from 
onu (donumt to tho next. It amounts to about 

()'80 = Vl 


()onKUi(Uontly w(i jnay for tho proHont express the linear gradient in 
Jfig. fi7 l>.y tilo following formula : 


■'/ri ~ *'• 


It follows also fi'tnn tlie graph that tho constant s which has here been 
mtrmluetMl and wliieh wo shall call the *' soreening constant,” must be 
nearly o(iual t{> 1. In this way wo an-ive at the following expression, 
already dev(ilop(Ml l)y Moseley, for the wave-number of the Ka-line : 


V 




].)‘^ -4 (Z -- 1)^(1 — - i) — (Z 2^} 


(2) 


Thia formula oxliibits a far-roaching analogy with Balmer’s exi>res- 
Hvoiv for tho hydrogen sorios given in Chapter II ; in comxiarison with 
tho formula (15) on i>ago 81) Ave find that the only difference is that 
now the full nueloar nuinber Z does not occur and that it is reduced 
bv tho amount « L As the name “ screening- constant signifies, 
thin has to bo interpvetod as meaning that in the interior 
tiiat avo vUdmv.nt fr(nu tbo liydrogon type— and it is with such that we 

nro hovo ronoornod- tho xn’oaonco of negative eleotromc charges near 

Hm nnolouH voduoos the action of tho positive nuclear charge. 

^ bh'om Urn point of view of tlio theory as accepted at the present 
timo wo can no longer regard Moseley’s eauation (2) as exaot. A 
, , ! .„« T/*., xUft ICfii-Une for all atomic numbers Z would 

S,t V no cm wo iD«t satioflod with the above app'ox.mate 
, (dnniuji V, 1 ■ s But above all the form of eqn. (2) 

dotorinmatioii of t • of yie^y of the Combination 

has boon olioson too narrow i . * k«. must be represented as 

Principle. AoUorcling to ii/etm (1) of page 206 we denoted 

the diiroronec 0 . two the screening constant s 

by fC and L. J.n«i c is no Moseley’s formula, 

aa luwiiiK Hia “‘“"".p’";’ ’"ho ontaot that tho sciooiiing in tbo caao 

:?rkiu;its 

£ S"i „d .1— 
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will also contribute to the screening, whereas for the K-tcrin ossontially 
only the IC-electrons come into consideration with a part of tlioir ohargo. 
Hence a rational expression for the ICa-lino must not start from tho 
specialised Moseley formula (2) but from tlio Combination Principlo 
and the general formula (1) on page 205. Novortholcas it will bo a 
cause of wonder for all time that when Moseley first made quantitative 
measurements in the realm of X-rays he at tho same time took tho llrnt 
decisive step in interpreting theoretically tho high frequency speotra. 

§ 6. The L-series. Doublet Relationships 

The L-soi'ies is constructed in a more complicated way than tlu» 
K-series, as is shown, in the first place, by its linos being ju'omnvt in 
greater number. A s\irvoy of tho different nf)monolatur(^s and tlio 
origin and approximate intensities of tho principal lines is given in 
Table 14 ; besides the lines hero set out tliorc are several weaker liiu^K 
to wliich ive shall refer in § 7. A reproduction of tho Ij-serioR of 
platinum has already been given {Fig. dS, § 2), 

Taulu 14 


Sniiimhrfclil 

Slogljnliu 

Origin 

luitiiiplly 

1 a') 


tta 

Mjv -> Xjiii 

1 


■ 

«! 

My -> .Llll 

10 




Ally ‘^Jfl 

K 

f y’ 


— 

•^iv bin 

0 

^ X 

■ 


Ny ->■ Lnt 

(1 

8 


Vi 

Njy "> Tj|r 

4 

i r 


— 

OlV bill 


1 1 



Oy -> Lni 


0 


Va 

Ojv -> Lii 

2 

e 

. 

i 

Mi “> Xjiii 

:i 

V 

f 


Mi -> X.II 

1 

1 f 

h 

M,[ Xji 

2 

1 

Pa 

Mm Li 

2 

f x' 

Va ■ 

Nil -> Lj 

1 

I X 

ya 

ISfiii “> Li 

] 

I 

— 

On 

1 1 


n 

Oni -> Lj 



Our nomenclature agrees with that of Moseley, so far ns IiIh llnoH 
reach (he had measured and named only the lines a, y, 8, j/r), und 
is intended to extend it systemationlly by follo^ving on "with the auoccH- 
sivo letters at the end and tho beginning of tho Greek nlphabot. 
Siegbnhn s nomenclatiu'c is at present in general iiso and lias Koino 
praotioal advantages ; it di.stingiiishes threo grovijiH of lines which um-y 
bo approximately separated in bardness, namely a soft a-groini ii, 
medium ^-group and a harder y-group, tho degree of liardncHK and 
softness of course changing from element to olomont us tlio iitoraio 
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munbor ohangos. Siogbahn munbors the Uues within eaoh group 
aocordmg to thoir mtonoity The intensities are understood in the 
rolalivo sense and relate to the heavy elements ; they claim to give 
only average osfciinatos. ^ 

In contrast witli the first two columns the third column gives a 
raltom nomonohituro to the lines. It is not much more cumbersome 
than the two other methods and is free from arbitrariness It there- 
fore scorns to l)o destined to supersede both Sieghnhn’s and the author’s 
nomonolaturo. Tho position of affairs here is similar to that in the 
spootoKscopy of tlio visible region. The arbitrary names given to tho 
absorjition lines by Fraunliofcr are not much used nowadays ; rather, it 
has boon found necessary to characterise each line by its series relation- 
shi])8 (of. Chap. VII). Correspondingly we say in the X-ray region, 
instead of Ka, L/3, . , ., Lnt->K, Miv^Ln, ... or K — Lmi 
bn ' ■ -M-iV) . « < . It must bo admitted that this nomenclature 
]ircsiipp<MOs that wo liavo finally succeeded in interpreting the lines. 
Until tills has boon aebioved wo shall have to make use of Siegbahn’s 
notation for oxporimoutal purposes and to our own notation of tho 
Mosoloy type for thoorotical considerations. 

’J’iio order of tho lines in Table 14 does not correspond throughout 
with tho order of tho hardness of the lines ; a is certainly always softer 
than ^ and y softer than 8, but ^ is not softer than y in the case of 
all oloments. 'flio softest lino in tho case of all elements is c (dis- 
covered by Hicgbalm and denoted by 1). The lines j3, y, and iff overlap 
in numerous ])laoos. l?urthor peculiarities can be read off from Fig. 69, 

CoiuKU'ning tho origin of tho lines the following details are ex- 
pressed in Table 14: the lino La corresponds, as already shown in 
Fig. fill and 54 to tho transition of an electron from tlie M- to tlie L- 
sholl, tho lino Ly to tho transition from the N- to the L-shell. But it 
now becomes necessary to sub-divide these shells still further. Even 
ill Table 11 of tho jirecoding section we distinguish two L-shells, Ln 
and Ijhi. It now booomes necessary to assume still another shell, 
the third, namely Li. In the case of tho M-shell wo have to distinguisli 
five Huoh steps, which wo denote by Mi, Mn, ... My. The N-shell 
is analogous and must be divided into seven steps. The experimental 
reasons for this sub-division are left over for discussion in the next 


section. 

As tho braokots in the first column of Table 14 (to the right of the 
notation for tho lines) indicate, tho pairs of linos (a'^), (y'S), (^'0), 
(ci]) belong together and form doublets. We call them L-douWets : 
they are denoted by suoeossivo letters of the Greek alphabet. Tlieir 
charaotoi'istie feature is : both linos of an L-doublet have the same 
initial level ; the softer line ends ill the Lm-level, the harder lino in 
tho IiU“l0V0l, 

Wo shall call the pairs of lines (a 'a) and M-doublets because 
tho lines assooiated together in them have the same L^level as final 
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level bul different M-leveh as initial levels, For a corresponding reason 
the pairs of lines {y'y) and (;(';^) are called N-doublets. We are led 
to conjecture that the lines ^ and 0 are, analogously, unresolved x^airs 
of lines whioli wo call O-douhlets. The M-, N- and 0-doublots havo 
been indicated os such by brackets on the loft of the symbols in Table 
14. The symbol for the softer doublet line is distingui-shed from that 
for the harder lino only by an aocont. In contrast with tho L-doublot 
we find that in the cnso of the M-doublet (aV.) and tho N-doublot 
(y'y) tho softer cojuxionent is tho weaker coinponont. In tho caso 
of the doublets (([>'<(>), (x'x) ('AV'') ‘'vhich have the same final level 

Li (letters taken from tlio end of tho Greek alx)habot), the softer coni- 
ponont of tho doublet is only inai)preciably if at all weaker than the 
harder oomx)onont. 

In Table 16 wo give tho measurements of Siogbahn and 'J^lioraous 
for tho li-linesof tho lighter elements V 23 to Br 35, in tei’ins of Angstrdm 
units. That tho lines aa' could not be sexmrated is not surx) rising. 
It is noteworthy tliat tho lines y and 8, whioli come from tho N-sholl 
(cf. Table 14) aro not yot represonted. Tho reason for this is clearly 
that tho N-sholl in tho caso of these elements is cither incompletely 
developed or not at all. A series of weak comiianions, that aro ob- 
served hero, are omitted (of. § 7). 
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WavC’lenglhs of the L-serics of the lighter elements {in A.U.) 


z 


g 

e 



'/j 

23 V 

24>2 



■■■ 


23 V 

24 Gv 

21*63 

21*10 

. — 


, — 

24 Cr 

2C Mu 

10*30 

19*04 

— 


— 

26 Mu 

20 Fo 

17*68 

17*22 


B [R^B 

16*01 

20 Vo 

27 Co 

10*04 

16*02 


BTvI^B 

— 

27 Co 

28 Ni 

14*628 

14*236 

10*66 

BTt~r^B 

13*14 

28 Ni 

20 Cu 

13*308 

13*020 


Brriri^B 

12*10 

20 Cu 

80 Zn 

12*224 

11*068 


B P iH 

11*10 

30 Zn 

32 GJo 

10*414 

10*162 



— , 

32 Uo 

33 As 

0*660 

0*304 


10*710 

8*011 

33 As 

34 So 

8*071 

8*717 

10*271 

9*234 

. — 

84 So 

36 Br 

8*367 

8*108 


9*030 

I 

36 Bi* 


Millikan and Bowen * liavo launched into tho region of oxtromoly 
soft X-rays ; not, however, from tho direction of X-iuj'S but from 
that of ' ultra-violet spectra, They did not make their observations 
with a crystal lattice but with an artificial ruled grating, tho oonstruo- 
tion of which had to bo .specially developed, and with a highly condensed 

* Astropliya. Joiim,, 6S, ‘17 mitl 286 (1020) ; 63, ICO (1021) ; Phil. Mag., V.II, 
4, 601 (1027). , . ^ 
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60 Vr 
80 N(1 
82 Sin 
03 Ku 
64 Gd 
06 Tb 
06 Dy 

67 Ho 

68 Er 

69 Tu 

70 Yb 

71 Lii 

72 Hf 

73 Ta 
7«1 W 

76 Re 
70 Os 

77 Ir 

78 Vt, 
70 An 

80 Hg 

81 Tl 

82 Rb 

83 Bi 
00 Th 
02 U 


“ vaoimm spark.” The L-sories is folloAvecl from A1 {Z = 13) down- 
wards to its entrance into the optical speotriini of Li {Z = 3). 

Table 16 contains ]jreoision inoasnroments (given in X-units) for 
the heavy elements ; only the lines Avliioli are more important for tlio 
luotliod of classification are tabulated. Here ^ve seo a first oharaotoiv 
istio feature of oiir doublets. We oaloulato the differences A A of 

















§ 5‘ L-scrics. Doublet Helatioiiships 


319 


It-series {in X-iwm<s) 


V 

r 



X 

V 


I'll 

I'm 

7, 

8029-0 

6802-8 

0700-9 

0028-2 


5085-4 

, 

0841-3 

37 Rh 

7605 

6386-6 

0340-0 

5029-4 

. — . 

5671-4 

0102-1 

0302-0 

38 Sr 


0001-9 

6907-0 

_ 

- 


5221-0 

5737-3 

6944-4 

39 Yt 

fl503'l 

5062-7 

5018-2 

4941-2 

— 

4857-4 

6306-0 

6601-0 

40 Zr 

6106 

5331-4 

5295-9 

4030 

— 

4571-7 

— 

5212-1 

41 Nb 

5S35 

6035-8 

5000-2 

4301-3 

— 

4289-7 

4712-0 

4904-2 

42 Mo 


4512-0 

4470-4 

3887-9 

— 


4104-8 

4367-7 

44 Ru 

4011-2 

4277-8 

4241-3 

3077-0 


3020-8 

3931-6 

4118-4 

46 Rh 

4660-2 

4002-3 

4025-7 

3480-9 

— 

~ 

— 

— 

40 IM 

4410-1 

3801-1 

3824-46 

3200-7 

— 

3244-8 

3500-2 

3093-0 

47 Ag 

4187-6 

3074-25 

3030-42 

3131-0 

— 

3070-9 

3321-8 

3406-3 

48 Cd 

3976-1 
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the wave-leiigthH of two asflooiatod doublet liiiDs in oaoh case. Wo 
tbon find tliat for tlio Avliolo Borica of olomonta nasooiated doublet 
linoa bavo veri/ ncmiy p.(funl vHiw-te.vglfi (liJfcrencpM A A, Expresaed 
lUioro accuraiioly, wo braekot liogother aa clou biota Huch liuoB and only 
aiich linos as have nearly e.(iual distances beltueeti their ivave-hnglhs. 

Let us consider Eig. 68, Here wo liave tabulated in tbo first xilaco 
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our L-doiiblets {erj), (oc'jS), {y'8), ^0. The curve ^ ~r rj lies higlioafc, 
the curve a' — ^ below it, and so forth in the order of soquonco of the 
hardness of the jjairs of lines. But within each curve the AA’s are 
nearly constant for the wJiolo range from Z = 40 to Z = 02 (along the 
.T-axis), with a slight drop as we pas.s from lower to lu'glier atoinio 
numbers. The AA’s of our M-cloublets (aV.) and are at the lower 
end of the figure still more constant. 
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§ 5. The L-series. Doublet Relationships 

vlli’Vdlitcff of Utr, L-KD'jes 
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^ Wg pass :Proin the vahies of the A’s to the values of v/R and 
oxhibit a graphioal representation (Fig. 69) of the values of Vv/R, 
siinilai* to that of Fig. 67. To prevent confusion in the figure -we show 
only the lines a, /3, y, 8, e, rj, f/». Wo have again plotted the atomio 
iniinborH along tlio a'-axis. Xu this case, too, the course of the graphs 
is OBSontially slraight, wliioh indicate.^ tliat y increases approximately 
in proportion to 7A The deviations from linearity are, however, 
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more marked bluiii hcfore, partioularly in tho oa8(' of the lino S ; tlioy 
are coniieoted witli the “ relativity oorreetion ” numtioiied on page 21!}. 
Moreover, wo see in the hguro the overlapping 'whieh avus referred to 
earlier and which Avas absent in the case of the K-sories : tlio lino ^ 
cuts the lino y at Pb, Z = 82 ; beyond 82 it is harder tlinn y, beloAV 
82 it is softer than y. Moreover and y cut at Pt, Z = 78. Prom 
this Ave SCO tliat the relationships betAveen the lines are not as simide 
and rigorous hero as in the case of the lines of the K-series. 

In Table 17 Ave exhibit the v/E-values corresponding to the pre- 
cision measurements of Table 16. This brings to liglit a now relation- 
ship oliaracteri.stic of doublets. Wo calculate the differences Ar/H 
but not noAV for the same doublet of dijfer&nt elements but for different 
h-doublefs of ihe same element ; these L-doublets have, AA^ithin the 
limit of error, the same wave-nimher difference Ar/R : 

j3-— a'=:S— -7 = 0 — ^ = 

These values of j6 — a', 8 — y) and so forth have been inserted 
in Table 18 ; inspection Avill shoAv that they agi'co appreciably ; it 
Avill also bo found that the values of ^ — a deviate appreoiably more 
from the other doublet differences than those of ^ — a'. In this Avay 
Avo establish that the j8-lino, the second strongest line of the L-sories, 
does not form the characteristio doublet difforenoo Avitli a, tho strongest 
line, but Avith its Avoak satellite a ' . We may add that tiro same phenom- 
enon Avill also bo found later to ocour in tho visible region (of. Chap. 
VIII), Avliere Ave deal Avith the so-called “ composite doublets ” : in this 
case, too, the Aveak satellite of the principal line and not the principal 
line itself forms tho doublet Avith a second lino. 

Tho y-lino also has a Aveak satellite, Avhich avo have denoted by 
y ' in Table 14. To be accurate avo must moasuro tho doublet diff’eronco 
not hetAveeu S and y but botAveen 8 and y', Birt since y' is sexiaratcd 
from y only in tho case of a feAV elements * wo have inserted 8 — y 
in tlio above equations instead of tho more exact 8 — y'. Tho same 
holds for 0 — Avliioh should really bo replaced by 0 — (of. 'I’ablo 
14). In tho fourth-, third- and scoond-to-last column of 'Table 18 avo 
have noted doAvn the M- and N-doublets a — a', 0 — f//, x ~ x'' 
They are related neither among tliemselves nor to the L-doublot 
separation. 

In tho last column of Table 18 avo have given tho fourth roots of 
the oliaraotoristio L-doublot difference Ar/R = jS — a', Thoso form, 
as Ave easily see, an arithmetio series. As Z increases tho nuinbors 
in this roAv increase by a constant amount of about 0‘043. Tho par- 
ticular point of this fact Avhich Ave liavo here established ompiricqlly 
will be dealt Avith at the end of tho section. Tho fourth roots of tho 
M- and N-doublet-separations also increase linearly Avlth Z, 

Tho luAV of constant Avave -number differences is noAV immodiatoly 

* Allison, Phys. Rov,, 84, 170 (1929). 
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270'fl 

0-10 

0-2 

0'31 

0-34 

0'39 

0-43 

0'60 

0-66 

0'03 

0-09 

0-83 

0- 84 

1- 03 
1-11 
1-18 
1-20 
1-49 

1- 67 

2- 01 
2-23 
2-33 
2-62 
2-70 

2- 90 

3- 14 
3-36 
3-61 

3- 77 
4' 05 

4- 28 
4-00 

4-70 

6-01 

6'90 

0-26 

0-62 

0-90 

7- 19 

8- 11 
11-08 
12-41 

0-G5 

0-80 

0-87 

0- 90 

1- 14 
1-29 
1'03 

1- 84 

2- 04 
2-26 
2-67 

2- 78 

3- 09 
3-60 

3- 87 
4'3 

4- 90 
6'62 

6- 07 
0-40 
0-90 

7- 96 

8- 96 

9- 92 

10- 46 

11- 42 

12- 34 

13- 38 

14- 10 

15- 34 
X6'39 
17-69 

19- 29 

20- 28 
21-04 

25-83 

2C'20 

29-28 

31-8 

34-0 

36-3 

39-0 

50'0 

03-7 

0-95 

0- 91 

1- 10 
1-19 
1-33 
1-39 

1- 40 

2- 24 

1- 99 

2- 32 

2- 91 

3- 13 
3-48 
3'39 

3- 64 
3'73 

4- 02 
4-39 
4-80 

7- 0 
0-46 
0-29 

8- 7 
6-1 
8-3 

18-6 

1-022 

1-606 

1-755 

1-802 

1-849 

1-887 

1-933 

1- 977 

2- 022 
2-008 
2-115 
2-158 
2-249 
2-294 
2-341 
2-379 
2-433 
2-481 
2-575 
2-021 
2-068 
2-716 
2-763 
2'8U 
2-860 
2-912 

2- 963 

3- 001 
3-052 
3-101 
3-150 
3-200 
3-240 
3-286 
3-349 
3-400 
3-449 
3 -SOI 
3-652 
3-711 

3- 074 

4- 083 


oloai' if wo call to mind tho assumptions which we made in TaMe 14 
abtHit tho origin of tho lines ; according to them two associated L- 
tlo ubiot linos sliould di (for only in their hnal levels (Ln or Lm) . Hence 
fchoir wavo-numbor dilToronaes become independent of the 
loyol of tho ti-ansition in question and are represented by the fixed 
distance botweon the levels of the Lii and the Lm-shell. 


I 
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Bui) tho electron cannot only pass from a higher level to •l)]io Liif, 
IjQ-sholls, but it can also pass from the Lu-lovoi to tlio lowor K-lovcl. 
Now in general tho tran.sitioii L->K denoted the line Ka. Wo 
now SCO that this lino must be a doublet and we understand tho origin 
of the line Ka', which has already been hinted at in Table 11 on 
page 208 and which is explained in greater detail in. li’ig. 00. (iror 
tho description of tho upper part of this figure see p. 220.) It is oloar 
that tho doublet interval (aV.) in the K-.senes nnist be equal to the doubled 
interval {a'p) in the IL-aeries and honco also equal to tlio remaining 
L-doublots (y'8), (ei^), {^6), all of them being measured of oourso as 
u’s or v/R’s. Actually, this interval is dotormined in all cases by tho 
difference of energy between tho Lji and tho Lm levels of our figure . On 
the other hand, tho interval between the lines La and L)3, which do not 
form a true L-doublet, is, when measured in wave-numbers, le.s.s tlian 



riG. 00.~-Diagmmmal)ic vo- irja. Ql.— A i>k/.K (K«a', L-doiiblofc of Iho 
pi‘0«ontation of tho origin K-sorioa) niul Avi/Il (L-doublot of tho 

of tho most important L-soi’io.s) plotted botwoou J5r (55 == '10) and 

K-, L- and M-linna. Nd ('/> = 00). 

(LjiLin). Witli roforoiico to tiro intensities wo may note that the 
lino Ka' which starts from the energy-level Ln is weaker than tho line 
Ka which starts from tho I/m-levol, just as the lino which stretches 
to the Lii-lovol is weaker than tho lino La which ends in tho Lin-lovol. 
Hence as regards intensity K.a' corresponds to tho lino L)3 and Ka 
to tho lino La. But with respect to hardness tlio relationship is re- 
versed, as a glance at li'ig. 60 shows ; this is beoauso tlio Iju- and Ljji- 
levol rospootively form tho initial lovol for tho K-linos but tho final 
level for tho L-sories. Hence there is tho following characteristic 
difference between tho K- and tho L-sories ; in the l^-aeries the tveakcr 
<x,*-Une is softer than the principal line a {smaller interval in tho 
figure), whereas in the L-aenea the weaker §-line is harder limn the pmi- 
eij)al line a or a' (longer arrow). 

This qualitative tlieoretical deduotion agrees fully with tho ob- 
served facts. Moreover, even tho quantitative deduotion of tho 



§ 5 - The ly-series. Doublet Relationships 235 

equality of tlio doublet (a 'a) in the K-Hoiios with the “ L-douhiet ” 
ill the ii-sovicH is eoinplotoly coiilinned by the inoiiaurenients. 

Wo show this in Rig. 61. It contains all the olomonts (from Z = 40 
to Z = 60) for which the measuromonts of the K-serics and those of 
the L-sorics overlap. The values of Ai^k/R, indicated by x , arc formed 
in accordance with Table 13 as the dilforonco botwcon the r/R-valuos 
for ICa and Ka' ; the value.s of Ai-’j./R) represented by o. ai’e taken 
from the fifth to lust column of Table 18. To prevent confusion in 
the figure wo have jilottod the points Afk/R, Arj./R alternately. 
For one and the same element the two points would fully coincide 
on the scale of our diagram. 

From Table 12 wo see that tlio K-doublct, or more correctly the 
L-doiiblet of tlie K-scrios, also obeys the law of approximately con- 
stant difference in wavedengths. Actually the wave-length difference 
of IC(a'a) is uniformly equal to about 4 or 5 iC-nnits thronghout the 
whole series of elements. 

Wo shall close those general oonsidoratioiis with some preliminary 
remarks loading up to the quantitative theory of X-ray double te. 

In dealing with Table 18 wo remarked earlier that aXAv/R of tlie 
X-series increases by 0*043 for each unit increase of the atomic number. 
Hence we have a linear equation of tlie form 

= 0.043(Z - s) . . . . (1) 

and wo oa.sily see from tlie last column of Table 18 that 5 ^ 3*6. 

If wo raise each side to the fourth power and, for convenience, 
take out the factor 2 ‘‘ in the denominator, wo obtain 


Ar 

Ti 


6 * 3 . 10 “® 
2'i 


(Z ~ 


( 2 ) 


This law leads ns far into the meohanics of the interior of the atom, 
as we shall see in Chapter V. Whereas accordinff io Moseley the ^vave- 
numbers advance as tl^e square of ike atomic 'numbers, ike differences 
hi the mave-numbers of the doublet components are proporliwuil io the 
fourth power of the aio^nic number. This not only holds, as shown hore, 
for the L-doublete, but also for all analogous doublets, for example, 
for bho M-doublefc (a 'a) of the L-sorics. In the latter case wo have only 
to replace the denominator 2 * by 2*3^ and the number 3*6 by a greater 
number which is to bo ompirioally determined. The law that AA 
is very nearly constant for all such doublets now follows directly from 
oqn. ( 1 ) and Moseley’s law. For wo have 


VOT 4 . I, — 16 
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Since A A is hero the quotient of a biqnadratio and the aquure of a qimd- 
rabic function of Z, it becomes appreciably independent of Z, particularly 
for greater values of Z. 

We append a few remarks about the M-series ; for the results of 
observation and the manner in whioh they have been sifted wo refer 
the reader to the artiolo by Lindh quoted on page 1.8G. 

The two strongest lines of the M-series are called Ma, M/3. On 
the side of the softer rays Ma has a weak satellite Ma'. The origin 
of these lines is : Ma = Nyn — >• My, Ma' = Nvi — > My, M/S — Nvi — >■ Mjy. 
But, particularly in the case of the licavier elements, wo know of 
another sequence of lines of the M-soi’ios, which coiTCspond to the 
transitions N -» M or 0 — v M. 

To explain the mutual relationshixi between the L- and the M» 
series we find the following remark by It. Swinne * of partioular interest ; 
The difference fi ~ a.' in the M-seriea is equal to the difference a — a' 
in the h-series, Hence we find the same relaiio7iship bekveen the Mr 
and the L-series as previously bekveen the L- and the K-series (of. I'ig. 
60). Our notation is chosen so that it also exhibits this relationshij) 
explicitly. For we have 

(a'/S)ji== {a'a)j, 

fully analogously to 

(a'^)L= (a'ak* 

And, ns we see from Fig. 60, the same cliaracteristio invension of 
hardness and intensity occurs in this case as above between the corre- 
sponding lines in the L- and the K-sevies : whereas in the M-series 
the weaker line lies on the harder side of a, in the L-seriea the weaker 
line a' lies on the softer side of the principal line a. 

Besides the ”M-doublet" (a'^) — (Mv, Miy) there also occurs 
at various points of the M-sories a second M-doublet, namely (Mm, 
Mil), whioh discloses its character of “ regular doublet," like the L- 
doublet, by having a constant value for AA in the series of eloments 
and. also the same value for Am for lines of one and the same element. 

Isolated observations have also been m ado of the N- and the 
0-series, in particular by Hjalmar for the elements U, Th, Bi. 

§ 6. Excitation and Absorption Limits. Regularities in the 
Absorption Coefiloients 

We must now deal more fully with tlie process of excitation of 
X-ray series whioh we have already dosoribed briefly in § 3. Wo 
there spoke of the excitatmi limit of the K-lines and understood this 
as standing for the minimum energy, whicli catliode rays must liavo 

* Physik, Zoita,, 17, 485 (bottom), 1010, Swmno horo comparos tho doublets 
(a'cc)t and («j3)ji. It was romarkod by tho author In Zoits. f. Phys,, 1, lOfi (1920), 
that it is more exact and more logical to roplaoo (aj3)jt by (a'/3)M. 
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to nvtJKKVo an clootvon from ilto K-sheli to the periphery of tiie atom. 
In fit this t5xeitation limit of the IC-ecrios was represented by au 
onergy-hiYol Avhieh is htghor than the energy-steps for Koc or KjS or 
ovmi Ky. If W{5 assign a wave -number TC to it in accordance with 
the hv law,* we have in comparison with the wavo-miinbei‘.s of tlie 
oinisHion lines : 

K > Ky > KjS > Ka, 


Henoo the excitation limit measured in tins way is the series limit 
to wliioli the K- lines tend (of. the dotted line in Fig. 54). This observa- 
tion loiuhs to several eonsequoncos. Lot ns make the potential V of 
a e at 1 lode ray tube increase to tlic value eV^ = hcKtx and inquire when 
tlie lino ICa, eluiraetoristio for tlio anti-cathode material of the tube, 
is first omitted. It does not yet occur when the potential is V*. We 
iueroiiHO the potential to V^j ; neither Kj3 nor Ka is yet emitted. Rather, 
we ha VO to increase the potential up to the excitation limit eV == ^cK 
or beyond tliis value, and then wo iiiid that ICa, Kj3, ICy appear 
Himultaneonsly. '.rhis was confirmed experimentally by some careful 
oxporiinonis by Webster. f Wo follow E. Wagner in calling the 
dilferouoo between the i\'avo-numbors K and ICa the Stokes transition 
for the lino !Ka and so link up witli Barkla’s term for the 
obarautoi'istic radiation, namely fluorescent radiation” The Stokes 
tranwilion for K§ is smaller than that for ICa, and for ICy it is almost 
vuninhingly small. Stokes’ rule for visible fluorescence is confirmed 
almoBt witivout exception in the X-ray region. ^ In the visible region 
where tlio conditions arc simpler than in the X-ray region, apparent 
oxooptions to Stokes’ rule also ooour occasionally. 

’.L‘Jio oircumstanoGs tliat surround tlio excitation of the L-series 
are ntill nioro interesting. In Fig. 64 we exhibited the excitation 
I ill! it foi- the lines a, y, ... of the L-series. We shall give it the more 
aecurato name Lin-limit. Regarded as a wave-nnmher it gives ns 
the aoricH limit for the linos aye^, that is 


Liii > L^ ^ > Le. 

Iiv ITig. bO wo drew the energy-level Ln lower than the energy- 
level Lin the lines that end in tliis level are harder than the 
doublet linos ayeC assigiiod to tliom. To excite 
to mi«o an olootron from tl,o levol L,i to the surface o the atom. The 
cuot'gy wquired for this is groator tliau that Mqwred for the L,,:- M 
'J'ho wavonrurabor L,i clolinod by the /„..rolationship becomes the series 
limit for the second doublet lines : 

Lii > U > LS > Lj3 > Lr), 

* 'Po bo onloulntod from dio oxoitatioii energy by diviclmg it by Ac.fcf. Note 1 
oniu Spfi). ^ 


238 


Chapter IV. X-ray Spectra 


Thus Ave have a doiibhl of p/xcitatum limUs for the. L-.sfir/R.v, I’lui aHser- 
tiou that the interval Ltr — hiii Ixitwoeii these extiitation IhiiitH I'or 
every element is equal to the L-cloublot Ayr, Htvulied in tlui prinxuliii^^ 
section Avill shortly receive support from direct mcasuronionts. 

We again infer : to excite the line La it is not sullicient to apply 
the cathode ray energy equivalent to La ; rather, it is necoHsary to 
raise tlie potential to the value given by eV = AeAni> and tlit’H all 
the lines a, y, e, , . . of the L-sories appear simultaneously, hnh not 
the line fi, 8,, ij, 0, . , . . To excite the laller the cathode, ray e.w\r[fif 
m\i8t be increased to the second excilalion limit, l^oi’ onoi‘gies IjoTAytHUi 
the first and the second excitation limit only the softer lino of oaeli 
L-doublet is produced. Precisely as in the IC-sories the excitation 
limit IC coincides appreciably with the hardest IC-lino y, so iir tlio 
L-series the limits Lm and Ln coinoido appreciably with tho linen 
^ and d of the hardest doublet. 

But there is still a third energy-level Li beloAV Ln, in Avhioli the 
lines xx\ end. These lines do not yet ocour Avhon the aocond 
excitation limit has been exceeded. The potential V has then to in- 
crease still further to a third excitation limit, given by the eqviivtion 
eV ,== /icLr. Only then does the Ij-sories become fully dovelo|K'd. 
We then have 


I^i ^ ^ ^ Ly Py ‘ L0 * , 

All these assertions have been fully conlirmod by careful mea«nre. 
ments performed by Webster and Clark,* and Hnyt,')- for Pt uiul W. 
In the case of W the three excitation limits are 


hiii-Hmit V ^ 10-2 Idlo.voltH. 

Lii-hmit ~ il.fl 

L, -limit . . . . . V - 12-0 r. 

By adjusting the potential to values around those iigurcs ib rvaa 
possible to observe the appearance or disappearance of tlioso lines, 
and their changes of intensity, partly by photograph io moans and 
partly by the method of the ionisation chamber. Hoyt regards the 
allocation of the following lines to the three given limits as bovniul 
dispute : 


Liij-limit 
Ijh - limit 
Lj-limit 



But wimt happens nt the excitation limits to the inoidont enorKv 
E ot the cathode mys ? It is used to drive the K. or tl.o L-ebatroii 
o the periplxery of the atom and hence becomes absorbed. On the 
other hand, what happens if we drive the electron out by meanw of 

ibid* 6* ISr n'r Nat. Aead., 3, 181 (1017) j D. L. WobHtttr. 

Phy8..VlVl ?191G), ^ introduotovy paper by M. do in'Oglio, Joxwn, do 

t F. 0. Hoyt, Proo. Nat. Acad,, 6, GSO (1920). 
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primary X-rays? Its liv becomes weakened by the same amount 
au tlio energy of tlio cathode rays. 

But tins means : iU excitation limits show themselves in the con- 
f inno^is X-ra,y spectrum as absorption limits. 

Wo shall give an illustrative example. Let the primary Rontgen 
radiation bo that of a tube of about 40 kilovolts tension, that is. it is 
to Imve a continuous spectrum which is to extend to wave-lengths of 
300 X-units (cf. p. 41). Lot the matter receiving the radiation be 
a silver loaf. In tlio case of Ag (cf. Table 12, column second to end) 
the Gxoitation voltage of the K-sories is at the wave-length Ak = 485 
X-units. The softer portions of the incident spectrally resolved 
continuous spectrum A > Ak are only sliglitly weakened as they 
undergo only a general absorption, which, moreover, decreases as 
the ]iardno.ss inoreases. At 
A ~ Ak a strong soloctivo 
absorption .suddenly occurs. 

'.rhis persists also for A < Ak 
up to the limit of the con- 
tinuou,s spectrum ; it gradu- 
ally hceomes less, oorre- 
Hponcling to tlio uniform 
dooronao of the alisorptivo 
pOM'cr with the increase of 



Jiardiieas. 

irig. (12 exhibits those 
conditions as they appear on 
a x^botographie plate placed 
directly behind tlvo Ag-loaf.* 
At tlic left half of the upper 
band, for A > Ak, the ab- 
HOi'pfciou is weak, tluit is the 
darkening of the plate is 
iutonflo, and indeed the more 


da, 02. — Absorption of continuous Rontgen 
light in a Ag-foil (below) and a Au-£oil 
(bolow). The light whieli passes through 
tlio foil falls on (i photographic plato, and 
tlio upper bands in the figure are cHa- 
graranintio represent ations of the picture.^ 
so obtained. Bolow them is shown the 
K-sorics of Ag and tho L -series of Au. 
Strong selective absorption by the foil 
(small darkening of the plato by tho light 
passing through) is exhibited at the ex- 
citation limits of tho K- and L-,scrioa. 


inieuHO tlio longer live wave-length, that is, it increases towards the 
loft. At A =■“ A]c tlio seleotivo absorption of tlie silver in the leaf 
cornea into notion. On the right side of tlie band the ijhotograiiliic 


jilato IS tliiis strongly sorooned by tho Ag-leaf. We have at first a 
region of little darkening and theji, as tho liardness of the rays iii- 
oi'oa«oa, a slow inoroaso of the darkening, corresponding to a slow hi- 


oreano in the transparency of the Ag-leaf, 

Si inilar rosidts are found for tlio L-aeries. Lot the matter through 
'udiioli tho radiation is transmitted bo, for examfilo, a gold leaf. In 


* Wu Imro tlisrugard altogotlior tho spooiflo action of silvor in tho photographic 
layoi', which partly rovorsos tho action of tho absorbing silver leaf, ibis action is 
ill'll sbmtod in Fig. 0!1. 
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the case of Au the three li-absorptioii or excitation liiiutH .1^1, .Ijh, .hjii 
are at h, = 861, Al„ - 899, Al.h = 1038 X-units. 

Accordingly, a photographic plate wliioli is plaiiod holniid the Au- 
leaf and of which the darkening is shown in Jfig. 02 (lower half), oxhiliitH 
intense darkening to the left of the first limit Lni j im mediately to tin' 
right of this it appears very bright, on account of tlio seleetive absorp- 
tion in the Aii-leaf. The darkening increases slowly towards the- light 
till it decreases suddenly at the second limit Ln, though h'ss suddc'nly 
than at the limit Lm ; at the third limit Li a third weak brightening 
follows. With increasing hardness the darkening hoyond b| ijuji’easi'M 
continuou8l3^ 

Ooncerning Fig. 62, we have yet to remark that, towards tin' h'ft 
in the upper part of the figure, the L-absorjition limits, towanls tlu' 
right in the lower part of the figure the K-absorption limit, may he 
imagined to be added, but at a considerable distance away. 

After the schematic Fig. 62 we consider in Fig. 63 a spectrum 



Fia. 63,— Rotating crystal photograph of tho Rontgon spootruin f)f a W nnti- 
cathode (L-series, y, S) in which tho contimiouH nj'cicti’iim of the nnli- 
cathode forma a baokgroimd. TJio spootruin was partly soroonoil by an 
A1 shoot 1-4 mm. thick (iippor part of tho flguro). Tlio Wr-Ag layor of tho 
photographic plate shows strong solootivo absorption of tho Uiintgoii light : 
the first order K-limib of Ag is shown on tho loft and tho second orilor on the 
right, tho Br K-limit being in tho middle. Tho Br limit is oonuiiotolv 
extinguished by tho A1 shoot, but nob so tho Ag limit. 


that was photopaphecl by E. Wagner * and J. Breutauo, of a timgstcu 
anticathode ; in the lower part no absorbing layer was interpoHcd , 
wliereas in the upper part tho radiation had been made to pass through 
an aluminium plate 1-4 mm. thick. Tho big spot on the left is the 
over-exposed point of intersection of tho primary radiation with the 
photographic plate. A revolving crystal has spread out fcbo wave- 
lengths in increasing order towards tho right, that is, in the opposite 
direction to that in the schematic Fig. Q2. At tho rigiit end of tlio 
lower part of the figure Ave see tho comparatively soft L- linos of the 
tungsten antioathode marked out with extraordinary olearnoss on tho 
Aveakly ^^jckground, Avhich represents the continviouB spectrum 

on tho plate. The photographed lines are .Hucccssively counted from 

Broglb"ait?6r(lo1®3)®^ i"*;'’o<hu'(.ory ,)npors by M. .in 
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right to left, f//, <i&, y 8, X ; the three most intense lines 8, y, and S 

havo> been made recognisable as suoh in the margin. In the iimJ 
part of tlio figure the softer L-linea and, for the greater part, a].so 
the <mntiniiou8 background has been extinguished by absorptimi in 
t he aluminium sheet. If we follow the continuous spectrum towards 
the left. Ill tho lower part of the figure, we come across several .striking 
sharply defined absorption edges that here (namely, in the scale of 
ivavo-lcngths) extend towards tho left with decreasing darkening 
Wliat do those absorption odge.s in the lower part of the figure denote 
in view of tho fact that no ahsorbing medium intervenes ? They are 
(Ino to tho ■phoiographiG silver bromide layer. Tho intense band on 
tho loft is tho K-ahsorption edge of Ag and it is repeated in tho weak 
band furthest to tho right ; tho extended hand between these is the 
IC-absoi’ptiou band of Br. (Corresponding to its position in the natural 
aystoui (Br, / = 35 ; Ag, Z — 47) tho Br-band is softer than the Ag- 
bancl. Tlic former is entirely extinguished by the Al-slieet, whereas 
tho latter is uol absorbed either in tlio second order or in tho first. Of 
oourao, actually, tho Ag-baud roflooted in the second order has the 
same wavc-longth as tliat in the first order. This explains the cireum- 
stanoo, which at first sight scorns paradoxical, that the Br-band is 
weakened more in its passage through the absorbing A1 than the Ag- 
hand of tho second order, wliich, according to its position in the figure, 
soonia softer, but whioh is in reality much harder. To conclude the 
doaoription of this instructive figure we have now only to mention that 
bliG photographio darkoning is dependent on the quantity of the ab- 
sorbed energy. '^I.’hat is why the plate becomes dark, particularly 
whoro tho wavo-lcngths absorbed soleotivoly by the Ag or the Br 
strike it. 'Tlio AgBr layer acts simultaneously as an absorber and as 
an indication of tho absorlied energy, and its increased absorption 
is indicated by inorcased darkening. A bolometric or an ionisation 


nioaauromont of tho radiation transmitted by the AgBr layer would, 
on tho other liand, indicate increased absoi'iition by exhibiting a 
lopsoning of tho energy. 

Tho data concorning the absorption limits has been given for the 
K-soi’ies in 'I’ablo 12 and for the L-.serie8 in Table 16. 


^.I?ho ropi’csontation of the absorption edges in Table 16 by Roman 
lunnorals (1, 11, III, ... in tlio order of increasing wave-lengths) was 
introduced by Bohr and Oo.stor. In contrast to this in the earlier 
editions of this book a representation by means of double suffixes was 
rooommondod wluoU gave the theoretical quantum meaning of the 
energy stojis ooncornocl. Tho relation between the two methods of 
notation is to bo seen in Table 19. Wo have re-introduced the earlier 
notation luicauso of the fact tliat tho multiplicity of tho edges does 
tuiHo from tho combination of two quantum numbers (which we 
nowadays denote by I and j, following tho terminology of optical 
Hpeotra). Moreover, the rational definition of j (in Roiitgen spectra 
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as in all doublet spectra) is not integral but half -integral ; 
aiid the rational noiunalisation of Z is in the ease of wave 
raecliaiiics one unit smaller than in the older thoono.g. Wo 
should, therefore, have to write L^, Lj^ i/a, Lj^ g/g instead 
of L_[i, Lgi, Lgg. This would be inconvenient, especially for 
the purpose of general term notation. Wo have conse- 
quently adopted the use of the suffixes I, II, III. . . . 

From Tables 12 we see that the K-limits lie hard by 
the line Ky, and, indeed, in accordance with Stokes’ law 
they are displaced a little towards the direction of shorter 
wave-lengths, by about ^ per cent., as Duane and Stonstrdin 
have proved for W by means of precision measurements.* 
The same remark follows from Table 16 with regard to the 
L-edges, and the lines L^, L0, and L^. But Table 18 also 
shows that ihe absorption doublets of the h-series coincide, 
iviihin the limits of error, with the emission doublets. The 
significance of this fact in the atomic model becomes 
particularly clear in the light of Fig. 60 : the absorption 
doublet is given as the difference in the energy-levels by 
the energy-step between the Li- and the Ln-lovel, in the 
same way as the emission doublet is given as tho energy 
droj) in passing to the new energy-level. 

It is to be regarded as an outstanding achiovomont of 
the speotrosoopy of X-rays that also the M-absorption 
limits have been fixed completely at least in tho ease of tlie 
heaviest elements, In the cases of U and Th, Stonstrdin 
found tlireo, and Coster five different limits, tliat is just as 
many as we found it nocessaiy to assume in the sohomo of 
L-linos of emission to explain their existence, There seems 
no likelihood at the present time of showing the existence 
of the seven N-limits spectroscopically. f Even in tho oa.so 
of the absorption limits of the K-series the experimental 
difficulties are extremely great : it is necessary to use a 
vacuum spectrograph and the absorbing metallic salts have 
to bo used in exceedingly minute quantities, such as are 
taken up in solution tissue paper. 

Hitherto we have dealt only v'ith tho position of tho 
absorption limits, Concerning the amount of the absorption 
wo mentioned merely • its general decrease as the wave- 
length decreased and its sudden increase in passing tlio 
absorption edge. The amount of tho absorption is measured 
numerically by the absorption coefficient p. This is defined 
by tile statement tliat for homogeneous radiation tho rela- 

* X>i'oc, Nat. Aond., 0, 477 (.1920). 

t They liavo bom observed by H. Robinson, Proc, Roy, Soo,, 104, 
466 (1023), who used a refinement of the magnefcio method. 
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tivo dccroaso of intonsiby in tlio passage through a layer of depth d is 
Jroni the absorption coefficient wo pass on to the tnie ahsorp- 
lio)i coiifficieni fi in which the loss due to the coefficient of scattering s 
(of. GJiap. I, p. 30) lias been subtracted ; and from this again, if we 
rlivido it by tlio number of atoms per cubic centimeter, to the true 
afjsorpiioti coeficknl per atom, wliich we shall call In the following 
disemssion we shall give the coiTesponding coefficient * for the grannne- 
ntoin, 'which becomes whore L is Loschmidt’s number, as this 
gives ns a more convenient order of magnitude. According to very 
ttcciiratc incasiircmonts by Richtmoyer, Allen and others, which have 
been exhaustively discussed by B. Walter,! the following relation 
holds between and the wave-length A of the absorbed radiation 
and the atomic number Z of the absorbing element for the short wave 
side of the K absorption-limit (A expressed in cms.) : 

L/x,ie- 136.10-'^Z4A3forA<AK; . . . (1) 

on the long wave side of the absorption edge hpAt depends on A in the 
saino way, namely A®, but the Z exponent becomes modified : 

hpAt . 10-“ . Z“-®A® for A > Ak . . (2) 


TJio Z*“-law in cqii. (1) was discovered by Bragg and Peirce4 

Wo arrive at the expressions (1) and (2) if we plot the logarithms 
of bho measured values of the absorption coefficients os ordinates 
and tho logaritlims of the wave-lengths or the atomic numbers as 
absoiasoj. The points thus obtained lie in segments of straight lines, 
from bho iiosition and slo]io of which we may determine the factors 
and oxTioncntials of eqns. (1) and (2). Tlie rather unprepossessing 
fractional form of the exponent 4*3 for A > Ak shows that we are 
hero dealing with a purely omihrioal expression. 

In this way wo got for tho dependence of log p on log A the character- 
iatio pioturo of Fig. 04. Suppose wo arc dealing, for example, mth 
Afi, at first ill tho vicinity of tho K-absoi-ption edge, Ak = 486 
If wo start from the loss hard rays (A > Ak, at the right end of the 
oonthmoufl lino in tho figure), log p decreases uniformly as log A e- 
oroascs, as far as A - Ak. At the latter point, on account of the ex- 
citation of tho oharaotoristio radiation of Ag, moroased absorption 
begins ; tho absorption coefficient suddenly jumps up, and, indeeil, 
to a value seven times as great as that before the jump , o us ler 
corresponds in the logarithmic ropre.sontation a 
log 7 0-84, After tho jump the uniform decrease of the absorption 

rocommonoes os the absorbed radiation increases m hardness ; the 

* 'I’lio value fijp iiflually givon donotos tho is Sir?tom*ic 

i«. pov gvmnuw. Woo our bocomos equal to Apip, wlioro A 

Portsohrltto auf do.n Gobieto dor KCntgonstrahlou. 35, 927 and 1308 (1927). 

} J?hil. Mag., 28, 020 (1914). 
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ioj?aritlimic value of the decrease as before the jump being again clnUu-- 
mined by the exponent 3 of A in equation (1). if, on tlio other liand 
Ave go toAvards the right into the dotted region {wiiieh i.s not corrobo- 
rated by measurements in the case of Ag). wo arrive at tJie L-abHorplion 
limits. Our figure has been drawn with dotted linos hero laicaiiHO 
it does not correctly depict the lieight of the acquonco of linen in 

comparison ' 
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FiO. 84. — Tlie logarithm of tho absorption co- 
efficient ft of Rdntgon radiation is dis- 
continuous linear function of tho logarithm 
of the wavo-length A. Illustratod cliagram- 
matically for Ag. 


with tluf K- 
odgo ; corresponding to 
the gap in tlio .ij-axis tfii' 
aoquenco f)f linos f(U' tho 
Jj-edgo should in rtnvlity 
bo raised, '.l.'he couvbo is 
boro similar to that foi' 
the IC- absorption liinit ; 
there arc .sudden jumps, 
tho graph halving a parallel 
oourso before and tifttu' 
the jump, Jh tlie figure 
throe such jiunps, of <lo- 
creasing intensity, lia \'0 
been inserted, corresponding to tho three absorption limits Lj, Lii, 

Ljii. 

Concerning the rise of the absorption at tho limit in question, ib 
is not quite sharp and sudden as was previously boliovod arid aw it 
appears in Fig. 64. Moreover, the limit often has a certain atruotiiro. 
Stenstrom showed this for the M-limits, G. Hertz for the L-HinitK, 
and Pricke for the K-limits of tho lighto.st Glomonts, Fig. 05 showH 
the IC-Iimit of sulphur, according to H. Frioko,* 
as a photometi’io record of tlie darkening of tho 
plate. The abseissce are wave -numbers (inore using 
towards the right). Great values of tho ordinates 
denote good transmission, tliat is, little darkening 
of the plate measured photometrically and corre- 
sponding strong absorption in tho absorption film 
placed in front of the plate. Tlie photograph for 
the case of sulphur shows a precipitous but never- 
theless steady rise of the absorption between h 
and K, The distance fcK amounts to about 5 
X-units and is a measure, so to speak, of the 
breadth of the K-edge, But tho two absorption maxima behind K, 
called A and B in the figure, are still more remarkablo. (T'lio small 
zig-zags are due to the granules of tho photogra^ihlo 2 ^ 1 afco,) 

Kossel f accounts for tho successive maxima ns follows : Tho 
prinoi^ial limit IC corresponds to tho energy wliioh is nocossai’y to 



Fio. on.— •Sti’iiofcut'o 
of a lUhit-gon iib- 
HOi‘|>(iiou oclgo (K 
for Hulplmr) ae- 
coi’diitg to l.<‘rii!k«. 


PJiys. Rev., 16, 202 (1920). 


t Zoitfl. X. Pliysilc, 1, 12-t (1020). 
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transfer an olccjtron from the K-sholl into tho first unoccupied orbit * 
of the atom ; tlio following maxima A, B belong to transitions of a 
K-oleotroii to orbits of tho atom that lie still further outside. Tho 
amounts of energy required for this arc of course greater than the 
strongest limit denoted by IC ; hence tho maxima A, B, . . .lie on tho 
side of tho greater wave-numbers. From Kossor,s view it follows 
that tlie distance of those maxima from one another and from K, 
when measured in wave-numbers, should be of tho order of magnitude 
of the Itydberg constant 11, which is confirmed by tho figure. Hence 
it follows, too, that tho phenomenon of n band -structure can bo 
observed only in tho case of very soft bauds, and hence (for K- 
absoi’ption) only in tho case of tho lightest olomonts. The snccossive 
Jiiaxiina at the absorption edges in the region of harder rays come 
oloso together, when measured in wave-numbers. 

This brings us to the fundamental question : how is it that tho 
visible si)ecti’al lines may be observed in emission and absorption 
but that tho X-ray lines appear only in omission ? Tho reason for 
this, again according to Kossol, is to he found in tho contrast hotweoii 
tho interior and the exterior of the atom. In tlio interior of tho 
atom the shells are ocewpiad by electrons ; tho electron which is to 
be raised from tho interior finds no place free, in accordance with 
T?auli’8 principle, and hence must, bo taken as far as the periphery of 
tho atom or beyond. Hence in tho X-ray region absorption lines 
appear only in association Avith ahsorjAtion edges, in transitions that 
load the oleotron beyond tho ]Doriphcry of tho atom into the exterior 
of the atom which is unoccupied by oleotrons. In tho visible region, 
on tho other hand, tho transitions occur generally between unoccupied 
quantum states in the exterior regions of tho atom. The same lino 
can occur in al)sor])tion and omission, according to tho direction of 
the transition. 

Since tho structure of the outer atomic sholls depends on the 
chemical activity of tho atom (or ion), R. SAvinno f and W. ICossel J 
surmised as early as 1916 that the position of edges depended on tho 
valency state of the element. This dopondeaco Ims since been found in 
many cases, pnrticidarly for tho K-edges of tho elements betAveen 
Si 14 and Oo 27 and for tho L-edgos of I, Sn, iSh. The behaviour 
of 01 and tS is ospeoially olmractoristic. According to Lindh, 8telling 
and others tlmy exhibit three dilferent edges aooording as the com- 
pounds contain univalent, peiitavalent or heptavalont chlorine, or 
divalent, totravalont or hoxavalont sulphur. 

Not only in the ease of absorption lines but also in the case of 
omission lines it has boon possible to shoAV a slight tlependonce on the 

*Th 0 fact tliat it is ronlly tlio flmt im occupied orbit that corresponds to (ho 
most rapid incroaso of absorption, is proved for certain h- and M -limits of hoavy 
atoms very acouratoly by A. SniHlstrSm, Zeits. f. Phvsik, 68, 78'l- (IflJlO). 

t Phys. Zoits., 17, ^187 (1016). t Vorli. d. D. Phys. Gos., 18, 339 (1916). 
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nature of the chemical bond. Por example, in the lighter elemcntH 
a fine-structure of the K^-line occurs, wliioh varies with tlio nature tif 
the bond, and also a displacement of the doublet Kaoc'. Wo see, then, 
that we must modify our remark on page 20G tliat the omiHsioii of 
X-rays is a purely atomic property. It is true, however, that tliis 
is due to a fineness of detail which manifests itself only wlnui the 
measurements are extremely precise. 

Pinally, shall make a little digression into the region of medicul 
lidntgen 2 iliotographs. These are, as we know, whether retseivcal on 11 
fluorescent screen or on the photographic plato, shadoto iriu\y 

are thus concerned only with the transmissive or tlm ahsorjitive pow<n' 
of the object through which the rays pass. The human body is ossenti- 
ally composed of the elements H, 0, N, 0, P, Ca (for which 7i 1, (I, 
7, 8, 15, 20). Now the atomic absorption increases, as avo saAA% 
approximately in proportion to the fourth poAVor of the atomic mnnlitn', 
and the absorption of a compound of a mixture or of an aqueouK 
solution is composed of the additive absorptions of its consbituentH. 
Thus to knoAv the absorption of bone-substance 0a3(PO4).^, avo liavo 
only to superpose the absorptions of Ca, P, and 0, Avhoroby oaeli is 
to he counted the number of times it occurs in the formula (thiiH, 
3, 2, and 8), and to find the relative absorption of the bono.s AvitU 
respect to the surrounding tissues, avg have to com])aro them with th (5 
absorptions of HgO, Avhich is easily the preponderant constituent 
of the tissues, In tliis Avay A^^o get 


3 . 204 + 2 . IS-* -1- 8 . g4 




2 + S'* 

As Ave see from this, the amount for Ca considerably oiitAvoighs (‘A''('n 
that for P ; the fluorescent soreen counts, so to speak, only the Ca- 
atoms. But if a lead bullet (Pb, 2 == 82) is lodged in the bono, its 
absorption exceeds that of the bone to an extraordinary degree, fl'ho 
excellent contrast effect produced by a solution of bismuth tliat lum 
been introduced into tlie stomacli or the intestine is clue to tliis ; for 
its atomic number is 83. The concentration of the bismntJi solution 
need not even be high ; on account of tlie ton times higher atomic 
number of bismuth compared Avith oxygon, a Bi-atom acts about as 
strong y as 10 000 0-atoms and 1 gmi. of Bi acts about as strongly 

explanation holds for tho surprisingly 
strong absorptive action of iodine preparations that are photographed^ 

'‘I’soi'pfcion on tho wave-loiipitli iiiicl ita 
OQines into aoooimt fov tlio motlioia 
on ‘ilia fact that one of tlio oonimonoat 

oimded (or Benoists hardneaa-gango, which is basod on tho same 
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pi’inciplo). Its construction is fainiliar : an ahiininivun wedge is placed 
alongsitlc a silver ])lat(s of uniform tivickness. W(i read oil’ that position 
of the a] u minium wedge at which it absorbs just as strongly as tho 
silver plate, so that ccpial brightness is caused in the fluorescent screen. 
Whereas Ag absorbs the liarder rays for which A < 486 X-units rela- 
tively more than the softer rays (cf. Fig. 62), in the case of Al wo obtain 
no discontinuity in the absorption coefficient in the spectral region 
acco.ssiblB to tho technical X-ray tubes because even tlic K-edge of 
Al lies at sucli. soft wave-lengths tliat it docs not come into question 
praotically. 'riicrofore, in the transition from soft to liarder rays, the 
lioint of equal brightness moves along tho scale in tho direction of the 
tliieker end of tho Al- wedge, as then tlie Ag- absorption begins for a 
greater part of the mixed rays and so the same thickness of silver 
becomes equivalent to a greater thickness of the aluminium wedge. 

This juay suffice to show that in the medical application of X-rays 
tlie more refined results of physical research, in particular those con- 
cerning tho absorption laws, oomo into account. 

§ 7, General System of X-ray Spectra. Tables of Terms. Selection 
Rules. X-ray Spark Spectra. Relationships with the Periodic 
System. 

Wo discussed the excitation- and absorption-limits after tho omission 
lines because this conforms Avith tlio liistorioal order of devolopraenfc. 
From the point of vioAv of system wo might equally avoU liavo reversed 
the order. The energy conditions of the atom express tliemselves 
most clearly in tho absorption limits, '.rhey rein’csent directly tho 
amounts of energy through tho manifold oombiimtioii of Avliioli tho 
emission linos arise. 

Tho relationship between absorption limits and omission linos in 
the X-ray region is tho same as that hotwoon the “ terras ” and the 
wavo-numboi’s of the lines in the visible region, We repeat what has 
already been said on page 72 : the goal of B'peclroaco’py is the atomic 
slates and their energy -values. The observation of speotral linos is 
only a means of obtaining tho values of tho terms. Accordingly, in 
this section we first develop as comidoto as po.ssible a Table of X-ray 
lemns.* 

Wo must first make a reniark of fundamental importance. Hither- 
to wo have spoken of tho enoi’gy-stojis on Avhich the individual electron 
is situated before and after tho omission or before and after tho 
excitation. Wo .shall now adopt a more correot point of view. In 

* 'I-’liis was done tor tho first time in tho third Gorman odition of tho 711 ’OBonfc 
volnmo, 1022, p. CSO ; a little lator tho table of Bohr and Coator, Zoits. f. BhysiU, 
18 , 360 (1024), appoai’od whioh had boon supplomonted b^ now dota, For tlio 
ni'osQiit wo find it boat to tako tlio term table of Llndli, loo, oil,, pp, 228-231, whioh 
liaa boon fiirthor Bupplomontod. 
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M,v 

Jf, 

12 Mg 

00-8 


3-6 
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13 A1 

114-7 

— 

6-2 

— 
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- 



15 P 

167-8 

— 

9-9 

— 

0-8 

.. 


10 S 

181-0 

— 

11-8 

— 

0-3 

- 

_ 

17 Cl 

207-8 

— 

14-8 

14-7 

— 

0-4 

\ 

- 

ID K 

200-0 

— 

21-4 

21-2 

— 

0-9 



20 Ca 

297-4 

— 

26-0 

26-6 

— 

2-0 


- 

2J So 

331-2 

— 

30-3 

30-0 

— 

2-7 

- 

_ 

22 Tl 

300-8 

— 

32-0 

32-2 

— 

2-2 



23 V 

402-7 


38-2 

37-6 


2 

-0 

_ 


2‘1 Cr 

441-2 

- — 

43-1 

42-4 

— 

3-6 

0-1 

25 Mu 

48 1-8 

— 

48-2 

47-3 

— . 

3-7 

0-3 

20 Fo 

024-0 

— 

63-4 

62-4 

7-1 

4 

-2 


27 Co 

608-2 

— 

69-0 

67-8 

7-7 

4-7 

0-7 

28 Ni 

614-1 

. — 

64-7 

03-4 

8-3 

6-4 

0-7 

2fi Cu 

061-0 

• — . 

70-3 

68-8 

8-8 

6-7 

0-4 

30 Zri 

711-7 

— 

77-1 

76-4 

10-1 

0-8 

0-9 

33 As 

874-0 

— 

100-0 

07-4 

14-9 

10-4 

3-0 

34 vSo 

932-0 

— 

108-4 

106-4 

10-7 

11-0 

3-8 

30 Bi- 

992-0 

— 

117-7 

114-3 

19-0 

13-6 

6-2 

37 HI) 

1110-4 

102-1 

137-1 

132-7 

23-0 

18-1 

17-6 

7-9 

38 Sr 

1186-0 

103-0 

147-6 

142-6 

26-2 

20-8 

20-0 

9-6 

40 Zr 

1320-7 

187-0 

170-0 

163-8 

31-8 

26-8 

24-8 

13 

•4 

41 Nb 

1308-0 

190-2 

181-6 

174-0 

34-6 

28-3 

27-1 

16-2 

16-0 

42 Mo 

1-173-4 

212-1 

103-7 

186-0 

37-0 

31-4 

29-8 

17-2 

17-0 

4 5 Rb 

1709-0 

261-6 

231-2 

220-7 

46-0 

38-6 

30-0 

22-4 

22-1 

40 P(l 

1794-0 

207-1 

246-7 

234-1 

49-7 

42-9 

-10-7 

26-4 

26-0 

47 Ag 

1870-7 

282-0 

200-1 

247-2 

63-4 

40-0 

43-0 

27-8 

27-4 

48 Cd 

1007-6 

290-0 

274-7 

200-0 

57-0 

48-8 

40-1 

30-3 

29-8 

40 In 

2007-2 

312-0 

289-3 

274-0 

00-1 

61-8 

48-8 

32-4 

31-9 

00 Sn 

— 

320-4 

300-3 

289-6 

06-3 


63-1 

30-6 

36-9 

01 Sb 

2241-7 

340-1 

323-0 

306-3 

70-4 


60-4 

40-4 

39-7 

02 M’o 

2346-0 

364-1 

340-3 

320-1 

74-6 


60-6 

43-2 

42-4 

03 1 

2448-3 

382-0 

367-0 

330-0 

79-2 

69-1 

04-8 

40-8 

<16-9 

05 Cb 

2649-1 

421-8 

394-0 

300-3 

89-8 

79-3 

74-4 

64-0 


60 Ba 

2760-4 

441-0 

414-3 

380-7 

96-4 

84-0 

79-0 

68-8 

67-0 

07 La 


462-9 

434-2 

404-4 

100-7 


84-0 

■tv-aiB 

01-7 

08 Co 

2972-2 

483-3 

464-1 

421-0 

106-2 


88-1 

00-7 

Muml 

00 Pr 

3003-3 

004-3 

474-0 

430-0 

lU-0 

99-3 

■ipai 


08-0 

00 Nd 

321-1-2 

620-2 

406-6 

467-8 

116-6 

104-8 

90-8 

74-2 

72-6 

02 Sm 

3467-0 

071-2 

638-9 

496-0 

127-1 

114-7 


81-9 

79-9 

03 Bu 

3683-4 

694-3 

661-6 

614-4 

133-1 

120-2 

110-3 

80-0 

83-8 

04 Qd 

3711-0 

618-2 

684-6 

633-0 

139-0 

126-6 

116-0 

90-0 

87-7 

66 Tb 

— 

042-6 

008-3 

663-9 

146-0 

131-0 

119-0 

94-2 

91-0 

00 Dy 

3972-6 

007-7 

032-2 

874-2 

161-2 

130-9 

124-6 

98-6 

06-8 

07 Ho 

4116-0 

603-2 

667-1 

604-7 

167-1 

142-7 




08 Hr 

— 

719-6 

082-6 

616-9 

103-6 

148-8 

134-7 

107-2 

104-() 

00 'I'u 

— 

740-8 

708-8 

037-3 

170-3 

166-6 

140-2 

111-7 

108-4 

70 Yb 

— 

774-0 

736-4 

660-2 

177-1 

162-2 

146-8 

110-4 

112-8 

71 Lvi 

— 

802-0 

762-0 

081-2 

183-8 

108-0 

■ifttBil 

120-0 

117*2 

72 Hf 

— 

832-0 

791-3 

704-5 

101-8 

176-9 

160-9 


122-0 

73 Ta 

— 

862-2 

820-8 

728-0 

190-6 

183-2 

102-9 

132-2 

127-8 

74 W 

6113-8 

893-0 

860-6 

762-1 

208-1 

MEm 

100-8 

138-3 

133-7 

78 Pb 

6764-0 

1026-8 

978-7 

862-0 

243-4 

227-3 

MEm 

102-8 

160-4 

70 All 

6040-4 

1000-2 

1014-4 

878-5 

262-9 

236-1 

202-8 

100-3 

103-0 

80 Pig 

0116-0 

1094-6 

1048-6 

906-1 

— - 



— . 

— 

81 Tl 

0280-0 

1132-4 

1084-2 

033-2 

E>^kZ\l 

263-8 

219-2 

■ I| 

UZiKII 

82 Pb 

6403-0 

1100-3 

1121-9 

000-5 

283-8 

202-3 


I M n 

183-0 

83 Bi 

60-16-7 

1207-9 

1169-4 

900-0 


273-0 


B t ! [f 


00 Th 

8073-6 

1609-7 

1461-6 

1200-0 

BiKipil 

364-4 

298-0 



02 U 

8477-0 

1003-6 

1643-1 

1204-3 

408-9 

382- 1 

317-2 

274-0 

201-0 
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Om hiler-changm of amrgy it iff not the individual de.cirou hut the whole 
atom that is involvcA. JSvoi’y process of excitation inoans an additiou 
of energy to the atom owing to the work of ionisation, wliolo or part, 
that is done. The energy of the ionised atom is greater than that of 
tlie neutral atom, the more so the more tiglitly the ejected electron 
was bound. If wo agree to set the energy of the ncxitral atom eepud to 
zero, the energy of the ionised atom becomes equal to h times the 
vibration number of the absorption edge in question. The asaooiated 
wave-number, that is the “ Hbntgeii or X-ray term ” coiTcsponding 
to tlio absorption edge, thus niea.suros the energy-content of the atom 
in a definite state of ionisation, compared with the energy of tlib 
neutral atom. 

Every assertion about the origin of an emission lino contains a 
perfectly definite numerical statement about a relationship between 
the wave-number of an emission lino and two absorption edges. If, 
for example, wo describe the origin of Ka by the symbol Lm K, 
wo imply that the following equation between the wave-number r of 
JCa and the wave-numbers of the limits K and Lni is exactly fulfilled : 

».=.K-Lni . . . . (1) 

From our piusent point of view this equation signifies the following 
state of affairs. First the atom is ionised in the IC-shoU. If the 
electron passes from the Lm-shell to the K.-.sUoll with the omi.ssion of 
ICa, an electron in the Ijm-shell is wanting in the atom in its final 
state. Tluis the energy-content of the atom in the final state is the 
same as if the atom had been primarily ionised in the Lm-shell. Thus 
eqn. (1) expresses an energy relationship between the wave-number 
of ICa and the energy-contents (terms) of two atomic states. 

Wo are fully oonvinced that all such relationships demanded by 
tlio tlieory hold absolutely rigorously. Empirical confirmation oan 
of course be obtained only in those sx^ecial oases whei*o, besides the 
omission lines, also the absorxition edges have been measured with 
sufficient accuraoy. The preoisioii measurement of tlie edges is re- 
stricted by their fine-structure. According to the maximum to which 
(JUG adjusts, different values of the wave-number are obtained. An 
exact tost for the L-serios has been undertaken by Coster * for the 
elements Bi, Th, XJ, for which besides the L-edges also the M-edgos 
are accessible. 

In sotting up the table of terms our jirocedure is to postulate 
that all the relationships between linos and edges, which the tlieory 
. (of,, for example, the column with the heading “ origin ” in our Tables 
1 1 and. 14) demands, hold quite accurately, and that inaccurately 
measured edges are oorreoted in this sense and new ones become added 
if, as in the case of the N-edges, they are too soft to be measured, 


* Zeita. f. Phyailt, 8. 195 (1021). 
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Til uoiitraat with tiro visiblo apocitra, for wliicli the iminhor of wcriaa 
toi'ina is immeasurably great, avo luivo the advantage in the ease of tlio 
X-ray spectra tliat the nuinlier of the torina is small and the conipleto 
list of terms of all the elements does not oeoupy niueh more than tAVO 
pages, For there ai’o only 14-3 -|- 6 -|- 7-^6 -|- 3 ~ 24 limits, of. 
AA'luch, moreover, a fair mimbcr are Avantiiig in the case of the lighter 
clernonts thus the number of term magnitudes for all the 02 olomonts 
taken together is loss than 24.92. Those torin magnitudes aro fixed 
oharactoristios of the atom. 

To acoompany the tabular survey of T’ablo 20 avo add the grajika 
of Fig. G6, We have draAVu this figure in the same Avay as the earlier 
figures of this ohaptor, in which the K-Ioa’^cI was placed at the bottom. 
Wo might also have folloAved Bohr and Coster in choosing the I’oversed 
position, since according to the beginning of this section the energy 
of the whole atom is greatest Avhen the IC-shell is ionised and sineo it 
deoreascs, for example, Avhon during the emission of Ka the K-sholl 
becomes filled and the L-sholl is loft ionised. In siioh a method of 
representation the energy -levels Avould represent the posilive energies 
of tlie Avholo atom. In our method of representation they denote 
negative energies, The double arrows draAvn in the figure are to 
indicate that, on the one hand, Ave may oonsider the energy of the 
whole atom, in Avhioh ease tlio arroAv is to be taken in the npArard 
direction, or, on the other hand, avo may localise the jirooess in the chief 
oaiTior in the transformation of energy and from this })oint of vioAV the 
arroAV must bo talcoii in the doAviiAvai’d direction. 

The figure is to bo regarded iiurely diagrammatioally. For example, 
within each shell the levels are drawn oqui-distant, whereas in reality 
the lovol-diiferoncos aro very different. LikoAvise the decrease clue 
to transitions to the external shells is muoh more marked in reality 
than as sIicaaoi in the figure. In oases Avhorc, such as in the M- and 
the N'Sholl, the arroAVs occur Avithout letters, the linos in question are 
to bo expooted theoretically but have partly not been found and partly 
not been provided by us Avitli special symbols. Several of the line- 
symbols added in the figure (for example, /S', y' in the K-serios, txAp, 
in the L-series) are suflioiently defined through the scheme of levels 
itself. 

This sohomo is supported by a great series of eombination- relations 
between the emission lines. Fig. 60, Avhioh depicts such relations is 
actually only a section of our now more oomprohensive figure. Hero 
wo shall bouoh only on those corabinatfon-rolations which have jdayod 
a particular part in sotting up tlie sohomo as a A.vholo. 

The K/S-lino comes into question in the first place, According to 
the original ICossel relations tlie following relation should actually 
hold in wave-numbers (see eqn. (2) at the cud of § 3) : 

K/3 = Ka 4- . (2) 


von, T.' — 16 
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The autiior cndeayoin’ocl to oatabliHli in l.(MP wlirdliMr Hu 
ec] nation holds oxaGtly in this lonn mid louiid ti'liiv’i; iV did iiM.. 

We iiotually obtain from t)m prooiso oxphination of iht‘- Um'H in 
q^ue.stion in Fig. 06 

Kfi =! IC Mm, iCa === IC Ijiu, Loc =■ - Imt 

tliat the correct form of the relation (2) is 

== lC<ic d- La (My - Mrii) . . 0 ) 

Secondly, we mu^t name two relatioiiH. which It'd Siii<dcal \ in 
allocate the lines and ' correctly : 


K^ = Ka + Lf^ + (Li -Tmii 


<'U 


The line == Mn--^ K ■which ocoura hero (hoc our hoUoiiU' of 
levels) is a weaker aatollite of K/3 which luva, howovor, hetm fminil 
only in the case of a fe\y elements j in tlio oaso of Kli it ^vtin liivt 
observed by de Broglie, f 

By comparing the results With the nuuiHUvomcnlH of Uic M- 
edges Coster |( then establiahed the interpretation of tbo .fj- M* 
combinations by showing that the following relations hold hotweiMi 
the L'lines and the M-edgos : 


— ImJ)' ^ 'Mn — 

La — Le = Mj --- MV ,1 




I Almost more oonviiioing than thoso numorioal dotnilH (ho 
I regular structure of the whole solicnm of lovols itself furnifiheH 
best eyjdenee for fts logical conception. To make tliia oleat' nvo 
must introduce two terms, for the introduotion of wliloh W 4 ’ 
shall not give the reason until wo arrive at Ohajiter V, luiuK'ly : 
^ do'^^bleV^^’ doublets and “irrogiiJar or Horooning 

Wo have already learned at tho end of § 6 the eharaotoriHtin 

Lii. -- Lrn (tho L-dcnihlot 
there investigated) depends on tho atoniio number Z i thi« 

' f explained by tho theory of rolativily njjfJ w 

presents the type of the ngular doublet, In addition wo linvo 

differeii^mr^ ^ ecgo-dillovoiioe U - .Lit, which oxliiWtn a- 
different but no less olmraoteriatic dopondonco on Z, whhh htiN 
n e ucidated by G. He^z (of. Oliap. V, § 5). Thin deipcnd- 

If /S’ 

mentioned just below wore of the paper by CosUir 

soneme levels. no thu 

and theM-shell 6vo times. ^ subtfividod tlirou thrtos. 

I I24fi (1020). 

fl^eits. f. Pbysik, 6, 139 (1031). ' 




OJTCO points to a diftcronoe in the “ soreeiiing constants ” and re- 
]>roaonts the tyjio of the irrognlar doublet. 

Btxfc these two typos do not only present themselves in the L-shell 
but also in all the subsequent shells, and, in fact, in regular alternation 
as sliown in the above scheme, 

'Hio brackets war the symbols denote regular doublets, those under 


Fig. 66. — Diagrammatic representation of Rontgen energy-levels. 
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the symbols irregular doublets; lioth ar(5 oharaetoriscMl by a (Inliiiili' 
analytical law as a function of tlio atomi{! luiinbor. 

We have now to show ho\v the oiiorgy-IovolH cliamctmiscid Jn this 
way combine with each other. To accomplish this wo must aHsigii 
“ quantum numbers ” to them. Wo do thie in the inanmu* foinul to 
be expedient when dealing with the analogously constj'uotod cl on Idol- 
spectra of the alkalies. If or we distinguish between thrcjo ((itiiiitum 
numbers : 

h j‘ 

1. The principal quantum number n inorcasos stop by st(!|>, mh avo 
know from §§ 4 and 5 of the preceding chapter, in the Hii(H!osHiv<« HludlH ; 
for Ave have 

?i=1 23 4 60 

in the K, L- M- N- 0- P- sholl. 

This quantum number is not restrioted by a selection p)*iii(.!ipl(s* 

2. The azimuthal quantum number I assumes th (5 valuos 

/ — 0, 1, 2, . . . — 1 . . , , (Oj 

Avithiii each shell, if it is fully developed. Tho allocation of tliCHO 
numbers to the sub-divisions of the shells {Xhitersclmhii) may Ik> huoii 
from tho following scheme : 


; = 0 K, Li. Mi. Ni ... 

Lii-I-Ltii, Mn-bMi„, Nn H- Nm . . . 

] ~ i Miv -I- Mv, Niv -b Nv ... 

Nvi I Nvh . . . 

The folloAving selection rule holds : 

AZ = - 1, or AZ = -I- 1. . , , ( 7 j 

necfssIw^bv^th^eWf ” quantum number j is roinkrod 


^ ~ ^ ± 1 fi^inimum value j ^ 
^ Imaximiim value j 


n 


(8) 


forbids traLhS sLu dooroo oxiafcs wliiell 

ground given is ns follows : Coafcoi- rPhU A» «= 0 j Lhc 

looked in vain for the lino L T ^ (1022), J’urb 2, Ij lOl lias 

the region of the M-series and wonhi AvouUl m tho onso of bungaton II 0 in 
CL aho Hjalmar, .«lo«Mo.rpriua| S™ 

absence of such llne .-4 oan be aoeQiim«,i pai’tumlnr p. 80. But tho 

are vorrsmall ground 

Struotaro of L,no Spootm,- MoOrawHillf Cv YorMOSO; ^ ^ 
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The allocation to the sub-divisions of the sliolls is scon in the following 
schemes : 


K, 

Li + Lii, 

Mi + M,i. 

Ni -t- Nu 

j ^ -ir 

Lm, 

Mm -!- Miv, 

Niii + Niv 



Mv 

Nv -h Nvi 

j ^ i 



Nvii 

Tlie seleetion rule in this ease is 



Aj = 

= - 1 , Aj 

11 

== - 1 - 1 . 


In Fig. (1(1 the onorgy-lcvols arc shown with thoir corresponding 
^and j-valuo.s. By combining our rules (7) and (D) wo obtain a^niiies 
drawn in Fig. 60 and only those lines. '^I'his was shown simultaneously 
by Wentzel * and Costor.'l’ 

Not only is it possible to predict the ocourronco of lines but also 
tlieir intensity generally. For this purpose w(! supplement our selection 
rules so as to have qualitative intensity rules. Although, like the 
former, the latter appear at present as empirical postulates, this does 
jiot reduce their regulative power, 'J’o give a theoretical basis for thorn 
would require extensive calculations of a preliminary kind and would 
load us into Birac’s theory of the spinning electron. 

Wo postulate : those liwusitions are strong in lohich 1 and j change 
in the same sense ; the transitions are the weaker, the more the change 
in direction of 1 and j is differciil. To this we must add : a transition 
in tlio decreasing sense I I — 1 is, ceteris ^mribus, stronger than a 
transition in the increasing sense 1. We shall find that the 

same rule holds in the ease of multiplot speotra in the visible region 
(Obap. VIII) as a qualitative intensity rule, and moreover in thoir 
ease the rule will first find its full apxfiieation, for in X-ray .spectra 
(and doublet speotra in general) the ease of oppositely directed transi- 
tions {imgleichsinnige ubergdnge), for oxamxdo, Ai! — ~ 1, Aj — -f- 1, 
does not occur at all, because it would lead to a final state in 
which j ~ I would be two units greater than in the initial state. 
But this is forbidden since the difforouco between j and I, by ( 8 ) must 
always amount to zb Consequently, in tlie case of X-ray sirootra 
wo have in addition to the strong similarly directed transitions only 
such weak transitions as have Aj = 0. 

The application to the K-series is very simple : hero the strong 
lines, «, )S, y belong to the transitions Al = Aj = — 1, the Aveakor 
satellites, a', j 8 ', y' (whioli are half as strong) belong to the transitions 
AZ = - 1 , Aj == 0. 

The conditions become more manifold in tlie ease of the L-sorics. 

* Zoilfl. f, ?hya., 6, 8-1 (1021), 

■f IhiiL, G, J Bfi (1021). Tho soliomo snggoatod by Costm- doviuloa only in 
formal voapootB from that of Wontzol In that Coator originally ondoavourad to tlo 
with only ono quantum number [I or k) i later Coator and Bgliv also dooidocl to 
introduce tho second quantum number (our proaonb j). 
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lilo strongest tmnsitions M -3^ L, nainelv La anrl T P i»ni ^ a » * . 

AZ = - 1, Aj ^ 0, whereas B nnrl s Z . , the transition 

accordance with tho r/'ln+irt^i • • t. such aatollitoa, in 

Lot us ao; r mick t re tr ■' 

ease o£ e we have Ai = +T Ai'f + 1 ^n';i ’'• ^ 

“I- 1 A -I n TTr. • ’ I -Lj in tho case of ri we liave AZ = 

boloni to M i L Vfl’S “ uj^plauied by the oircumaCauco tliat e, „ 

!X7Jrii„ert r^ririr :•, Vato is toft 

a^^holtor ^;:,:/:„t'tortffA;!> LtATT “I'S “■ ^ 

rules hold’tol tlM M-'mid N’serief b^t'° ““"J® and i’utonsity 

hero. N-series, but we shall not enter into them 

cxetL“;stotorC^^ ''>— an 

in Fig. ao such lines were net .-i i i i ^ “■ *®“8 oxpoauro ; 

pages 210 and OlTrnd so torti, ''■ ‘’® and 10, 

ing line • Li -t k’ which hn.s he™^ exceptions mohtde tho interest- 
in the third and fouS ordeTfr '>.V Dunne and StenstrOm 

- Kb, •. -lirzii'r.t s. £r '■? 

tion Li -^ IC we Jmvo A7 — n i ^ J-^oi the traiisi- 

(7). Ooei^ioually tlieie are ’also LZhtollrVi^^ 

Ohara™ by fbmg P^^ the transition Ay L - f C 

external fields is anatofom to ''®'™ a‘™"g 

(of. Chap. VI) ItTSto ittif I ■yP®'.'*' “ «■« visible region 
spectra, too, tho ooouTOnco of torh^T ®“° ®* ‘’‘a ^"‘'ay 

the aet on Jf LngTCl '>® '>aak to 

oonjootnre that It fe p t ®™" 1^® '“O ^ 

forbidden linos by „, airing th’e oxp^os.irig 

mostly on the hard, but sometimes^lrL^hoZ'rsito “‘w!f ‘"T’ 

disoovoied b^ «a. «t, 

pared with Ka but intense f'nmnnvori *j.i which is weak oom- 
the satellites «», shown to exist hv R* i satellites ; also 

inequalities hold ; ' ^ Ijaliimr m 1920, for which the 

(sss'l^Sir^l^® “ «» a ■■ Bpark Mae •• 
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'.rjio K.j3-linG also lias short-wave satellites, In the L-series we know 
of both short- and long-wave satellites, the latter occurring in elements 
for V'liioh the initial level of the principal line is incompletely developed 
(Coster and l>i’uyvesteyn *). 

Wontzol t has proposed a remarkable theory for the short-wave 
Hatellites, V'hich Avas described in some detail in the fourth German 
edition of tho present volume, This theory interpreted the satellites 
in question as spark spectra of tho X-ray spectrum.” As remarked 
in Chapter II, § 2 , wo take sjiark lines in the optical spectrum to stand 
for linos omitted by the ionised atoms. To excite ordinary X-ray 
linos single ionisation is already necessary ; to excite the “ spark 
linos ” of tho X-ray spectrum Weiitzel considers that double or inuliipU 
ionisatmi is necessary. 

It was jiossible to confirm this theory in several points in the case 
of tho short- wa-ve satellites of the K-series,| but some objections have 
also manifostecl themselves. The double or multiple ionisation of an 
atom is a process Avhioh is improbable in itself. The excitation xjoten- 
tial necessary to effect it is considerably higher than that required for 
single ionisation. It has, indeed, been shoAvn exjicrimentally that 
tho short-Avave satellites actually appear at first at higher potentials 
tluvn the principal lines, but the potentials are not in general as high 
as is to bo expseoted from Wentzel’s theory. The interpretation also 
booonios considerably more complicated for another reason Avhich 
Wontzel II himself first recognised : Avhereas tho ordinary X-ray 
apeotra have a doublet character the X-ray spark spectra should have 
singulot or triplet structure or in the case of higher ioiiisatioii, multiple 
structure in general, Tho excitation limits Avhicli are then^ to be 
docisivo for tho omission of X-ray spark lines not only become different 
from tho ordinary or “ arc ” lines but also far more numerous. The 
number of possible combinations increases correspondingly. Wentzel 
expects no fewer than tAventy-four lines in the case of double ionisa- 
tion Avhether of the K- or L-sbell or in the case of simultaneous ionisa- 
tion’ of the K- and L-shell (K^- L^- or KL-torms ; formerly only two 
Huoh combinations Avere enumerated, Avhioh Avere allocated to the 

linos a™ and (X.,). , , , j 

A view Avhich differs from that of Wentzel has been proposed 
and Hunpovtcd by llichtmyer.** Ho, too, assumes as a condition for 
tlio apiicaranae of satellites a double ionisation, the one occurring m 


+ f. Fhvsilc, 40« 705 (1027). 

T..e pou. ,n. 

vnlvMl’ iB Mio (icuTOlitv o( I;ll0 wnvo-mimlm- difloruiico a, — a, of on olomont with 

Oroni'ig-". <" nontgon..peht™m 

ynvi.hm' Art '^^oontiiTOs WoijW^ 
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M fcH" J -kit 

an imier shell, the other in an outer shell, tin* hii'* ‘ 
say, by an electron ejected from the inner slu'll 
velocity. In the case of the K- or L-satolUt(*H lli*‘ * . 

1 1 1 tT' _ - T _1- *n J.1 .1 J.1- ^ J_.. Jl jLif/fi 


( Jit, //, 


be the K- or L- shell respectively, tlio outer tlu^ " 
tivcly. The satellite is 8Ux3poscd to arise throng! » 

{Dopimhpruwj) in that both gaps are filled up )iy 

case from a shell lying further outside, in v')ii(vii J H4» t**^^*^*'* 

these two transitions become added to the Ar of l-I **’ * 

Such double transitions are known to occur in IJi*' ' 
in fact lead to particularly charaoteristio and 


t ra. of. 




(for example, tho pp '-lines of the doublet- ami ii.j, d j flk *r<’iic!e 

Chap, VII, § 7). A kind of Aloseley’s law hohlst ►. jjurtmt 

Ai^ between the wave-number of the satellites uml tJ < ^ 1 lilliug 

le “diagram line » which ion of 

alone): for wo have that *** » 

3 r. This law has been well coiillrii t***^ ' r. .«• i Ikimc 


line ” (that is, the 
of the innei’ shell 

the atomic number, j-ius itiw ««« uumi w«u cujiiir/i " ».■ ft»i* 

by Biohtmyer for the short-wave satellites of ICa, n-H ^ 1 * 

of La, Lj 8 , Ly, in particular in the case of thoH(i <’^^**^* 
or N-shell is incomxfioto, that is, where the external ga 1 * _**" * >nv^^ 
is present of itself. The difficulty of tho liigh rx«*i ^ "**"* '.*^’^* 
mentioned above as necessary for Went/.el’s ■ ** ♦ «fl ho 

mpoi’fluous in Richtmyor's * theory : tho exoitatioiL-X***^*^' *' 44 . .^vaa 
Alt little greater than that of the parent-lino (oxpc^i'i* *^*^"’' 
letween 20 per cent, and 30 per cent.). , ^ ^ ^ 

We now return to tho true diagram lines and consic I I** 

>r absence in connection with the theory of the porh tri te's ^ ^ 

We have pointed out z’epeatedly that the niiinbor r*f wul»“ili 
'f the levels iuoreases as far as the N-sliell and tlioii deesr* 'H hi'h. 

f it wore to increase still further, thus, if the O-hIicII bti Iir'' muc- 

oid instead of five-fold, more lines would have to noon i' J ti Al 
ccording to the seleotion rules, than have aolamlly 

bis may bo regarded as a first test of Bohr’s tlicory of 1 '!u> pvr»ri«Hlin 

We shall now look for further signs of tliis fclteoi'jy^ in Die* W'liofu 
sgion of X-ray spectra, They will emerge, to s])calc rin ifn ly, 

om the circumstance that certain lines dooreaso in wimn 

3 pass from the heavier to the lighter elements, In pi'OXJOiTiun iir* tlio 
lantum state of the initial level is no longer roaHHorl tlin n.fcr >liliu 

ruoture, 

Let us first consider tho levels Pn and Pjn ; they clroj;* out bn twc’^t’in 
92 and T1 81. Actually the line Pm— > Ni has bees 11 olsHorvotl jirit 
ly for U 92, Th 90, but also for Bi 83 ; the trajiHlLioriH Pur * >• M’l, 
[f^ Mv are so far known only for U 92 and Tli 90, 1 X in rnmark- 

tho moantimo tho theory hna I'eooivecl conaulonibli' Cmiit Mto 

lot invostigntion of the lino CuKaa, of, J, AY, M. Pu Mond iii 1 r| r \ . I lovt. I 

30, 709 (19.10). . • ♦ 
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a-blo that in the L-serios cortaiii lines suddenly aj)pear between Ho 67 
and Ce 68 which must be allocated to the Wnsitions Pii, m —> Li. 
According to onr Table 0, page 163, wo have that in the case of theso 
elements onty the Pi-shell is occupied by two electrons (at most). 
Thus the lines just mentioned correspond to transitions to Li front 
energy-levels not yet occupied (virtual). At anyrato no lines startijig 
from the P-lcvcls have been observed in the case of elements which, 
according to our view, have no electrons at all in the P-shell. Wo 
shall get to know two examples of combinations with unoccupied levels, 
but in each case they are levels wliioh belong to shells in which at 
least one electron is present. 

The next energy-level that fades awaj^ in the periodic system is 
Ojv or Ov. Whereas, according to Table 9, in the case of Pb 78 this 
level is occupied by eight eleotrons, in the case of Hf 72 it is occupied 
only by 2 and after that only by one electron. In the same region 
of the periodic system, the lines L^, Ov Liii and L0, Oiv Lii 
exhibit a marked decrease in intensity ; below Ta 73 no more lines 
have been observed, which would correspond to combinations witli 
fcbo.so two levels Oiv, Ov. 

The energy-levels Nvi + Hvir cease in the region of the rare earths 
(from Hf 72 down to C'e 68) ; Ce has only one electron in this shell. 
Actually, combinations of theso levels have been shown to occur only 
as far as Dy 66. 

The energy-levels that next fade out are, in order, On H- Oni, 
Niv. + Nv, Or. It is in agreement Avith the fading out of On -f* Cm 
at In 49 that the line L^, Om Lr hero finally censes. The level 
Or, which is represented in the observations only by the Aveak linos 
LA — Or —> Ian and L/^ = Or Ljr r)f the L-series shoiikl cease, 
according to theory at Kb 37. LA Avas last observed at In 49 and Jjfi 
at Ba 66. The fading out of Niv + Nv, Avhioh we expect at Y 39, 
may be tested by moans of the strong linos Ly, Nv -> Lirt and LS, 
Niv ^ Lii. They have been proved to occur as far as Zr 40. 

The lines of the K-sories are partioularlj^ serviceable for further 
investigation ; avo shall use lines of the L-series only Avliore, on account 
of the solootion rules, lines of the K-series are no longer available. 
Lot us consider Nn -h Nm, 'that is, the lines Ky, y' ; the stronger 
of the tAvo Ky’s arises in the transition Nrir According to theory 

the level Nm should occur for the last time at Ga 31. Hence our 
cxporienco Avith the L-series Avoidd lead ns to expect tliat Ky is strong 
ns far as As 33 and oatinot bo followed far beyond Ga .31, Actually, 
hoAvevor, the Ky-line * has been shoAvn to exist as far as K 19, that is, 
as far os the element, in Avhich eleotrons ocour in the N-sholl at all. 
From tliis avo must infer that not only the onorgy-lovols aotually oc- 
(uipiod by electrons but also, as in the visible spectrum, virtual levels 

* 33, Baddin, M. Siegbahn and B. ThPfaous, PJul, Mag., 49, SI 3, 1320 (1926), 
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may servo as initial states for the X-ray lines. In admitting this wo 
somewhat weaken the strength of our argument. Accordingly wo 
shall regard observations about the fading -out of X-ray lines as being 
instructive for a theory of the structure of the atoms in broad outline 
but not as binding in details. 

The last levels to disappear are, in order, Ni, Miv -\- My, Mri + Mm, 
Mi, Lii d- Lni, Li. Ni can combine only with Ln and Lm ; according 
to Jrig. 66 Ni Lii = Lk, Ni->LiiT = Lt. Both linos aro weak 
and known only as far as Rb 37 ; theoretically they should last oeour 
at IC 19. The levels Miv, My roach as far as Sc 21 ; but hero, too, as 
in the case of Ni, combinations with K arc not possible normally, but we 
certainly have the lines Mv Liii — La and Miv — >• Lm = La', which 
have been measured as far as V 23, and the line Miv Ln = L^, which 
is known as far as Cr 24. ']?ho levels Mn, Mm should cease at A1 13 ; 
ill reality the line K = only ends at Na 11, that is, at tho 

first element which has an electron in tho M-shell. Kj3 behaves similarly 
to Ky. It is known with certainty that lCj3 docs not exist below Na 11. 
We cannot say anything about the vanishing of Mi, because horo again 
only combinations ivith Ln, Lm are possible and the L-sories is not 
known as far as the critical region (Na 11). Lu and Lm give with K. 
tho combinations Ln^ K = ICa' and Lm— > IC ICa. Wo should 
expect them as far as B 5, or after our exporicnces with K)3 and Ky 
jiGi'hap.s as far as Li 3, whore tho L-sholl begins, Mieasureinonts of 
ICa * are available as far as B 6. Finally, Li gives no linos with IC, 
so that we cannot follow its disappearance with the X-rays. 

As a result of our last rofleotions we must once again state that 
wo here' liave on the whole a convincing confirmation of tho theory 
of the periodic system developed in tho preceding chapter. Our 
ultimate result as regards the content of tho present sootion is, how- 
ever, far more positive : it has been oomplotely and finally possible 
to arrange the whole material of observation in X-ray spectroscopy 
into a term- and level-scheme. This scheme is strengthened by in- 
numerable combination relationships and governed by very simple 
selection rules, 

* J. Thibftucl and A. Soltnn, Comptea Rondus, 186, 012 (1027) i Journ. do 
phys. ot lo Radium, 8, ISl (1027) ; A. Dauvlllior, ibid., 8, 1 (1027). 





THI50EY OF PINF STRUOTIJIIF 


§ 1. Eelativistio Keplei Motion 


W IS shall rofiain here from giving a sjjeeial introduot 
the theory of relativity such as was given in the earlier 
of the present volume ; in the first place heoauso tin 
of relativity has become common property to all readers of sole 
secondly, because the few results which we shall require — a 
come only from tlic “ special ” and not from the “ general ’ 

• — 'have already been met witli in Chapter I. These results 
follows *. 

1. The variation of mass with velocity {c£. p. 20) : 


m = 




2. Tlie inertia of energy (of. p. 4.4) . By defining the kinot 
as the excess of the energy of the moving body above that of 
at rest and by expressing these energies by means of the corre 
masses m and wo obtain 

Jikin ^ " ^) • 


The ex])i'es8ion of .classical meohanics results from 

must, by expanding in ascending powers of to a first ax)prc 
that is, for the limit c oo. 

We first treat the i.'olativistic Kepler ]n’oblcin in an e 
way hut then jnneeod as in Cha])ter TI, § 7, to use t 
“ Hamiltonian method,” whioli. is remarkably sintod to tiro 
oui* pi’ohlem. Lot the nuclear charge bo Zo, and the ohai 
electron — e. Wo shall leave out of aooount the relative 
the mioleus and siinll take the nuolous as the origin of a polar c 
system r, 


* femlamtml,al papers liave boon collootod in t-bo volumo 2' 
of ItehHivUi/, by Lovoui,/,, I'MriBkiiu, Minkowski (Mclluion). I5tisy f 
{dvoiv lu 'I.' he Theory of llekdivUyt Einstoiii (MoUmoii) i Eimlein' 
UelaiivUy, Bom (MoUuion). Soo also W. Bauli, Etizyhl. d. malh, T 
art. 10, Leipzig (Toubnov) j Space, Time, MetUer, Woyl (Mothueu). 
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The diiferential equations of relativistic mechanics state, exactly 
like classical mechanics (cf. p. 77) : change of impulse or momentum 
is proportional to the external force. In the present oaso the oxtorjial 
force is the Goulombian attraction emanating from the nuoloim. The 
impulse or momenhim is mv. We resolve it with roapoot to the (! 0 - 
ordinates r and <f) into the two momenktm com2)on-enls : * 

Pr = ww', p^ — . . . • (fl) 


They differ from the impulse or momentum co-ordinates obtained in 
the non-relativistio treatment (eqn. (4) on p. 110) only in now having 
the mass m variable. Instead of startii^g from the difforential equa- 
tions of the problem we prefer to start from their first integrals, the 
law of areas and the energy lavK 

The law of areas states, as in classical meohanios, that the moiium t 
of the inoinontum about the centre of force, that is, our impulHO com- 
ponent p^ is constant : 

j)^ — p const. . ! . • (4) 


In the energy law the kinetic energy is given by eqn. (2) ; the p(ttential 

energy is the same os in the classical treatment, namely - 

Hence the energy equation f runs 


or 


^kln ~\~ 

1 


= m^c^f 
= H 




W -H Ze^lr 


0-v 


w 


■\/l ~ . ■ tntfC" 

Now, in view of eqn. (3) wo have 




(f?) 


or, on account of (1), 


1 - /82 
1 

1 


— 1 T 




♦The momenta canonically conjugate to the co-ordlnatos q aro to bo doflnod 
relativistically as dorivotivos with rospoct to tho j'b, not of fcho kinotin onomv. 
but of a “ kinotio potential ’’ F = — -y/l — ^9 -|. const. 

t Horo the rost-onorgy nt«c* has not boojx incUulod in Honoo tho (Mioi-gv 

constant W iioro has cloai'ly tho early signiflcaiKio (of., for oxnniplo, Chaii. Tf)‘: 
onorgy without rest-onorgy. In Note 0 wo shall iuoludo tho rosli-tsnorgy in om* 
calonlationa ; tlioro tho onorgy -oonstant E is related to W by tlio equation 

13 = W 'I- w«o®. 
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Srihstitirtcd in eqn. (fi) this gives 




. (6) 

By eqn. (3), 



!Pr ^ 1 

. (7) 

Pj, nir^tk r^ d<fi dif) 

wlioro wo have sot 

1 

s = - 
r 

. (8) 

Taking p\ = p^ out of tho hraokots in eqn. (0) wo have 


1 + 


, (9) 


It. is convenient to differentiate this equation with respect to <l > : 







By cancelling daldij) on both sides and taking over the torina in s to 
the loft-lmnd side, we obtain tiro following linear differential equation 
for ,s : 

^j + y»(»-G) = 0 . . . . (10) 

Here wo have used tho abbreviations 



The gonernl. integral of (10) is 

ft = A oos + B sin y</i -|- G . . . (H) 

where A and B are the integration constants. We count tho angle 
f/> in such a way that </> = 0 corresponds to tho perihelion of tho orbit, 
that is, to the value r = r„,in, « = Smnx. We then have for = 0 


— 0 and, by (11), B == 0. 
a<{> 

Equation (11) then bocoincs 

s t=: i = C) -j-. A oos y(f> . . • (12) 


Tho equation (12) differs from tho non -relativistic form of tho orbital 
equation only in liaving tho factor y in the argument of the cosine. 
By (10a) this argument has the significance 


1 - 


p2 


. (13a) 
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Avliero 'Pii denotes the abhroviation 






. m 


and ]ias the same dimensions as j). For c — oo wo lind tluifc " 0 
and y = 1, so that our eqn. (12) becomes tlio equation whicsli i’e|uus(mts 
the ordinary Kepler ellipse. In reality, on account of tiui high value 
of c wo see that in all the oases that come into quoatioii I'.v miiiU 
compared with p and y is very liltle less than 1. 

The form of the relativistic Kepler orbit lias boon drawn in Ifig. 07. 
Here 0 is the fixed focus at which the nucleus is situated, F is tluv 
initial position of the perihelion. Lot f/> “ 0 bo the straiglit lino OP ; 

^ the orbit then reaches its 

perihelion next, not when 
(j) 27r, but wlien y<I> 'l-n, 

that is, when 





27r. 


The motion of the peri- 
helion occurs in the same 
sense in which tlio orbit is 
being described and has the 
angular value 




2^ 

y 


27r 


(14) 


I'lO. 67.— Rolativififcio Koplor motion. T!io 
poriholion and apholion movo in (.\vo (ton- 
confci'ic eirolos round tlio nuolous at 0. 


If we refer tlu' motion to 
a ])olar co-ordinate .system 
whioh participattfs in the 
motion of the pcrilu'lion, 
namely to tlie system 

. (Ifi) 


r = r, = Y(l> 

then wo again have an ordinary closed ellipse. In Fig. 07 we have 
also inserted, as clotted circles, the goometrioal loci of the .successive 
perihcha ancl apholia, the outer and inner onvolopes of the orbit. 

_ ThQ motion of the perihelion of the relativistic Koplor olliiise 
invites us to make a digression into the field of astronomy. As we 
know. Mercury, m disobedience to Neivton’s law. exhibits an advance 
ot tJie perihelion whioh, according to Newcomb,* amounts to 4;V' 
anomaly be explained in the light of formula 
(14) above ? In the first place it is clear that our relativistic motion 

Mem nv'”!'!.!. T T““ ™ 08 t roaflily in the CMi of 

Merouiy, the planet nearest the sun. For this motion booomos movo 
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pi’(iti()uiU!(Ml as y (lecroasos, and y decreases with p. But the planet 
inairest tiio sun has the smallest areal constant of all the planets, 
(jalonlation shows, however, that our relativistic motion of the peri- 
lielion is nevortholoss far too small. In the case of Mercury it would 
amount to only 7" per century. It was only when Einstein widened 
his special theory of relativity and proposed his general theory of 
iHilativity, which included gravitation, that ho was able to give a 
theoretical explanation of the observed motion of Mercury’s perihelion. 
■J,n this way he found that for Mercury the theoretical value came out 
accurately as 43" i)or oentury 1 

Wo now lU’Ooeed to deal with the quantum conditions and the 
oaloidation of the energy. This is best done by referring to Hamilton’s 
general method with which we treated the non-relativistic Kopler- 
ellipso in Chapter II, § 7. Instead of the momenta we introduce the 
action funotiou S by means of 

c)S <)S nft\ 

= • • • • (18) 

Eqn. (0) then becomes the Hamilton- Jacobi differential equation of the 
relativutic Kepler problem 

(i)' + ?(s)’ - ^ * 5 (» 

The last term on the right-hand side is the supplementary relativity 
term, which distinguishes this equation from eqn. (6) on page 110. 

Equation (17) admits separation in the co-ordinates r and (f>. Since 
r/» is oyclic the law of areas holds 

~ =z= const. — p . . . • (IS) 

of 

Tlie azimuthal quant\im condition demands that 




wliere is a positive integer, the azimvihal quantum number. 
account of (1.8) wo have 

, t)S UAih 

2 rrp=^n,i,h or 

IfmuHi et(n. (17) hocoraes 


'br V 


A LO® L.^ 

A -h 2- -\r ^.3 


wliere 


A ~ 2moW 'h 


WoZe“ 


= WnZe® 




4^® L -ni J 
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In bho last expression, 0 , m'O have used tlio abbreviation 

2 iTe^ 


. m 


already introduced in ecpi. (8) on page 80. a is called tlie ftue-sti'uoturo 
constant, It is a jmre number which has tlio appi'oxinialx! (or exact ?) 
value -^-ly 

The radial qiianium condition demands 



Here is a positive integer, namely the radial (juantum number. O11 
account of (20), (23) becomes 


This condition diflfers neither in form nor in content from that oC 
Oha]pter II, § 7, eqns. (10) and (ll), and henoo gives 

~~2TTi(-\/G-:^ = nrh. . , , ( 24 ) 

But on account of the present meaning (21) of A, B, 0 wo have 


~ 27 riVC = ^ nJiJl - 

V 

VA c \ \ J 

Hence eqn. (24) becomes 

27riZe^ f / W \ f 

/ "" > 'i~ 

Dividing by h we get raZ in front of the braclcot ; squaring wo obtain 
\ ^m^cy ~ 


+ ™ a.^Z^ 




a?7? 


n, + Vnl - «2Za 


• -i 

a .. 


• ( 20 ) 


We can now Avrite down immediately the general relativistic foimnla 
equaSn”^"^^^^^ adducing only Bohr’s fundamental 


hv = W, — Wjj 
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(where Wj = ouorgy of the initial orbit of the liydrogon electron and 
Wg = energy of the iinal orbit). Wo tlxeu obtain 



The indices 1 and 2 attached to the bottom of the brackets } signify 
that for and % we must insert the values corresponding to tlio initial 
and final states respeotively. Z is equal to 1, 2, 3, . . . for H, He'*', 
Li+''', ... 

Since the right-hand side of (27) has zero dimensions R is expressible 
in tlie same form as v. Hence wo may, according to requirements 
express v and R simultaneously either in wave-numbers (cf. p. 70) 
or in vibration numbers (frequencies). 

It is only necessary to add a note about the constants that multiply 
the square bracket in our way of writing eqn. (27). From eqn. (26) 
we first obtain 



for which we wrote in eqn. (27), 



(28a) 


We see at once from the significanco of R in see.* 


2v^mr,e.^ 2776 ^ 

— a — -T— ' 


that the two factors in (28) and (28a) are identical, The fact that 
we here calculate with Re© is connected with the circumstance that 
wo have disregarded the relative motion of the nucleus in this section. 
To take this into account subsequently (of, also note 2 on p. 269) wo 
shall oontinue to take R as standing for Rn (in the case of He the 
value is Rho, cf. Chap. II, § 6). 

Our present spectral formula no longer depends only on tlie quantum 
sum -]- 71,1, as was the case in the earlier spectral formula (14) on 
jmgo 112. Hence it follows that the lines having the same principal . 
quantum ivumber earlier now become separated bij relativity. This 
separation depends on the correction terra which carries the small 
factor = 5’3 . 10“®. For this reason the separation is only slight 
and can be shown to exist only by the most refined moans of experi- 
mental spectroscopy. The lines that were formerly described as 
coincident now sxdit ux) into a narrow complex of lines, Tlie individual 
von. I. — 17 
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component lines of the complex determine, tlirougli tlioiv intcirvalH 
of separation and intensities, the flne-structui'G of the oonliguratn>n . 

The above-calculated anaryy-kmls aiid the line-coinpjexoK tu ho 
derived from them also retain their validity in wave-medianics. '.rho 
way in which wave-mechanics derives them is not only far less ])iotnr> 
esque [misclmulich) but also much more laborious than the way deaorihod 
above. Hence it was necessary to carry out the calculation as far as 
possible according to the method of the older quantum theory ; the 
inferences drawn can then later bo taken over directly into wave- 
mechanics. 


§ S. General Inferences. Line-separations and Relativity Corrections 


To make the final formula (27) of the preceding section more 
convenient for purposes of calculation wo expand it in powors of 
the small quantity a®. If Z is not a largo number (H, Ho' ) it m Huf« 
fieieiit to retain the first two powers of a^. This is so in the oaso of the 
visible and ultra-violet spectra. If Z is a great mimber the third anti the 
fourth power of a® must also bo taken into considoration. This Is so 
in the case of X-ray spectra. For extremely groat values of (U, 
Th, . . .) it may even be convenient not to oxj)and a® at all hut to use 
the complete formula (27). 

For the visible spectra the calculation thoroforo bocoinos Hinil)lo. 
If we denote the denominator that occurs iu oqn. (27), § 1, goncvrally 
by S, then 

S = -1- - (aZ)a = Ur + (aZ)a -h . . . . (1) 

and we obtain 




_ 1 1 W , 3 (^55)4 

,S2 / -^2 82 gr- 


FurtUer we obtain to a sufllioient degree of apjiroximation, 
w = -f 


( 2 ) 

with 


S" ~ ~ + . . .] 

^ = p[l+ ...] 

Substituted in (2) this gives 




(aZ)2 ^-t 
82 / 


, _ 1 (aZ)2 

2 w2 


1 (aZ)^/ n 3' 


2 # 


\n^ 


-!) 


(4) 


substitute this expansion in eqn. (27) of the preceding sootion 
the first terra 1 of the two expansions oancols in the differenob, and wo 
may divide out the factor 2/a®, which stands in front of the bracket. 
The wave-number v then apiiears as the difference between a Jirst 
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;iiosiUvc Uirm «]opond<<nt on fclio quantum numbors of the final orbit and 
tv Hmmd m.(jaUvR term ilopondont on the quantum numbers of the 
'initial ■ orbit. By using tho same symbol v for the terms as for the 
emitted ■\vavo-iuimbcr wo obtain 



The first term on tho right-hand side agrees with the term repre- 
aontation for the lij^drogen-liko lines in the second chapter and depends 
only on tlie principal quantum irumber n. The second term expresses 
the influonco of relativity. For the states * n~ n^, it is 

1 

4 # * 


Oompared loitli the Balmer formula it effects an increase in the value of 
the tenns. Wo call this part the general relativity correction. In the 
oasD of tho first term of tho Balmer series (Z = 1, = 2) it bears the 

f ollowing ratio to the whole term : 


^=3.10-. 


On the other handy relativity causes a special increase in the case of 
the stales n > n,p, which de2}ends on n a7id n,^ individually and in- 
creases loiih decreasing n^. Calculated relatively to the slates n = n^ its 
'Value is 



"Wo call this part tho ,se])amlion {Aufspalking) of the term ; it is tho 
foundation of tho fine-structure of the lines.'\ For tho first term of tho 
Jialraor series and tho only state that comes into consideration liere, 
'ft 4= n^, {n = 2, 71.1, — I), this separation bears tlio following ratio to 
"tho whole term : 

^ 1-3 . 


* Tho stafcoa n — olonrly donofco ** oiroultir orbits ” in tho sonao of the old 
orbital ideas (»i.f = 0), whoroas tho gtatos n > denote “ olliptio orbits ” 
> 0), Wo avoid those oxprosslons now bocauso. thoso old orbitol ideas oau 
Ijo allocated uniquely to tho wavo-nioobauioal statos only with I’oapoofc to energy, 
not with rospoot to quaututn iiumbors, of. § 4 of the prosont olmptor, p. 280. 

t C. G. Darwin has povformod tho same calculation, taking into aooount 
idgorously tho relative motion of tho nuolous [Phil. Mag., 30, 637 (1020)]. Ho 
finds that the nuoloav motion manifests itself not only in tho Bydborg constant, 
Ijiit also in a small additive correction term of tho order of magnitude 
(w = olootronic mass, M = atomic moss), which is Inapproolablo practically. The 
flno-stnioturo romains qnito unaffootod by it, 
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iror the purposes of X-ray Hpeotrosootjy wo 

•mmicv of the ealeuhvtion furtlier. In plane of (1). (2), and (.1) ut 


accuracy 
must then write 


S = -P 71^ 


0^ 

2n,i, 


«4Z4 


Snl 


m4 




. 1 {aZ)2 3 _ ± 

^ 2 8 S'* 


0 (aZ)» 

10 S«“ 

(a^** 
128 S«' 


(lo) 


(2o) 


and to a sufficient degree of approximation in eacli cam : 


1 

Sa 




nn^ 


4?i%^ 

% 4“ ^^7r«4 


1 = Ifl + — (ocZ)^ + («Z)^ + * 

g4 ^4|_^ + 2n^nl 

2 = i,r 1+ . . . 

S® #L J 

If we substitute (3a) in (2a) we obtain (after oanoolling 1 and nnilti- 
plying by — 2Il/a^) as the complete oxprosaion for tlio term : 


(lla) 


-< = - 1) 




+ 

«• rv-^'\‘ + + -V-V - iSi'iv 


, 16 w 36" 1 , , o V 


We shall use this expression in § 4 ; the expression (0) is HUlHoiont for 
the next problems, whiob lie in the visible region. Wo are oonoornod 
with the separation of the different series terms. A survey of the 
types of sepai’ation is given in Pig. 68. The distance botwooji the 
lines gives the difference in the torm-valuos and also tlio diltoronce 
in the vibration numbers of the spectral lines whioli are forjnod from 
these terra- values. The numbers attaoliod to the clistanoos botwoon 
the lines denote ratios and are explained by the equations (8a), (Ort), 
and (10). The types which stand vertically below one another am 
not directly comparable in size, having beon reduood to equal dIataiicoH 
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for the extreino components, whereas in reality these distances 
decrease rapidly on account of the , 
increasing denominator, 2“^, S'*, 4“*. . . . I • 

n = 1, n^, = 1. ' ' 


The value — 0 is to bo excluded 
hero as in the non-relativistio case 
(of. p. 115) ; tlie series term is sim^ile. 

n = 2» n^, — 2 or 1. 

The series term is double. The 
dilTorenco between the sub-levels 
{Teilniveaux) corresponds spectro- 
scopically, according to oq[n. (6), to 
a doublet-line with the difference in 
vibration numbers : 


Ar = 



( 7 ) 


s 1 



n ~ 3, = 3 or 2 or 1. 

The aeries term is three-fold. The 
corresponding term-values 71 ^ — 3, 2, 
1 increase suooossivoly. By eqn. (6) 
the successive term difforonoos are : 


Fia. 08. — Rolafcivo aoparatioii of 
tho liydrogoii terms, Ji, n<^ 
aaooi'cling to tho rolativiatio 
term formulro (0). Tho 
numbovB written ngainst tho 
individual linos denote tho 
rospootivo values of 


Term-dilforonco between = 3 and 71 ^ = 2 ^ 
Term-difYorence between 7hf, — 2 and = 1 = 



^3 

3> 


3-* 

U 3j 


Ra^Z^ 

f?- 



3* 


2j 

r 


( 8 ) 


Oorresponcling to them wo have tlio differences in vibration-numbers 
of a triplet with the relative distances between the lines ; 

A vj : A ^2 “ 1 1 3 , , , • (Ha) 


n = 4, n.f, = 4, 8, 2, 1. 

The series term is four-fold. By oqn, (0) the successive term dilYor* 
ences come out as : 

Term-difference between n^ ~ 4 and n,;, — 3 — 

' Torm-difforonco between % = 3 and — 2^- f (^) 

Ra*'Z'V4 

Term-difference between n^~2 and = 1 = '- ' - p-- f - — ^ J 
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The four-fold value of the term gives rise to a quartet V'ith tl;o suocoHsivo 
relative differences in vihratioii number : 

= 1 : 2 : 0 . . . . m 

n = 6. 

The successive differences in the vibration numbers in the roHnU-iiiff 
quintet are in the ratio 

A..,:A.'s:Av3:Av. = 3;B;10:30 . . (Id) 

and SO forth. ' 

This separation of the terms must bo disbinguislicd from tlio Itno- 
configuration which results from combinations of tlio terniH* ^ ^ Ji 
the multiplicity lies in the first, that is, the constant and jyofiit'iuCi 
term of a series (represented in eqn. (5) by jq) wo have an analogy * 
to the doublets, triplets and so forth, which liavc a constant difference 
in wave-number , in the subordinate series of the alkalies, allcalino onrths 
and so forth (of. Chap. VII, § 1). If the multiplicity lies in tlio sooond, 
that is, tlio variable and negative term (represented iii eqn. (5) by i^a) 
we have an analogy to tlio decreasing differences in the vibration numharSy 
as have been observed in the principal series of the elements M^hioli ax’O 
not hydrogen-like (cf. Chap. VII, § 1). On account of the nogivtiyo 
sign of the variable term the components here succeed one another in 
the inverse sense to the structures resulting from the jiositivo first 
term. If both tlie constant positive term and the variable nogntivo 
term are multiple, complicated line-configurations result through 
superposition, an imi^ression of which is given by the figures i« tho 
next section. 

§ 3. Comparison with the Results of Experiment 

The constant term 1/2*^ of the Balmer series of Jiydrogon gives riso 
to a doublet of constant difference of wave-number. Tho value Aril 
of this difference will serve as a unit in tho sequel. Thus by oqn. (7) 
of the preceding section and since Z — 1, 

Avn = = 0-3636 i O'OOOe om.-h . . (1) 

Here we have set = (6-306 d- 0-008) . 10“^ and R ~ 1-007 . lO®. 
The calculation of is based on the numbers 

e = (4-770 ± 0-006) . lO-io, h = (6-647 ± 0-008) . 10-8’. 

Of the numerous experimental determinations wo shall refer fcp 
only the oldest and the ncAvesb. Tho oldest was that carried oat by 

♦The analogy if? incompl(}to, bocauso tho lin(i-fltmofcuro in tho base of Buoh 
elements is not hydrogen-like. 
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Mi<5holHOU * in 1887 by the interferometer method, which gave the 
vahw’a 

for Hp 

= 0'32 0>33 cm -h 

Tlio moHfc recent determination is that of G-. Hanson ,-j* which was 
carried out with the support of the Zeiss works, Jena ; excellently 
propaiHHl Lummor-Qohi'oko plates were used. The following un- 
coi'i'cctcd values for the doublet-separation were found among others : 

f(n' H;, Hy Ha H, 

A u rr. 0'!U0 0-317 0-328 0-322 0-32^1 om.-i 


Thus Arji is appreciably constant within the series. This corresponds 
with the origin of Aim from the first constant series term, cf. the end 
of tlio preceding section. The difference in magnitude between the 
observed and the oaloulatod value (1) is explained in part by the 
iniluonce of the second variable term (see below). 

Direct observation is rendered diilioult on account of the blurred 
ohni'aetoi- of the H-linos, This blurred oharaoter is duo to the heat 
motion of the omitting H-atoms and their Doppler effect. The higher 
the temperature the greater the velocity due to heat-motion, the higher 
tlio atomio weight tlio smaller the velocity due to heat-motion. Hence 
in the oaso of tlio hydrogen atom the heat motion is particularly in- 
tensive ; ill this ease wo must go clown to the lowest temperatures 
to obtain tolerably sharp lines. A further reason for the blurring 
of tlio hydrogen linos is the Stark effect (Chap. VI, § 3). This efteo^ 
pvoducca far stronger separations in the case of hych-ogen than other 
atoms. It oooiirs not only in ai-tifioially applied fields, but also under 
the olcotrioal action of neighbouring atoms, which distort the electronio 

^^^'^^Ibit^thoro^is^aT method oj observation, which w^ iised by 

vJLZm and which enables the vaU. of 

tai the riiio-struetnro of the lines of a more favourable atom (He ). 

Pasolion t 

fO-3645 ± 0-0046 om"^ (in 1916) ^ ^ ^2) 

A J'lt — |o-368 to 0-363 cm.-i (in 1927) 

v,vluo ag.o™ 

qmlikUivdy md qmnliMimly Joi m nymogm 

fonimly »o paryUxi^- constant term has superposed 

on iSf 1"U "v Zrthe of tie second nanolle term . 

’'’'‘tAt. d. I'hys., 60, 001 (1010) , *8, 8M (1M7). 
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according to tlieory (of. the end of the iireceding section). Coust'- 
quently tlie two douhlet-oomponents consist for thoir l)arfc of a 
ill the case of H«, a quartet in that of a quintet in that of Hy, and 
so forth. 

We illustrate the structure of H« in Fig. 69. Wo begin with the 
doublet lines I and II, which correspond with tho first term 
II follows on I in the sense of increasing wavo-nUinbora. U.’o both 
lines we add the triplet abc which arises from tho socoiicl term I/d'**, 



f’la. 80,. — Fiiie-striioturo of Ha. Tho sbruoturo I, II originafcos in tho I’olatiVjHjii) 
subdivision of blio ond lovol = 2, tlio sfcrucfciu’O abo from fcliat of tho iiiitinl 
lovol n = 3. Tho heights of tho linos I’oprosont tho Irttonsitioa caloiilatod 
wavo-inechanically. Tho lino Ha vanishes. 

namely, in the sense of decreasing wavo-mimbors on ace omit of tho 
negative sign of the second term. Hence wo have not two sopnrnto 
lines I, II, but two groitps of lines I and II, each oonsiatiiig of y linos 
that is, of 6 lines in all, one of which is of vanishingly small 
intensity. Tho intensities have been roproseiitod in tho lignro by tho 
length of the vortical linos. The lines abc bear the oliuraotoristio 
separation-ratios to each other, given by eqii. (8a) of tho precGtling 
section ; 

A vi : A ^2 = a& ; 6c = 1 ; 3. 


The doublet-separation I H = Aru, oqn. (7) of tho piooodiiig section, 
occurs twice, namely between tlie similarly named oonniononts bb^ cc, 
(Tlie fact that it does not also ooour between aa is booauso tho short 
wave a-component has vanishingly small intensity.) The triplet 
separations A A are expressed as follows in terras of A vic aooording 
to eqn. (8) of the preceding section : 


. 1 Ka2 


Avfl 


3 W 3 2'1 . 8 . 

2 


( 3 ) 
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Fig. 70 illustrates in the same way the lino-struoture of Wo 
again start out from the dmihht-lines 1 II that correspond to the first 
term 1/2® and add to it the quartet abed 
in decreasitig wave-numbers, which arises 
from tlio second negative term 1/4®. Of 
tho 8 lines that result in this way only 
6 have non-vanishing intensity again. 

According to oqn. (Oa) of tlio preceding 
section the linos abed boar tho oharaotor- 
istio separation-ratios for quartets : 


A jq ! A j'g I A j'g ab i be * cil — 1 i 2 ^ 6. 

Tho do\d)lot distance I II = Avh occurs 
again twice (on account of the intensity 
of tho satellite linos vanishing in part), 
namely, between cc, dd. 

Tho dilforoncos in tho wave-numbers 
of the quartet are, by eqn. (9) of the 
preceding section, in terms of Am : 

. 1 Rcc® 1 2* 

A»h == 3 IT = 3 

, 2 Ra® 2 2\ 

3 45 ^"" 




AV// 


T 

d c6h 




d c 


I " 

Idk 


Fig. 70.-— Fine strueturo o£ Hp. 
I, 11 corresponds os in Fig. 
60 to tho structure of tho 
end level n ~ 2, abed to 
that of tho initiftl level 
n — ‘t. Heights of linos 
~ wnvo-mochnnical inten- 
sities. Tho linos la, Ha, 
II& vanish. 


^gAm, 


Avj — 2 


Ra® 

4<‘ 


2-1 

2jiAm 


= ^A.h. 


• W 


Thus tlie two groups of lines I and II have contraoted at H/, as com- 
pared with H« ; tho number of lines has remained the same, namely, 5. 

From irigs, 00 and 70 wo read off the reason why the observed 
hydrogen doublet of tho Balmor series does not quite coincide with 
tho ideal hydrogen doublet. The ideal hydrogen doublet denotes the 
distance between similarly named lines aa, bb, and so forth. In actual 
moasuroments, however, wc adjust to the intensity maxima of tho 
groups of linos I and II, whoso separations are less than A^h. The 
ideal hydrogen doublet would be correctly meamred only when wearrwe 
at the limit where the Ugh members of Balmer's series occur (Ha, H,, 

. , .), for which tho finc-structure arising from the second term con- 
traots more and more to tho pure doublet of the first term. Ihe 
observations of Hanson communicated above coirespra mgy s iow 
nil increase of ^v with increasing order number in the Bahner s^ri^; 
but this increase is loss than it should be according o 
romark, however, that tlio ^v observed by Hansen for H« nearly 
coincides witli the separation that we obtain 1 wo ca cu a e i 
intensity-centres of gravity in the grqups of lines an « 

according to wave-mechanics. 
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We now come to the true test of our theory, the spectra of iotustul 
helium. They wore photographed by Paschon * and wore intoi'i^rofced 
ill close collaboration with the author whose theory of fino-atruotiirti 
was put forward at the same time and was definitely confirmed in 
Pnschen’s results. 

Why are the spectra of Ho** more favourable for our pnrposo 
than those of H ? Both are of the same degree of simplicity anil 
theoretical accessibility, both being produced by one olootroiii nntl a 
nucleus. But the He-lines are sharper than the Hdinos ; tho 1 lo- 
atom is four times as heavy as the H'-atom, lioncc its linos aro Iohh 
widened by the Doppler effect duo to heat motion ; moroovor, tlm 
He-nucleus is twice as strongly charged as the H-nnolous, and honen 
its lines are also less influenced by the Stark effect (of. tho next oliaptcr). 
hfevertheless the .separation of the oomponents is also not coinploto 
in the case of Ho and makes great demands on tho resolving power 
of the spectroscopes used. 

We deal first with tho Fowler series, whioh is orronoously oallcil 
the " principal series of hydrogen ” (of. Chap. II, § 2, p. 74), tho formula 
for which runs, if wo disregard all rolativistio infiuonces, 

V = 4^ 6^ 6 (fi) 

The following lines (or more accurately tho groups of linos) bolong to it : 


n~ 4 1 

1 6 

6 

7 1 

8 

A == 4686 1 

3203 

2733 

2611 

2386 


They form the transposition, effected by the factor 4, of tho infra-rod 
series of hydrogen discovered by Pasohen into tho violot region. 

The group of lines A = 4686 (initial term quadruple, final torm triple) 
consists virtually of 4 . 3 = 12 components ; tlio latter torm pi'oduooH 
a triplet I, II, HI with tho oharaotoristio separations A iq : A v,^ 1 : 3 , 

the former a quartet a, b, c, d witli a reversed sequonoo of tho linos with 
tho separations A : A Vj : A Vj = 1 ; 2 : 6. 

In the top line of Fig. 71 we seo tho relative thoorotioal jioaitiou 
of the twelve components. Tho intensities horo assumed (longtlis of 
the vertical linos) have again been oaloulatod by wave-moohanioB for 
the case where tho atoms are subjected to no disturbing influonooH 
of any sort (direct-ourrent discharge) ; then only 8 of tho 12 < 3 om- 
ponents are to have non- vanishing intensity, tho linos Id, Ha, II 
and IIT6 fall out. Tlie component Ild of the quartet II overlaps with 
the quartet I. All tho component separations are expressed ration- 
ally in terras of tlio rme-structnio component a® and henoo aro I’lvtioiml 
multiples of the hydrogen doublet Avh. For example, by orpi, (8) 

* Bohr’s Helium Lines, Ann. d, Phys., 60, 901 (1910). 
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on page 2(11 and eqn. (1) on page 262, we obtain in wave-numbers : 

(lirt - la) - (116 - 16) = ... = 

{.ITTrt - lla) = (1116 - II6) = . . . = 24(f)‘‘A.^n 

ami by ecpi. (0) on page 261 and eqn. (1) on page 262 : 

(lo " Id) ~ (lie — lid) = . . . = 32(|-)^Ai^n 

ami HO forth. 

Eor eom pari son wo have given in the second row the experimental 
pioture, siioli as is ol)taincdin an intense spark-discharge (groat current- 
density). If wo start from the right-hand side we see that in the group 


li d c b a G ba 


0 ba 




spark 


D.C, 


SS S'5 S-t S-3 


6-1 468G0 S-S 38 S-7 

!'s;;iotSu«od ror DC. 

"“Zl, U. Jla. im. 

TTI/J. 

:ra tlvo ailjacoiil ooraponoiits ab aro fused tllc'’reotmKl6™^^^ 

r and d MO sopamtod. Tho width and height of the leotongles m 

the piotiito exhibit tho width and strongth of the ^ ,.5 

linos and b avo also lueod together in the grmip ^ to l” 

lab coming out more strongly than the line ^ T1 
appoars fused in tho picture with lab. The line 1 

'‘■"u'll prcoisoly this pioturo^which ™ 

oomploteness, served Pasohen for calculati g . 

doublet, of. page 263- 
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In order tliat the experimental cliffioulties of obtaining the v»h<>to- 
graphs may not bo underestimated we call attention to the scJnlo of 
wave-lengths attached to the figures. It shows that tlio dintanco 
between the extreme lines Ilia and U does not oven amount to 0-«A. 
The picture assumed a different aspect when, instead of the intcnao 

spark- discharge an ordinary direct 
current was used to excite the lioliinn 
tube ; the difference lay in the 'in- 
tensities but not in the position of lha 
lines (of. the lower row of Tig. 71)- 
Hero the intensities also approaoh 
tlie theoretical values roprOHontod 
in the top row, for example, in tho 
fact that tho linos IIIa 6 are abHOut 
in the picture given by tlio diroot 
current. 

In Fig, 72 wo are able to give 
plmtomotrio measurements Icindly 
communicated by Ih’ofessor J?aflohon. 
They are derived from two original 
photographs taken in tlio third 
order, which liavo also been taken 
into account in Fig. 71 in ropro- 
senting tho visual impression, and 
which are here rox^resonted ob- 
jectively by means of tho galvan- 
ometer delleotions of a thormo- 
eleotrio photometer. Wo ,soo inutond 
of the reotanglos clraivn earlier oon- 
timious curves of i3hotogrfVphio 
density with well-defined maxima. 
These lie exactly over each other 
in both photograplis ; tho difforonoHO 
are only differences in intensity. 

We pass over in tho seriea (5) 
to tho group of lines : 



Fia. 72. — Photomefcor ciirvo of the 
fine -struct lire of A4686 (Hg+) 
according to Paschen : O with 
D.C. discharge, X witli con- 
densed spark (lisolmrgo. The 
area below tlio curve oorro- 
sponding to the latter is shaded. 
The theoi'etical positions of the 
lines ore indicated by small 
vertical dashes placed below 
the curves. 


A = 3203, v = R(p-^). 


It consists theoretioally of tlie combination of a triplet with a gniiifcot, 
— as a whole then, of 16 components, of wliich again only 8 aro 
to have non-vanishing intensity. 'J'lio quintet is (on acooimt of tl\o 
denominator 6 ^) contracted more strongly tlian the x)i'occding quartot, 
and that is wliy the quintets I and II hardly overlap any more lioro. 
In the experimental picture (direct- ourrent i)hotograj)}i) IIc;^ apiioars 
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.« the stronf-ost, li„,i ,m,l Ife components, 

ail/ « wonltiii'j luul the components Ule and Ic arc quite weak 

ilie experimental aireot-onrront photograph oi tlie next group 

of IlMOiS ® ^ 


\32 6 V 

hmnwn i)in’ti(ml»u'ly »iniplo. Tho sextet of the second term is here 
alreftily contracted so far tliat it appears unseparated everywliere in 



fi dob ^ d eba^ deba 


Fiu. 711, — FinO'Btrucku’o of A3203 with D.O. clischargo (H+, n fi n = 3) 
nooorcliiig to tho visual iinpvosaiou recorded by Pasclien, The tljeoretiool 
positioiiH of tho linos avo shown bonenth, Of the fifteen components tho 
following vanish thoorotioally in the D.O. picture— I», le, Ila, Ilh, 


obsoi’vation. It is in accordance with tliis that Pig. 74 exliibita tlie 
jjjtn; IriqilM oj the first lemi with the charactenstio separation-ratio 1 : 3 . 



Fia. 7 « 1 . — IdiHi-struoturo of A2733 with D.O. discharge {Ho+, 71 = 6 a = 3) 
according to tlio visual improssion recorded by Paschen, The tlieoretical 
positioi^s of tho linos nro shown boueath. Of the eighteen componmits 
tho ^ollo^ving vanish thooroticaUy in tho D.O. picture — la, lb, I/, IIo, IIo> 
Thi, flffl, Tllf;, ;r.IIc, llXd. 


. X^asoliou has also iirvestigated the second of the He'*' -series luen- 
tionotl on page 7 i), tho so-called Pickering series, formerly called 
erroneously tlie “ second subordinate series of hydrogen ” : 

It is tho oountorpart to the Brackett infra-red series of liydrogon 
(cf. p.'7:i), hut is displaced towards the violet owing to the presence 

of tiiG factor 4 , n ^ *1.1 j.i 

Owing to tho first term the fine-structure is a ciuartet with the 

Hopavation ratios 1:2:6; tlic far narrower multiplicity arising from 
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the Heeoiid torin oouUl iii*i Ix’ roHolvcd. Th<‘ lirst liitON ni' !Im« 

quar tot also ovorlapinxl to I'oroi adiO uno 0{)ni|»tin'irL ; in addirmn to t ida, 
Jiowovor, tlio fourth lino of tlu' (piarUdi, whlcli was lurUun* HopariiW'd. 
could in most oases ho lUoasiirod as a woalc ooTnponont (tn tlui vi<d«d 
side. Tho wavo-longtlis of tlio pt'iiioii)al Hik^s of tliis HCU'ioH hnvo 
already boon given in aeoordanoe with I’nHodieu's moasnromontM in 
Table U oil page Ob and have Iioon tal)idat(*d with tlio luy^^bii tiring 
Balmer lines. 

Wo have now to explain tho data given abovtt tihont tlto inttniNil.V 
distribution in the iints.striustnrt^ pietui'os, that is, w<i must diHoiisH 
tho sdeciion- and intcmUy-niks tiuit Itold for If and Ho' . lliHt{ti'ionlhv 
wo must remark that those ridtis are more oomplioattal tluin was tnigin- 
ally assumed, The change in tlio state of aflairs ooonrrtul in li)«h 


ntp 



t J Rontg. MR 

2 4 ^ M\r <3Ds/^ 

'f A/g 3 P 

1 Mn 3Pt/» 

0 f> if, 36 


- i L 


Ilf 


^4. 

2 S 


i’lo. 7C,— Old (on tlio loft) and new (on (ho riglit) (luaiittuii uatalien j>f (lii* liyilm* 
gon lovols. On tlio oxtvomo right m given tho Kohoimitlo roiiroMontiition of 
tlio oorroflponclhig lientgon- and alkalidoi'niH. 'riu* Holioint' of Ha li'voH 
is shown, iigiu'nst tho arrows ui’o ]»huuitl tho HyinliolH iloiudhig tho eorro, 
spouding Bantgon linos. 


when Goudsmit and Uhlonbeok disooverod tlio spin of tlio oJoelJ’on. 
Whereas previously wo oharaotorisod tho individual, liydvogondike 
energy-level by moans of two quantum nuinberN n and wo iihihI. 
Jlo^^'' denote it by lhre,e quanbnm numf)er8 : 

r n, I , whoro j =» Z d; i- 


Tlie introduction of j with tho oharaoteristio addition ± J polnlM to 
electron apin, that is, to wavo-moohanios refined rQlaUvistJoaJjy. 

How tho allocation of n, I, j to tho oarlior n, ?j,^-levolfl 1« to lin 
performed is illustrated in tlio oaso of H« (Fig. 75). Thus wo am 
oonoerned with tho fino-striioturo of tho terms and 3. On tho 

left-hand side of tho figure wo luivo given the earlier notation with 
n and ; each jmir of lovols shown close togetlior in the figure but 
ooinoiclont in reality Ima the same n,i, i runs thmngli tho valuoi* 
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], . . , n. On i’iglit«haml Hide we have written down the new 

niitnlion. / lams Uimiigli the values 0 , 1, . , . n — 1 . In eaeli pair 
t>r eoineidciiit^ hfvels Uic. l-valneft dij'fei' by unity, whereus the ^7-vahies 
ni'ci t’(]U((l, 11 10 j* values dillor by unity in tlie case of each pair of 

rndgiibouring levels aepnrated by relativity. The fact that for every 
n tlu' uppei'nvoHt level bears only one dxdier is due to the oiroumstance 
Unit / may at most equal n — 1 and j at moat I -\~ Thus 

assign t^j tliu hydnjgcn levels the same quantum numbers as to tlie 
X-ray terms in tlio proeuding cdiapter, of. Fig. 60, page 243 ; that is, 
wn in (er prut the H*.speotrum like that of the X-ray terms as a doublet 
Mpetdriim. But in tlio ease of H the ahove-meiitioned lieeuliarity 
ommi's, that two levels having the same n, j always coincide. Besides 
tho mnv quantiun munbors we have also given on the right-hand side 
of Fig. 76 the corresponding X-ray levels in the system of notation 
of Chapter i V, and also the alkali terms, for later use, by specialising 
whieli we can derive our hydrogen levels. We shall not delay here 
by explaining tlie alkali terms. 

i<kji‘ Vh and j'n selection r-uhs hold, which we already know from 
X-ray spoutra ; 

A?==:bl,Aj=ilorO . . . . (6) 


M'heHe rules w('re introduced empirically into X-ray spectra and were 
oonlirmed by tlie sehomo of terms, We shall regard them here, too, 
art facts of ex))ei.’iunco ; in tlio hu cocoding chapter (of. also note 7) we 
hIihII ilnd a iw’ovisional foundation for them, and in the second volume 
(t)U wave- mechanics) wo shall establish them on a permanent and 
ilnliniiely oirmimsoribed basis : 

'rile ’application of our solcotion rules to Fig, 76 shows directly 
that nn tho whole wo have 7 possible transitions, of which, how- 
ever, in tlio case of hydrogen 2 in two separate cases are identical : 
tliey liave boon hriiokotod togetlior at the bottom of the figure. Hence 
only 6 ooiupouonts of the fine -structure are loft. If we call those 
iiri-owH that load to the U])por final level as group I and those to the 
lower aw group 11 and if wo number the initial levels, in so far as tliey • 
do not (soinoido, from above downwards as a, b, c, then the 
tmimitions that aro identical in themselves are called XIt> and Uc ; 
mi aoeuuut of the solootion rules the transition Ila (At — ^ — J-) 

in forbidden, and that is why wo gave it the intensity zero m tie 
earlier Fig. Oil. At tho middle of the arrows we have appended the 
names of tlio X-ray linos, for which of course no coincidence m pairs 


oaourrt. 


'I'lio samo Fig. 76 may, however, serve to display the structure of 
theiilanriW . . of H, the final term has 

tlio same multiplicity as in the case of H« ; the initial term n~4 
cliirorH from the Initial to^m at H« in 'that we have to draw the level 
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timt wns uppermost hefore double (wo liavo to add I ■■■--■ .1, ,/ ■ .j) 
and we Jiave also to add a simple level (/ -= *1, j i) whieii mnv 
becomes the uppermost level. These two additional levels may nob >o 
combined either with I or with II (on' account of — 2 or il). I' or 
this reason the number of components in H/j and all tlui following 
Balmer lines remains tlie same, namely 5, and several coniponontN 
have the intensity zero (in the ease of they arc la, lla and .l [f>). 

We come next to the He’*'-lino A = 46S0 (Fig- 7b) ' threc'fohl 
final term, four-fold initial term, or, if wo also inolude the coinoid(»nt 
levels, five-fold final term (M-levols), seven-fold initial torin (N-IovoIh). 
The number of transitions is seen from Fig. 70 to bo .I}}, of which, 



Vf Mw 4F?Ji 
S/? > N m 4F3jg 
s/g Nv 


Va Nn 4 Pu2 
Vs Nt 


S/i My 
% 4% 


Fig, 76, — Now quantum notation (on tho right) of tho sehomo of JovoIh of A<X0H(i 
(Ho't'). Anwigocl as in Fig. 76. 


however, 5 pairs (those that are bracketed) bcoomo identical. Bjglib 
therefore remain. Tlie old method of counting (1) q^uartets In . . . 
Illd) gave 12 components. Four of them, namely Irf, Ila, and 
1116, are forbidden by our selection rules, and liave therefore not boon 
drawn in Fig. 76, In the earlier Fig. 71 they are of zero intensity. 
The corresponding X-ray lines belong to tho M-aorios ; their syinlxxlH 
have not been given in Fig. 66. 

The number of components 8 also remains preserved in tho cuko 
of the highei’ lines of the He'* -lines, 

Our selection rules are put out of action by sti'ong olootrio liolcia, 
of. Chapter VI, § 1, and Chax^ter VII, § 2. That is Avhy in Fig. 71. 
the “ spark discharge ” exhibits more components than tho “ direct- 
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DUiToiifc discihargo ” picturo ; for oxainj)l( 5 , in tho form or fcho tjom* 
poiients ina& arc roprcaontotl,* whereas they are absent in the latter. 
In other resi) 0 ets, too, the intensity oonclitioiis differ somewhat iii tho 
two pictures. 

Wo now arrive at the intensity rules. Wo adopt an essentially 
om])irioal standpoint, precisely ns in tho ease of X-ray spectra, booanse 
a full theoretical treatment is possible only on a wave-mechanical 
basis. Wo therefore make the following statements : 

Those transitions are strong in which j and I change in tho same 
sonso. Moreover, tho transitions with increasing Ts are weak com- 
pared with those of decreasing Z’s. tSiuee tho combination of Ai = -F 1 
with Aj = rl; 1 does not come into question hero any more than in tho 
ease of the X-ray spectra (of. p. 24f)), we must distinguish between 
four oases : 

. Ai = — 1 ., Aj = — 1 strongest. 

AZ = — 1 , Aj = 0 loss strong. 

AZ = -F 1 , Aj = -|- 1 weaker 

AZ ~ - I- 1, Aj — 0 weakest. 

Cohiparo with tliis our sohomo of transitions in Rig. 70 and our data 
about intensities for in Rig, 69. Tlio strongest ooinpononts are 
la and lib (of the typo AZ ~ — 1, Aj ~ ™ 1, in tho case of Jib in 
each of the two transitions hero fused together). Tho oompononta 
16 and lie (of tho typo AZ = -- 1 , Aj — 0 ) are loss strong ; Ic (of tho 
typo AZ = ~F 1> ^j ~ “h 1) weaker, Tho typo AZ ~ -F 1 , 

Aj = 0 , which wo must regard as tho weakest, does not show itself 
separately but only fused with He. 

In tho ease of A = 4080, too (we are dealing with tho diroct-onrront 
picture in Rig. 71), tlio strongest oompononts are of tho type AZ ~ ~ 1, 
Aj = — 1, namely life, II 6 , la. Tho fact that II 6 comes out inoro 
strongly than la may bo related to tho fact that in lib two transitions 
of this typo aro fused together. 'JMio Avoakor components belong to 
the typo AZ ~ — 1 , Aj = 0, and so fortli. Tho oomponont I(Z should, 
theoretically, bo absent in tlio diroct-ourront pioturo. 

The quantitative values for tho intensities drawn in Rigs. 09, 70 
and 71 have been calculated by Avavo-mcolianica ; they are in agree- 
ment with our qualitative rule of intensity but cannot bo accounted 
for hero. 

§ 4, Relativistic Doublets in the X-ray Region 

There is a diroot road from the minute hydrogen doublet over tho 
flne-struoturos of ionised helium to tho doublets of tho X-ray speotra. 

* Pasohon romaiks, howovor, loc, cit,, Ann, d, Phys., 88, 08fl, in agreomont 
with Loo, Ann, d, Phys,, 81, 767, that this oomponont is probably to bo naorlbod 
in a largo moaauro to a Ho .band. Tlio in tensity originally oatimatod hy Pnsobon 
and voprosontod in Fig. 71 would bo too groat for a lino that is “ forblrUlon,” and 
that has only boon called tiji by the llold. 
voi.. I. — 18 
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The hydrogen doublet is produced iu the hold of a singly cluirgiul 
nucleus, the line-structure of He'*' in the vicinity of a doubly oliargtul 
nucleus ; the X-ray spectra come from tlic interior of the atom anti 
hence originate in the hold of a highly charged atomic nucleus, 'i’Jiie 
niagnihcatioii factor of the hne-struoture as compared -with t.ho 
hydrogen doublet amounts to 2'‘ in wavo-iiuinbera in tlio case of Ho '* ; 
but in the case of the X-ray spectra of an element of atomic nunibor 
Z it is multiplied * by a number of tlie order of magnitude Z'*, whioh 
in the cose of uranium is 


924 ^ 7.2 . 10?. 

The salient facts of exporiinent are known to iia from Chapter TV, 
§§ 6 and 6. We shall discuss chiefly the L-acrios. The “ Ij-doublot ’* 

arises between the lines (a'^), (y'8), [er]), {^0) The iuterprota- 

tion of these constant doublet- differences was contained in G'able Id:, 
page 214 ; all lines of the L-series start from different initial atatoH 
and end in the L-shell, and the difference in the levels Lm and Iju 
determines the L-doublet. 

We can now give the reason for the difference in the Ljj(- and 
Lii-Ievels, The K-.shell belongs to the quantum-number 1 and is 
therefore smph. [I’he L'Sliell has the quantum sum 2 and is thoretoi’ci 
threefold, by the arguments of Chapter IV ; wo shall, however, at 
present deal only with Inn and Ln. Lm has the quantum-mimbors 
I — 1, j = = 2, n ~ 2 and Ln has, analogously, Z — 1, j | , 

% — 1, n ^ 2 (see Fig. 75). According to the torm-forjnula (0«-), 
p. 260, Lii therefore has the leaser energy (duo regard having been paid 
to the sign), that is, lies lower tlran Inn- 

The “ L-term ” is the positive first term of the L-sorics. Oui- 
clata about the constancy of the L-doublots and the intensity ratio 
of its components are therefore particular applications of the gonoml 
assertions of §§ 2 and 3, page 202 et aeq., about doublets, triplotH 
of constant difference of vibration-number and aboixt the intensity 
of such “ douhlot-eombinations,** 

Eqn, (6a) on page 260 also gives a oompletoly satisfactory quanti- 
tative expression for the Lm- and the Ln-torms. With Z := 5 wo 
obtain : 


\ \ t* stafcomeiit rofora to the difforonoo Av in wavo-numbor. Tlio iliftfli’oiioo 
AA in wave-length, howovor, is essentially indepentlont of 1, (of. p. 230). Sirieo in 
the wave-lengtli A is moasurod in relation to the oi’yatal lattioo- 
aeoiu’aoy of the fino-stnioturo moosuromontB 
firm of prsotiMlly the some for all otomio numbers Z, The foot that 1;ho 

SnracTSu twi^'y ™Burod with so much more case mirl 

hm ^ r ? the visible region is not duo to the gi-eator value of An. 

m ' smaller value of d, the much flnor lattioo, which may bo uacd. 
thanks to the smallnosa of tho wavo-longtlis. ' 
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( 1 ) 


l*li(3 dill 01*01100 botwoou tho two torms gives the magnitude of the 
l <-<loiihlofc in wavo-imniboi’s, namely : 


Ai'n 


1 ^ 1 1 


I'm 


OiU‘ inotbod of ropresonting tlie L -doublet is expressed q^uite com- 
plotoly mid rationally by the duo-structure constant = 13 *3 , 10"®, 

E 

fch(3' Itydliorg frequonoy R ~ R^j and the nuclear number — , We 

miiHt limb got clear about the latter number. 

Wo Enow that the K-slioll is situated within the L-orbit, and that 
fclin olocbroiiH of tlio K-sholl screen the nuclear charge. But the L-shell 
Ik uIho naoii|uod by several oleotrons and they also exert a screening 
notion on the true nuclear charge. In place of the “ true nuclear 
oJitii'go ** wt3 thoi'oforo have an “ eilootive nuclear oharge ” which is 
Bimdlcr fcluui 5^. Wo sot 

Tfrt 

. . . . (3) 


— = Z — 5 
e 


Sinoo wo cannot oaloiilato tho “ screen ing-numher V s beforehand 
ivy ilioory \v<.3 derive it from observation, that is, we treat it as a dis- 
poKahIc |)aramctor. To obtain a first idea of its value we, moreover, 
iliaoard biio liighcr relativistic terms in (2) and write 

Av,, = ^”{Z -«)*. , . . (4) 

M’liw is tlio tlicorotioal (or perhaps, owing to tlie presence of the 
paramotor .s, tiic half-emplrical) formula to a first approximation, winch 
in traimnosod from hydrogen. Wo compare it with the empirical 
{orninla whioli wo tlovoloped at tho end of § b of Chapter IV, cqu. ( ), 
page 225: 

^ - 3 - 6 )^ . . • ( 5 ) 

ThdM two Jomiulm agm. ml onlg in their general siructnre but alao %n 
Ihvir mmmeal mine. Wo see hero a preliminary contoation of 
mu relaUviHtic view of the L-doublot by the results of observation 
and fiii'bhoi* dorivo as tho cmihrloal value of our soreenmg-nurabei 

By 'inbroduoing tho value of tlie hydrogen doublet from eqn. (1) 
on page 202, W 
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we may write eqn. (4) in the following form : 

A ri, — A v\i (% — . (0) 

We illustrate this in Fig. 77. Here we have plotted Z as abscsiHSin 
and have taken as our ordinates the values of Avji caleulatod aocording 
to eqn. (6) from the Av*s of Table 18 on page 223 and divided by 
(Z •— s)"*. We see how the interpolated curve drawn through tlu!H(v 
points ai)proaches a constant limit for small Z’s — a limit which agrocH 
excellently with our ideal liydrogen doublet. 

The fact of fine-structum may therefore be followed throughout the 
tohole system of the elements , from hydrogen to uranium. The h-doulilel 
api^ears as a direct copy of the hydrogen doublet. 

Wo shall not, however, stoj) at the first approximation in our 
qiiantitative account of the L-doublet, but shall also take into acoonnU 


.rfVn ' 



Fia. 77. — ^Tho Aril voIugh, calculated with the help of equation (0) from tlio 
obaorvod values of Avf„ approach with dooroasing Z tho constant limit of 
the hydrogen doublet Ai'n — 0'30 om."* (dotted lino). ' 


the higher relativity corrections. T’his will at tho same time givo u« 
a moans of judging the acoiiraoy of our value s = 3*5 for tho scrooning- 
number and will convince us that the L-doublet is represented witlviii 
tho limits of experimental error accurately by our rolativistio forjuiihi- 
for the whole series of elements. 

Wo may proceed by palculating the value of E/e — Z — s separivti'ly 
for each element from formula (2). That is, v'O start from 


Av _ ^ 


(Z - s)‘(l + 


6 ^ 
2 2 ® 


(Z 


— 5)® -)- 


53 a‘‘ 

8 2 *^'^ 



and derive the square root by applying the Binomial Theorem nfbtir 
multiplying by 2^/a'*. In this way we obtain 


lyi = (Z -.)«(! + 1 1^(2 -»)■ 


32 


5)'*. + . , . ^ 


(H> 
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Av/ii ] 

y, - s 

$ 

0-00 

37-63 

3'47 

7-7 

38-6 

3-6 

9-4() 

40-64 

3-40 

10-48 

41-63 

3-47 

11-67 

42-66 

3-46 

12-69 

43-62 

3-48 

I3<07 

44-62 

3-48 

16-29 

46-60 

3-60 

10-72 

dO-DL 

3-40 

18-30 

47-63 

3-47 

20-00 

48-66 

3-46 

21-70 

<19-61 

3-40 

25-60 

61-60 

3-60 

27-74 

62-60 

3-60 

30'01 

63-40 

3-64 

32-06 

64-83 

3-67 

35-02 

66-48 

3-62 

37-80 

60-61 

3-49 

43-96 

68-60 

3-60 


y 

Avya 

03 Eu 

47-17 

04 Gel 

60-04 

06 Tb 

64-36 

00 Dy 

68-24 

07 Ho 

62-43 

08 Er 

66‘fil 

70 Yh . ' 

76-08 

71 Lu 

81-11 

73 Ta 

92-48 

74 W 

98-40 

76 Os 

111-08 

77 Iv . 

118-63 

78 Pt 

126-86 

70 Au 

133-62 

81 T1 

160-20 

82 Pb 

169-12 

83 Bi 

169-02 

00 Th 

240-37 

92 U . 

277-91 


6fl-51 

00-60 

6i'51 

62- 51 

63- 62 

64- 62 
60-40 
67-47 

69- 62 

70- 62 

72- 61 

73- 63 

74- 62 
78-52 

77- 61 

78- 60 

79- 65 
86-61 
88-61 
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3-40 
3-60 
3-40 
3-40 
3-48 
3-48 
3-61 
3-53 
3-48 
3*48 
3 -‘10 
3*47 
3-48 
3-48 
3-49 
3-00 
3-45 
3-49 
3-49 


Moan ! 9 — 3-487. 


JltM'u WO may also uho tho first approximation from eqn. (4) in the 
ttorrootion term on tho right-hand side without introducing an ap- 
pi'ociablo urror. We then obtain 


(1^5-40(1+140 ■ • (i“) 


'rho nuinoi'ioal implications of this formula are shown in Table 
21. T’lio first column repeats tho values of Av/R = L/3 — Lot' from 
Talilo 18. I’lio second gives the values of Z — « calculated, by eqn. 
{ 1.0), whoro we luvvo set a** — 6-30f) . 10“® (of. § 6). In the third column 
wo hfivo tJjo values of tho screening- constant s that follow from, tlic 
vrtluoH of Z •— Tho mean of all the values of s amounts to 


5 == 3<50. 

Am wo see, the individual values of s fluctuate about the mean value 
in a quite inisystomatio way. 

More important tlian the constancy of s is the accuracy with wliicli 
tho cjuantuin-numbor 2 is confirmed by our calculation and the 
relivtivistic law for the progressive inore^e in the doublet-interval 
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is confirmed. The latter also explains the increasing curvature of 
the graphs for \/ r/R in Figs. 57 and 69 of the K- and L-sories. If 
the X-ray spectra could ho represented rigorously by a formula of the 
Balmer-Mosoloy typo, V vjB, could be represented, as a function of 
the atomic number, by means of a sti’aight lino. The effect of taking 
into account the relativity corrections of the first ai\d higher oi’dera 
is to give an increasing upward bend to the straight lino as Z increases. 

Not only tlio L-doublet but also the M- and N-dmd)lota confirm 
our relativistic fine-structure formula. 

From observations of the L-sories the doublets (a 'a) and 
are kno^vn to us ; wo called them M-doublets (of. Table 14, p. 214) 
because their origin is due to the differences in the M-lovels. (a'lx) 
represents the difference (MvMiv), "the difference (Mm’Mii), 

corresponding to the following scheme derived from Table 14 : 

Ja' . . . Miv-^Lin ji*' • - • Li 

[a. ... Mv -> Lni ... Mm— >-Li. 

The M-shell belongs to the quantum-number w = 3. From tlio 
general expression of the terms, (6a), on page 260, wo oaloulato for = 3 
the term-differences for ~ 2 and 3, and also for — 1 and 2. 
These are the differences in the values of the levels Miv ~ My mid 
Mil “ Mm, respectively. We denote them by and Avg and have, 
by the equation mentioned, if wo set Z = B/c, 

Ar, _ /Ex-i aTl , 26 aVEy , 317 /n^ 

R“U/ 3T2^^ 323Ac; '‘'' 266 3AcjJ ’ 

Arg /Ex^ccapS . 279 aVEX^ 13069 aVExn 

^ = li) s-'U +-m ■^[7) J • 

The ratio of the two would be — ^if we neglect the higher xiowors of 
a* and take B/e as having an equal value in both, formulro — equal to 
1 : 3, in agreement with eqn. (8a) on page 261. In this case wo should 
have the hydrogen triplet with which we are already so familiar. 
But the assumption that E/e is the same in each case no longer applies. 
The hydrogen iriplel resolves into two hydrogen-Uhe donhlels. ^J.'he 
levels which in a certain sense aeoidontally coincide in liydrogen 
(of. for example, Fig. 76 for the case of H*) separate in the X-ray 
spectra and give rise, for w = 3, to the five M-lcvols Mi to Mv, of which 
the two pains (MnMm) and (MiyMy) are the relativistic or regular 
doublets in question. 

The calculation for (a'a) has been carried out by E. Hjalmar * 
on tlio basis of his precision methods. Tiic object is to sliow that 
eqn. (11) represents the observations on (a 'a) for all values of Z if 


* Zoifcs. f, Physik, 3, 262 {1020). 
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a new “ soreoning-oonstant ” « he suitably ohoson, whore, as in the ease 
of the L-doiiblot, wo sot 


E/o = Z -- s, 


and oaloulato s oinpirioally. Th(^ calovilntion is esarriod out in fclio 
manner of oqiia. (7) to (10) of tho prosont soetion, tho last of whioli 
horo runs : 


(Z ,9)2 



2^)Ar\/, 580 

" 1 « liJV 1024 ** 


Sj!\ 

r)' 


(13) 


Wo find that for all oloincnts hotwoon Z «= 41 and Z — - 74 a rornark- 
ably constant valuo is obtained for s, namely, 

a llhO, .... (Id) 


tho lluotuations appearing to bo quite unsystomatio. 

In preoisoly tho same way cqn, (12) roprosonta tho M-doublot 
{<{>'<l>) in tho L'Sories. Tho faot that this doublot is oonsidorably 
furtlior separated than tho doublot (a 'a) in tho L-Horios agrees at least 
qualitatively with tho ratio 3 ; 1 of tho Hoparations between tho 
eompononta in tho liydrogon triplet. It is also possible to oaloulato 
a scrooning-oonstant h from tho observations of («/>'f/j) on tho Vjasis of 
(12). Tho formula analogous to (13) now runs : 


(Z - «)« 


and gives * 


/3 /fiAr 279 AiA/, , 191 „AiA 
.9 8*5 . 


(16) 


( 10 ) 


Just as tho M-shoU belongs to tho quantum -mimbor 3, bo tho 
N-sliell belongs to the quantum-mimbor 4. By Hotting n = 4, 
= 4 and 3, 3 and 2, and 2 and 1, respootively, in tho general 
expression for tho terms {i]a) on page 260, and forming tho difforoncos, 
wo obtain the three doublots : 


Ai^i = Nvi — Nvn, Avjj — Niv — Nv, Apg =•-•= Nn — Nm, 


which, in tho ease of bydrogon, owing to the ooinoidonoe of throe 
pairs of levels, oomhino to form tho quartet Aiq : Ai'a ' A^g = 1 ; 2 : 6 
(of. eqn. (9a) on p. 202), jiamoly, 


Aiq 

It' 

Av.^ 

TT 

AVg 

li 


/Kyi oc2ri 

23 aV:! 

:5\2 1069 a-»/E 

i\,- 

. (17) 

""U/ 44.3 ■ 

64 4aV( 

194i 4^6 

•). 

/jsy a2r2 

56 a®/] 

Uy^ 6905 aVl! 

i\,-i 

• (18) 

~\e) 


a) ' 072 4Ae 

■)J 



iy-» 809 «Y'^\ 
7 T 44 U; 

‘] 

. (10) 


* l.i'ov tho.numorinnl <lal;a voquiroil for oaloulabiiig lluH sorooulng-conBlianb and 
Hiab o£ liho N-doublob, bod A. Sommoi'fold and ('}. Wont/ol, JSoita. f. .Physik, 7, 
80 (1021)! Q. Wpntviol, ibid., 10, 46 (1023), and furtlior, from a inoro goiioral 
point of view, L. I’auUng, Proo. Boy. Soo., A, 114, 181 (1027). 
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Of these three regular doublets only the last may be derived as 
an “ N*doublet (yy') of the L-series ” (of. p, 214) to a sufficient degree 
of acouraoy from direct measurements of distances between lines. Hero 
again tho relativistic doublet fully proves its worth ; wo obtain as tlm 
scrconing-number from a formula analogous to (13), (15), 

8 = 17-0 (l«ft) 

To arrive at the other N-doublets wo are compelled to derive tlioin 
indirectly from the combination of several difforonces of linos. 
Corresponding to the values so obtained for tho separations of tho 
doublets we get, according to the formulee (17) and (18), tho following 
approximate values for the screening-constants : * 

s = 34 (17rt) 

and 3 = 24*4 . . . . (18rt) 

respectively. 

It is remaj’kablo that the screening-constants 8 of the M- and tho 
N-levels appear to bo approximately integral multiples of a unit 
quantity which lies between 4*2 and 4*3 : f 

(Miie Mil) 8*6 = 2 . 4-25 ; (My Miv)13*0 = 3 . 4*3 
(Niir Nil) 17-0 = 4 . 4-26 ; (Ny Niv) 24 = 0 . 4-0 ; (Nvii Nvi) 34=8 . 4-2C. 
The L-shell, for which s = 3'5, appears, however, to form an exception 
to the rule. 

Tlie increase of the soi’eening-constant s from 3 ’6 for tho L-doublet 
to 24 and 34 for the N-doublet is quite satisfactory from tho point 
of view of tho model since it points to an increase in the number of 
interposed electrons, likewise the inoreaae of s in the transition from 
A and A vj in the M-series or from A Vg to A and A in the N-seiues. 
For Avg refers to elliptic orbits of great eccentricity which closely 
ai)proaoh the nucleus, that is, which are only slightly soroened whereas 
A Vi and A vi refer to orbits of small eocentrioity for which the soreening 
is naturally expected to be strong. Hence although from the point 
of view of wave-mechanics we must bo cautious about taking tho 
orbital ideas too literally, we nevertheless see that in a qualitativo 
way there is niuoh truth in them. 

To oonolude wo shall touch on a matter which was a mystery 
until Dirac’s theory of the relativistic electron appeared and which 
can therefore be fully dealt with only when wo discuss this theory 
in tho sGoond volume of the present work ; namely, the allocation 
of quantum-numbers to tlie regular doublets on the one hand and 
to the irregular doublets on the other. On pages 244 and 270 we 
assigned quaiitum-mimbers I, j to the levels in such a way that tho 
regular doublets were given by adjacent j’s and equal Vs, and tho 

♦ Tho aorconing-conatonfc of NyiNyn appears to show a systonmtio dooroase 
below Z — 74, 

t A, Sommerfold, Jourji. Opt. Soo. Amor-j 7, 603 (1923). 
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irrngulnr tloublota by ncljacent /’s and equal j’s. In contrast with 
fclviH wo have now assigned two adjacent values of 71^ to the two levels 
of a regular doublet (cf,, for example, Fig. 76), whereas according 
tc^ our earlier assertion we should have 7^ = ^ -f 1 (p, 115), so that 
(lilTereneeH in the 7^|, -values should cause differences in the Z-values. 
irho appareirt eontradiction is removed by Dirac’s theory, which 
shows that the quantum-numbers I, j are actually required for dis- 
tinguishing bet we on the hydrogen terms and the combinations between 
them, Imt that for calculating the relativistic term- differences it is 
iKHsesHaiy to introduce a quantum- number that corresponds to our 71^. 
By ap]i lying Dirac’s theory for hydrogen to the X-ray spectra we can 
justify our procedure in the present and the preceding chapter although 
wo cannot yet explain it satisfactorily. 


§ 6. Irregular or Screening Doublets 

'L’lie law governing irregular doublets was discovered by G. Hertz,* 
.11)20. We may regard as a typical doublet of this kind the difference 
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ill the limits LiLji, which was measured by BhrtK. The measure- 
ments made by him refer to the elements Os 66 to Nd 60 ; they are 
plotted in Fig. 78, which is taken from his paper and which also 
inohides the differences in the limits L]Lii measured by Duane and 
Patterson for the elements W 7<t to U 92. This figure expresses the 
following law : if loe plot V v in the manner of Moseley the graphs for 
Li and Ln mw appreciably parallel to each other, in contrast to the linos 
Lii and Lm, whioh move away from each other more and more as 
Z increases, in accordance with the law for regular doublets. 

Thus the law governing screening doublets states in general that 
the difference in the V v-values of the two doublet comjionents is 
aiiproxiraately constant. Table 22 illustrates this for (IjiLh). Boro 
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47 Ag . 

21<0 

O'Oa 

0-63 

1-33 

0-20 

1-32 


fil Sb . 

22-5 

062 

0-04 

M6 

0-80 

0-87 


62 To . 

23-8 

0'03 

0*G1 

1-20 

0-68 

1-00 



63 I . 

26-0 

0'06 

0*69 

1-21 

0-08 

1-04 



65 Ca . 

20-9 

0-67 

0-67 

1-24 

0-46 

M2 



60 Ba . , 

27-C 

0'G7 

0-67 

1-22 

0-48 

M2 



67 La . 

28-7 

0-68 

. 0*65 

1-23 

0*47 

M3 



58 Co . 

29-2 

0'G7 

0-68 

1-22 

0-40 

1-13 



aO Dy . 

36-6 

0-70 

0-00 

1-23 

0-40 

1-32 

2-5 

68 Ev . 

37*0 

0-70 

0*60 

1-24 

0-42 

1-20 

2-0 

09 Tu . 

38-0 

0<70 

0-68 

1>27 

0*30 

1‘35 

2-7 

70 Yb . 

39‘2 

0-7 1 

0-67 

1'28 

0-45 

1-38 

2-8 

71 Lu , 

39-7 

0'71 

0>67 

1*29 

0<87 

1'34 

2-8 

72 Hf . 

40'7 

0-7 1 

0-69 

1'23 

0«40 

1-30 

2-7 

74 W . 

42<4 

0-72 

0-69 

1-27 

0-48 

1*41 

2-0 

78 Pfc . 

48-1 

0-76 

0-62 

1‘33 

0-27 

1*66 

2-6 

79 All . 

46<8 

0-71 

0-67 

1*23 

0-61 

1*40 

2-6 

81 Tl . 

48-2 

0-72 

0-62 

1*24 

0-00 

1*17 

2*2 

82 Pb . 

47-4 

0-70 

0-65 

1*23 

0'68 

1'36 

2-2 

83Bi . 

48'6 

0-70 

0-60 

M8 

0-70 

M2 

21 

90 Til . 

68<2 

0-76 

0-71 

1-24 

— 



2-0 

92 U . 

aO'4 

0-76 

0-67 

1-26 

0'64 

1-28 

2-0 


we have copied in the first column the i7K-dilferencos from Table 20, 
page 238 ; Ju the second column wo have tabulated under the heading 
Via — a/ Lii the differences in. the Vr/R- values for both levels. These 
differences are exactly constant within the region of Herte’s observa- 
tions, , having the value 0*06 ; after that they increase slowly aiul 
continuously to 0*76 , 
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.■.oognisod „« r<.Mvi«tic d<Sot! tL: T ’*T 

soiiciiu! on 1)1120 wliinii n. T ' tlioso doublets in the 
'll <1 T« are bracketed togetlier doivjnvards tbsf 

i«, Iwlinv tiu! M- iimts and Mm Miv, the N-Umita NjN,, Sni Niv 
Nv Nyi. .1 K1 ^/IWidnos used for tliom in Table 22 are likewise dorivli 
fwm Ik. aide of terms on page 238. Althongh only small diiieronees 

Hoi U mloipiota tho law by expressing the wave-nuinber r of 
oMilim '‘PProxlraatoly as a Moaoley fornuda, and he 


3.1 




j(Z - a)2, 



• (D 


whore o denotes a now acreoning rnnnbor. If erj and are tlie values 
of cT that belong to tlio two levels of tho irregular doublet, it follows 
frnni tlio hooojkI of oc(iu (1), since those levels always belong to the same 
Hhell, liuili Ih, Jmvo the same n, that 



0*1 — gfl _ Atr 

% n 


(2) 


0111 Ih^ i« th.o km of irregnlar doubUts established by Hertz. Prom 
the livHt of tuiiiH. (1) it simultaneously follows for A v itself that 


0^1 + fy2\ 
K 


(3) 


tVom tHiii, (II) wo can draw the following comparison between 
I’ogiilar and irregular doublets : in the, case of irregular doublets the 
u>4tJ(i-niU)i6P;r difference Ar increases essentially linearly with the atomic 
71 umber, m the case of regular doublets it increases with the fourth power 
of the atomic number. Again, in tfie case of irregular doublets the 
(UJfmmcAK A A in wavedmglhs decreases as the atomic number increases ; 
(tclually it varies as the inverse cube. In the case of the regular doublets 
it is, as we knoio, appreciably constant. 

But tho oxiU'OHsion (1) is still very incomplete and only arranged 
to fulfil tlio prosonb jiurposo. We snpplomeut it by combining it with 
the general expression (Ca) on page 2(10. The essential feature is that 
wo Hliould choose tho soreoning-number in tho first term (principal 
icu'in 01.' Moaoley term) cliiforont from the soreening-nnraber in the 
higher lenns [relativistic correclio 7 i terms of tho first, second, . . . order). 
We douotu tho torinor number a, as in (1)) and the latter s, as in tho 

* Disaortation, Miiihoh, 1031. Cb ZeitS' b Physik, 6, 81 (1931 )• 
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preceding section. In this way we obtain the general ierm-ex'preasion 
for X-rays : 



From this formula we obtain our earlier formula) for the regular 
doublets, if we give the same value to the constants a and .9 in the 
two levels of .such a doublet. The principal term then exactly cancels 
when the differences are formed. 

With the help of (4) wo can also inunediately formulate exactly 
the law of irregular doublets. For by (4) eqn, (2) is incomplete, 
because in forjning it we left out of account the relativistic correotion 
terms. It is in agreement with this that the AV v/ll-vahies in Table 
22 are not rigorously constant ; in the ease of (LiLir) and (MiMn), 
at anyrato, they exhibited a small systematic variation. But on the 
basis of formula (4) Hertz’s law can now bo made more rigorous. 

For this purpose we start from (4) and form tlio expressions, 


vm _ (Z — a)^ 



( 6 ) 


which we oall “reduced terms.” Since wo know the screening- 
numbers 5 in the terms involving a^, cc^ . . . from the relativistic 
doublets, we can calculate v^ea numerically from v. Table 23 shows 
how Table 22 changes in the case of L- and M-lovols, if wo insert tho 
V r,.e^/R-value8 in place of tho Vr/R- values. In the ease of tho 
N-levels the relativistic reduction becomes inappreciable oomparod 
with the moan error. Hence those levels already led to appreciably 
constant differences in I’ablo 22 and did not require to be taken up 
in Table 23. 

The rigorous form of Hertz’s law thus runs : not the values A V v/R 
but AV Vresl^ axaclly constant for every irregular doublet. According 
to our definition of reduced terms in (6) this of course denotes nothing 
else than that tho screening-differences Ao- are constant. In the last 
row of Table 23 we again encounter, as on page 280, a remarkable 
integral relationship : the means of the AV values are apxn’oxi- 
mately multiples of 0’67. Since by (6) these values differ from the 
values of Act only by the integer n, the A<t’s are also whole muUijiles of 
0'67 . The same relationship liolds for tho Aa’s in tho N-levols, in which, 

* This is not tho case with L"',, M"„ N", lovola, But in thoir eoso wo can 
dotormiuo s by postulating tho rule of constant Ac’s as valid also for tho lowest 
screening-doublets. Cf. G. Wentzol, Zoita. f. Physik, 16, 46 (1023). Tho corre- 
sponding s-valuo3 are 2*0 for Lj, 6-8 for Mj and 14 for Nj, 
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tiH luiH Ikh^h iiuMitioiUMl, can be identified with v, that is, the 
A<r in (]iU!stion eaii be derived directly from Table 22. 


Tabi-k 23 


•n Ak 
r»i HI) 
52 'I'c 
nil 1 
nn (!h 
ntl Ha 
r>7 La 
5K Co 
nu :i>r 
(10 Nd 

02 Hin 

03 Ku 

04 (III 

00 Dy 

OK y.v 
01) Tn 

70 Y I) 

71 Lu 

72 Ht 
74 W 
78 :i‘b 
70 Au 
«l Tl 
82 PI) 
K!t Bi 
0(1 Th 
1)2 V 


mnl their 
[inubom 

lloduced Values of 

> 

i 

> 

VMi — VMjj 

VMiii — VMiv 


0'61 

O'Bl 

1-31 


0-G6 

0*02 

M2 


0-B7 

0*68 

M7 


0*58 

0*66 

M8 


0-60 

0-64 

1-21 


O-BO 

0-64 

1-19 


0-00 

0-61 1 

1-20 


O'fiO 

0-64 

1-19 


0'69 

O-BO 

1-19 


0‘69 

0*61 

1-19 


0-50 

0-61 

1-20 


0-58 

0*82 

1-19 


0-68 

0-53 

1-19 


0<68 

0*04 

M8 


0'68 

0*03 

MO 


0*68 

0-51 

1-22 


0<68 

0-60 

1-23 


0'S8 

0-00 

1-24 


0-08 

0-51 

1-18 


O-B? 

0*01 

1-21 


O’GO 

0*43 

1-26 

' 

0*53 

0-47 

1-10 


0<63 

O'02 

1-16 


0-60 

O'50 

M5 


0'f)0 

O'06 

1-09 


0‘B0 

O>08 

1-14 

. 

0*40 

0-04 

1*1B 

Moan valiui 

0-50, 

0-528 

1 MBs 


W« new tolmlnto tlio Aa’s so obtained fov all ouv screening doublets 


(LiLii) 

(MiMii) 

(MinMiv) 

(NiNit) 

(NiiiNiv) 

(NyNvi) 


2 

3 

2.3 

4 

2.4 

4.4 


0-67 
0-67 
,0-67 
. 0-66 
. 0-66 
.0-6 


Itam the Ac's we turn to the absolute values of the a-s. whieh ate 

:Ll,rr:r 
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hIiowh that tlio o-’s are noithor inclependeiil; of Z nor cHpuil to the ,v'h. 
I’atlioi’ the a'H aro always greater than' the .s’.s unci itiereaHcs with Z, 
while, UH w« know, the ,rii are exactly coiiKtant. 'I.' lie iiiereaae- of the 

(T*s is explained by tiio oir- 
oinnstanco tliat not only tho 
inner but also tho o\iter 
eleotrons, whoso nnmbor in- 
oreasea witli Z ooiitribiitc to 
tliG sorecning-nninbors a, 
Avheroas thoy Iiavo no in- 
fluonc3G on tho s’s. .Bohr 
calls this efloot “ oxtcu'nal 
sorconing.” Wo shall in- 
vestigate it more closely in 
Ohaptor VII and shall tluu'o 
also refer back to the details 
of Fig. 79, In partionlar 
we shall there disonss all 
tho striking irregularities in 
tho oonrso of the ourvos for 
the rare earths, since these 
irregularities are connected 
with the I’e-arrangemont of 
the N-sholl. 

Not only in the ease of 
the X-ray spectra but also in 
tho case of those of the visible region our laws for the regular and 
irrcJguIai* doublets as well as Moseley's law have been .shown to bo valid. 
Wo shall revert to this disoussion in Ohaptor VII, 



atomic nutnboi:. 


§ 6. Universal Speoti'oscopio Units. Speotroscopio Confirmation of 
the Theory of Relativity 


Three niain-streams of rosearoh in modern theoretical physics 
are oonfltiont in onr theory of fine -structure : tho electron theory, 
tho quantum theory, and tlio theory of relativity. 9?his is shown in 
a part loll larly strikiiig way in tho struoturo of o\iv fme-slructurc constant : 



27Te^ 

‘W' 


(1) 


Hoi’o & is the representative of the electron theory t h fittingly represents 
the quantum theory, and c comes from ike tlieory of reJIaUvity ; c may in 
fact bo regarded os oluiraotorising tho latter theory as compared witli 
tho olaasioal theory. 

Wo derive tlie value of « speotrosoopioally by measuring the 
liyclrogon doiiblot (best indirectly, by moasuring the Ho' -lines, sinoo 


ijll* ' I Ml' 

l«r| » M 




* >‘U*J Ai u 


I nivi-rsul Spri'lntscopie tTnits 

i> l•*M iliiH*,>iiliiji>, rl’. j,. 

I , l.v » iji,. ii). ij ;}, 


:?87 


vvlii* h- •! «*' M(«' 

til i 'A f«» 

(I UlU'if r* ' siMi'ii 
I ijii i »•!* |i, 


A I'll Ua‘V2 ' .... (2) 

vitiiu* ,\i „ (u.:u):ni . | . imhkkj) itm. > <(f. imjh. ( i) 

H ‘«»H) , HI n. rj. {7.ijH;} j „.()()(1) . X0“». (3) 

\v«' nmy ulrto wiito Uio ilolinHiim (1.) for ctlof. 
i.i'. % : ) 1 : 




v» 


V\ 


zrr 


(Irt) 


Ill'll* !'• nn * Ii'iui'titm V iiuiiiu*iil, «if luiiiniinliUDi whloh Ih intimatoly 
(, will till’ ipltilivlHliii Ki'itlin’ moliim, in xiaHio.ular with 
il,i« iMMliMii III itn H-f, iMjn. (llli/.) on yu 251 $), md m tho 

mi.mi’iiit mI KiMMi. iilitiii .if nu‘ (lint i|iiantum ntato. ’Hio laoior 'iir 
wliii li H arliilnny in iln. ih'Hnilimi (1) for « \h aiipropmvkoly 

I'V mir ilrlinii jjiiit (In). 

V\»* iiMiwl jiUii iImU KtliUngHm ’** Iuih Hi’opoHod blio UiemB 

tliMl t » i« »rfen/r tiunihr^r wliifh I'liu In* ulttaliuHl liy otmliting up Dime 
maltiiw*, il'ii Im’Iiiu l!Ul nr (l»y niuitlier nuiUind of eounting) V.n. 

’H»i' 'ii sil'li’ Ml%r« in I'liWi* Ugn'OliUMlt wiUi (1$), 


J* ■ Ad “• 


U i« l U'iJir tlirti if ICitdiiigUiirH UuwiH nan lio fouruled on iuoon- 
Uuvi'rUldi’ wriMiiMlii il will havi» tljMolimoil. un inbimafco rolatioiiHlup 
Im*I ivi’f'ii llu’ ll.ri'i’ ttli it’ll wo oalk’il tho inain-HtroaniH ol modern 

pUvMi'iii lhi«ti|$hi (fit Mio lii'Mimiiitg of IIiIk Hoution. 

W*' JMi' iiMW ill n |Kk;tiiin(i III living tt» it» eonolimion kim idea of 
tiwjfrjwoi,**' «*»»#;«. wliU’ti \vn« liil(i‘n np iw early uh page !U) and wan 
I iiiiM'd I* liirl|n<r Oil page Ufl. ‘rim liiruu tMiuabiona 


Ai« 

Ain.. 


A%{1 I 

Jifr%iQe^ 

A«r^(l I «'o/mH«j ' 


'inc^ 

« - ir 


( 4 ) 

( 5 ) 
(0) 


fjfiivi M# thw Jot tlrJC'fHvfwiay tArm uuktiotiyiiH, fi, ?m-o and A, 

Ihtti b. for ihdoriiiitiiiig tlm tlmno moat Important imivorHai oonstanta 
of |iU>^ie«l imlnri». \Yo iiuiat «\mi wotv Uuvt blm maHHoa nm and 
W'hieU nt«o iM'tnir Hi l1i»>«i> nijutvtiviua lavvi ho vcdueotl to tiornin of tho 
ohmfroiiie ijliargo Viy riiounM «f VA\o very ivooni'atoly known olooti’o- 
ttiid Urn mlioM of tlm atomio woiglits of Ho ami H, 

* A. J*. ll'lilloKOMi* HriiWJ. Hoy. Hu”.. ISIS. fIrtK s !t^6i fipO {H>80). 
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by meanH of oqn. (1) oii page 5 and footnote 1 on page 08. Our 
dotornhnation of the three unknowns e, and h involves only specbro- 
sGopic measurements and lienco is based on the most trustworthy 
observations. On the other hand, the original determination of li 
from heat-radiation data entails the measurement of liigli temperatures, 
that of e/mo from deflection experiments entails the moasuromont of 
]\igh potentials, neither of which raeasuremonts are as freo froin error 
as the speotrosoopic measurements, Tiio determination of A from 
the short-wave limit of the X*ray spectra also requires the measuro- 
mont of high potentials. 

The eqns. (4), (6) and (6) can ho expressed in such a form that 
from (4) and (6) we can obtain e/Wo (in e.s.u.), as has already been 
dono on page 95 and which led in conjunction witli Houston’s values 
for Rji: and Rho to 


(1-761 ± O'OOl) . lO’c 
Wo 

With its help we tliere also arrive from Rn and Rno at 
R«, = 109737'42 ± 0-06 ora.-i 
The significance of R oc is 

T? „ 277^Wo^ _ 27r^(e^/A)^ 

~ h^G ^ e(c/m(,)c 


( 7 ) 

( 8 ) 
( 9 ) 


Our method of writing the last term in eqn. (9) includes the combina- 
tion e^/A, whicli also ocours in (6), We can eliminate it from (0) and 
(9) and obtain 


47re(e/mn)’ 


47rR«>(e/moj 


( 10 ) 


We need now only to refer back tb eqn. (6) to obtain tlio value of A 
as well, namely, 


ao 


( 11 ) 


To bo consistent wo should now calculate the value of a from tho om- 
]hrical value of in accordance with (2), But tho values for e 
and A so calculated would leave too much play in the matter of aconraoy. 
Wo liavo therefore already given that value of a in eqn, (3) which we 
had obtained in § 3 with the help of the theoretical formula from tho 
best values of e and A obtained from observations, We write down once 
again tho values for a and A used in the process, 

e == (4-770 ± 0-006) , lO-io, A (6-647 i 0-008) . lO-a? (12) 

Hence our x^rogramme of using only spectroscopic units cannot yet 
be carried out fully. Although we have stressed the importance of 
specifying tho universal constants as aociirately as x^ossiblo wo have 
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been coinpolled for the present to borrow from iion-spoetroaoopio 
measurements. 

Wo have already indioated in Chapter IV, § 2, page 11)8, a speotro* 
seopic method of determining Loschmidt’s number L and hence of 
oalovilating the elementary charge e. This “ X-ray spootroseopio ’* 
method, liowever, assvnue.4 that the crystal lattice is (lawless and that 
we have an accurate knowledge ot the density of the crystal in the 
parts of the crystal involved in the reflection . Until these points are 
fully clear, this method, too, remains an interesting but unfulfdled 
programme. 

Finally wo revert once again to the beginning of this chapter, 
in particular to the part whore wo deal with the law according to which 
the mass of the electron (and mass generally) depends on the velocity. 
According to the theory of’ relativity this law runs ; 

The older “ absolute ** theory whioh assumed that there was an ab- 
soluto space or other and that the eleoti’on was spliorical in shape, had 
as its law of tlie charge of mass,* 


m = log -p -f . . .) ( 13 a) 


The tost as to whioh of those two formulte is valid was I’egarded as the 
experimenlum cmcia for oi; against tlie theory of i-elativity. The 
direct proof in tho oloctrioal sphere (by moans of cathode rays or /3-ray8) 
was attempted by Kaufmann (of. Chap. I, § '1), but was only achieved 
many years later by his snocossors by more refined methods.t Wo 
sliall endeavour to arrive at a decision hero by speotrosoopio moans.J 
Oonnectod with the law of variability of mass is tho law aoooi'ding 
to whioh the kinetic energy depends on tho velocity. Wo know ac- 
cording to the theory of relativity that 


= (m - ~ 0 ] 


• m 


* First dorivecl by M. Abraham. Soo his Theone der Meklmilflt, Vol, II, 
3i’d odn,, pp, 102 and 176. 

t 01, Sohafor and Gf, Neumann, Ann. d, Phye,, 45, 620 (1014), in whioh a 
method suggested by A. Buohevor is developed j Oh, 13. Guyo and Ch. Lavnnchy, 
Aroh. de Q 0 n 6 vo, 41, 280 (1010). 

t The idea of trying this teat was first suggested to the anther by W. Lonz. 
It was worked out by K, GHtsohoi' In liis Munloh dissortatlon, 1017 } of. also Ann, 
d.Phys.,60,OO8(1917). 

VOL. I. — 10 
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whereaH the ahsoliite theory assorts * that 





IJ-l 


i) = “1^(1 -h 3)3“ 


•) (1 


We have now to treat the Kepler inoblom of elliptie inotiim 
the ease of a hydrogcir-like atom according to the abaohiUi tlu^* 
anthfrom it to calcnlato tlie line -structure of the spectral liiu's. ^ 
first find that as our second Kepler law wo have the law of ar»< 
which is valid here, quite independently of the law of variability'' 
mass ; the law of areas states that tlio moment of momentum 

V = 

is constant {r and ^ are the polar co-ordinates reckoned from " 
nuelons, winch is assumed to bo immovable). The inomontuin in ' 
^-direction (projection of the momentum on the tangent to tho oi 1 
r = const.) is then = p/r, and the total impulse is rtiv ■■ - 'tr\ 
.From these two we get tho momentum in the r-directiou 
to Pythagoi’us’s thooreni as 

— mf = {mv)^ — 

Tho quantum conditions are : 
for tho a/dmuth tji : 

= 27TP = ’ • • < 

for the radius vector r : 

j dr = nji ' . .1 


The integration extends over the whole range of values of r, thud 
from to and hack to 

To be able to evaluate tho integral (1,0) wo must know viv i 
function of r. But at present we know m and hence also 7nv 
by (13a) only as a function of We may, however, nso tiio <mt*] 
law and the formula (14a) for tho kinetio energy to obtain fi ( 
funotiou of r. Tho energy law runs, if wo set the nuclear (tin 
equal to Zc and hence the i^otential energy equal to — Ze^/r, 

E„„ = W-E,., = W + ^'. 

If we use eqn. (14a) here, wo obtain 


-I- i|/3») = W + ^. 


To determine j8 and mv = wejS from this wo j)roceed in steps by 
.stitnting the first approximation in the correction term of the Ht.*< 

* Of, M, Abvahairi, loc. cil, ’ 
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order. Wo write the nisnlt in a forni Avinoli ombracoH tlui absolute 
theory and the relativity tiieory ; nainoly, in view ol' (111) and (Ihrt), 







(17) 


Avliere y Iras the significance : 

y “ “■ for the absolute theory, y I for the tlieory of relativity. 


Wo now use eqn. (17) in the quantum condition. (l(i), whose integrand 
now appears as a simple function of r. The integration may be per- 
formed aocording to tho scihemo given in Note 4 under («), and gives 
finally 


W 

1 -i- 


- fl 

\ 


2y(otZ)'‘ 


H- V4 


zzqa.- 

2y{c7.f J 


. (18) 


Oiir generalised cqn. (18) is distinguished from the rolativistio 
eqn. (20) on page 2fi0 only in having 2ya'^ in plaeu of a‘^ on tho riglit- 
hand side and 2yW in place of W on tho loft-liand side, (lonsequontly 
the power expansion at tlio beginning of § 2 of this cliaptor may bo 
applied directly in our preseirt eqn. (18). l'’or example, in tho 
expression (6) for the term on page 259 wo have only to write 2'ya^ 
instead of a®. ^Froin this it follows, liowover, that all our thooroms 
about fino-str net lire remain intact so long as avo replace by 2ya^. 
Hence the relative 'magnitudes of the fine-islruciures, f(n' exam|)lo, tho 
interval 1 : 3 betAvoon the components in the Ivydrogen-liko triplet, 
and so forth, also rennain jrreserved hi the absohUe theory ; only 
the uhsoluie magnitudes of the fine-struchires are reduced by the, factor 

2y I 

hi com 2 mrison %oith the theory of relaimty. 

This holds hi ^mrlieular for the hydrogen donhlel, Avitich would be, 
aocording to tho absoluto theory, 


Am ™ 


4 :H_a 3 

5 “2'^ 


p 0-30 =.-= 0-29 cm. -' 
5 


(19) 


This vahie for the hydrogen doublet is incompatible wilh Paschen's or 
Houston's measurements of the Ho'' dines, Tlie same may be said of 
the hydrogen doublets in the X-ray region, the L-dou blots, and so 
foi'tli. Talcing the results all together we may draw the conclusion 
that the absohile theory comes to grief on the siieeXrosco^iic facts. 


CHAPTER VT 


OLARISATION AND INTENSITY OP SPECTRAL LINES 


§ 1. Bohr’s Correspondence Principle in the Case of the Hydrogen Atom 


W HEREAS the quantum theory of light deals primarily only 
with vibration numbers, classioal optics gives iia a deep insight 
into thdi farms of the vibrations in that it distinguishes whether 
polarisation occurs or not, and, if so, whether it is linear or oiroular, ami 
it determines the relative intensities of the vibration components from 
the type of motion of the exciting particle. How may those resultH 
bo made use of for the quantum theory of light ? The decisive word 
in this connexion belongs to wave-mechanics. By describing the 
quantum states as wave states it is able to make quantitative matlie- 
matical statements about the intensity of the light, In contrast with 
this we must here at this stage of our account remain satisflod with 
the qualitative and approximate assertions made by the oorroBpondonco 
iwinoiple in matters relating to intensity. Novortlioloss wo must 
note at once that the statements about polarisation and selection nde^y 
which we shall derive presently from the oorresiJondenco prineiplo, 
also remain preserved in wave-mechanics. 

The first hint as to how to formulate the oorrospondonoo between 
classical theory and quantum theory is given by the hydrogen spectrum. 
The frequency that is emitted in the transition from the to tho 
w** orbit is, according to the quantum theory, 



It differs from the frequency which is omitted according to tho 
classioal theory. In the latter theory tho vibration occurs in rhytinn 
with the frequency at which the orbit is traversed (identity of tlun 
optical and mechanical frequencies) ; the emitted fundamental vibra- 
tion is equal to 1/t, whore t is tho time of revolution, In addition, 
overtone vibrations ooour, at least in tho ease of elliptic orbits. 
Aodording to eqn. (4a) on page 86 or, more generally, to eqn. (17) oiil 
page 113, we therefore have for the fundamental vibration 
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. ( 2 ) 



§ I , Hnlir’s C’oi'i'oj^pnmk'iicc I’l hicipli; 


n'HpiM^livoly. lU'cimlinM; tiu' initial nrlul m nr tin* limil tirliit- ii, Ik 
nniiMiili'rial, Kqn. (I) nnvy l>ti wrillrn 


It 


{»/ 


/!)(«/ I n) 


(H) 


U i\« m n 
l l»n valna 


I imtl n :>< 1, i',^„ nMyinplntinally npprniuiln’H 
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(H«) 


'rinm Ihr frniunx'f/ yivi n Inf ihv iiiuttitum ilmnn for lint nciiflthouriim 
urhitM itf rirji lnr(fr yun«/«»a nnntln‘r?i firromrs 'nh nlirnf ihr rJufinirttl 
ffiiithniinilal fmiitntvtf of ihr ?/n»/n»n . 

If, on Uta nllnT Iniinl, An. * ! but n iaHtill >- A/i, il -ftillowH fi’nin (It) 
Dial 

•}p >i|( 


'rhin maann that lltv hinhtr >/ann/nm im rifr into fhv otu r- 

hmr rUmttioiiH of ihr clamirnl frrtfHvortj, 

Wc! Khali oxpvaMH thia rnluthniHliip in it alill m>vo HtrikhiK way. 
If .1 n/i (lannlaa tlin phaMn-intagriil hir llin priiuapal {(iinnlnm nnmlnn' 

« it fnlhnvM tlmt A 'rtn* qiiantnni fioinianry-iamelitani hv = AW 

may Miamfoi i' la* writ tan in tiu' fnnu 

AW 

A-l 

t)n tin* ntliar Inmil, W H/i/n'**. Ilanaa by (2) thn fiindanniulnl 
vilivatinii amraKponclinM to Mm nrlntiil luntinnH Ih jj^ivnil by 

1 tlW ilW 

h iln fA) ■ 

IVtinblniii^ with tlnH iha ovarUma vibratiniiK \va nbtnin iih tba Hpi'i’lrum 
of tlia ra vnlving alaatron, on tjlaMainiil tlii'ory* 

dV\\ 

i\i ' - • * ■ (A») 


'I'lia illfTaraiu'a liatwi'an ilia tiniutinin am) Ilia olaKHianl rriMiunnay 
h Kiiiitily that bi’twaan iha (fHoiv ul of fhr diffcrrnrrH unti (hr dijfmntiut 
tiuiilwil, 'riia Kitnia ililTi'ranna oaani'M i|nii<* j^i'iiarnlly whan wn jiukh 
flttni abnnia thaoriaa to aoiitiiinnm thaiiHaa, 

\Va imw uIko uinlaj’Htaini wliy Ilia nlaHKiaal iiiul tin* quantum ha'- 
ipianaiaa aiipmaali anali ntliar aKymt»lntiaiilly whan n Iium jujrant vubu'H 
or, ralhi*!*, wlian n >• Am. )A»|‘, If wa aoiiMiitar W aa rapiaKanUal 
f^ra{i]il<‘aily na m fiinalinn of n mo linil tbai. foi* jitrant valiit*K of n thn 
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chords and the tangents, and tlio 
quotient of the differences and tlui 
differential quotient become in ore 
and more nearly coincident. 

When n has sufficiently groat 
values there is coincidence and 
when n has niodoratoly great 
values there is a co)rea2)07idancc. 
between the results of the olnasical 
and the quantum theory. Cor- 
responding to the fuiulaiiiontal 
vibration of tlio classical theory 
we have the quantum tran.sition 
An ~ 1, and oorrcspoudiiig to 
every overtone vibration wo liav<s 
according to the equations (4) and 
(5) the quantum transition wbos(^ 
An is equal to the ordoi’ of fclu^ 
overtone vibration. 

This is illustrated in Ifig. 80. 
Between tlio two to]i lines wo hn.v<' 
the Balmer series in the scale f>P 
tlio r’s, exactly as in li’ig. HI on 
page 09. The frequenoy v ^ 0 is 
shown as a dotted lino on tlio left- 
liand side, and the soric.s. limit 
V — B/22 is given on tlio right. 
Between the two bottom linos ivo 
show the olassical sjicctruni foi* 
the final orbit n =2. As a rcsulfc 
of oqn. (2) its fimdaniontal vilira- 
tion ooinoides with the series limit 
and has been denoted by a siiieo it 
corresponds to tho lino B«. '.I'ho 
first overtone vibration whioli 
corresponds to H/,, lies at twieo 
tho distance from tho zoro-lino, tlu^ 
second overtone vibration lies at 
three times the distanco, and sf) 
forfcli. Hence in order to vlsualiHii 
the correspondence kinematically 
wo must displace the olasHieiil 
spectrum towards the Icft-Juind 
side so that tho infinitely dl.sfcaiit 
overtone vibration coinoidca with 


§ I. Bohr’s Correspondence Principle 

rl'ioTrt tl'inf i Tibmt-ion ooinoides mth H„. 

liiKiinr Kdrit'B ?i to be aeon of a coinoidenoe of ilie 

n ■■" /Vij lu i that the oonditi 

hy no means fulfilled, but that rather u 


Ah 


on 

2 here aiid 


2 /'or tJm iiighor lines of the series. 

formal correspondence or coincidence (in some ca-aes) 
ih i ^ consiclorablo difference in the point of vie^v, Oji 

mhfjf? vibrations are Omitted smuUaneomly 

ll ! traversed, The ^vhole vibration spectrum 

ones Its origin to one. uniform process, irrom the quantum point 
<n ytenv, however, every lino of the spectrum corresponds to another 
process and another kind of quantum transition. The 
iiiKivulual processes do not occur simultaneously but hidfi^e^identlu 
oj fme nnolfm\ The oxporiraGutal results obtained in the excitation 
T pJ^i'fcioular, the section on electron collisions 

in (4nip. VJI) confirm without exception the point of view of the 
qiuuifcum theory. 

tiio oorrospondcnco in the frequencies according to the two 
fli/rcrout fclioorios is by no means accidental ; rather it has its root in 
tlin part pilayed by the olassioal theory of radiation as an approxinia- 
tioii, obtained by using the idea of a continuum, to discontinuous 
reality. .Does it apply only to frequencies and not to vibration forms 
nnif iiitonsitios, that is to polarisations and amplitudes ? This can 
hai’illy bo denied for the largo quantum numbers. But Bohr demands 
furthor that the amplitudes and so foidjli given by classicnl calculation 
Hhall also apply approximately in the cose of moderate and amall 
quantum numbovs.* It is precisely this extension that renders h'ls 
( i'oi.’i'ospoiulonco Principle so fruitful. 5’ollowing on Tig, 80 we formn- 
Into tills principle as foUoivs : in Aisijlacmg the spectmmfro^n its classical 
inlo its quantum position we must leave each line the intensity a 7 id 2 Jolari 8 a- 
lion (if it ocvAirs) which it has according to the classical theory. The 
Uorres^iondence Principle asserts that in this way we obtain the inte^isity 
and polarisation of the actual spectral lines perfectly correctly in the case 
(i( iiuflnium numbers that are sufficiently great, and approximaieh/ cor- 
rectly hi the case of ^nodaralely great quantum numbers. 

Wo must bear in mind that the question of intensity is in reality 
»u alaUsiical problem. Tiie quantum theory oonsiders individual 
uvoutK in tlie atom and offers no measure for the frequency -with ■wliich 
tlu?y oeesur, But it is this frequency of occurrence that is involve 
in all qucHtiouH of intensity. I'lie olassioal theory of radiation, 
howuvor, UHOH moolianics to derive from a given orbital curve the 
c.iunplox of vibrations contained in it together with their amplitudes. 
Tn (nniifVivst with this the CovrespondGuco Principle asserts that'. 


* Uf. tbii vlisflftvtatiou l)y H. A. Kriimovs, InlemiHea of Spectral f>ines, Copen- 
liagon Aondomy, 1010. 
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the. unknown statistics of individual guantmn processes is uvlintU^^ 
by the classical calculation ; by calculating the amplitudes of thr 
spectrtm we obtain the correct numbers for the frequency of 
of the corresponding quantum processes. 

I'his prooeduro is not, liowovor, unique, and this in itself elmr «» < * ^ 
it as an approximative process. In calculating the elussiintl 
tudes, are wo to use as our basis the initial orbit or tl\(^ llinil 
an intermediate orbit defined by taking an average of Ihrw' < 

The Correspondonoo Principle offers no answer. It is ruMV S** ^ 

that Avith the asymptotic condition An «< » the amplitudcH ^ 

obtained from the initial or the final orbit or from an 
orbit must come out appreciably the same. But avIuuj .\« 
have values that are not very different from each other a r*-'* ®^* 
arbitrariness remains. Wave-mechaniicB disposes of this a rbl»r#*'rii»^ 
by taking into account both the initial and the final orbit in 
mining the intensity ; and it uses them symmetrically. 

Another difficulty is connected Avith the particular 
of the hydrogen spectrum. The Kepler problem Avithoul. 
is a degenerate problem. It is quantised by the principal 
number n, Avhich determines the energy of the orbit (its iin»j»«r '*'* *" ^| 
but leaves the form of the orbit (eccentricity) undot(M'iniii«"»l 
us consider, for example, the final orbit of the Balmor Horiof*. m 
I f Ave disregard the fine-structure aa'O cannot distingulHli « Kri'H f 
the circular or the elliptic orbit of Fig. 27 occurs. Bui ^ 

amplitude ratios of the emitted spectrum Avould remain ■ 

Actually, the oirmdar orbit is given by 

X — a cos ^TtPly y = a sin ^ttvI . 


Avhero v ~ 1/r stands for the classical frequency of rovolutloi* 

classical vibration hero consists of only the fiindamontal 

V ; the amplitudes of all the overtone vibrations 2a, fir, . . . »rr< ■■ 

The. polarisation is circular for an observer in the ^-direct i«»n 

position is different Avith the olliptio orbits. If avo imagine 11 j« 

axis to bo the co-ordinate axes and likoAvise to bo funotijuiw lilt# 

time, then they assume the form of infinite Fourier series : 


a; = a cos H- a' cos 4^.rcvt + a" cos (Wr/. -1- . . . 1 
2/ = 6 sin ^TTvt -1- b' sin ^ttvI ~\- 6" sin Qirvt -|- . . . 1 


The particular form of this expansion * results on the one Imnci f 
the periodicity of the orbit and on the other from the fact tlml 

* Tho coolBoienta of tbie expansion arc Bossel fiuictions with 

the eeoonfcriolty ns argumonb. Tho absonco of ovorbono vibrabioUR In 
is duo analybioally to the oiromnstanco that Boasol functions of vnnkhluMBjF’ 
argument and non-vanishing index vanish. Tho name BobhoI iudlr«i|«> 8 » 11 %^^ 9 
the theory of those functions was elaborated precisely in connoeUnw 
Kepler problem. 
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and odd niimbova are involved in the deijendence of the time on the 
;r- and the jr/-oo-ordinate respectively. That we must add the higher 
terms in both the equations (7) is seen direotly from the faot that the 
motion in the ollipso is not uniform. All the overtone vibrations are 
now present. Their amplitudes relative to the fundamental vibration 
are given by 

Va^ ^ + 6'2 : oVcTH^ : . . . . 

The factors 4, 9, . . . associated with the overtone vibrations result 
from the fact that the omission is not given by the co-oixlinatea them- 
selves but by their second dilTorontial quotients, the accelerations. 
Honco in clliptio motion we have a different distribution of intensity 
in the spectrum, as calculated on classical theory, than in the circular 
motion. In the present case wo may, however, say that the observed 
intensity Avhioh is due to the emission of radiation from very many 
atoms, arises from both kinds of transition (into a circular or an elliptic 
orbit) and is obtained by superposing the partial intensities due to 
those transitions. ^.Pho statistical weights (probability factors) that 
must bo associated with these transitions can bo determined only 
again when wo deal with wave-mechanics. 

The ambiguities in the manipulation of the Correspondence 
Principle vanish in the particular ease whore the Pouricr coefficients 
have the value zero for the initial and the final orbit. In that case 
wo can without fear of error assign the value zero to the omission. 
The Correspondence Prinoiple then becomes specialised into a rigorous 
Selection Prinoiple t it forbids the occurrence of those spectral linos 
which have no corresponding partial vibrations in the Fourier scries 
in question. 

A very simple illustration of this is again given by the hydrogen 
spootruin. Can a transition be effected from one oiroular orbit to 
another 1 In the case of tlio oiroular orbit all the overtone vibi’ations 
in eqn. (6) are absent. Since these vibrations correspond to the 
quantum transitions An > 1 wo must infer that siicli transitions can 
novel' lead from one circle to another. If wo assume the final orbit of 
the Bahnor series to be a circle the initial orbit of H/j(4 — > 2), of 
Hj,(6 -> 2), and so forth, must necessarily bo oUiptioal ; it is only in the 
case H«(3 2, An == 1) that wo oan pass from circle to oirolo. From 

this wo SCO that the different ways of generating linos, wliioh wo 
enumerated for tlio Balmor series on page 114, become restricted by the 
selection principle and that Fig. 22 on page 90 wbiob used only cirolcs 
is too diagrammatio. 

'fo formulate tlio selection principle still more rigorously wo sliall 
USD US our basis tlic iKm-degenorate hydrogen atoms (Chap. V) or a 
diagrammatic atom not bydrogen-liko (Chap. VII). In both eases the 
azimuth ({> of the revolving electron or of the oxtornal " series olootron,” 
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plays the part of a cyclic variable, as it does not ocoiir in tlio energy- 
expression and hence has a con.stant moment of momentum m 
The obvious difference as compared with the degonerato Kopler ollipso 
is that (f) docs not change purely periodically Init exhibits a “ Hcoular ” 
motion, rotating its perilielion. To visualise this let iis fix oiir attention 
on the first figure of Oliapter V. Wo wito 


^ = (i}t -{“ t) 

and take <u to stand for the angular velocity of the secular motion. 
The remainder 0 which is left when o)i has boon dediustcd from </> in 
purely periodic and depends, as in the case of the degonerato pi’ol)lem, 
only on the principal quantum number n. No secular torjn ocouvh in 
the case of the r-co-ordinate. Hence wo write 


and form * 


r — i) 

X -f- iy — rc^'^ = 1) 


(H) 


TJio function F, which is composed of R and Cf>, has the Hamo i)i’o- 
perties and periodicity as 0 and likewise dojionds only on n, 1 .*' may 
be expanded in a Fourier series in multiples of such as wo ha^M 1 
already witten down explicitly in eqn. (7). If wc mako at — Svrt',,, 
so that Vq denotes the frequency of revolution of tho seonlar motion, 
Avo obtain from ( 8 ) 

+ » 

X -I- iy = {s) Gj . . . ( 0 ) 

« 00 


where we have used negative values for tho summation lotter a ft>i‘ 
the sake of simplicity. A striking feature hero is tho difforonoo in 
the two exponents of e : in the case of j/q the integral factor is absonfc, 
Avhich is denoted by s in the case of r. l-'liat is, tho iiitogor assigned 
to — say So — ^lias the value 1 , or, since wo may rovorso tho sign of 
i in (9) the values d: !• Noav, s denotes tho order of tho ovorfc<)iu» 
vibrations and, by the CorresiAondence Principle, tho magnitude of 
the quantum transitions An — s. If all tho s*8 occur all tho Aw’s u-ro 
alloAved by the Correspondence I’rinciplo. On tho othoi' hand, tho 
azimuthal quantum number belongs to tho azimuth (f> and tho 
integer corresponds to tiro quantum transition An,/,, From Sq I 
Ave deduce by the Correspondence Principle that 

= ( 10 ) 

In place of Ave shall use the AA'avo-raechanioal symbol I = I 

(of. p. 115 ; the relativistic difference between I and % — L 


* Cf. Note 7, in pavtioulav (e). 
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"wliiiah «xpi'(3snod itself in ITig. 76, p. 270, may here be left out of 
jwsaounli). Instead of (10) we may also write 

M = ±1 . . . . (J0«) 


Thr. azimuthal (juantum number I can change only by unity. Besides 
1 A/ I ’-C 1 also A? ~ 0 is forbidden ; the intensity of the corresponding 
(IHanlmib trmmlions is zero. 

Ilithoi’to we have assumed the orbit to be planer which is ceitainly 
true ill the ease of the Kepler ellipse and the rather simple atoms that 
ni*(' not liydvogon-like ; so long as wo schematically regard the forces 
I'Xiu'tcd by the atomic core on the series electron as 'central forces and 
cUHrcg;iU'(l electron spin. But if the atom is situated in an external 
iicdcl of force the orbit will ho spatial, so that a ^-component will have 
to 1)0 added to tho .r- y-motion. Lot the external field bo parallel to 
111 id Hyinmetrieal about tho 2 - axis. In contrast with the azimuth 
<(, ineaHured in the orbital plane, tho equatorial azimuth ^ measured 
in the ii:y-plano (equatorial plane) has now a cyclic character. Its 
MtHUilar motion docs not iivQuonce tho ^-component. Ihis may bo 
imt in tho form 

+ 00 

» ^ (s) Ds 62’'''’*'^ . . . • (11) 


whoriHiH we have retained the assumption (0) for tho x- y- co-ordinates. 

(h'or Cui’tlier details see Note 7 (/)) , , . i. ^ 

I’Ju) absence of the exponent in in (11) may be interpreted as 
iiieaning that here == 0. We denote the equatorial quantum number 
corren ponding to tho cyclic co-ordinate ^ by m and, applying the 
(JorrcHnondcnce Principle, assume that the quantum hwmhoii 

Awi — 0 . . • ‘ • (1^) 

in alia wed, whereas equation (9) states that tho qumitum transitions 

Am = -fcl . ■ • • W 


pinff (iImo occur wilhfinits intensity. 

Mnm Hupevnosition of an external force thus transposes the selection 

ndnolple fron the azimuthal quantum number I in a somewhat changed 
Pinmpie ii ni number m. This renders the 


I'/iimillinl (iiuvntum freely variable : in proportion as the plane orbit 
t''':So;;u:rhX . (twi.tod) oAit by cxtomal fields tho 

oritriiuiUv forbidden transitions for winch 

0 and | A/ ] > 1 


(18) 


ncmii' wllh <„,„hargB tubes of lifgh 

entirely witli the oonohmions.here drawn. 
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But the expressions (9) and (11) for the orbits not only contain 
statements about intensity but also about the polarisatioir of tho 
light, which is emitted, according to the classical theory, when tiio 
series electron traverses the orbit in question. According to tli<5 
Correspondence Principle the statements about x)olarisation also 
apply to tlie quantum emission. 

It is true that the polarisation lias boon observed only in tho cuho 
where an external field is present. In the force-free ease the orhitu 
are arbitrarily distributed in space and lienee tho polarisatiouH 
corresponding to them escape observation. But in tho iirosenee of 
an external field tho polarisation jihonomenon can he measured most 
easily. 

Prom eqn. (0) wc read that for a field of force directed along 
the ^-axis : corresponding to the quantum transition, Ajw- == :;b 1, we, 
have circular polarisation in the plane peipendicular to the Imes of 
force ; corres 2 )onding to the quantum transition, lS.m — 0, ive have linear 
polarisation parallel to the lines of force. 

We shall have more to say about the polarisation conditions wlien 
we deal with tho Stark and tho Zeeman offoots in the present eliajiter. 
Compare also the ideas duo to Bubinowioz given in Note 8, which link 
together quantum theory and electrodynamics and signify tlie first 
step towards quantum- electrodynamics, Avhioh is still wrapt in obscurity 
at tho present time. 


§ S. The Orbits of the Hydrogen Electron in the Stark Effect 

The influence of tho electric field on the omission of the Biilnnu’ 
lines was discovered by J. Stark * in 1913, and was examined by him 
in the succeeding years experimentally in an exemplary fashion uh 
far os all tho details of the fine-struotiiro f and polarisation, not only 
for hydrogen, but for a scries of other olomenis. Ho, Li, etc. It was 
a happy coincidence that in tho same year, 1913, Bohr’s spoctral th(?ory 
was proposed and was elaborated far enough to bo able to grapjde 
with the problem of the electrical resolution of hydrogen lines, fi’lie 
solution of the problem was obtained simultaneously and along 
essentially similar lines by K. Sohwarzsoliild | and P. ICpstoin |1 in 10 1(1. 
Whereas the classical theory failed completely, tho quantum theory 
yielded all tho many details of Stark’s observations of the fine-stnustiii'o 
in such complete coincidence with experiment that it was no longer 
possible to doubt the correctness and unambigiiity of the solution 
found. 


* Borllnof Sitviungsbor., Nov., 1013 j Ann. d. Pliye., 48, ()(lf5 aiul 1)88 f 

l^VidHrtlUoudyiic. LnijixjK 

I Gottingor Naehr., Nov., 1014. 

1 ? ^'^uoilenlhcorin, IJorlinor SiteungHljor., April, lOHL 

pub ishecl on llfch May, tho day of Sclevarasobild’e doatJi. . ’ 

IjP. S. Epstein, Zur Thoorio dos StarUolToktoB, Ann. d. Phys., 80,' 408 (1010). 
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Wo shtiU just shortly romark on the oxporiinontal diffionlties of 
the probloni. The object was to Hvibjoot liydrogcn atoms during their 
oiiiiHsion to a ])OW(U‘l'iil ukjctric Hold of, say, 100 ,000 volts i)or om. 
Tins was not possible witli tho ordinary arrangcuioiit of the Goissler 
tube, in which tlio hydrogen lines are usually produced. Gcisslor 
tubes are coinparativoly good conduotors ; an el ee trie field in it ftirn])ly 
collapses. Stark, therefore, vised in place of the Goisslor tiihc the 
lumincseenee of a canal-ray tube in a layer directly behind tlve per- 
forated cathode. By vising an oppositely charged oloGt^odv^ placed 
parallel and elosiv to the cathode, he was able to generate a vmiforin 
and measurable electric field in a space of a few millimetres. Tho 
shortness of tho space between the oloctrodes of this additional field 
not only favours the production of the resulting great potential drop 
but also prevents (in accordance with the peculiar laws of the pro- 
duction of tho dark space in discharge tubes) the ooovirronoe of a spon- 
taneous disoliarge between tlie eleotrodes. Tho potential difference 
is great enough to influence ofiootively tho canal-ray ions that fly 
through tho perforated cathode in the usual way and to distort per- 
ceptibly tlio electron io orbits which are being traversed in tbom. 

In contradistinction to Stark, Lo Surdo * vises ns a means of iu- 
fiuonoing the phonoinonon of lumineaconoo no additional field but the 
field of tho discharge tube itself, and, indeed, tho jiart within tho dark 
sivaco of tho cathode. Thus his motliod sacrifices quantitative 
definiteness and homogeneity of field but offers special advantages 
for tho purpose of qualitative observations. Tor this reason many 
experimenters, particularly in Japan, use Lo Siirdo’s method, Tlie 
Huocessful and accurate investigations of Binusch von 'illraubonborg f 
on hydrogen lines, however, wore done witli Stark’s original arrange- 
ineht. 

fi'he general experimental results of Stark and Lo Snrdo, respec- 
tively, wore ; 

1. Every Balmer lino becomes itpUt iip into a number of componen ts. 

2. T'he number of components increases with tho vScHci? number of 
tlio lino. 

3. Tho comjionents are linearly polarised xohen vuwed iransversally 
(trails verso off go t), being polarised x>artly parallel to the field (tt-ooui- 
Xioiients) and partly porpondicularly to it (cr-componoiits). 

We must tlieii first define clearly what those tovms usually signify. 
Ill the case of tho 7r-compononts Ihe direction of the electric vibratioii 
ill the light ray at tho point of observation is parallel to the lines of force 
of the external field ; in that of the or-components, the direction of the 
electric vibration is perpendieidar to those lines of force, Thus it is 
not the position of tho optical piano of polarisation, as shown by a 

* Of, his gonoral roivort in Phys, Zoits,, 80, 7C0 (1020). For atoms ofchiu' tlinu 
hydrogen soo the roport by R. Ladonbuvg, ibul.t p, 800, 

t Aocftd, doi Lined, 23, 88, 117, Mil, 2fi2, 820 (19M). 
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Nicol’s prism, tliat- ia to serve to diafcinguisli “ tt ” and “ cr.” Since, 
as we know, the piano of jiolarisfition in the light ray Is |)('r|)(.!ndi(iulur 
to tlic diiHiction of olecti'icjal vihratiuji (or, wliat is blu‘- .sanus it passes 
through the plane of inagnotic viljration), wo should have to transposo 
tho tei’ins tt and <r if we judged thorn according to the plane of polarisa- 
tion. The T 1 .SO of tho words “ parallel ” and “ per pond ieular,” as hort* 
applied, arose historically out of the ideas of tho classical wav(5-theniy. 
If we imagine a vibrating electron to be added to the place at wkieli 
the emitting atom is situated, then tluj wave emitted by this eloetrou 
would have, according to the classical view, a diwjotion of olecirie 
vibration that woiikl Iiave the same direction as the (i()m|)oiient of 
acceleration of the electron {v„ in Fig. 7, p. 24) that is oITeotIvo in the 
direction of omission in question. Tho tt- and the O'Conqaments 
thus arise, in classical language, from vibrations of an exciting electron, 
wliich take place parallel or perpendicularly^ to the lines of force of 
the external field. 

4. When viewed lougilndinally (longitudinal olTeet) tho ir-oom- 
pouonts are invisible and tlie a-conipononts are unpolarised. 

fi. The intcii.se ir-components in general lie on the oulsule, ami tlui 
intense (j-componcnts on the inside. 

G. Ill tlio case of hydrogen tho resolution and the polarisation are 
distributed symmetrically on both .sides of tho original lino, hut in the 
case of other atoms, the distribution is largely unsymmelrkal. 

7. Tho distances of tho components from tho centre are, in tlie 
case of hydrogen, whole mulUples of a certain smallest distance between 
the lines, and actually, mensured in the scale of vibration numbers, 
there is the same line-interval for the various liydrogen linos. 

8. The resolution (in partionlnr, this smallest lino-interval) inerenscs 
proporlionally toith the field. In the ease of more intense fields there 
is observed in addition to tho linear Stark olToct one of the second 
order, and if tho intensity is still further ineroased a »Stark olTect of 
tho tliird order manifosta itself. 

Wo have already formed in Ciiaptor II, page 114, a general theoret- 
ical idea of the cause of tho Stark oflect. Wo spoke there of the various 
possible ways in which one and tho same Balmor line may he jirodnccfl 
by circular or elliptic orbits with the same quantum sum. Tlujse 
various modes of origin certainly coincide in one line if no extoriiid 
field of force is present (and if wo leave out of eonsidoi’ation tlie relativ- 
istic fino-structuro). But they become separated if a powerful electric 
field is inqioscd. 

Thus ihe Stark effext denotes the artificial aepanUio7i of the various 
2 )os»ible modes of 2 froduclion, ivhich originally coincided in a Jialnier 
IhiCt of the initial and the. final orbit, this separation bemg effectexl by 
the a27pUcation of aji external electric field. And, owing to tho spatial 
position of the orbits, tho composition of tho same quaiituni sum out 
of three quantum numbers is involved. This is easily understood from 
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hud. jiluit trlu'. (dToet of tho eleotric hold on the oi'bits of the hydrogen 
oltHil-ron will ho foiiiul to depend not only on the shape and sixe (t\v'o 
quaiitiiin [iiimlan's) hut also oil the 8 ))al:ial iKwitioii of the orbit with 
r(!a|ieet to the ekuhrio lines of foreo (third qiuintiun number). The.<je 
orbits are in the electric hold, no longer, of course, circular and elliptic 
or))it,s; or, expressed more generally, the states disturbed by the 
eleiitrhMield dilfer from tho undisturbed states of the hydrogen atom. 
Our objeet^is to select from all tho mechanically possible orbits those 
that are di.stingui.slied by having (piantum values ; this is accom- 
fdi.shed by (jhoosing tliveo approiiriate quantum numbers and expressing 
the orbital energy as a function of tliem. Coimsponding to each such 
ipiantiim triplet in the initial and tho final orbit we have in genei'al 
a dilTeront componont in the Stark flue -structures. This explains 
immediately the increasing number of com- 
ponents in tiie sequence of lines H«, H^, ; 

H,, . . . : as the quantum sum of the initial 
orbit gradually inoroases the number of 
ipiantum triplets into whioh tliis sum may 
1)0 resolved also increases and with it, the 
number of components of tho corresponding 
I'CHolutiou due to tlio Stark effeot, ns shown 
j)hotographically, also increases. 

We now consider tho meohaiiical prob- 
lem : how does an electron move when 
nndo].’ the influence of a fixed nuclear 
olmrge Ze (in the case of the liydrogen atom 
this Z I) and under the simultaneous 
action of an external liomogoneous oleotrio 
field of force of the intensity F ? This 
problem is contained in tho more general 
one : how does a point-mass move when 
under the innuenee of two arbitrary and 
arhitriu’ily placed fixed (Nowton-Coulomb) centres of attraction ? 
T’he ajrpi'opriate co-ordinates for the treatment of this general problem 
are (according to Jacobi) tho parameters of tho families of confocal 
nlli])scs and liyperbolse that aro described about the two centres as 
foci, together with tho angle reckoned from the line oonneoting the 
eentros. If one of the oontres is talcen off to infinity whilst its attractive 
])ower coiT(!spoudingly inoroases, the general problem reduces to our 
special one ; at tho same time tho systems of confooal ellipses and 
hyperboUe resolve into two families of confooal parabolas of whioh 
the second fixed centre, the nucleus, is tho foous, and the field direction 
tlu’ough it is tlio common axis. Wo call the parameters of these two 
parabolic systems i and tj. They, together with the angle ift counted 
(ram tlio direction of tho axis, are tho co-ordinates whioh we shall 
have to use in our special jn’oblem. 



Pig, 


81. — llei)lacomonb of 
tho piano earfcosian eo- 
ordinatos y by tho 
parabolic! co-ordinates 
T}. Tho now co-orclin- 
ato line.s aro given by 
oquations (1) when | »= 
constant and tf = con- 
stant. 
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lu 'Fig. 81, 0 I’cpi'cacnts tlio micleiis, a; the diroetioii of tlio liiu'H tjf 
force. I’ho parabolas f = const,, -f) » const,, respectively have the 
equation.^ 

f + 2.r = f, = , . . . (1) 

For each point P (,r, y) of the plane we calcvilate by means <tf these 
equations the parameters y of the two paralK)laH which inlau’sect 
at P. These two parainetora may servo in })lace of ;c, y to (lellm? V,h(' 
point P, and hence also to determine the position of the oleotron within 
the plane of the diagram (“ meridian plane ”) TJu^ ])ai’aholuH ^ 
const, have as their a:<is tlie negative dircotion of a', the ])arabt)lus 
y ^ coi\ 8 t. the positive direction of a*. 

The simplest way of introducing parabolic co-ordinates is ti.s follows. 
In the meridian plane wo define an X d- iY related to tin? <!oniji)h)x 
variable a; -p iy by 

a- T iy ^ .i (X - 1 - iY)'^ . . , . ( 2 ) 

By equating tl\e real and the imaginary parts we g(st 

,T - i(X 2 - Y«), y^ XY . . . (:{) 

If we eliminate Y and X, respectively from these two equations we liave 

^ + 2.^• ^ and — 2a: ~ Y^ . . (.| ) 

The equations become identical with (1) if we wi'ito 

^ = X 2 , . . . . (f)) 

From (2) we form the line-element in the plane, that is, the distamie 
between two neighbouring points PP' ;^this is again done most Miini)ly 
by using imaginaries. By diHerontiating (3) we obtain 

dx d- idy = {X d' iY)(dX d- 
and by taking tlie ahsohite value 


= dx-- d- dy^ ^ (X2 d- Y2)(dX“ d- dY2) 


From (6), however, it follows that 


dX2 




and lienee 


*2 = + ,,)(• 




(h}^ 


dv^ 
i 


0 J 


(V) 


I .however wo take the absolute value in oqn. (2) wo obtuin the 
distance r of any point p of the plane from the origin 0 : 

In Fig. 81 the lengtlia OP r and PP' == ds are shown. 
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\yo now su|)|)osc! the plane of the figure to be rotated about the 
a:*axis and we call the iinglo of rotation »//. Tlie y- co-ordinate hitlierto 
used then denotes tlio distance p from the axis of rotation. The 
I'tKttangiilar space -co-ordinates, xyz^ whioli are now to bo introduced 
lire luxprosHcd as follows in terms of the plane oo-ordinates liitlierto 
iiseil, whieii wo shall now call a*' and 1/', and the angle ip ; 

:i: ~ x', y = y’ cos p, z ~ y' sin p. 

'Py. Um'elmimt in space then beoomos 

r= dx^ -P dif -I- = dx'^ H- dy'^ + y'W • (9) 

It we take tlio vahio of -|- dy'^ from ( 7 ) and express y' by ( 3 ) 
and (H), in terms of ^ and ( 9 ) booomes 

- j{f + >l)(^ + !^“) + W . . . (10) 

ii’i'orn (10) wo obtain for the ex2mssion of the kinetic energy in ))ara~ 
hidic ro-ordhrntes {p — mass of the electron) : 

“ & = 5{j(f + ^)(l + f ) + • (•!> 

Udui 2>olf‘.nlial energy is 

11 I Tl 

^)iol ' ^ "b 


where Ze “ - nuclear oliarge, F s= field-strength, — eF = force of the 
field on the electron ; r and a* are given in parabolic co-ordinates by 
(8), (H) and ( 0 ). Hence 




i -I' y 
2(^ -I- yY 



y) 


4Ze8 d- cF(f ~ 7j«)} 


. ( 12 ) 


Harabolicj co-ordinates ofTer a considerable advantage over rectilinear 
oo-ordinatcs in enabling the" potential energy to be expressed in this 
, inamier without root signs in terms of f and tj. 

From ( 11 ) wo obtain for the momenta p^ by differentiating 

witli respect to the parabolic velocity co-ordinates y, p in the manner 
of (H)n, (r>) on page 78 : 

+ 7 ?)^, Pn-^ J~ii-hy)\ . ( 13 ) 

Hence, expressed as a funotion of the momenta, ( 11 ) may be written 
as follows ! 


1 


1 , 1 


.2 
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The aura of (12) and (M) is the cxprcaaion for tho total energy in 
parabolio position and monieutum co-ordinates or, by j)age 101, liic 
IlamiUo)iian Jiinclion H. It is invariable during tlie motion and is 
equal to the energy -constant W. Hence wo have 

2,,(f H- v)W = + ‘I w; H- ( j -1- V) ( IB) 


In accordance with tho rule in Chapder II, page 101, wo hove sot 






and obtain tho pmidial dillerential equation for the action function 8 
in the following form : 

= 2;w(^ -|- r})W + 4/LiZe^ — — tj^) (10) 

I 

and 0 ia a oyclic co-ordinate. Hence 


= const (17) 

and eqn. (16) becomes 

4^(11)“ H- = 2^(f -I- ,,)W + 4,.Ze« 

- (i-|-i);,s (iH) 

We 'write tlie terms depending on on tho left-hand side, those de- 
pendent on 1 ) on tho right-hand side, and in this way wo have hucohs- 
I'ully sep)arated tho variables. Tho soj>arated parts must be equal to 
the same constant, whieli we niay conveuiej'itly denote l)y — 2/i^ : 

4f(||)‘ - 2,4W - 2,,Ze“ -I- ^^¥e -I- |j,J 

= - + Sh’jW + -I- - ijiJ = - W. 

Henco wc obtain 


^ = Pt^VA(S). ^=j,, = VA(,) . . (19) 

■where and /a have tlie following significance : 

/,© =■ g(VIW + 2f.(Ze“ -/})- - ipjO 

/a(l) = .^(2 otW + -\- p) + - ^4} J 


( 20 ) 
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Ifroiii (Jiin (\\[)r('Hsion avo nmy without further calculation dimv 
ti geniu’ul ill lore not! uliout tiio form of the orbital curves. Wc see 
iToni (li)) and (20) that during the motion $ remains restricted to values 
for wliicli > 0 , sinoo i.c. must be real. The extreme values 

that ^ can as.4umc arc thus the roots of fi{i) = 0 . We denote them 
by ^max‘ -Tn tho casc E = 0 Avhore fi — 0 becomes a 

(|ua<lratic (uiuaiion in ^ there arc only tAVO po.sitive roots. In the case 
E 0 a third root comes ux) from infinity but is of no interest to us. 
Wc take and to denote those two roots that xn'oceed by 
(!onfciniioii.s development from those that occur in the case E = 0. 


What holds for ^ holds equally Avell for r). Here, too, there are tAVO 
real positive valuo.s and betAveen AA^hioh 17 is enclosed. 


By repeating the argument of 
page 1.011 Ave next shoAV that in tho 
conrso of tho motion ^ increases 
tumtiuuously from to Eor 

if ^ AA’’ere to change its direction of 
jn'ogresH A\ai slvould necessarily have 
^ I). Hut by (111) wo should then 

have 0. Noav can vanish 
only if 0, that is if ^ -- «r 
'J'bus ^ as it cornea from tmiu* 
I'overHCs for blie first time at tlie 
iwint ^ Wliercas > 0 

hitherto, tlie negative sign of tlie 
Hipiare root iioav apidics ; by (13) 
when pj <0,^ <0. The decrease 
of ^ IIOAV eontiuues until ^ — ^^iny 
where it rovorses, its values again 
increasing gradually, and so forth. 
lEe ftm Ihul (hiring the motion ^ re- 
muinfi wMrklvd to iha region between 
^min ihmigh Die 

inierwiiing vttlues in opiposite dircc- 
lions dimmidy, a’ho same applies 
to 1}, in Avhieli ease also tho roots 7 ]^^, 
i’(}voi’sing points or “ libration limits ' 


X 



li’ici. 82. — Orbital ciu'vo of the 
hydrogen oloobron in bho Sfcarh 
ofToet (wibhout relativity) show- 
ing tlio libmtional motion inside 
tho curved quadrilateral ijm/m 
Utn, Un of, <>f>o flgoyo- 
Tho flgiAVo mvisb be regavdotl 
us rotating about tho (r-axia 
(diroobion of tho fiold). 

„ancl,,„„of/,(.,) = 0fomtho 

’ (SCO p. 105 ) for the successive 


values of the -00 -ordinate. 

fifivo main features of tho form of tho orbits in the Staric eliect are 
IIOAV (ixposed. In J.dg. 82 avo exhibit the ourvod quadrangle Avhioh is 
formed by the x)arabolns $ = $ = imaay V “ Vminy V ~ Vmase' 

^Vhe orbiUtl eurve is enclosed within these limits / it (lUemutcly touches 
ft and an gdimil, find in the course of time closely covers Die whole 
of Die curved (luadrangk, Our figure oxhibits the conditions only in 
t;Uo meYidian plane, that is, in a plane 1// = const. Besides the inotmn 
in this plane a rotation of tho piano in space about tho direction ot tho 
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lines of force takc.s place in which the moment of inoinontuiii p^, is 
constant. By eqn. (13) there corrospoiula to it a qnanUty, tlioi rcjla- 
tional velocity, tjt, which is variable within certain limitH. 'f'ho plane 
orbital curve shown in the figure becomes a spatial orbital c-nTVv. which 
continually coils round the direction 0 / ike lines o//orcfi. 

Having dealt with the mechanical aspect of the jn’obUnu W'o tniii 
to the quantum aspect. We apply the quautnin conditions to our 
co-ordinates 1 /, tfi, that is, we postulate 

^ = nih, ^ p^dr) = n^h, | p^dt/t = n^h . (21 ) 

where ni, 71 ^ denote whole numbers. Wo call 71 ^ tlio equatorial 
qnanhm 7i7mber. The integration with re.spect to 0 strctohes ovor all 
positions iff of the meridian plane from 0 to 27 t. Since is couHtiiiit 
by eqn. (17), we have 

2ttp^ = 7i^h, p^ =. 71^,^ . ■ . , (22) 


Let ns call 71 ^ and 27 a 7 'aboUc quantum numbe 7 's, T'li(» integrntioii 
over i and extends over the whole range of values of thoao vai'iabh^M, 
that is from to and back again for and similarly for 7 ]. 
In the first two of the equations (21) this closed path of iiitogrutlou in 

( enoted by the sign Q- If we substitute (19) in those tw'o oquatioJiH 
we obtain 


— n^h, ^ VM'r))d'q == 7i,^Ji . , ( 23 ) 

By (20) both integrals have the same form. Wo oombino fcliem in 

2nh , . (2.() 


fv 


A + 2? + — -f- .'Dr dr 


On the right-hand side of this equation n stands for nt in tho one 

the ooeffldel ttc! S" 


A. = 2MV. B. = ^(Ze> - 0, = - (’^y, D. = - (2.1,,) 

in the other ease they denote 

A, = B, = c, = _ (k^, n, = + (2«) 

The left-hand side of (24) has been woeked out in Note 4 undot (h) 
By eqn. (8) .t beooraea to a fl,nt approximation ; ' 

-2«!A/7!__B D /3B» 
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Consequently, if wo arrange (24) in terms of B, we obtain from (24) 




(2C) 


We regard tlio term in J3 as a correction term (external liold small 
compared with the unclear liold) and hence replace B^/A in it by the 
following approximation (to the first degree) derived from (26) : 


B2 ( nU\^ !1B‘^ 


20 -f -d-A-v/c q.. 3 

' TT 


-"i I I 
\ TT / 


( 26 a) 


Henoo wo obtain from (26) 

B = Va{VO- D , p,) 

This single equation really stands for two equations. We use it in 
the one case with 


B Bj^ = — ^), J.) ™ — fifiE, w = n( 

and in the otlior with 

B == Bg = -h ^), 1) -= -= /^cF, n == 

whoroas 

A 2^W and C = 


in each case. Wo then form half the sum of the two equations 
which result in this way. This causes the separation constant ^ to 
vanish, and wo obtain 


^71) (»g - 
4A V2 “ 

Wo thou substitute 



;3(% - 7i,)U\A] y 


(the reason for the ohoioo of sign is given in Note 4) and caloulato 
A to a first degree of approximation, that is, for F = 0, 




477^(/xZe^)‘^ _ 47r2(jaZci>)ii 




7lVt‘^ 


. (29) 


whore wo have sot 71 = + ti,, -f 71 ^, Wo substitute this value in 

the oorreotion term of oqn, (28) whioh involves F and now oalonlate 
A to a seoond approximation : 





hhi'^ 




7l{7l,^ - ?^f) 


, (29a) 
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Dividing by 2/x/i wo obtain 


W 

'll 


2irYM 




n(n^ — n^) 


(.'{(I) 


The first term on the right-hand side is the uniy&Hw'boxl Bahnv-r tv.vni ; 
it emerges from onr calculation in parabolic eo-ordinatnH pi'OtdHt'ly, 
a.s it must, as in the earlier calculation with polar eo-ordi'nn.toH. '.rim 
second term gives the perlurbatioii of the first order arisiiij^ from I bn 
electric field and contains, as we shall see in the next section, fclio wliole 
manifold of phenomena, which Stark has observed in tho cuho «>i! Vim 
different Balmer lines. 

We have yet to make a few remarks about the ehara(!t(,u.’ of (loM{m- 
eiacy of the problem and its quantum mimbov,s, In the liniit If • > O, 
for which tho right-hand side of (30) reduces to its first torm^ tlio nyKtnm 
is doubly degenerate. Instead of depending on the throti nmnlmrs 

Wi), it depends only on the principal quantum numlior n, lit'i'i* 
n is defined in parabolic co-ordinates as tho quantum sum ; 


H- 11 ^, 

Instead of using we shall in future, however, ust) tho miDilKU’ 

m = 7a = 0, 1, 2, (.HI) 

0 .S the true equatorial quantum nuniber, in a manner tvnnloguuM to 
the true azimuthal quantum number lin the Kepler problem, (of. j>. 11 H). 
As ill the case of I so here this definition is wave-inoohanioiil in 
In wave-mechanics the quantities in and I ocour from the okIhoI- 
as lion-negative integors. Our principal quantum number ii w bhon, 
m the case of the Stark effect, 


n = 11^ q- m i- I , inH) 

wiiich is fully analogous- to the principal quantum nuinbor 

n ~ 71,. -j- 1 -f 1 . , . _ 

in the case of the Kepler problem. Prom in 0 it follows tluvb 

. ^ 1 

which implies that i^ = 0 is forbidden. This decree, forbiddUn£j n , = . « 
was supposed to arise on the older theory from tJio noGosaity of avtud * 

with tho nuoloiis, exactly afl'Dm 

4 , ^ of the Kepler problem (seo p. il/j). KTowmlnva 

we prefer the wave-mechanical explanation to this pseudo -m>aT)iukml 

0 r l importance in the next section 

integral ralnea inch^ing «,-c, Honoe it foliow* 
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(j uantuin uuinbor that it can assume all positive integral values except 

In contrast with the limiting oaso F = 0 we find that for a nmi- 
vaiiishing t tlio problem is simjDhj degenerate to a first approximation. 
.I.I10 eoniplote expression ( 30 ) depends on the two quantum numbers 
or eonibiiiatioti of quantum numbers : 


n and 91 , — ?j.f. 

All tlircMi quantum numbors including w, however, present themselves 
onfy when we pass on to the quadratic Stark effect, that is, when 
Wii retain the torm.s involving in the energy-expression (cf. Note 9), 
a.s it is only then tliat the degeneracy is completely eliminated. 

Ah above remarked, while the energy in passing to the limit F ^ 0 
aHHiimes tiui mine value in calculating with parabolic and polar co- 
oi’dinates, the orbital CMrves in the two cases come out differentl 3 ^ 
'l.'hey ar(i, of course, in aecordanco Avith general mechanical laws, 
(dlipsis Avith tlio nucleus as a focus also in the ease of the jiarabolic 
tio-ordinatcH. .But they are not represented by the .Fig. 27, page 117, 
Avhioli arose from quantising in polar co-ordinates. Quantising in 
pu ral)o)ie co-ordinates loads to a selection from tlio totality of mechani- 
(tnlly possible orl)itH Avliioh is flifforcnt from that given by quantising 
in polar co-onlinates. Wo shall describe the difference betAveen the 
two H(<ts of ellipses in grcMiter detail in the last section of this chapter. 

Even if this difference is intelligible from the point of vieAv of 
ihigencrate systeniH it remains Unsatisfactory from the physical point 
of vioAA'. Tt remains equally unsatisfactory from the Avave-mechanical 
point of vi(nv, AAdioro avo no longer speak of orbits but of states and alloAA' 
tlio nuHihanical orbits only to bo regarded as carriers of quantum 
iiuinbors. But avo may bridge over the contrast botAvoen the tAvo 
Hoks of orbits or states by moans of the folloAving considerations. 

1.'lie force-free Ko|)ler motion is a degenerate problem only if avg 
tr<>at it ac<!onling to classical mechanics ; from the relativistic point 
of vioAV tlie d('g(vnorttcy is eliminated, at least in the probloAU for the 
plane. 'But our treatment of the Stark effect ha.s been carried out 
here in parabolie co-ordinates on the basis of classical AAvechaiAics ; 
onr iiuantishAg of the Stark effect thus holds only so long as classical 
nn'clianioH applies. This is the oaao with strong * electric fields hut 
not when the (voids avo arbitrarily AA-oak. The simplest way of dis- 
tiiiguishing whotlior a field is strong or weak is as folloAVs j Lot 
be tlm restvlntiou produced in a Balinor line by an elcctrio field F. 


♦'rhe (*xleraal (lold must not of eonvao bo so af,rong t.liafc our perturbation 
enlenliilitin 'I'bin eultnilal.ioii nHsiunw ibat tbo oxtovnal (lold i« yoiw amall 

,„„..p,.ro,l AvitI, llio attraelion duo to Uao vmrloAAS. Jn tbo 
(M mu turn mimlH.rri n (grinit tiistanco from the mu) eiis) the into mol Rritl may 
Imumitii i»f tbo ordep «)f inagivitudo of fcho mudevAV (loUl. Our porturbabioa method 
timn hnuoinoH invaiidated and the orbit nAay become impossible m given cases ; 
o£. Fig. 84. of the next sootion. 
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On the other hand, let Aj/h 1>p the natural doublet interval of fclio 
Balmer lijiea whicli has its origin in relativistic inoohanica. H 
Art' < Av>h, the field is to be called weak ; if A^f > Arji, as is ahvays 
the case in observations of the Stark offoot, wo call tho field stron^<. 
In the latter case the quantising de.seribed in tlio present soebion in 
correct, in the former it fails. 

Tile difficult question — interesting from the point of view of inothocl 
— as to how the quantising is to be porforincd in the case of vory 
weak fields has been answered by H. A. Kramers.* But since, after 
what we have said, it is of no acoountf for intorproting the Htark 
effect in hydrogen wo shall not discuss it here. But we wisli to om- 
phasise that this form of motion investigated by Kraniors intorpewOH 
itself between the parabolic quantising for intoiiso fields and him 
relativistic quantising for vanishingly small fields. Honoo it is really 
not permissible to effect the passage to the limit F 0 from tho skin 
of the parabolic quantising as we did above. In forbidding this w'o 
at the same time diaxiose of the lack of continuity in tho orbits and 
states in passing from parabolic to polar co-ordinates, wliioli waH a. 
neoes.sar 3 ' consequence of the conditions of degonoracy. 


§ 3. The Resolution of the Balmer Lines in the Stark Effect 

If AWi and AWj denote the changes of energy produced by tJm 
electric field in the initial and the final states, the change of froquonoy 
or the resolution is calculated from the formula 


Mr « AWi AWg. 

The second term on the right-hand side of oqn. (30) in tho prooodhicf 
section therefore gives 


Ar 






(I) 


“l' ,“"7- ^ = 1; (1) must bo supplomonW l.v 

u* dovolopod in § 1, pngm 

The section and the polarisation rules arc oloarly iiidOBOndoiifc 
o e absolute normalisation of tho equatorial quantum nnmhor 
It s therefore immaterial whether we express them in terms of tho 
earhor or m « = n, _ I. We agree to prefer tho latter 

* ^0*^8. f. phya., 3. 100 (1920). 

atoms Thte Xet ? f non-hycirogtm 

very weak. Tho linear S Xct U St ^r*08on when the flolds avo 
fields in hydrogon, is a oottseaunnna nF P, m the case of stronir 

(cf. the eiul of tlio present section) In ^^y^h’ogon aiioinn 

degeneracy is cancelled by the intoriml atomiff fl«i f ^ ^'^'J'bydi’ogon atoms tlio 
effect 18 possible. ^ woinai atomic field and henco no liuenf Stark 
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In tlio first place we road off from (I) the experimental resnlts 
tabulated under 7 and 8 on page 802 1 all the lino-resolutions A v in 
the Balmer sevios arc v’hola multipks of a minimum line-interval, 




( 3 ) 


As the field -strength increases so does a, and lienee the whole resolution 
picture of each Balmer line inereascs 2n'oportio7iaUp to F. 

Equally directly avo read off from (I) the empirical result 0 on page 
302 : in every Balmer lino the resolution is symmetrical on both sides 
of the original lino. For if the transition 

, . ( 3 ) 


is possible according to the soleetion principlo, so also is tho transition 

.... (Ila) 


If tlie former leads to a component at tho distanee -1- A v from tho 
original line, then hy (1) the latter leads to a eomponont at a diatanoo 
— A V. Also tho 2 iolarmition is tlie same for both components, sinoo 
(of. pp. 2U0, 300) it do])onds only on m and sinoo m is left nnohangod 
in tho two transitions that are being compared. I'lio fact that also 
tho intensities of the two transitions are equal cannot i)o [H’ovod here, 
as wo have no final intensity rule aAmilahle, but in vioAv of experimental 
results and the more rigorous Avavo-moclianioal theory avo may hero 
assort it. 

Concerning the polarisation our polarisation rule stato.s the foIloAv- 
ing : if 

Am =--5 7^1 — mg — d: 1 • • . {^1) 


then a Avavo is emitted (see p. 300) Avhioh is oiroularly polarised about 
tho dirootion of the lines of force, Snob a Avavo ajApoars in tho 
ti.*ans verso ofteot in all oiroum stances as polarised perpendicularly to 
the lines of force (in the sense more olosoly defined on p. 301). In tiro 
longitudinal ofToot it would be observed as a oircular Avavo if only onci 
]Arocess of emission Avoro observed. In reality, hoAvovor, every ob- 
servation rejrrosonts an avei'ago of many olomontary prooosaes. Of 
their total number tho transitions Am = — 1 oeour just as often as 
tho transitions Am = -j- 1. If tho former load to right-handed oironlar 
polarisation, tho latter load just as often to left-] landed polarisation. 
The superposition of those tAvo therefore brings it about that 
f.ion is observed in tho direotion of tho linos of forces. 

If, hoAvover, 

Am. -^0 . . . . . (f)) 

the polarisation is linear in tlie direotion of the lines of force (of, p. 300) 
Consequently in tho transverse efleot linear polarisation paraUel to 
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lines of force is obaei'ved. In tlie longitudinal effect the same 00 m- 
poiiGiits of the resolution are invisible according to tlie general rules 
of kiiiGinatios which do not allow omission to occur in tlie direction 
of tlio vibration, Tliese deductions agree literally witli the expoiL 
mental results detailed under 3 and 4 on pages 301, 302. 

We next consider .successively the resolutions of Ha, H/j, By, IL 
and introduce the abbreviation 

A = ~ - ^hinr, - . . (b) 

tv 

By (2) and (3) A denotes the displacement, measured in torin.s of the 
unit a, of the component in question as compared with the original 
lino. We tabulate all the possible transitions and onnmorate thorn 
according to the magnitude of the equatorial quantum number m, 
by making m pass through all its values from the maximum in each 
ease to its smallest value, zero. 

In the ease of wo have — 3, = 2, and honco 

A = 2(7^„ — ?1.5)3 — 3(?^,, - . , . (7) 

By ecpi. (32) in the preecding section we have simultaneously that 

Wi ^ 2, Wa ^ 1. 

in that the sum of the three nonuiegativo numbers n^, 9i,, and ni be- 
comes equal to 2 or 1, respectively, .For the ‘parallel components 
Am ~ 0 wo find that 7n-^ ~ 0 drops out, since can at most equal 1. 
We thorofore begin our enumeration with = 1. Whereas the 

corresponding final orbit is fully dotermiiied, being (001), there are 
two initial orbits belonging to = 1, namely (101) and (011). I'lio 
two transitions that are accordingly possible are 

101 ->001 and 011 ->001 

and differ only, like the trail si tions (3) and (3u), in having the first two 
quantum niimbors interchanged ; they thus give lise to symmetrically 
placed components. In our table we record only the first of the two 
transitions, that leading to a positive A, and imagine the symmotrionl 
Qomponents iiroduccd by interchanging the first two quantum numbers 
to be added, Wc then considor = 0. Here there are throe transi- 
tions that load to a positive A ; they are given in the first column of 
Table 24. The last column is calculated by eqn. (7) as the difference 
of the two preceding columns. As a whole the electrically resolved 
lino H« consists, on both sides, of four Tr-components at intervals A 
to bo taken from Table 24. 

Passing on to tlie ‘perpendicular components wo begin with ■-= 2, 
~ 1, eoriuspoiuling to the first traimitioii 002 — > 001 given in T'ablo 
26. jStartiug from = 1, 0 there are two transitions that 

arc clearly shown in the table. The component A =; 0 arises in two 
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'J’AHMi! 2‘i 


Hot, jr-oojnponouts, »ii ="-• «j.j 



ii(», - 

a(« , - 

A • 

101 ->001 

- 3 

0 

3 

] !()-> 010 

0 

"h 1 

2 

200 -> 100 

- 0 

~ 2 

4 

200 -> 010 

- « 

-1- 2 

8 


'I'adiA'! 25 


Ha, a-doinponoiits, jh, = m.^ :1: I 





A 

002 -> 001 

0 ; 

0 

0 

101 -> 100 

~ ; 

— 2 

]. 

101 -> 010 

-- 3 1 

-1- 2 

5 

200 -> 00! 

- 0 

0 

3 

:i 10 -> 001 

0 

0 

0 


ways besides it there are tlireo transitions having a positive A and, 
of course, just as many having a negative A. 

I.i'or comparison we examine the result of observations by Stark. 
B’ig. 83 is a slightly modified reproduotion of Stark’s original figure 
redraivn from the scale of AA’s in the scale of Ar’a. The lengths of 
the vertical strokes denote the intonaities of the resolved oomiiononts 
as estimated by Stark. The attaohod numbers represent the roHolu- 
tion (in wave-numbers), expressed as multiples of tlie fuudainontal 
unit a, tliat is, our A. 

Wo see that as fa,r as A — Ihe Iheomlical RX2mcUiUo7i agress fully 
with Ihe observalioTis 7 nade for l*'or example the po.sitions 0 and 1 
are free of 7r-compononts and occupied by a-compononta, whereas the 
reverse is the ease at the positions 2,3, 4, both according to tlieory and 
experiment. ’’Jlheory indioate.s a few other components of greater 
resolution, 8 os tt- components, 5 find 0 as a-compononta, whioh aro not 
indicated by experiment. This is duo to tlie small intensity of' thoHo 
lines. ITor iSohrodinger * has shown by a wavo-mechanioal calculation 
that the 7r-componont in question must bo a tliousand times weaker 
and the cr- components in quo.stioii a hundred times weaker than the 
average of the oliservod eoinpoiKmls. Ihmce thoir absence in Stark’s 
photographs is quite in oi'dor. 

* Ami. d, I’hyfl., 80, 437 (1020), or )ji his Uollaotod Papors (Blaokio). 
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In the same wdy tlio resolutions of H/j, Hjj, H<} givo a convincing 
impi'ession of the accuracy of tlic theory. 

The following tabio.s do not require much olueidatioii. In tlio 

Tajilk 20. 


Hp, n-compomnls, 7H^ === tH.i 



■KH„ “ Hf)* 


A 

201 001 

- S 

0 

H 

111 001 

0 

0 

0 

300 010 

- 12 

2 

14 

300 ->100 

- 12 

- 2 

10 

310 -> 010 

- i 

-f 2 

0 

310 ~> 100 

— 4 

- 2 

2 


Ta»i,k 27 


H'p, o-componciila, i 1 





A 

102 -> 001 

' — 4 

0 

^ 4 

201 -> 010 

- 8 

-1- 2 i 

10 

201 -> 100 

- 8 

- 2 

0 

' 111 ->010 

0 

-H 2 

2 

210 ->001 1 

- 4 

0 

4 

300 ~> 001 

- 12 

0 

12 


ease of the tt- components of Hg we have to begin our enumeration with 
Wi = 1 again on account oinix ~ and mg ^ 1. There are Wo transi* 
tions from = 1 and four transitions from mi = 0 which, according 
to the selection principle, lead to tt- components on the po.sit{vo side 
(A > 0). The aymmeti’ionl components on the negative side also arise 
liore by interchanging the first two quantum numbers in the transition 
soheme of the initial and tlie final orbits and these are to be supposed 
added. There is an exactly equal number, namely six, of transitions 
that lead to positive (or negative) a-oomponents. 

The agreement with the experimental picture of the resolution 
ill Pig. 83 is again very striking, All the theoretical components 
liave been observed. Iti addition there are shown in Fig. 83 a very 
■weak A = 4 among tho 7r-coniponents and a doubtful A = 12 ; among 
tho tr-components a weak A = 0 and a doubtful A ~ 8, Tho (r-com- 
ponont A ~ 4, wdiioh is strongest according to observation arises, 
according to Table 27, in tv^o w^ays, NV'hioh partly accounts for its 
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J’.iG. 83. — Koaolution of tlio Balrnor linoa in nu olool.rio Hold aooordlng to obsorva- 

tiona by J, Stark. A aoalo of wn.vo numbora (om.”^) is iiaod, and fcho w- and 

a-eompouents ni'o shown sojiaratoly. 'J’lio length of tlio linos roprosoata tlio 
visually oatimatod intonsity. Doubtful oomiionoiits have a quostion mark 
placed against thoin, Tho luimbors give directly tho value of A (of. aqua- 
tions (0) and (2)). 
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predoiiiinat-ing intensity. For a more (Ictailoil {liH{iiiHHion of fcho iiileii- 
sity qiiesfciojis Ave must in this case, too, to SoJjrddiiiger’H impcn’. 

In tlio case of H,, there is exceptionally perfect agntement hot ween 
theory and observation. The theoretical tabulation gives tb o fol 1< i w i ! 


TAnriE 28 


TIj., TT-compon&nts, wi, = Wo 



6(% - «pi 


A 

301 -> 001 

- 16 

0 

Ifi 

211 001 

- 6 

0 

6 

400 -> 010 


-f 2 

22 

400 -> 100 

- 20 

_ 2 

18 

310 010 

~ 10 

-1- 2 

12 

310-^ 100 


- 2 

« 

220 -> 010 

0 

+ 2 

2 


Tabee 29 

Hy, a-components, = ?». ± I 



1 

2(«, ” 

202 -> 001 

- 10 

0 

112 -> 001 

0 

0 

.301 -s- 010 

- 16 

-h 2 

301 ^ 100 

- 16 

— 2 

211 010 

- 6 

-h 2 

211 -> 100 

- 6 

- 2 

400 001 

- 20 

0 

310 -s- 001 

~ 10 

0 

220 -> 001 

0- 

0 


A 


10 

0 

17 

18 
7 
!) 

20 

JO 

0 


The photograph of the observed results is, acc()rding to Fig. 8H ooin- 

pletoly identical witli those theoretical rcsnlhs. I’ho .same aiintlfs 
to 11 ' 


Tabee 30 


Hs, 

7T-componenla, 




0(« , - «^)l 

2(«„ “ «p« 

A 

401 -> 001 

311 001 

221 -> 001 

600 010 

500 -> 100 
410-5-010 

410 ^ 100 

320 ->■ 010 

320 -> 100 

- 24 

- 12 

0 

- 30 

- .30 

- 18 
- 18 

- fl 

- 0 

0 

0 

0 

+ 2 
- 2 
+ 2 
- 2 

H- 2 
- 2 

24 

12 

0 

32 

28 

20 

10 

8 

4 
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IL, Uly — J(l„ ;t; 1 



('(« j - nj)i 


A 

:9)2 ••■> 001 

■ - 18 

0 

18 

212 '•> OOl 
<101 -> 010 

~ 0 

1 - 24 

0 

f! 

20 

‘101 100 

! - 24 

- 2 

22 

:m '■> 010 

- 12 

+ 2 

14 

211 -> 100 

- 12 

1 -2 

10 

221 ->010 

0 

T 2 

2 

fioo -> 001 j 

- :io 

0 

30 

410 ->• 001 

- 18 

0 

18 

11 20 ->001 1 

- 0 1 

0 

(i 


I’lui innoi’ regularity of ttio resolution pictures is illuminated by 
tlu^ following j'cmarlts. 

Ill ilio (!aso of Hp and ouly even multiples of the iniewal A occw', 
hotli in theory and experiment {the theoretical reason is that the 
ootunioii divisor 3 of tlio principal (Quantum number 71 in the first and 
Hocond terms of the scries expression for and also oeeurs as a 
factor in tlio quantity A). 

In the case of the co7npo7ie7its are •paHialhj polarised ; in Hy 
and JL they are completely polarised, both in theory and in experiment 
again. Tin's is expressed in the theory by the fact that in the scheme 
of tlui A'values of the tt- and the a-series partly coincide, whereas 
in lly and 1-I,i tliey do not. 

IVhe sequence of coinpormiis in the series of lines H*, Up, Hy, Ha 
hecome less a.nd less dense. 'Tlio interval hetween neighbouring com- 
ponents amounts to 1 for H«, 2 for alternately 3 or 4 for Hy, 
4 fuiulainental iinitH without exception for TL. 

-Ij’nr more exact oxperiinoiital data about intensity wo refer to a 
[Miper hy Mark and Wiorl * ; tliey have hooomo of particular interest 
ainuti it has heeomo ])ossiblo to compare tliom with the results of wave- 
mcolifinieal ealoulations. 

Tl now ajipeai’H almost self-evident that besides the interval re- 
lation sliips of the eompononts also the absolute values of the intervals 
Hhould bo correctly given by the theory. The absolute magnitude 
<»E tlio resolution is given by the constant a in egn, (2) and depends on 
tlus field :i,'\ '.Phis cannot bo determined very accurately hy experiment 
(hardly to within 1 per cont,). Heiioe we may calculate the field 
iiitonfiity as Kpstoiu and, more recently, Rausoh von Traubenberg 
hu.vo done, fi'oin a measured resolution, that is, use the resolution in 
the iStark eiTeot as a means for acoiirately measuring an electric field, 

* Zoits. f. hliysn 63. 620 (1028) 5 66 , 160 (1029). 
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j)rec;iaciJy uh has occivHioiially boon dono with the resolution in the 
Zeoinaii clleet for inoasuriiig a iiitignctio iiehl. d.’ius ilclcl-Htroiigtli 
measured in tins Avay deviates only slightly from the exporimontal 
iiieasnreaiont. 

Wiioreas in Stark's case the lield-strengtli amounted to aljont 
100,000 volt/cin., Rausch von Traubonberg succeeded in producing 
fiold-strongtlm of over a million volt/om. In the latter case terms in 

and which we neglected in our formula (30) on hoconio 

ax)X?reoiahle. The ixnaclvatio Stark effect (xu'OxJortional to F^) is x)ar- 
ticularJy constructive' because in it the wavo-mechanical calculation 
gives a somewhat different result from that of the older tliooiy (of. 
Note 9), whereas in the linear Stark effect which has alone been treated 
liithorto there is full agreement between both theories. Tiie mousnro- 
moiits made by Rausch von Traubonberg and Gobauer * completely 



Up Uy Ha He Hf 

Fra. Si. I — Lo Surtlo photogiujali o£ tho Balmor lines taUon by H. Baiisoh v. 
Tratibonborg, It. Gobanor and Q. Lewin. Tlio olocfcrio Hold inoroasos from 
below npwfU'ds (from about 100,000 to Mi million volts /cm.) and at tlio 
very top sudclnnly bocomo Koro again. TJio linos Hy to Hf conso to oxist 
at cortnin. points in the ovoi'-tliminishing Hold in tiio orclor Hy to Hf. Tlio 
violet Stark components aro moro persistent than tho red, 

oonfii'in the wave -raeohnni cal formula for the quadratic Stark effect 
and hence restrict the validity of the account here given to the linear 
Starlc effect. Tho measurements just mentioned have been obtained 
essentially by the quantitative arrangement devised and used by Stark. 
In pig. 84 we exhibit a more qualitative x^hotograph obtained by 
the same author witli Lo Surdo’s arrangement, x^fl-rtly in order to give 
one illustration of results obtained by this arrangement for non- 
hydrogen atoms, for which it is particularly important and partly to 
show tho various “ existence limits ” of the Stark components, which 
occur ill tlio figure. The field increases in the figure from below up- 
wards and tlien again becomes zero at tlxe upxior edge. The horizontal 

* Zoits. f. Phys., 64 , 307 (1020) ; 60, 280 (1030). 

I Taken from tho Naturmssenaoha/ten, 18 , 320 (1030), by kind pormiBslon of 
tbo publfslior, Julius Springor, Berlin. 
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§ 4* The Nonnal Zeeman Effect 

Imglit liiioH e()iTOS])ond to Htrotehod wires tiiat served as marks in 
jneaHiiring Mio Hold, '.riio inoroas(i of resolution with tlio Jield .shows 
the ofTecis of higlior order togotlior with the linoar o (fecit. The ligiiro 
ftoquires a partioiilar signifioance, however, in that it exhibits the 
fading out of tlio dilToront lines for dihorent (icld-strongt)is. H’he 
lino ceases to exist at lower intensitie.s of iielcl than the line H,j, 
the latter sooner tlian Hj,, whereas in the case of H/j tiie existonee limit 
ha.s not been reneiied even at a million volt/om. Moreover, it Is shown 
tliroiighont that the long-Avavo coin pen ents fade out sooner tluni the 
short-wave oomponents. Both these phenomena were first explained 
hy wave-meohanioal methods by Lancsios * but may also bo understood 
directly on the basis of orbital ideas, as we shall see in the last section 
of the present chapter, 

§ 4. The Normal Zeeman Effect 

In 181)6 Zeeman discovered that the lines of the series spectra may 
ho influenoed by magnetic means. In tlie simplest ease tliero appear 
instead of one lino, when viewed 
longitudinally^ that is when the ray i.s 
in the direotion of the magnetic lines 
of force, two linos (Zeeman doublet } 
longitudinal effect), but when viewed 
transversely, that is when the ray is 
perpendicular to the magnotio linos of 
force, instead of one lino, tlu’oe linos are 
observed (Zeeman triplet j transverse 
effect). Of the latter three linos one 
occupies the position of the original un- 
resolved lino, and tlvo other two are 
displaced by equal amounts to greater 
or smaller wavo-lengtlis, and occupy the 
same position in the spectrum as the two linos of the doublet in tlie 
longitudinal effect (of. Figs. 86, a and 6), Tlio displacement amounts to 

Aa ==4-67. 10-6. H . , , (1) 

II dTrc 

whore H == the intensity of the magnotio Hold in absolute units (Gauss). 
If wo wish to measure v in boo."’ , wo have to take e on tlio right .side 
of the equation as the electroslatio charge of the olootron ; but if wo 
measure v in om,“^ as a “ wave-number,” then e is tho charge on the 
olootron measured in olootromagiiotio units, and ejfx =« 1-761 . 10’^ ia 
the specific charge on tlio olootron measured in tho same way, '.Iffio 
immerical value 4-67 . 10^6 ( 1 ) refers to tho latter inotliod of 

* Nafciu'wiss., 18, 320 (1030) ; f. I’hys., 61J, 018 (1030). 
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measuring v, and thus gives the displacement A v in the scale of wuve- 
luvmbcrs. 

In tile Hrst oliservation.s of Zeeman the lines were not cioin [detely 
separated, because the resolution was too feeble and the line.s won' too 
wide. But he succeeded in establishing beyond donbt the pix'seiu'i' 
of polarised light at tlie extreme edges of the lino conflguratiori. 'I’lii' 
type of the polarisation is indicated in our figure. The syinliolH 
TT and a (parallel and perpendicular — German santcrecht — to tlio line.s. 
of force) mean the same as on page 801. They refer not to tlio |j<>Hltiini 
of the optical plane of polarisation but to the direotion of the 
vibrations in the ray at the place of observation. In tho longitudinal 
scheme the circular arrows denote that circular polarisation wun «>h- 
served, and, as is shown, the sense in the two lines of tlio donbk't is 
opposite. In general, in the short«wave component the senao of tin' 
circular polarisation is the same as that of tho jiositivo ciirreiit in tin* 
coils of the electromagnet, which produces tho magiiotic field. 

We first wish to emphasise that our two figures a and b oxjirt'HH tin* 
same facts under different circumstances of observation. The 7 r-oi>ni- 


poneiit of the transverse effect must be inoffective in tho longitndiiuil 
effect and that is why in Pig, 86tt no line occurs at tho position of tiu' 
transverse tt- component. Actually, this 7 r-compoiiont arises Xroiu a. 
vibration phenomenon for Avhich tho direction of tho lines of fonu' 
is a line of symmetry of the intensity or (expressed in tho language' 
of the older theory), it is duo to the vibration of an oleotron^ whloli 
moves in the direction of the lines of force). But such a vibration, 
as we know and have already used in the Stark effect on ptigo H I'l, 
emits no light. On the other hand, the circular compononts tlmt) oixnir 
in the longitudinal effect are due to a vibration phonomonon, in wbioh 
the plane of vibration is perpendicular to tlio lines of forco (in words 
of the old theory), due to the vibration of an electron, which clcscirila'H 
a circ e in this plane. Such a vibration phonomonon, liowovor, Hcuida 
out in the transverse direotion linearly polarised light, whoso Glootrli) 
force vibrates m the plane of vibration porpendioular to tho magiiotia 
r likewise analogous to the oirciimstances in tlio Mtuik 
effect, ef. page 313. Hence the a-conipononts of tho tmuHvorw/i! 
scheme correspond to the circular components of tho longitudinal 
scheme. Accordingly, it is sufficient to study tlie Zeeman olTeot in 
only one direotion, for example, in the transverse direotion -vvliiob Ih 

iTabn observation : transverse obsei'vatimi 

‘ ^ heoauso it allows all compononts to manifest tliuni- 

selves and this may be of decisive importance for tho analvais of 

(!se?Swk ''' studying tho anomalous Zeeman^ offoot 

olastioaUy Z.Z:TZ 
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lire aynolii’onoiis niid in eoiwtmined eotiiK^xion with the vibrations 
of the eleetron.s. More preeisely : tlie eleetrcm is eoiiKifleriMl boniicl 
to a position of rest in tluj atom in siieli a way that when it is liisplaeofl. 
a restoring force acts on it proportional to tins (lisplaccmont from the 
position of rest, and, iiulecd, tlie force is tlio same for all direcMonit 
of the displacement. We know nowadays that this picture is too 
.simple. Nevorthcloss it has proved of great service for explaining 
the typical Zeeman efi'ect. 

For let us imagine the motion of sueli an oleetroii in a magnetic 
field. Whatever it may be in itself, wo may resohni it into a linear 
component which takes place in the direction of the magnetic lines of 
force and into two circular components that take place porpondioularly 
to the latter with revonsed senses of revolution. 'J’hc first component 
is not influoncod by tlio magnetio field, so that its frequency of vibra- 
tion is the same as when the inagnotic field i.s not present, Thai is 
why wa gel the. Ti-componeni in Ihe %}oailion of the original line (when no 
fiold is present) ivhen the observations are made transversely. The two 
circular components are for the one part aceolcratcd and for the other 
retarded by the magnetio field, according to the !Biot-8avarfc law. 
Hence we have the two circular comiwnenis in the case of longikulinal 
observation or, respectively, the two a-components in that of transverse 
observation. The value calculated for Ar in tliis way will be cnllod 
the Lorentz vibration difference and the group of lines that occur in 
tlic transverse offoot will bo called a Lorentz triplet. 

Lorentz ’s theory, however, far from juoludos the vvliolo eojn]>lex 
of facts of maguoto-optic phenomenon ; rather, it i.s limited to linos 
of the simplest .structure, so-called singlet lines. 

In till! ease of mnltiplo linos (doublets, triplets and so forth), 
the anomalons or complex Zeeman types occur in place of tlio normal 
“ ZooiuRu elTcct ” of Ifig. 86, The fact that the Zeeman olTcot is 
anomalous even in the ease of hydrogen appeared incredible only a 
few years ago. '.I’ho reason for its oocurronce is the existence of electron 
spin. Wo shall disou8.s this in the next section. 

Hero wo shall deal only with the normal Zeeman efiect. It oau 
oocur only in the case of atoms winch have an oven number of oloofcrons 
and only if the electro^i spins mutually conipensale eafih other. Lot us 
iiovortliolcss supiioso that it is permissible to use the simple model 
of an electron revolving round the nnolous as in the case of tlio hydrogen 
atom. Wo shall imagine the other olootroii or electrons to bo oombined 
with the nucleus and to oonstituto with it an " atomic core,” whoso 
action on the revolving oleotron wo treat together with the aotion of the 
imcleai* charge as approximately that duo to a oontral field [potential 
energy V = V(r)]. Suppose our revolving electron describes a oortnin 
orbit in this field ; wo do not require to know the exact form of tliis 
orbit. Following Larinoi’,* wo state that the su2^erimpoaed field H 

* Phil. M«g., 44, 303 (1807). 



324 Chapter VI. Polarisation and Intensity of fipectral Linos 

haves Ihe, form of the orbits and their inclinaiiou to the. tntujnelic, lines 
of force, as also the motion in the orbit, unaltered, ami mereltf leads In 
the, addition of a uniform prexession ” of the orbit about the direclion 
of the. lines of force, the precessional velocity being 


0 


G 


(ii) 


This law liokls provided that the velocity imparted to tim (dectron Ify 
the precessional motion alone is small compared with the veloeity 
that the electron would have in its path, witliont tlio pnitJosHicMial 
motion ; under the circumstances of our atomio model thi.s is the 
even for the strongest magnetic field that can be protluocd. '.rim 
proof of Larmor’s theorem is based on tho confle])tiou of CorioliM 
forces, which is known from tho mechanics of relative motions (for 
example, from the circumstances of the rotating earth). 

Generalising somewhat tho special conditions of tho central IujUI, 
we consider the jnotion of a point-mass p under the influence of foj^ct'H 
that are distributed symmetrically about a certain axis A, whi{!h, 
for example, arise from several centres of force on this axis. We (.)ull 
the co-ordinate system of reference there used tho stationary systoin of 
reference. We next imagine the point-mass to trav{n’.se the samc' 
orbit at the same rate but relatively to a system of refei'cnce whieh 
turns about the axis A witJi the uniform velocity 0 relative to the 
static system of reference. In this cose the motion of tho point-masK 
is no longer natural or free. Rather, to maintain this motion, forces 
in addition to those acting in the stationary system are noeoHsai’y 
which just neutralise the inertial resistances of the rotation. 'I’Jie.Mt' 
inertial resistances are, in the first place, tho ordinary eontrifugnl 
force 

^ (H) 

where p signifies the respective distance of the point-mass from l;lio 
axis A; and, secondly, tho composite centrifugal force or CorioliN 


^ = W0.| (4) 

where V is the velocity of the iMurt-mass in the orbit that is lioiiifi tur.iwl 

r,rfl Jrf- " rotation 0 drawn 

n the direction of the axis A. Eqn. (4) detorminos not only tlio niim- 

mtude but also the direction of C, tlie latter as the ooinmon nor, ml 
to tho direotioiis of v and A, On tho other hand, tho foreo wliiel, 
a magnetio held H exerts on tho olootronio charge (— c) moving * 

rotating aystem. BuTaiiwo tire two onlv'bv 

la proportional to o, tliia aignifloa ireglooting a term mm’s"™ 
may alao aay, of tho ordor ?•, whoa wo So onurtlretvo 
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wiiili i'iio velocity v is, according to the laws of electromagnetism, 

K=_5[vH] . . . . (5) 

’.riiiH f()r<ji! exactly neutral isos the Coriolis force if the direction of tlie 
iiiU'H of ffU'eo coincides with the dirootion of the axis A and if, also, the 
taniditioii for tlu< Jiiagnetic hold holds (we equate C and — K) : 

2f.o = -H, 0 = 5 -- . . . . (0) 

1 f \ve disregard tlie centrifugal force Z for the moment, then a magnetic 
lii'hl of snitahly chosen intensity is just able to bring into equilibrium 
the, inertial action of the olectron in its rotating orbit. Thus, in the 
miignotic field H, tlio rotating orbit ia a natural orbit or, in other words, 
(he ehclron (hscribes in the magneMc Jield the acme ‘path as ivhen no mag- 
nHic field in acting but does so with respect to a syaleni of reference which 
■is rotated with the velocity o deieintined by the eqii. (2) or (6). Itegarded 
from- the slandpoinl of this system of reference the orbits are traversed as 
if ■pt'e.sent. Precession of the system of reference and action 

of the nutgnetic field are inierchasigeable and eqiiivaJent to one another, 

( Joneorning the ordinary oentrifugal force Z Ave may easily convince 
ouvHolvcH, on the basis of the restriction made in Larmor’s theorem, 
that It may bn neglected in comparison Avith 0. This restriction is, 
ill ovir proHont notation, 

pQ<v (6a) 

Ah wo sc(i fi'otu the expressions (8) and (4) it is identical with 

,Z<< 0. 

VVo give anofclior proof of Larmor’s theorem in whioli Ave do not refer 
dinHstly to tlio (loriolis forces but use only the principles of meobanics 
ami (diHdrodynaiuics. The equations of motion of the electron 
I'ofoiTcd to (;]io stationary .system runs (if Ave neglect relativity), 

/.v^-->HJ-h/(r)^. .... (7) 

wimro fir) ronrnsojits the central force of the field of the nucleus or the 
atmnia coio. Wo write doAvn this equation in Cartesian co-ordmato 
ami dWida by g. Wo take the a-axis in the direction of the magnetic 
iiiUd (|Hj — )HJ - H). Using tlie abbreviations 

!&>=#■). . . • (8) 

pc p r 

;i' — CT// -\~ <l>(f)x 

'll =« ax -|- <l){r)y 
'2 == f>ir)z 



wo obtain 


(91 
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The inten.sity of the magnetic field does not oocur in the last equation ; 
the vibration parallel to H is not changed by the held. Wo need not 
conoerji oiinselves about this equation for the present. Wo oomhino 
tlio other tv^o equations by multiplying the second by i and forming 
complex expressions : 

(.-r -i- ii/Y' ~ 'ia(.r + lyY = (l>{r){x + iy) • . (10) 

Wo now introduce in place of tlio system x, y, z a now co- ordinate 
system wliich rotates uniformly about the «-axis. Lot the lunv co- 
ordinates he called S : 

X + iy ^ . . . (11) 

In accordance with (10) we must form siiccessively 

(a: -f iyY = {(^ + ii])' L Io(^ + ir])}e^^^, 

{.x- + iyY' — ((^ + iv)" + 2fo(^ + i^)' — o‘^(^ -|- ir})y^K 


Lor X — iy we have merely to write -i- i for — - i in the above equations 
and in those that follow. Substituting in (1,0) wo obtain 


( ^ -H i 53 ) ” -t- (^ + ^ ) * ( 21 0 — t(T) — (^ -I- j'tj ) (0 2 — Oo-) — (r) -h f '<? ) 

If we here set 


CT cH 

° ” 2 


( 12 ) 

( 13 ) 


the term with the first differential coefficient vanishes. We can readily 
convince ourselves that in general the term in ^ on the left-hand 
side of (12) may bo neglected in comparison with tho first term. 
Actually, by (13) 0 is not greater than 0*9 , 10^^ (soo~i) even in fiokls 
of the order of 10® gauss (Kapitza), whereas the frequencies of revolu- 
tion o) ~ 27r/T of the electron, whose square appears as a factor of the 

4.72 

first terra, are, by (4), page 85, of tlie order of . 10^® (hco“*). 

Hence in the case of quantum numbers that are not too high wo may 
certainly replace (12) by 


-f ir))" — (l>{r){^ iy) , . . (14a) 

and honco also 

v = • • • • 

Moreover, wo have by (9) and (11) 

? = #■)£ .... (14c) 

These equations, taken together, repre.seiit a system of equations of 
motion which refers to the rotating system and which is of tho same 
form as the system (9), which referred to the stationary system, if wo 
sot the field equal to zero (a — 0) in (9). Thus the action of the 
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magnetic field is equivalent to a uniform precession of tlio co-ordinato 
system with the angular velocity (13) about tho direction of the Hold. 
In this way we have proved Larmor’s theorem again, from first indn- 
ciplea. 

Hitherto wo have used only the methods of classical mechanics. 
Wo have now to deal with tho aspect of the quantum theory of the 
process, ''.rhe field-free olootronic orbit with which wo started is 
quantised. How are wo to quantise this orbit in tho field ? We saw 
that this orbit, regarded from tho point of view of tho precossing system 
of rcferonco is a field-free orbit. If we transfer tho quantising of the 
field-free orbits from the stationary sy.stom to tho processing system of 
reforcuce wo obtain ns iha quantised orbits toith the field the same orbits 
in the precessmg systems of reference as in the stationary system, when no 
field is acting and in fact with the same quantum numbers. In § 0 of 
the present chapter wo shall trace back this process of transposition, 
which is here introduced merely as an assumption which readily 
suggests itself, to the general Adiabatic Principle. 

Of tho quantum numbers of the orbit wo shall require only tlu^ 
equatorial or magnetic quantum number m whioli is allocated to tlio 
geographical longitude of tho electron and is measured in tho plane 
perpendicular to H. Wo call this lojigitudo 1 /; in tho case of the field- 
free orbit, where it is measured i)i tho stationary system, and likewise 
in tho magnetically infiuonced orbit whore it, liowover, refers to tho 
processing co-ordinate system. Wo distingui.sh from it tho geo- 
graphical longitude x which specifies the position of the olooti’on in 
tho processing orbit in the stationary system of reference. Ul'ho 
relationship between these quantities is clearly 

X “ iff -h 0, X ~ 'A + Ot ... (16) 

Wo shall call tho corresponding moments of momentum and 
For 'p^ the following quantum condition holds (for both meanings of 
i/ji, on account of the Adiabatic Principle) : 

~ = w/h 

the latter on aooount of tho constancy of which again holds for both 
meanings of 1 //. Tho fact that tlio corresponding condition for p^ 
and X does not hold will be explained in tluj last soctioii of this ehaptoi’. 
We have neither constant in general, nor is p^. tho canonically oon- 
j ligate momentum to the angle Xi which the quantum oondition would 
demand. 

Wo now form the expression for the kinetic energy of the electron, 
first when tlioro is a mngnetio field, (H), and again when there is 
none, (0). 'i’lio latter expression is 

Kw»(0) “ H- 


. (IV) 
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At the same tiuio this denotes the kinctio energy of the eleotron, when 
there is a magnetio field, related to our rotating system of roforonen. 
The Icinetic energy, when tliore is a magnetic field, related to our 
stationary system of reference, is therefore (wo merely intoreliango 
i/jr and x) 

U,,,„(H) = |(7’a -I- -I- ,■» 8111“ ■ • (l«) 

By substituting from (15) wo got 

+ r' sin^ 0^2 _j. 2^2 sius + . . .) (Ill) 

The last ineinbor (jiot w'ritten here) is quadratic in 0 and hence, owing 
to the restriction contained in Larmor’s theorem, is to bo neglcct(?d. 
If we also take into account the significance of 

am® Oi/i 
’imji 

as well ns the expression for 13^^„(0) in cqn. (17), we may write in pliU'C 
of (10) 

==" hlft,.„(0) -I- jj,,, . 0 . . . (20) 

Finally, wo introduce the expression 

= E,,„(H) -- E,,„(0) 

as the ohange in kinetic anoxgy of the electron arising through the 
magnetio field H, and express by eqn. (16), in terms of tho quantum 
number m. We thus got from (20) 

AI!H„ = go7» , . , , (21) 


On the other luind, we have, as regards tho potential energy, 

= 0 , 


(21rt) 


For the potential energy of the Coulomb attraction ~ — undergoes 

no ohange through the introduotion of the magnetic field, since tho 
distance r in the prccessionnl and the original orbit remains tho same 
within the limits of accuracy of our calculation. 

Hence from (21) and (2Ifr) wo get for the magnetic change of the 
total energy W of the eleotron 

aw^£o;. . . . (22) 


Likewise wo got for tlie difieroiice of the total energy in the initial niul 
final orbit of the electron 


hh 


V ITT A nr ^^^1 ■“ 

AWi — AW^ = — 2^ 


(26) 
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JuHt iiH tlio frequency v of the emitted spectral line is determined 
from tlin Bolir condition 

HO tlie. magnetic infhicnco Ar of the line is obtained from the con- 
dition 

/jAr=:AWi-AWa. 

Hence (ujn. (23) h fates tliat 

11 fill ffi<i 1 I 0/^ 

;,A,. = 

or if we substitute for 0 from (6), 

Ar = Aw-~ .... (24) 

[i 4:TTC 


We note ttiat tjie quaiitiim of action h has characteristically 
(jniHutllcd out in passing from (23) to (24). This is the reason why 
it was po.ssihlc to develop magneto-optics in Lorentz’s theory up to a 
certain point on the foundations that were available before the quantum 
fclieory was introduced. This was not possible in the case of electro- 
optics (tStark cfl’cot) nor in the general optics of spectral lines. 

IHnally Vfo must a[)i)ly our selection principle. This affects only 
tJio equator idl q\uintum numhor m, exactly as in the electric field, and 
rniiH 

Aw — rh 1 or 0 . . • (25) 


JJbncc from cqn. (24) wo obtain 


Ar = fi- ~ or Ar = 0 . . • (26) 

p 4770 


'J'liis falls perfectly into lino with Lorentz’s theory, eqji. (1), and has 
boon obtained by moans of the quantum theory.* 

The, folarmUon of the Zeeman components is also given correctly 
by our theory. For as .sliown at tlio end of § 1 circular polarisation 
about the lines of forces (an’rosponds to the quantum transition ± 1, 
and linear polarisation in the direction of the lines of force corresponds 

fo tbo quantum transition zero. -a v 1 

As regards tlio observation of the polarisation in tlie longitudinal 
(dldoO wo must omphasiso the folloAving difloronce between the Zeeman 
oircot and tlio 8tavk olToot. In the Stark effect the transitions which 
vvovikl lead on tho riglit and tlio left-hand side to polarised light are 
<5f[iial in onorgy ; they tlioi'oforo coincide in one line and give unpolansed 
light. In tlio Zoom ail offeot they are different in thoir energy amounts 


iMiiinr hv Dfihvo ibi<L, n. fi07, oi* UOktmgoi’, Nadir,, Juno, 1010, Since tne seise 
lion vulo was not Iniowil al; tlmf time superfluous compononta oociu- in liotli papers 
containing multiiilos of tho Lorentz Ar. 
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and hence give dilTerent line-oojnponenfcs whicli are cironlarly j)oIarised 
in opposite directions. 

§ S. Anomalous Zeeman Effect 

On page 323 of the preceding section we have already mentioned 
that the normal Zeeman effect occurs ojily in the case of a few lines 
and that it represents the exception ratlier than tlio rule in atomic 
spectra. In general it is replaced by more complicated types of re- 
solution i even tho hydrogen atom exhibits theoretical and oxpori- 
jnontnl deviations from the scheme of the preceding section. 

Aotnally, we have liitherto neglected the “ spin ” of the electron. 
The di 80 U 8 .sion in the preceding section applies only to terms and lines 
in which the influence of the electron spin becomes zero (of. p. 323). 

We shall now proceed to derive tho Zeeman effect of an atom with 
only one outer electron, taking into account the electron spin. Our 
clisoussioii thus ajjplics to atoms of the alkali type ; we deal with tlio 
special case of hydrogen at the end of this section. When tlioro is 
no electronic moment of momentum tlie moment of momentum duo 
to tlie orbital ^notion of the eleoti'oii is constant in magnitudo and 
direction (of. § 7, Chap. II, eqn, (6), m = p = const.). According to 
wave-mechanics we must allocate to this orbital motion tlie quantum 
iiiimbor I = ~ \ (of. p. 116). We allocate the quantum number a 

to the moment of momentum of the spin-motion. Tho orbital and 
the spin moment of momentum now combine to form tlie resultant 
total moment of momentum. It is constant in magnitudo and 
direction. Corresponding to it wc have the quantum number j : 

Z -f s = j . . . . • (1) 

Wo get information about the values of s from the considerations of 
Chaptei" II, § 8 ; tho Gerlaoli -Stern experiment witli hydrogen suggested 
that in tlie ground-state v'e mu.st have j == I*. But since the value 
Z — 1 = 0 (since n,^, == 1) corresponds to this ground-state, 
it necessarily follows from j = ^ that 5 = This result, which forms 
a part of the hyxjotliosis of Goiidsmit and Uhlonheok,* has already 
been montioned by us earlier ; it was formulated thus : iha qiiantum 
nwnber s which corres 2 )onds to the moment of momenlum (spin) of the 
electron with resided to its own axis [U/igendrehimp^ds) always has the 
value 8 == 

Tho values of tho quantum number j of the total moment of mo- 
mentum wliicli follow from the liyiiothesis of tlie spinning electron 
have already been given on page 244. They axijily to all systoms 
Avith one outer electron, for the inner closed shells, for oxamxdc, of 

* S. Goudsmit nnd G, ]3. Ulilenbeok, Natumiss., 13, 953 (1925); NatUi’O, 
107, 264 (1926). 
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tlio alkiilins, liavo no moment of momentum according to Pauli’s 
Prinei])lo (of. Ohap. AH 1,1, § 8) and cannot therefore contribute to the 
values of the quantum number j. 

Associated ^vith the rotation having the moment of momentum 
H is a jnagiuitio moment, j\ust as it is associated with the orbital motion 
of the oleetron (ef, p. 127). We must regard the electron as a small 
mmjml, '.rho magnetic lield ])roducecl 
hy motion in the orbit and having the 
(lir(!etion of I atJts on this magnet and 
attonvpts to jnill it into its own direc- 
tion. '.riie iHisnlt is a processional motion 
of the magnetio axis of the electron 
about the axis of the (internal) magnetic 
Hold — exactly as in the preceding section 
whore we dealt with the adjustment of 
the atomic magnet into the external 
nmguetie field, The relative motion of 
f. and s tt) each other is, however, bound 
hy another condition, namely, that I and 
,s together must form the resultant j, 
which is for its part fixed in space and of 
iiivariahle value, It follows that I and s 
rotate together as a rigid system about.? 
and therefore perform a x>i’Gcessional 
motion of the kind depicted in Pig. 86. 

Wo shall call it hrlolly inner precession 
{innen’-2ir(keMmi). 

(loneerning tlie value of the magnetic 
inoinont of tlie atom wo have already 
consiilornd in Oliaxrtor II, pages 128 
and 121), the moment which corresponds 
to tlio orbital motion. Wo obtained for 
tho ratio of tlie magnetio moment to 
th<i meebanieul moment of momentuin, 
by etpi. (12), page 128, 

(orbital motion) . . • (2) 

2gc 

wbeve n oleotronic mass and e is measured in e.s.u. 

We again obtain information about tho moment that corresponds 
to tbe spin- motion from tho Gcrlacli-8tern experiment : for the ground- 
state of n , where / =- 0, and hence s alone is efTective, tho magnetio 
inoinent was foimd exjierimontally to have tho value of 0110 magneton. 
'I’ke meehanical moment of momentum of the spin was equal to 
{hl 2 n. If wo assume that the exact value given by the Gerlach-Stern 



F:g. 80. — Tho voefcor frame of 
tho atom according to the 
liypothosis of electron apiip 
I and 8 combine to give j, 
and the magnetic moments 
Mj and M, in like manner 
to give M. Tho direction 
of M is not tlio same as that 
of j, in conformity with (2) 
ond (3). 


(spin) 
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experiment for hydrogen is equal to 1 magneton tiien wo obtain- 

ihis is the other part of the hypothesis of Ooudsmit and Vliienbaclli 

himaa ^ 

that i.s, twice the value of the ratio (3), 

The total magnetic moment M of tho atom is oomposod of tiu^ parti 
due to the orbital motion and that due to the spin. Prom the imuf ualihv 
of tlie ratios (2) and (3) it immediately follows that tho direotioii of M 
doe.s not coincide with that of the meclianical moment of nioinontiiiu* 
that is, with that of j (of. Pig. 86). Moreover, we may infer from iim 
preceasion of I and s around j that the oorresponding imignetio niomonln 
perform a precession about f and, with them, also M'. We Hiijrposo 
the vector M to be resolved into two eomponoiits, one parallel to j, 
the other perpendicular to f. If the in’ecc^sion of M about j ocuuii’n 
aufftciently rapidly only the component of M parallel to j will Ijcuumio 
appreciable for observation, because the other cancels out when nvju'- 
aged over the time. We shall work out the component parallel to 

The Juechanical moment of moraentinn of the orbital motion is and 

T ii'U' 

hence the as.qociated magnetic momojit is -J- for tho anin wi' 

% e. 

liave analogously : ^ —5, Altogether wo obtain for tho roqiiU'od 

comxmnent, which at the same time gives the total maguotie nioiruuit 
of the atom when averaged over the time. 




A 


We take the values of the dii’eotion cosines from X^ig. 86 and obtivin 


cos (ij) 






Cos (ifj) 


s^ -p f — /a 

2 sf 


SubstittiMiig in (4) and writing Mn os an atilirovialion lor ~ 

(JIb is to stand for the Bohr magneton ; of. p, 128 wliovo tho miigimton 
leierren to the mole and Was measured in electromaanotie nuitsi 


2 /ifi 


M|| magnetic moment of the atom 
^\Ilere 

3ja + „ p 

2ja 


m;- 


3j2_j, 






f 


1 + 


P P 

2f 


Mu . j . f ( 5 ) 


{Cm) 


of riVl? ‘’^toriml mngnetin lioirt H, tiu) iixm 

J the magnetic moment of tlio atom iriil, aoeordiiig to tho aiguramit 

dleotLnrthe^fi^lt'''®’ “ preoessionai motion about tho 

rtiieotion of the fleld ; we call this the “ outer procession ■' (towfe 
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'.riio kinetic energy of tins precession is equal to the 
■work wliieli the external lielrl performs on the inoineiit M while the 
lie 1(1 gradually iiuu'CMises in strength, namely, equal to 

AW = MH cos (MH:) . . . (0) 

'riu’ vecitor j sets itself in acoordanco with directional quantising in 
Hueh a position that its ])roj(!ction on the direction of the field becomes 
f(|iial to 7fi, wluii'ti 7U may have the values 

m i ^ ], j - 2, . . . - 1), - j . . (7) 

'[I’his result also nnnains generally valid according to wave -mechanics. 
Ill ((I) M (SOS (Mil) denotes the projection of M on the direction of the 
liold. But only the component Mp of M is effective so that wo may 
writfs M|| (SOS (jll) in place of M cos (MH). By (7) cos (jH) is equal 
to mlj. l u view of (5) wo obtain in tliis way 

AW-«i/MbH .... (8) 

If we measure AW’ in terms of the unit of resolution of the normal 
Z{mman elTeist MuK (see eqn. (22), p. 328, and (2), p. 324), we obtain 
.siinjdy 

AW - w/ .... {8fl.) 


If we AV(u’(s to use this value for AW in our subsequent calculations 
W (3 should obtain results discordant witli experiment. Bather, we 
must apply a (sorre(iti()n to our preceding remarks, which is demanded 
1iy wave-unscsluinicH ; the necessity for this correction was recognised 
by LaiKki from tins available empirical data long before the advent of 
wave-meeltani(JS. 

Wave-m(5(shani('!H assorts that tlie absolute mine of a moment oj 
mommium vexlor to which the quanlum number A is assigned has the 


1 It 

vnlm \/A(AT ly expect. 


A(*cor(ling!y in ifig. (80) wo must replace by j(j + 1), by l{l + 1), 
and ,s« by sis -f- !)>*’ forth. The formula (2) and (3) remain 

valid also in. the new mechanics, but in place of /in (6o) we lave 

_ 1 , /( i + 1) -I- s{s -M) .rii£±l) . . (9) 

(I — f 2j( j -b 1) 


and {/ is called LnmU'n t aplil^ting factor. 
In this way (8«) becomes 

AW = mg . 


( 10 ) 


Bore uwnl roiniim ynbil. Iho wavo-meclmtiics, as 

A, mnnoly, 7» A, A - i, of model the “ projeotioii of 

nlnm.ly montioiuKl above, in tbo laiiguftgQ ^ J ^ , 

run v.;a,or of du. momout of momontum VA(A + 

IVX3H is. in wavcmoohaiiioH, oqunl ^ ^ ^ 

t A. l;aiulA, Jioil'H- t- I’byH., 6, 2.n (1021). 
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1’liis Portnnla rojn’osontw tiio ono.rgy clmngf'’ in I, he mannelic field, 
iiiensin’L'fl ill units of on I ltd a.'isnmpliuii (see above) Ihal I he pre- 

ccs,^ioiL of M ahoiU j i,s .vo 7'apid lhal only iVl|| in ohservable. W(' sluill 
have! to consider later wliat tl\is restriction implies. 

We now introduce into our discussion the quantum numbers of 
the one-electi’oix systems (doublet-systems), such as wore introduced 
on page 2'1''1: from the hypothesis of the spinning electron ; and wo 
first uTite down tlio values of the splitting-factor g, By cqn. (D) we 
obtain, for example, for the term I ~ 0, j ~ (by p. 330 ,9 always 
ha.y the value 

for tlic term / = 2, 7 = 

d = 

and so fortli, 

In Table 32 we have tabulated the {/-values for doub]et-.syHtems : 

Taiu.u 32 



i-v? Vn Va Va *'/« 

l = 0 

2 

1 


2 


3 

“/7 V 7 

i 



It is to bo noted tliat in the case of a doublet, since j — ? J- Va (^^f* 
p. 244) tlie (/-formula (9) may be brought into the following simjilor 
form ; 


4 - 1 21 .. 

^ " 2 (^ + 1 ) ' 2(1 + 1 ) 


fory = /- Va 


2i + 1 _ 2(1 + 1) 

2j 21 + I 


for j = I -f i/g. 


This enables us to determine by moans of (10) the resolution patterns 
of the individual doublet -levels. Tor the terms 1^0 wc have 7 = Va» 
and hence by (7) m — + Va* ~ Va mg ~ ±1. Tlio terms 1 = 0 
resolve under the action of the magnetic field into two levels, which 
are distant from the original field-free level by an amount equal to 
the interval of the normal Zeeman resolution, In general the g -level 
resolves into jusl as many levels as there are m-values, naniely (2j 1). 

Formula (10) taken in oonjunotion with (9), shows that AW depend.^ 
only on j, 1, s, m and is quite independent of the principal quanlmn, 
nnmber n. Consequently all the terms of a series exhibit the same resoki- 
Uon and hence all lines of one and the same series exhibit the smie Zeeman 
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effecl.’^ I'hiK rule was disoovored ex|ioi'i) non tally l>y Preston long 
before blierc was a theory of the aiioinalons /ieeinan eiTeet, 

In eon form ity with Notc^ 7 (/) we take ov<m' tla; adtvlion awl polar Im- 
Hon rideSy wJiioh were there obtained, for (uir magnetic (Xi^iantinn 
number m. We may liavo Aw = 0 or i 1 ; Aw = 0 gives 7r-coni- 
poneiits, Aw ~rl: 1 gives (x-coraponents. 

We can now easily state the Zeeman effoot for any arbitrary coiu- 
l>ination of terms. Eor the initial level we have : energy is eqmil 
to the sum of the energy Wi® when no field is iwesont plus the additional 
magnetic energy AWj which we must obtain from eqii. (10). The same 
ax)p]ic8 to the second term. The observed linc-froqiioncios follow 
from these values if we form the dilTorouoes ; 

hv = Wi“ - Wa® + AWi -- AWa - hvQ + JiAv 

where kq denotes the frequency when no (ield is present. If we make 
our measurements from tins frequency we oldain in 

AWj — AWa — h{v — I'ji) Mr = Wjjfj — Wgga • (if) 

all tlio freqncnoiea of the resolution pattern. 

Let us consider, say, the combinations Z = 0, j — 
j — and I ~ 0, j = J > Z = 1, j = Wo lind it expedient to 


Taiu.s iti 



1 

VI 

-Vi 

~ 'k Vi Vi 

L- ().;/ =--= '/, 

/ 1. ;/ ... =7, 

m y 

my 

:! 

i 1 

— 



-r>. ~ 

:j. (- 51.1) 
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Vi 

- •/« •/« 

i (),j 7, 

in y 

1 1 


in y 

1 1 

if 3 



~ . 1 , (- 2), (2), 4 
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* In Chapter VIII wo shall inako thia mlo move rostrictivji by formnlnting 
it. inoro rigorously. 
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write down in tabular form lirst. the possible »»-vnltie,s and iiMderneidh 
them the values of mrj for tiio first term I d. J a i . los 

for the seeo.ul term f = I, i = •:} or J. Wo put “''’''W;'''; 
a cominoi\ denominator and bracket the transitions • ■ \7r-M> 

nouents) in order to distinguish them from the ooiniiinations ■ ■■■ ; t 


(fy-coinpononts). . . 

In Figs, 87 and 88 tlie two Zeeman-types are sliown as obHorven 
transversely, They are particularly intei'esfcing beoaiiHO they I’ejnv' 
sent resolution-patterns of the two I) -lines ; Jfig. 87 ciOi’nis|miids In 
tlie line Fig. 88 to the line D^. These D line typos ” have bmm 
known and measured since the very beginning of the I’csearclioa into 


the Zeeman effect. 

It is readily seen that the Zeeman offoot in general eon tains tlm 
more components the greater the nmnber of inmu' qiiantvini nmnbm’.s 



normal normal 


Fig. 87 , — Anomalous Jfoomaii effeafc of Fra. 88, — Auoinalons Jiooiunu uftVcl 
tlio combiimtion I ~ 0, j ^ i -> I , of Hie ooinbination / =■ = 0, .7 ’ i ^ 

7 = 1 (doublet - 85^810111 of tbo Dj-line ^ 1, | (cloublut.HysIioiu of liio 

typo). = position of tho lino with- .P^-l/iTo typo). Ofcliorwfso ns in 
out a field, w- and ff-oomiionouta aro Fig. 87. 

.shown separately. 

that combine, because as j increases the number of magnotie torni" 
levels increases in accordance "ivith the fnotor 2J -)- I (son almvn). 
The fine-sti'uctnrcs of the hydrogen lines !!«, for example, Hlioiihl 
.show a quite complicated Zeeman %pe, Before discussing it wo 
must limit more accurately the range of validity of eqns, (10) and (h). 
We had assumed that the precession of M about J ooouvs ho rivxndly 
that the comxionent X^^^P^i^dicular toy oancela out when averaged 
over the time. Thi.s signifies that the precession of M about J (or (.if 
I about J) must occur much more rapidly than that of y about tlio 
direction oi the field, as otherwise Mj_ would not vanish when tho timo* 
mean is taken. 

Now it is 8ho^ra in Note 7 (a) that corresponding to tho clamical 
frequency of preemion about j wo have that quanlim IrandiUm of 
energy, in which y alone changes while all the other quantum nutnborH 
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|•en^JUll iuieli(iiig(Hl, tliiili is a oliangt^ of (niei-gy of Ujo inagnitiido of tlH.’ 
torm resoluticnis wlum no Hold is doting (cf. for oxatnpio, l<''ig. 75, p. 270). 
On the other Jiand, correspond ing witli tlio ])rcoossional frocpionoy 
oij about .H wo have the quantum transition in which only m, namely, 
tlio projection of j on H changes— that is, an onorgy-ohango of tlu'. 
order of inagnitudo of the Zeeman -rcBolutions, By the Corrospondeiice 
Principle we may assume that tlie energy- oluvnges aro small if tlu' 
precession is slow, and vice versa, Hemce our aMimpUon about Ihe 
vp.lociliea of 2 rrecession cUnoUiS that in the case of a term wiih a definite I 
the field-free resolution which is given hg j should be much greater than 
ihe resolution of those individual ylavels caused by the magnetic field. 

But what hap 2 )ons if the magnotie field is miioh more intense ? 
(In the ordinary investigations of tlio Zooman effect it is of the order 
of 3 . 10'^ to 4 . ,10'^ gauss.) If tlie magnetic field is gradually made 
more intense tlio outer 2 >recessioii will gradually attain tlui order of 
magnitude of tlio inner iirocession. This denotes moohaiiically that 
we are no longer able to calculate as above, as if j remains lixed for 
a first approximation and as if the (uniform) inner precession of I 
and s took place about this axis. Rather, the external field will 
axiiirociabl}' di.sturh the internal field and will loosen the (magnetic!) 
coupling between I and s, thus oonvorting tlie previously uniform 
precession about j into an irregular precession. In the Fom'ior ox23roH' 
sion for the motion tho harmonies of the jn'oeessioiial froquonoios 
then xiresent themselves ; this .signifies, accorcHug to the 
.Princi|)lo, that in addition to tlio transitions Aj 0, :(- 1, also those 
of greater amount occur, namely Aj — ± 2. Theoretically and 
oxjiorimentally * this transgression of the selection rule is an effect 
whicli oociirs in passing from weak to strong fields. Wc can deal ivitti 
it more fully only when wo come to Oha 2 itoi' VIII. 

If, finally, the external field beco77ies so stro7ig that it prcdouiinates con- 
siderably over the internal field ^ that is, if the torin-resolutionH 2 H'odu«od 
by tho external field have become much gi’oator tlian tho “ natural ” 
lield-freo resolutions, wo may disregard the mutual action of tlio two 
magnotie moments entirely. For I and s individually wo liave 
directional quantising relative to tho magnotie field H. ; I and s juirforin 
their precession about the H-dirootion independently of oaeh othei’. 
Strictly siieaking, there i.s no sense in this ease In talking of the total 
moment of momentum g of the atom, for this can be definod only so 
long as we may regard tho atom as almost elo.sed and the external liold 
a,s only a small perturbation. 

We call tho projootions of I and s in the direction of H Wj and ; 
according to the rules of direotional quaiiti.sing (Oliap. II, § H ; of. alH(» 
tho note on y. 883), wo obtain analogously to eqn. (7), 

if- 1, ...-(/->• I), . . (l2o.) 

* .F. :pn8oJ!on and t). Tbvok, Pliysion, 1, 201 (1021). 

VOL. T.— 22 
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iuid = 5, . . . — is. 

Thu laat equation ruduees in our case, on iiocount of .-j A, to 

Ws — i — I- .... (liiA) 

'.riiese are the only values permissible for 

Tlie additional magnetic energy AW is composed of tlui (iontrilm- 
tions of the two magnetic moments. By eqns. ((}) and (2) wc‘. o bin in 
for the contribution of I 

^^Wl = WjMbH. 

and for the contribution of 5, by eqns, (6) and (3), 

AW, == 2<MbH. 

Ill all we obtain 

AW = (m* + . , . (13) 

or if we use as our unit the resolution of the normal Zooman olTeet 
(see eqns. (8n) and (10))^ 

AW = mj -h 2??i^ .... (13f/) 

The selection and polarisation rules hero run somewhat difrormitly 
from tho.se in the case of the weak field. The magnotio mom out of 
s now no longer has an appreciable effect on the orbital revolution /. 
Cbiiseqiiently the spin-frequencies in the Fourier expansion of tlu' 
orbital motion now no longer occur. This signifies that the corre- 
sponding quantum transition in m, is zero ; Am^ = 0. On the other 
liaiicl, the precession of I about H gives us the selection i>rinoiple 
A??q = ± 1 and circular polarisation about H (a-components) for the 
Fourier expression of the components of the electric moment 
])ondicular to H. In the same way the expression for the coinp<monlH 
parallel to H give the seleotion principle A?Wi = 0 and linear Tjolarisa- 
tion parallel to H (7r-components). (Compare the analogous rtunarlcH 
about m and j in Note 7 and in § 1 of the present chapter,) 

According to formula (13a) a term witli a given n, I resolves in 
a strong magnetic field in such a way that the level intervaJs become 
integral multiples of the intervals in the normal Zeeman effect, Aofcually 
am integers (w, = ± see above). For the 2«oman 
effect of a combination of two terms {n, 1) wo obtain from (NJa) nre- 
cisely as m eqn. (11), ^ ^ 

AWi - AWa = /i( V ~ Vo) = (m, -j- 2m,)i - (m, (I/J) 

conclude that the seleotion rules that hero liold f<jr 

Hij ana nig ore 

AWj — AWa = 7i(v — Vo) = 0, ± 1 . . 

^^n^incitions of terns {n, 1) exhibit the normal horenlz 
tnpkl in transverse observation if the field is sufficiently intense, that L, 
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rt. 7r-(iotni)oii(int iippc^ars in Mie position of tho nold-fuoe line and two 
Ills nt/ Ui(' ‘‘ normal ” diHlaiuio on hotli .sidoa. 

What < lot's “ lit^ld-froo ” lino stfiiul lor horo i Clearly, oiir result (iHa) 
wan (Uu’ivotl. as if wo worti dealing with an atomic model in which there 
wan no imibual action between I and 5 and on Avhich a magnetic field 
(I a tits. Xn that ease wo should need to take into consideration the 


mutual notion hetwoen I and $ only in a higher degree of ap^iroximation. 
'I'hti orthu’ of magnitude of the perturbations is here just the reverse of 
fclinfc in tlio (iuso of weak fields, where the inter-aotiou {Is) had to be 
Mtit tlti.wii a.s tlio most important cotitribntion and then the action of 
l,h(i magiH?tic! field became added as giving a higher degree of approxima- 
tion, in a. (iorrosponding maimer earlier the fiekhfree term-level was 
Mini (>Jy lihu term n, /, j witliout a field. But here s has no influence 
in tlui approximation of Kcro order on the orbital motion (on account 
of the aliHoneo of tlio interaction {Is)) ; in the approximation we have 
a model without a spin, from which we slionid have to calculate the 
licdd-free level («, 1). in Chapter VIII we .shall find on the basts of 
a ■“ .Meini-(das,sicai ” formula for the Zeeman-resolntions, which is 
(umtirnuMl by wave- me oli aides, tliat the Tr-component of our .Lorentz 
triplol cioim.iid<!a with the “ oentro of gravity ” of tlie field-free doublet- 
l•eHol^ti(nl. flliis centre of gravity divides the original doublet-resolu- 
tion of the term (w, 1) in the ratio l\l ■]- I and lies nearer to the level 
whieli has the greater j. 

If, iiH above suggested, wo proceed one step further in the calcula- 
Irion of the porturbation, we find that A.Win (13a) becomes supplemented 
<iu lUHHumt of tho intoraotioii between d and s by an amount of the 
ordm* of inagnitndo of this interaction, that is, of the magnitude of 
tins tloii blot-resolution of tlie (w, ^)'terni. The individual lines of 
iiur uornnil Zeeman olfoct (Ifi) becomo subdivided through this into 
novoral ifoin ponents tliat are distant from one another by the amount 
(*r tiio (louhlet-intervals. According to our assumptions (doublet 
Htrue.tuvo nuignetio resolution) tlio latter intervals are small com- 
iiariul witli the intervals between the three linos of the normal Zeeman 
idfcot (lr>), Xdir tho coinhination ^ 0 ~ 1 the pattern ha.s the 

fulUnvIng a.i»poaraneo (see Eig. 80). 

Wo hIuiU bo able to give tho quantitative basis for Big, 89 only 


wlioii Avo arrive at Chapter VIII. 

It i« chuir then that the magnetic field produces a transformation 
cd tho roHohition-pattorn Avhich is in general very complicated, bo 
Itiug UH tho iloiiblot-resolutions arc groat compared Avith the resolntions 
duo to tho niagnotio fiyid wo have tlio anomalous Zeeman effect, Avhich 
in dcHcriboa by eqns. (9) and (10). The magnetic transformation 
wliitih aiipoarH in strong fields is called the Paschen-Baek Bffect after 
ilH iUhoovovovs.* Tho final state, which is given by eqn, (13a), is 


V\ Pnwihou imdK. Haok, Aim. d. Piiya., 


39, 807 (1012); 40, 900 (lOl.'l). 
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readied when the niagnetk? rosoliition.s have h(>(!()me gnait 
witli tile doublol'i'esolubiona. 'Vhc.re, ift mnw- in laltiwj of vu’tth or 
alrony mwjnel-iG fields only in reluUon to the orUjinid lerm-rcMduLiouH. It 
these are tlieraselves small, as in tlic case of liydrogon, the IhiHeheii- 
Hack effeet appears oven at comparatively low n(4(] -.strengbliH. 



normal 

Fig. ^89. — Paechen-Bnok effect of tho (joiabhuition I 0 I 1 . '.I'lie 

Zeeman effects of Figs. 87 and 88 aro eornbimul liogol-luu' in fchin fignri!. 
I'j ~ position of tlio G, of Ct. of tlio two " fioltl-froe ” linos Vg of H7 him I 
88. Fino-ati'uotm’G roaolution of tlio ff-conijitmontH nf Hio liOi'onlK Ifipli*! 
in the linos taken two at a tiino, wlioao nuibiial interval is otpinl to 2/11 nf 
tho original ffold-froo ^‘-rosohitiou of the I’-torniH (J - 1) («/. Glmj). V I 11). 

Let .ns calculate in particular the intensity of Hold for wltioh in the 
case of hydrogen the magnetio rosolntions aro of tho Naino ordor ila 
fine -structure. We oh tain 

/lAimc Mi,H. 

The factor o is necessary because wo roekon Amh in oin. "^ and not in 
sec."'. Using the value (p. 321) 

^ = 4-07 . l0-« H {on».- ‘) 

and (p. 262) Avu == 0-30 (om.-i) : 

H ^ 7700 gauss. 

In the case of hydrogen the question of tlio inagnotio traimforinatiou 
appears to be still more complioatocl than in that of tho inodol hithorlo 
considered,. For in tho finc-struotuvo tho distivnoos hobwooii tho 
levels having a fixed n and difforont Vb aro of tho Hivino ordoi* of 
nitndo as those between levels having a fixed I and dilloronb j (id. 
Fig. 76, p . 270) . Hitherto wo have spoken only of th is last huI i-tUv ision 
of tho (w, /)-terras into j-levols as being sinall ooinparod with tho 
inagnetic resolutions and we have taoitly assnined bliat tho /-toriiiH 
are still far removed from one another, as is aotually so in tho oaso of 
tlie alkalies. It is easy to see, however, that a strong magnotic llolil 
also in the case of hydrogen produces essentially the mnm ofleot theorot- 
ically 08 that described in Fig. 89, namely, a normal Zoom an trljilot 
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wliose components appc^av sub-divided into indivixhial lines, whose 
distances from one aiiotiior arc again of the order of magiiitudc of tlie 
lino-structtire, 'I’liis is eontirrnocl by the mcasviromo.nts so far as they 
can bo carried out in face of the difficulties involved. 

§ 6. The Adiabatic Hypothesis 

At the (irst Solvay (^ongniss,’* ** in the year Kill, B'. A. ;harents5 
proposed the question as to liow a simple ]K(ndulum bohaves when its 
length is shortened by holding the tlinaui between two fingers and 
drawing it up between tiiem. If it has initially exactly the correct 
energy that eorresponds as an energy element to its frequency, then 
at the end of the process when the frequency has become increased 
this energy would no longer suffice to make up a full energy olomont. 

Einstein at onee furnished the corroot rojily in saying that the 
suspending thread must bo shortened infinitely slowly and then the 
energy would ineroaso proportionally to the froqiiency and would 
continue to he equal to an energy elejnent. 

This answer is covered l)y Ehrenfest’s Adiabatic Hypothesis.! 
Wo formulate it as follows : Let us consider any arhitrnry meehanieal 
system and an arbitrary initial state of motion whioli is correctly 
quantised. We now alter the state iniinitoly slowly by gradually 
imposing aji arbitrary external fieltl of force or by gradually altering 
the inner oemstitutinn of the system (longtli, mass, charge, connections). 
This eansfw the original state of motion to la? transformed by mechan- 
ical moans to a new state of motion. For the new conditions of the 
system this now state of motion is n quantum-favonred state if the 
original state was so under the original conditions ; it corresponds 
to the same quantum numbers 72^1, 723, ... as the latter. 

The expression ^‘Adiabatic Hy^nHhesis " is taken from tlierino- 
dynamios. Just 2vs in an 2uliab2itic change of st2ito in theirmody nan lies 
tile' co-ordinates that determine the heat motion are not directly 
affected, but only indirectly while no Iveat is added from without and 
the conditions of the system are altered (for example, the volume, 
the position in the gravifcati final field, and sfi forth), so in the applica- 
tions of the adialiatie hypothesis to the (plan turn theory the motion 
of the system is not (sontrolled directly by extormd ageiioy ; for such 
agonoy acts, not on the co-ordinates of the motion, bub on a para- 
meter of the system. Just as in therinodynaniios an adiabatic oliange 
of state is to be regarded as a chain of states of thorinal eqnilihrinm, 

* Kfipports ihi t'ongrfiH, Pni'in, 101:3, ]>. <{00. 

t sot up l>y It I'llirimfost in onimoxinn wilh tlio pi'clileins of " (tavily 
radiation ” in Ann, d, IMiys., 30, 01 (lOIl), Jjlj 2 and fi, niul tlion appliorl by lilm 
to otbor probloniH ; hoo Vtn'h. d, Donlsfli, I’liysikiil. 16, 401 (lOf})); Ainstord. 
Aeiidomy, 23, OKO (lOlil) ; I’liys, Ztjilsolii'., 16, 007 (lOl'l). iV ibttailofl siii'voy 
for systoins of Hovoral dogroos of frooiiom is oontiviuofi in Ann. d. PUys<. !127 
(IOI 6 ). Of. also O'. M, Ihn'gors, dn'd-i 68, 106 (1917), 
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ao in the quaiit\nn theory the adiabatic transformation from the original 
to the final qiiantnra state has to occur infinitely slowly, that is by 
passing through intermediate states of equilibrium of motion. Quan- 
tities tliat remain unaltered during tliis transformation are called 
adiabatic invariants. fi?lie quantum numbers that fix the original 
state are by tlie adiabatic hypotliesis themselves such invariants. 
All other adiabatic invariants must be expressible in terms of those 
simplest invariants. 

'I.’hore are tliree chai’aoteristics that are both necessary and at tim 
same time suffioieut for adiabatic processes. 1. The, infinitely fihw or 
reversible olomont of the process. In tlionnpdynamics phenomena 
are also known that occur udthout the addition of boat but are irre- 
versible (for example, the diffusion of a gas when no cotton-wool 
aperture is used). iSiicli processes are not adiabatic in tho present 
sense . 2 . fidio effect not on the co-ordinates of the motion but on oiui or 

more of tlie system that remain constant in the original 

motion. 3. 'Idle U7isystematic oj’ irregular 7iature of the hifluence (effect- 
ing tho alteration) in relation to tho phases of motion. Kven in the 
oasD of the simplo pendulum wo could intentionally ciarry out the 
shortening of tho thread in such a way that tho enei’gy of motion there 
remains oon.stant, if wo draw up the thread only at the iioints at wliioh 
tlie motion is poriodicnlty re^'^ersed, In that case, as Warburg remarked 
at this Solvay Congress, a contradiction to Einstein’s assertion and 
to the quantum tlioory would arise. Siioh intentional or methodical 
alterations are then in no case to bo included in tho category of 
adiabatic processes. 

Wo next consider the inechauioal aspoot of the question, '.riie faiit 
that in ordinary mechanics we set aside the adiabatic processes is not 
because they are less interesting, but because they arc more diffioult 
in comparison witli the ordinary problora.s of mcolianics. In tho case 
of the simxilc pendulum, wo easily attain our object by direct eaioula- 
tion without liaviug to seek support from tho general laws of ndiahntio 
invariance, wliieli we shall develop from this examjile. 

Lot I he tho length of the pendulum, 7n its nia,ss (oonoontrated at 
a point), ^ tlie angle of tlie iiistantaiiooiis defleotion, c tlie amplitude, 
and i> tho frequency, so that 

— Vgjl . . . . (1) 

Tho tonsioii S acting on the thread is, as we know, 

S = mg cos ^ + m^^ ■ 

in which the first part is due to gravity, the second to the centrifugal 
force. If u'o shorten tho thread infinitely slowly liy | (U\, we have tti 
perform work against the tension ; its amount is 

(I A ~ S I dZ I = — 7ng cos fdl ~ mlfiHl . . (^1 
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Tlie horizontal bar denotes that the time average is to bo taken and 
indicates that during tlio shortening by the amount dl many swings 
of the pendulum are to oceur. The negative sign ocoitrs because 
I dl I is to denote a sliortening, so that dl itself is negative. From 

<j) ~ c sin {27Tvt -\- y) 

it follows that 


tlius 


dk “ viq(^ ” ~ " ~~ ■'!" 


'I’lio one part, — rngdl^ of this work dk is used to raise the mean 
position of the weiglit mg. The remainder 

dA'™ — mg^dl .... (4) 


inercases the eiuwgy E of tlvo motion of the pontlnlum. T^roiJi (3) 
we see tliat the mean kinetic energy 

= |W“ = ’"f/'f .... (fi) 


in the ease of tlie pojidulum the total energy E is, as we know, twice 
as great, and lienee its diA'ovontial is 

dlfl = mg^dl mgiede .... (H) 


By equating (4) and ((I) we obtain 

~ -J cdl Uc. 


Integrating, 


log I ~~ — log G -\- const. 


= oonst. 


(7) 


Erom this it follows tliat when the pendulum is sliortencd adiahatieally 
the angular amplitude c increases, as may easily bo seen by performing 
the experiment, whilst at the same time the linear amplitude Ic de- 
cu'oasos. Ooucornmg the energy wo oonoliule by 00 m paring (5) and (7) 
that it increasoH when the pendulum is shortenod adiabathially, as is 
evident from the work dk* performed ; it is invorsoly proportional 

to Vl- 

By squaring ( 7 ), and inserting tlio values of Ir^ from (fi) and Vl 
from (I), we may write (7) in the form 

~ const. . . . • (H) 

V 
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Eqn. (8) is an illustration of the general law : tlio action integral 
(of. p. 100, eqn. (14)), 

T 

2[E,,,,a = 2TE,„.„ = ?E4,„ . . . (II) 

0 

taken over a period is an adiabatic constant. 

The adiabcitic invavi{inc& of the quantity (0) already played a part 
in the general investigation made by Boltzmann to baHO the necsond 
law of thermodynamics on statistical considerations. Its relation 
to the quantum theory is clear from the eqn, (24) of Chapter II, § 7, 
where the quantum of action written down in our present eqn. {{)) led 
to the introduction of the ptincijml quantum number n in the cam 
of f urely periodic motions, Prom hero we have a bridge to tin' more 
general clas.s of conditionally periodic systems^ in loliich each individ^ml 
phase-integral or each of the correspoi^ding quanktm numbers iq is an 
adiabatic invariant, (In adiabatic processes it is forbidden to ]UVhs 
through a degenerate system, as we shall show in Note 10 .) In the parti - 
ciilar case of the harmonic oscillator, and hence also of tlio pendulum, 
(i)) becomes identical with E/i^. Honoo by sotting (0) oqual to nh 
we got back to Planck’s quantum lau’' ; E = nhv. 

We next use the adiabatic hypothesis to lill in a gap that was left 
in § 4 in the Zeeman effect. 

To deal at the outset with the simplest case wo consider a hydrogon 
atom in which the eleotronic orbits are ciroular in a piano whioh is 
perpendicular to the magnetio lines of force. Lot a and oj bo tho radius 
and angular velocity in the circular orbit when the field is zero, and let 
a -f- Aa, 0 } + Ace bo the same quantities when tho field II has boon im- 
posed adiabatically. The flux of lines of force through tho orbit is B ira'^, 
Since we regard it ns a small quantity (of the order of tho i noromonts 
Aa, Aco, whoso squares and products may bo nogleofcod) it suffices 
to use in it the original a instead of a -j- Aa. By Earaday’s law of 
induction, the flux of the lines of force gives the whole olootromoliivo 
force that is excited by the increasing field in the ** ciroular ourront ” 
of radius a, that is the worlc performed on tho current olomoiit. Our 
rotating electron, the charge of which is e in E.S.U., roprosonts a current 


which, measured in E.M.U,, is of intensity evjc = eioj^TTC (of, j 
Thus, by setting the work performed equal to tho ohango of 
AW of the electron, we get 

J. 127). 
omu'gy 

Noav 

HTTua . = AW 

277-0 

or = AE,„ + AE„„, 

. (10) 


E,„. = 

AE^,^.„ = p(a^tDAfo -(- ac(7®Aa) 

. (H) 


11 

i 

^2 

AE^oc “ -gAa = pttio^Aa , 
ct 

. (12) 
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where /i = mass of the electron, !Cn the last transformation we vise 
the equation for the centrifugal force 

fiaoj'^ - |a .... (13) 


By suhstitiitiiig (12) aiul (11) in (10) and dividing by naho^y wo got 


Aw ^Aa _ a H 

w a 2ft (vc 


(14) 


A second equation is obtained from tlio eiroii instance tliat during 
tlio adiabatic change of state the dynamical laws, hero the equation 
of centrifugal force, arc to remain valid throughout. In eqn. (13) wo 
wrote dowii this equation only to a first approximation for the field 
'/.oro. In general it is 

ft(rt -j- A«)(w d- Aw)'-* -- 
or, when multiplied by (« I- Aft)^, 

li{n -f Aa)<'‘(w d- Aw)'-* - d- . . (15) 

From this, by using (13) and dividing by wo get 

‘ w 2 « 2ft wc ' * ■ ■ 


By comparing (10) and (14) wo see at once that 

T*r 

Aa 0 , Aw = ^ 0 , . . (17) 

Honeo, ivh&n the magnetic field is introduced adiabatically the radius 
a remains ^mclianged, the rale of rotation is changed by the amount 0 of 
the Lannor 2}recession (of. eqn. (2) of p, 324), being increased or dimin' 
ished according to the direction of the field. 

'riio same oaloulation may bo caiTiod out for a oircular or elliptic 
path inolmcd to the linos of force, and tlio, result is : as the magnetic 
field increases gradually, the size and the shape of the orbit remains 
preserved (oorresponding to Aa ~= 0) ; but the rate of rotation becomes 
changed in that the angular volooity 0 about tlio axis of the lines of 
force booomos added. But tliis means : ike orbit as a lohole performs 
a precessional motion. 

The limitation to a gradually, that is infinitely sloioly, increasing 
field is absolutely necessary. The processional orbit arises from the 
original one with tlio fixed orbital plane only if we pay duo attention 
to the necessary initial velocity of tlio oloctron. in the dirootion of 
precession (perpendicular to tlio lines of force), If the field is intro- 
duced suddenly, the momentary velocity of tlio electron is not ah’eoted ; 
for a change of veloeity' tp ppmo about it is necessary tliat the electron 
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traverse its orbit one or more times during the time that an apin’criiil'l'" 
change of the magnetic intensity of field takes place. 

>So far wu have been dealing with adiabatic mechanics, '^h(^ iimiufmi* 
asjtoot of the adiabatic change comes into question only if wo winli I" 
allocate quantum numbers to tlio changed motion. In the ciimi' I'f 
the oiroiilar orbit that is simply placed porpendioiilar to th(^ liiii-H "f 
force, this has to occur, by the adiabatic liypothesis, tliiiH : Ic! tli>’ 
initial circular orbit (o, o) be quantised, that is, lot it bo suck lliul 


n nji 


(|SJ 


Thou the altered motion (n, w ±0) is also quantised, and coiTcsitiuiil'^ 
also to the quantum number 71 ^, But this con'cspoiideiujc ditt's not 
mean that noAV the formula 

f<»V dr 0) = .... (Il'l 


liolds, wliich would contradict the preceding cqn. (18) ; lm(- nidip'i. 
(18) still remains valid. Whereas, however, the left side of (ID) 
the moment of momentum in the stationary system of refm'oncc. di*^ 
left side of (18) represents the moment of momentum in the Hyslcin "f 
reference of which the procession is i 0. Thus the latter, nol di*' 
former, is quantised. This is extended still further tlien to tho gciiciul 
onao of elliptic motion. The 'precessional orbits in the ma[fn('tif' \hl<f 
aoirespond to the same quanUim 7iU7nbe7'a as the Kepler ellipses in th 
case wJmi 110 magnetic field is present ; bni the phase miegrals tn v ti>>f 
to be calonlaied with reference to the alaiionanjt but with refereuw ht th 
preceasioyml co-ordinate sijstem, 

This was, as a matter of fact, tlie method that we follow(ni iu ^ I 
(j). 327), and which is accordingly justified by the adiabatic liyixilhcHi*. , 
T'ho particular simplicity of the Zeeman effect uoav consisls itj llu* 
oiroumstance tliat in it tho adiabatioally altered orbits are idcudf-Jil 
in shape with the original orbits, and differ from them only in dirii 
precessional motion. 

The oonclnsions iiore drawn from the adiabatio hypotlu^Mis 
in general with the results obtained in Note 5 under (c). In «m(M. 
(18) wo are dealing wth the canonically conjugate momentum ««i 
ordinate denoted by p ; tho left-hand side of eqn. (10) corresijmidH 
to tho now oleniontary moment of momentum, denoted p, wliinU 
is not quantised. 

Anotlier application of the adiabatic hypothesis concernK ilu’ 
ahapo and position of tho orbits * in the Stark effect in the limit wlu'U 
tlK5 oloctrio field becomes vanisliingly small, LimF->0, W<' Itimu* 
(p. 311) that tlioso orbits arc !Kci)[or ellipses, but that they <lilV(‘r fnm* 

* Comnuuiieatecl personally by W. Pauli, in tho aourso of a oouvcimhIiku 
( luring tho preparation of an earlier edition of the present volume. 
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the Koplor ellipses in the force-free case, or, better expressed, from 
in the magnetic field of vanishing field intensity Liin H ->■ 0. 
Onr object is to inovo the relationship between the two groups of 
Kepltn* ellipses ; we abbreviate them thus 

'IMij! field 'P is to bo in the direction of the ru-axis as before. The 
potontial energy of tho electron in the field is eT.r. The total energy 
is VV, and is composed partly of kinetic energy, imrtly of potential 
(Uiorgy in th(5 field of tho nucleus and in the external field T ; it remains 
(sonstant during tho motion so long as the external field is kept constant, 
if it in alttu'ed i)y nn amount 8T, the total energy alters by the amount 
SW --- 1 e.rSP, Since tho change SIT of tho field is to take jdace infinitely 
nlondy, we may j’ojihioe a* by the time -mean x for one or more revolutions 
and write 

8W = 6x8F. 


W« follow Bohr * in calling x tho a;-oo-ortlinate of the “ electric centre 
of gravity.” T.ho idea is as follows. We replace the succession of 
posi linns 'of the motion of tho electron in its orbit in Unit by the dis- 
trihiibion of a charge in space in such a way that for every element of 
the orbit there is a charge proportional to the time taken to traverse 
il. 'l.diiH method was first developed by Gauss for the perturbation 
nroblom of planetary orbits and signifies au fond the approximation 
of tho process in time by using the first term of its Fourier expansion. 
In our case, wlior(5 the field F is homogeneous, we may, moreover, 
i-onliuav tfie charge distribution by its centre of gravity, and allow the 
forco of the field e¥ to act at this point. For reasons of symmetry 
tln» otmtre i)f gravity S lies on tiie major axis of the ellipse, namely at 


the {liHtanee 


s = 4ea 


(20) 


Irt.ni tlu^ lUKilous in tlio clireotion of tlie apMioii ; here e is the 

nnnonfcrioity, wlnoli is oqma to the distance o£ 

noivtJ'n of tho nllipso divided hy the somi-majoi axis. Ecin. (20) is 

'’''''''Kj^ehargiwlensity on tho eliiptio arc is (— c)d(/T ; the position 
ilnreenTof gni-y mi the major axis, along ivhich ive nioasiire 

the ( 50 -ordinato ^,*iH given by 

( 21 ) 




liy tlie law of sootional areas 




wluM'cv ft, deiiote.'s the mass of the oloetron. 


i « 1 /\n n 11 R BnliL' linlcocl up the treatuient 

H' l u PtU't n ot tho papor oenti’o of gravity, 

of the Stkivlc oIToot with tlio position of dw eiocu ic b 
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Hence it follows that 

di^^rhl4 . . . . ( 22 ) 

P 

and also that 


•pr — = 2vn(tb = 27r/A«®'\/]. 


(23) 


If M'O substitute (22) in (21) and take into account that ^ ~ r cos (/>, 
wo obtain 

^ .... 


Blit by tho equation to the ellipse 

1 _ 1 -h e cos. ^ 

7 ~ 


and henco by (24) and (23) 




/Aa'^(l — e=*)3C cos 


f/.(l-'e'^) 2 f cos 


'pT 


cos <f>)^ 277 

0 0 


(1 


I,TT 


008 (}>f 


At the same time wo deduce from (26) and (23) that 

2jr 

f 277 

J (1 -I- 6 CO.S " (Tir^ • 

and by differentiating (27) with respect to e 


cos 

(1 -j- e cos f(})^ 
u 

If we suKstituto this in (26) we obtain 

f == — 


3776 


(26) 


m 


(27) 


(28) 


( 2 tl) 


This proves eqn.. (20) since, except for tho sign, s coincides with 
The negative sign of f clearly assorts that the centre of gravity S lies 
on the negative l-axis, that is, between the mioleiis and the aphelion, 
whereas tlio positive ^-axis was directed from tho nucleus to the pori» 
holion. Since ea denotes the distance of the nucleus from the centre 
of the ellipse, the centre of gravity S bisects the distance from tho 
centre to tlie other focus of the ellipse. 

Henco if @ denotes tho angle between the rr-axis, that is, the diroo- 
tion of tho field and the ^-axia, namely, the major axis of the elli|380, 
w'e have, by ( 20 ) or (29), 


-Je = cos ® 


(30) 
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.11’ Mm iiuinuiHOM from 0 to F the diango in energy Is 

AW = Jsw = [e.tSF = ftCF . 

0 

111 the lust term of this equation we have assumed x independent 
of Ii . In <)ther words, wo have neglected the change of ^ resulting 
Jroin the iiiereaHing Ikdd as this involyos only a term in in the 
expic^ssion for A.W and this is of no aceount. We may therefore 
use tliu value (!!()) for x. 

Ou the other hand, we take tlio value of AW from eqn. (30) of § 2. 
W(' then oldain, hy equating the two expressions for AW, 
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(31) 




ea;F 






n 


(32) 


In the last oc} nation we have substituted the well-known value 
a '-■- n^h^l‘\iTT^iiVje^ for tlie major axis of the Kepler ellipse. Comparing 
(32) with (30) we see tliat 

e cos Q - ^ .... (33) 

n 


Whemifi in Ihc. cam of ilm Ke^iler ellipse Kh„o se^ni-axis (cf. 
e<|ii. Kir ou ji. 1 13) fm.fi Ihe eccenir icily e were fixed by the quantum 
nunibem alone (there they were and n), there enters into ihe expression 
c for the Kepler ellipse Ki,<=o non-quaniised angle 0. The limiting 
cases «?if2 !rC|,v.u thus actually differ frojn one another. 

Our eiju. (32), deduced from adiabatic considorationa, allows us 
to draw a conclusion not only about the .shape but also about the 
]K)sifcion of the orbits. For wo road out of (32) that : if nj > w,, then 
;r must :> 0, that is, ihe electron in traversing Us orbit remains longer 
on the front side of the ?Mfciei<s tha^i on the rear side ; if <C then 
IS < 0, and the orbit conversely is longer on the rear side than on the 
front side of the nucleus. Kero the front side denote.s that which faces 
in the direction of the lines of force {x> 0). 

Ah wc hoc from formula (1) on page 312, in the Stark effect the 
lino-dinplaccmont duo to the initial orbit always predominates con- 
Hidcrably over that dxie to the final orbit, Thus if n^ >■ n^ in the 
initial mbit, A r bccomos positive, that is, the corresponding component 
of tlio lino-resolution lie.s on the short-wave side of the original line. 
If nt <11,, in the initial orbit, Av becomos negative and we have 
a iong-wavo component. Combining this with the preceding lesiut, 
Avo may say : the short-wave {long-wave) components in the Stark effect 
are due to imnsilions m which the initial orbits lie more on the front aide 
{rear side, respectively) of the nucleus. 
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^■(ilnark is useful for interpreting*** certain (lifToreiicCH of in- 
ieiiHity Itniwi’cai tlu! long- and sliort-wavo components, f wliudi hare 
bc(!n ()l)S(u*vcd in rapid canal rays of liydi'ogcn. 

Wo are now also in a position to explain the fading away {Aimlarban) 
of the lines qualitatively {of. Fig. H4, p. 320). We first consider the 
rod components : for them wo have for the initial state, 

oi < 0. Tlio ajyhdion of the initial orbit lies in tlie negative direction 
of t!io field if wo reckon from the nucleus, in the dirootion of the 
positive (positively charged) plate of the condenser by whieh we may 
picture tlic electric field to bo produced. On tliia aide the initial 
orbit of tiro field is perturbed to an extraordinary d(igrce beeaviso the 
attractive force of the field acts in 0 ])position to tlie nuclear attraction. 
In this case the orbit may clearly be perturbed if the field is snfTioiently 
intense. On tlie other side of the nucleus the initial orbit will be 
forced back by the field agaiirst the miclens. Now for the violet com- 
ponents ; here we have in the initial state > ?i,,, rr > 0. Tlie 
aphelion of the initial orbits lio,s towards tlie negative plate and the 
(W’bifc is forced back towards the nucleus by the field. On the pe^ri- 
lielion aide tlie orbit may again bo perturbed, but only wlion the field- 
strengths are greater than before, because the orbit now passe.s by 
more clo.sely to tlie nucleus than in tlie ca.se of the red components. 
Hence we see : the violet and the red components may bo perturbed 
if the fields are snfficiontly intense, tlie red being perturbed sooner 
tiian the violet. This agrees perfectly with the findings of Fig. 84. 
Furthermore, wo see that tlie orbits with greater values for the 
]>rinoipal quantum number % are more easily xaerturbed because they 
liavo greater orbital dimensions than those witli smaller values for n. 
This i.s also shown in the measurements : pci’aisis longest, then, 

in turn, H,s, Ih, 11^. If we caloiilato quite roughly witii oircular 
orhit-s (radius a = where «« == radiirs of the first liydrogon 

orbit), we obtain as the condition for the perturbation of the orbit 




~ cF, 


that is, a deerease of tlic critical field-strongtlis in the ratio l/tt**. 
Ave set F = 10“ volt/om., wo olitain :|: 


If 


W — 4 - 




10*3 
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8<4, 


that is, a value Avhich is obviously too great, as is sIioaaoi by Fig, 84, 
but ivevertheless it is of the correct order of magnitude , 

* Cf, N. BdIiv, Phil. Mng., SO, 405 (1915) ; A. Sommorfold, Jfthrbuch f.Kad.iiml 
331oktr.. 17, 417 (1921) 5 A, Rubinowicz, Zeita. f. Phys., 6, 331 (1921). Tmiislatcid 
into the langiiago of wavo-inoohanica by Pr. Slack, Ann. cl. Phys., 88, 670 (1927). 

t J. Stark, Elokti’, Spoktralanalyso, § 14 and § 38 j H. Lunelinid, Ann. cl. Phys., 
46, 617(1914)! Wiorl, Dissertation, Munich, 1927 j Ann. cl. Phys., 88, 603 (1927). 

J: Tho fnctoi* is noeossniy in orclor to bring tbo volts to clooti'ostaticj units. 
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SERIES LAAVS IN GENERAL 

J} 1. Experimental Results Connectea with the Series Scheme 


O N tlio basis of cxtoiisive experimental results spectroscopists 
have [levoloiJocl a nunibor of physical points of view bearing on 
tlie arrangonioiit of the lines into separate series, such ns tlie 
.sti’iietui'e and tlio multiplicity of the lines, the readiness with which 
l-lioy a])pear, their dopondence on temperature, their diffuseness or 
sharpness, their behaviour in the Stark effect or under pressiu’e and 
HO fortJi. iri'om this there emerged as the final criterion that a line 
ljulongod to a definite (series the possibility of its fitting into a formula 
ropresenting the regular soquoiice of lines. For the sake of brevity 
we bIuvU begin here with the expression of the series in formula ; the 
imlivitlual data of experiment may then be derived conveniently in 
tlio l•ovol^so direotion from this description, 

AVo must preface our remarks by stating that at present it lias 
liy no moans been possible to prove the existence of series in the case 
of all cloinonts. The series character dominates only the first three 
voi'ticiil oolumnH of the periodic system. Towards the end of the 
poi’n>iU(! system, from the sixtli to the eighth vertical column, the 
niiinbor of lines in ere uses enormously (as in the case of the Fe -lines 
and in the triads altogether) ; hero the mnltiplet structure (of. Chap. 
VIII) eonies into proininoneo and the series achenie recedes, Cor- 
I'espoiuling elements, whioli lie in a vertical column in the periodic 
HyHtmn, hobavo in an analogous manner as regards their spectral 
limnifcHtations, for oxamplo, they all show a clear aeries character 
or all hUoav a eon fused aaonmulation of lines that apparently belong o 
no .series. 'I'his is in agreomont with the view already expressed in 
Oliantor 111 A -b that the visible spectra originate at the surface ot 
the Uom aiul'henoe oxhihit similar behaviour if the .surface structure 


lOvory soi‘io.s is eonstruoted. like Balmor’s series, from the difference 
of two terms, a conslant first term and a variable second iei'm. We 
also eall the latter tho cmreni term. As in the Balmer ^ 

nllV, tho cuiTont term depends on a whole number n, the cnrient 
uumboi-, and approaches tho limiting value zero as « 
bhnm our earlier remarks (sec p. 72) wo already know that the tnio 

3fil 
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goal of H pt!cl;i’cmeo])y ia tlio (xn’niH fchO'niselvos ami no I- l^lm liin^a wliitjl 
iiTo foriiKHl I > 5 ' combhiing the terms. Wo Hlmll now give bh(< usuu 
doflnitioji of tlio curronb term for tlio Principal Scries, the 1 and I 
Subordinate Scries and so forth. 

The Principal Series * {Hmiplse,rie) is oharaotoriHcul by tlici |i>tt<! 
I' ; its current term is written tlius : 

H.S 7iP. 


The intogor n distinguishes tlie suocessivo linos or inoinbcrs of tlr 
series. Tlie letter P serves to indicate the atoniio constants tha 
play the decisive part for this term. %P does not denote the prodno 
of tlio current number n with an atomic constant P hut syn\boliso. 
a oej.*taiu function of n whose form wo shall develop in the next siiotioii 
Tlie same applies to the following symbols ?nS, wP, • • • . 

The First Subordinate Series (Nebenmie), also oalUul tho Diffus* 
Subordinate Series, is oharaoterisecl by tho letter iD. The cnri’cnt tern 
of the I Subordinate Series is written thus : 


I. N.S 

The Second Subordinate Series is also called tho Sharp Subordinati 
Series. Henco we use the letter S and denote its current term by 

II. N.S 


When a method was found of analysing the infra-red part of tin 
spectrum, the so-called Bergmann Series became added to the tbre( 
serioa types above given which had ali’cady boon known longer, W( 
shall denote it by tlic letter f F and shall write its oiirroivfc term thus 

B.S tiF. 


A survey of the complete set of soric.s term.s is given by the soliomo 


3S 

4S 

fiS 

OS 

3P 

4P 

fiP 

OP 

3D 

4D 

5D 

o:d 


4F 

5F 

OF 



5Q 

6Q 


OH 


* Forjnoi'ly was oiwtomary to use small lottors instoacl of cap i tale, o.g 
p in tho enso of tho Principal Sories. Wo horo follow tho Ainorieivii pi’ootioi 
(Russoll and Saundoi's, Aafcvophys. Jonrn., 61, 64 (1986)), which has bocomo go norn 
and whioh ia capable of being oxtondod in. many dirootions f of. Ohnp. Vl.II. 

t Tho nnmo ** Pnndanionfcal Sorios ’* which is of ton used instead of tho ox pros 
sion Borgmaim Sorios in .English and American litoroturo where it is olmmotorisot 
by ni* instoad of nB, is founded on tho '* hydrogon-liko " ohnraotor of blio- Borg 
niann sorios, .Bub this is not a docisive oharnctoristio of tho Borgmann sorios sinei 
ib occurs still more markedly in bbe tiltra-Bergmann sorios (soo bolow). If wt 
wish to call a aorics-tenn " fundamontal ” it should be tlid S-torm which, altliougl 
ib is least " hydrogondiko ” is in many cases allocated to tho “ groiin<l-oi'bit ’ 
of tho atom. Our oxouso for using tho symbol is that tho symbols nD and nf 
also I’ofor to ohamotoristics, diifusonoss and sharpness, which do nob alwayJ 
actually ocour. 
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ll, i-NpiUHnt's t.li(( fiuili tliali I'Eo oiin'ontoiumber 7 i in the S-torin runs 
l.lirniijurli nil iiiiLial AUilims from .1 to co,in the P-term througli all values 
from 2 to co, and so forth. IVEoreovor, its last row.s indicate that the 
l«\t(inn is followed Ly higher terms, ao-c<alled “ nltra-Bergmann ternrs,” 
ill w’bic'h the values of n start from 5 or 6, 

( loiieiM'iiing the conMant term of our different series we find that 
in the Ih'iiuupal Seitos it coincides witli the term IS of the II Sub- 
ordinate Kei’ii's ; the constant term in both Subordinate Series is the 
br.st term 2P of tlici terms of the Principal Series ; that of the Bergmann 
(Seri(!si is tlie first term of the I Srdiordinate Series, namely 3D, Hence 
the constant ternm may he tabulated thus : 


H.S IS 

I K.S 2P 

n H.S 2P 

B,S SB 




a) 


Htmee in our four oases the ultimate expressions for the series are 

H.S IS - wP = 2, 3. 4, . 

I N.S u^r-.2V — tiD ?i = 3, 4, 6, . 

1 i N.S ™ 2P — ?iS % — 2, 3, 4, . 

B.S 31) — wP » = 4, 5, 6, . 

It must not 1)0 imagined tliat the combination of the lines into 
HuricH iiiul their ro.solufcion into two terms are possible Avithout con- 
nidorahle pruetiee and ingomiity, First of all the lines of the various 
HtM'Uia are all mixed together aud must be sorted out according to the 
critcviiv mentioned at the beginning of this section. In most cases 
oidv ‘V. modevak^ number of linos of any one series is available. To 
ohluin liy extrapolation tlio scries limit and hence the constant hrst 
toi'iii of the series Ave numt first have found an analyticaV expression tor 
tlio cummt-term (of. § 2). Tlio series limit is then obtained together 
Avibh tlio iindofcerminocl paramoters that occur in the series law ly 
using a graphical or nuinorical method of approximation.* It « 
nlAvaya found that the first terms of the series are not given 
juammtely . Tlio task of calculating the series is considerably simplified 
if other series or scries limits of the same element are alreacy 
On ummut of the combination-relationships (see beloAv) between tim 
,um,v<nit. hmU» it i« always noTOsaary to adjust tho 
HOVorul HUriiM to liring thorn into haimony. It is obvious that c 
nioasuroa wavo-longths must ho oovvooW for a vacuum t bcfoie tho 

HOl’ioH can bo ealcuhited. 

♦ (if. Uio \voi’l<n tnoatiouoi.1 on p. beon’^spSaU^ 

•K..wlnr, Pnit I, liS fV .md V. 

hy I'nHiilKtii uml bin tollowoi-H m desonbod by U- ruos 

Atm. 4l. IMiyH.i 03, I (D^^O), Potovs Bureau of Standards, No. 327 (1018) 

t Cf. (ilu) tal)kw of Moggors and ^ Leipzig, 1925), in winch 

«r the f ahb olnvesaed with tho correct valnoa 

I 111) Avuvu-lengtliD ineaHuroil m air lOo u y A 
for a viwnuin, 

VOL. I.— 23 
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Tlie expressions (1) contain the following laws wlih4i tlio 

sei’ies representation historically and leil to tlioir <!ininciiition : 

1. Thd series Umils of Ike I and I.I SulHmUnatf' iSeries roiin'idr. 

For according to (1) tltcy both li(* at the wavo-iunnlioi' v ^ liP. 'I'ho 
limit of the Bergmnnn series lies at the wavo-longth v ^ 111). 'I'lieso 

limits cannot he observed oi’ observed accurately in most ciistis lad' 
must be calculated by extrapolation. 

2. The aeries limit of the prinei])al Herio.H has tin'' wavo-numbta* 
v= IS. The difference belwean the waveriiumbers of Ihis series limit 
and ike common Ivmil of the first and second subordinate, .series is eqnttt 
to the nmve-mmiher of the first wembe.r of the ^a'incipal series (Kydboi'g- 
Schuster rule) ; the second subordinate stu'ies, too, if wo extrapolate 
its expression in series to ?4 — 1 leads to the same wav(5-nninlKn* \vi(.|i 
the sign reversed. 

»So far we have tacitly spoken of series of simide lines. But fre- 
qnently the 8erie.s lines consist of aovoral eompoiMnits ; tlu^y are 
dmblets or triplets. The systomatio analysis of this “ (amijilex 
structure ” of the terms anti its wonderful regularity in tiu' ptu'lixlit^ 
system occupies the whole of the next chapter, '.riut inulti))luuiv 
that oeeurs in the II tSubordinate iSeries of tlio liiu^-eoniigiiralloiiH is 
always duo to the constant term 2P, hecaust' the S-t(U'in is always 
simple. In the 1 Subordinate Series, too, the multiplitiity of the 
lines is usually causetl by tliis constant term 21? alone, iHaaiiisif tln^ 
inultiplioity of the D-terms does not need to bo taken into aetaniiil'., 
The multiplicity of the terms of tlie jmncipal series is indicated liy 
writing instead of in (1) : 



■h il-. . 

0 , 1 , 2 


^Doublet .serie.H, 
'.l.'riplot series. 


Concerning the general signilloanco of the index j and its ha If -integral 
values in the caso of doublet sorics, see Chapter VIlI. 

If wo bracket together the lines liaving the same values for j w(' 
speak of a partial series {TeUserie). Tho following laws then holtl f 4 »r 
the partial series that occur in a do\iblob or a trij)lefc norm j tliCHO 
laws have been particularly useful in finding principal and subordiiialc 
sorie.s. 


3. In the first and the .^eco^wi! subordinate series the law of mnsfarif 
differences of frequency {difference of ^mve.mmber) hold. 'I ’ll at is : the 
doublet or triidot difforences in tho I and If N.S. have a dilToi'enee A r 
(measured in wave-numbers), whicli is imlepondonb of the in<im)u*r 
number n of the lines and is identical in the I and 11 Subordinate Series . 
Moreover, it coincides with, tho wave-number dift’orenco in the lirst 
member of the principal series. This follows immediately from the fact 
that the multiplicity of the sulwidiary series is duo to the constant term 
2Pf. In Chapter VlII, § 1, we shall illustrate in tho ease of Li tliat 
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this liiM' is, on nocoiint of the aclditional mnltipliiiity of the D-borjii, 
only a law of approximation in tlio I N. 8 . 

4. Tim wtwe-nnniOer (lijfdmiaui of Ihc prindpiU snrim dacruann lo 
zero rt.s* the member number iniweMHes, 4.’lui rtniHon for this is tliat in 
this case the multiplicity is conditioned by tlici variable tortii, wlioreas 
the constant term is, strictly speaking, simple. 

From (II) and (4) it follows, in particular, for scries limits that : 

5. The ^iurlial serins of a principal series wp-proach one and the same 
scries limit > as the number of the member increases. The partial series 
of one and the same subordinate series have series limits that differ from 
each other by the vAmslant wavemumber difference of the 'i^artial series 
in questio7i ; but corresjmnding ptirlial seHes of the first and second 
subordinate, scries approach the same, series limii as n increases. 

A furtlier difference between principal series and siilmrdinate 
series follows from the intensity of the lines in the doublet and the 
triplet series. 

We next consider the exam]de of the D -lines, tlio first member of 
the principal series of the Na-spcctrum ; as is well known, they form 

U, D, 

■> V 


H.S I.andll.N.S 

Fici. 00.— Bluliiss of rosolutiou (roprosontocl diagi'aininaticiilly) ia tlio courso of 
u Horios— on fiho loft) for tlio H.S., on thu riglU; for tho Tl N.S. ('.I’lio right- 
hand flgnw only roju'o.soutH tho I N.S, when tins vosohitioiiH of tlio cumnit 
toririfl aro Htnalt in (ioinpai'isou ivitli that of tho oonstant IMorms.) 

a doublet, 'riic wavo-longtli did’erenco of tlie lines J)i and Dg amounts 
fairly acein’ately to OA. Dg is of shorter wave-length and more intonae 
{twice as intenso) as l)i. '.riiis is to bo interpreted in the sensu that 
tho number of Na-atonis that emit Dg ia greater than {twice as groat 
as) tho number of Na-atoms that omit D^. In Fig. 90 wo show sohom- 
afcioally, besides tho linos BiDg, also tho next inembov of tho principal 
series, in which tho doublet interval is already markedly sniallor, as 
also one of tlio succeeding members, in win oh the doublet no longer 
axipoars re, solved. On tho otlior hand, the tyj>o of the two subordinate 
sorics is indicated in Fig. 90. By Law !i tlioir constant wave-mimbcr 
(Uilcreneo is ecpial to that in tho first mcnibor of tho prinoijial series . 
The distances of tho series members from one another, with wliioh 
wo are nob at present eon corned, have here (j list as in the oaso of the 
jirincipal .series) been ohoson arbitrarily in tho scale of tho r’s. What 
are of essential intoro.st to us at present aro tho conditions of intensity. 
Tu the subordinate series the more intense comxionent of tho doublet 
is on tho op])osite side to that in the prinoipal series. Tho reason 
for this wo see without diHiculty by looking at the formula) ( 1 ) i« that 
nVj oocni’H in tlie expros.sion for tlie principal sories with, tlio rovorno 
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sign to that, of 2Py in tho oxproaaiojiH for tlu^ snhordinato H('-ric‘H. \Vi' 
generalise this for arbitrary doublet aiul triplet .s»'rft?s aiul oiiiiiieiair 
our last proposition as follows : 

6 . The. order of sequemce of Ihe. inlenMties in ilui dmihUltt and Irlplntn 
of a jnincijMl series is ihe reverse of that in the correspondhiif donhhf.'t 
and triplets of a subordinate series. 

For the rest, we have already in Ohniitor TV, § 5, Fig. (50, estiihlirthod 
the same fact with reference to tho lldntgcn spectra for tho inttuisitios 
of ICa, Ka', as well as for those of La, I/a', Lft re.si>ootivcly. 
Wlmt was here called, in connexion witli series ropre.sontution, 
reversal of sign, appeared tlierc, more vividly, as an interehaiig^i of 
initial and final path in the one or tho other pair of lines. 

As a cojnprehensive example of the preceding thooroins ^v^'■ shnll 
compare in Fig. 01 the line-spectra of potassium with one anotlu'i* ; 
in the first row is the principal series, in tho middhi is tlut second 
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Fra. 91.— The series laws illiistrntod wiUi potassium ns an oxnm[)lo. Tim huI>- 
orciinato series linvo the samo serios limit. 'I’lio dilTonmeo of 1 ln> Kcrh'H 
limits of tho H.S. and tho N.S. equals tho wnvo-Jiutiihor of tho firal. im'iidifc 
of tho principal serios, and so forth. 

subordinate series, and in the bottom is the first sidiordlnatn HcricH. 
The lines have been drawn on tho correct scale of their frotpioiuiics 
quantitatively ; but we have magnified the doublet intervals ton 
to make them perceptible ; the weaker doublet lines have througliont. 
been drawn as dotted lines. 

We see from the figure tliat tho limits of tho first and socniul, sidi- 
ordinate series coincide (Theorem 1), both tho continuous aiul tlio 
dotted limits (Tlieorem 5). The limit of tho princi])al series, dintiniHliiul 
by the common limit of the first and second subordinate soriou, giv 4 *M 
the frequency of the first member of the principal series .(TJuumoin 2, 
the Rydberg-Schuster Law ; it is indicated for the oontinuous and dotted 
partial series by the continuous and dotted arrow). Tho di>ubh*t 
intervals are equal and constant in the two subordinate series ('nmoreuii 
3); in the principal series they decrease rapidly towards tho violist 
(Theorem 4). That is why the limit of the principal series is .siniiilo, 
and that of the subordinate sorio.s i.s double (Tiicorom 6). 'iPho order 
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of HO( j uenoo of tho iiitonsitioa of the doiihlet lines in the principal series 
is the I'overso of that in the subordinate series (Theorem 6). 

Th('. spe{!ti’a of the alkalies being easy to grasp first led to the 
tUTiingonuiiit of simctral linos into series and to the discovery of the 
relationships onil)odiod in them. In the elements of the second and 
third column the eliaraetor is much more manifold ; here there arc 
Mon’es types of siinplo lines, scries types of doublets and triplets which 
in tluMi* turn again resolve into principal series, subordinate series and 
Ihn'gmann stu’ius. Ror a time it was therefore conjectured that in all 
olements the eonipkito aeries scheme must consist of doublet, triplet 
and ainiple linos. But this conjecture only helped to obscure the true 
.Mfcnt (3 of alhiirs. Eor, ns wo shall see in Chapter § 2, the doublet 
H<H'i(‘s (iorrCHj)ond to a state of ionisation of the atom other than that 
to which tlie simjilo scries and the triplet series correspond, which belong 
together, llonhlot series never occur in the same atom (in the same 
jitoini<! state) in conjunction with triplet and simple series. In the 
last (iolumns of the periodic .system the number of lines and their 
(ilmriieter hccomoa more and more complicated, as has already been 
statist! above. 

Besides the four scries hitherto mentioned there arc in the case 
of all cUunents numoroiis otlior combination lines and comhination 
H(n‘icK. For {example, wc may combine the term 2S instead of IS with 
the P-tm’ins, or IIP instead of 2P Avith the D-torms. In this way we 
arrivii at a second ropresontative of the H.S. or I N.S. type, Avhich may 
ho rejm'sented by tlio following formulro analogous to ( 1 ) : 


K.S. , . . . . r — 2S “ wP = 2, 3, 4. 5, . . . \ ^ /2) 

I V ^ 31? — =2 3, 4, 5, 6, . . . J 


U’he f(jIlo\ving series are often also represonted : 

r 31) - . . . . = d, 6, 6 . . . 0 (3^ 

p 4.1? — * * • 4 ^ 6, 7 . . . •) 


Itit'/Zs Oomhiimtion Principle (p. 72) would oven lead us to expect 
ihnt Avo ivuiy ctunbino every term «P, nV, . . . AVith every other. 
Wc ahull see, lioAVOV(!r, in the next section that under normal con- 
dibiouM tills principle is subject to certain limitations. ^ 

HcUuni (neutral helium, not Ho' ), the element which immediately 
Hiit!(!C<idH Jiydrogon, already shows a very complicated senes schome 
Umli i» in many -waya vary remai'kablo. It ‘ ' 3 

wrioH tofiiM that do not ooinbino OTtb one anotl.or. Wo 
in oallinK tl.o ono orthohelium ; to it * 

vollo w He-liiio, the Fravinhofor lino Pg for Aihich A — o87 , 2 • 

Wo oult tha othor aock« system pMheliiim : it wi« 

1.0 nil oloiiumO liolioral to ho diitewiit Irani helmm. Tin. 

» Wo uoo oaioU lottoM how too ooiivoolonoo (ooo bolow. in tta text). 
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ortlioheliiim have a fine-struoturo (triplets), the liiioH of pa-rhelinni 
are strictly .simple. 

Wo make use of the following “scheme of levels ” (“ mtunmclmna ' ) . 
Starting from the “ energy-level zero ” denoted hy oo (an (dtutlroii 
at an infinite distance from the atom) avo plot the ninnericial value of 
each series term dowmoards and draw a step that is to visualise! tho 
term. Since the terms are proportional to tin! energy of the atom 
in the corresponding states of motion, each step (U'liotes C' possihlo 
energy-level of tlie atom— ipilto analogously to tlu! earlim' (igiima 
for the Rontgen region. It is found convenient to (h!n(!t<! only tlu! 
levels of parhelium hy capitals (S, P, 1^), those of ortliolielium hy 

PaTlicliuiri Ortlioholiuin 



small letters (s, p, d), such a.s wore used gonerally (’.avlior. In oui' 
modern systematic notation we should desiguat(! tlu!m by ‘‘iS, “p, « 1 ). 

Direct transitions between the ortho- and the jiara-lmnds are- v(M'y 
improbable as is shoAvn hy the spectrum.^ 'I'liis is indicated l)y tin*, 
two heavy vertical lines separating the levels in the figure, Wo havif 
omitted the succession of F-terms and higher terms, and alsf) t-h<’! 
multiplicity of the levels of orthohcliuni which on aceount of tlioir 
very small separation could not in any ease ho sliown oloarly in bin* 
figure. The S-lovols are numbered from .1 to oo, tlm lM(!vols fi’om 

_ * Th. Lymon (Astrophya. Jonvn,, 60, 1 (102'!)) found, Lhn liim A ^ - nuJ>5» A. 

m the iiltm-violot and intovprotnd it as tJjo t-ojnhijiatkHi hS -- Up ; Imt (uccm-diiiK 
toH. B. Dorgolo, Physira, 6, IRO (1()2(>)) thia lino hcloiiga (;o Mut imoii Htioatmiri, 
bo lb nppoara that tliero ai’o no “ tnl'or-noinbinatioiia ” Ijoliwoen Mio oi'tlio- ami 
tlio iiara-aystem. 
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2 to CO, the D-iovols from 3 to co. On account of Pauli’s Principle 
thoro 1 h no term in orthoholiuni analogous to the level IS in para- 
liolium (of. Ohap. VIII, § 3) ; all the other levels are represented in 
parlu^linm as well as in orthoholium. The level IS in pnrhelium and 
2s in ortholioliuin have been drawn more thickly to indicate their 
stability or mcda-stability, respectively (cf, § 3). The meaning of tlio 
up wan I. arrows shown in the scheme of levels cannot bo explained 
until wo get to § 3. 

'Thii arrows drawn downwards, being tire dUlorence of two terms, 
roproHOnt the emission hues of ortho- and parhelium. Let us con- 
si<ler first tlie I and II H.tS. Their arrows end at the level 2p or 2P, 
i'Osp< 5 otively, and begin at the level iid, ns or «D, 7tS respectively. 
'I'o able to draw these arrows, the level 2p (2P) has been extended 
hy a (lotted line in both directions. But the extension does not extend 
beyond the central partition lines between ortho- and parhelium, 
since, as we said, tlio levels of the two heliums do not combine witlr 
nne anotluu*. T’lio length of the arrows increases as the member 
munber increaseH in the series and Anally approaches the limit, which 
is (!oininon to tho I and II N.8., but clift’orent for ortho- and ])arhelmm. 

Pa.ssiug on to tho II.S. (Principal Series) wo distinguish between 
tlu^ H.8. with tho symbol IS — 7iP (of. eqn. (1)) and those with the 
symbol 2S - ?tP ami 2.9 - np (of. eqn. (2)). The H.S. with the symbol 
IK -• '»P lies in tho oxtromo ultra-violet and is denoted in the left 
Hide of tho liguro by dotted arrows. The lines 

X -= 584401,, V = IS - 2P 
A 537-08A., V = IS - 8P 


ooriH'spond to those arrows, 

d’horo is a wide chasm between tho levels 2S and IS ‘ 

indi(!ato(l in tho Agnro by a gap in tho 

is almost Avo times as groat as tho distance (2S, oo), so that it could 
L ..■opv.«ontoa aooSratoly to aoab in the figure. Smoe he leva 
[<, iK miasing in ortlioheliura, thoro is m its ooso no H.S. witl^tho 
Bvnihiil 1. - nil, 'I’lie niniii series with the symhols 2s — np, 2& ) 

r o r cm J in both ortho- and parhelium. The majority cJ to 
Uiw"lto ill Uio Yisiblo rogioii ; only the first line of both series is in the 
intra-vod, us is indioatod by tho sliortness of the oorrespoiidmg auo . 
Thoir wavo-kmgths aro : 

A 10830A. ^ 1/j^, r = 25 - 2p (orthohelium), 

A 20582 A. ^2^, j; = 2S — 2P (parhelium). 

-Pho first, hoing the " rcHonanoo lino ” of liolium (of. § 3), is purtioiilarly 

with the same -imorical coe« 

2,1, or IIS, lip, Ihf, lur™ 

Agui.‘(i to a continuoviH stop-hko lino. As 
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the first of these step-lines breaks off at 2^ (2P), the second at (III)) ; 
to the stop-line 4s, 4_p, 4d! there woirlcl become added, if wo had inoliuled 
the Borgniann series, tlie level 4/. 'The levels that have in this Avuy 
been grouped together by moans of the coinmoii current number 
M are actually uniform and correspond to one and the same Bahner 
term as wo shall see in tlie next section. 

Hitlierto wo liave spoken only of emissmi lines, fi'hey result 
after previous excitation of the atom, that is, after the atom has laam 
“ raised ” out of its naturally most stable state or ground-state to ono 
that is less Btal)le and from which it strives to escape into a state that 
is again more stable, Accordingly, corresponding to tlio ground.-.state 
(IS in the case of helium) we liave (algebraically) the smalksl amomil 
of energy or, what comes to the same thing, the grealesL term, 

111 the case of absorption lines , on the other Jiand, in so far as tliey 
arise in cold vapours, the initial level is always tho ground-state of 
the atom. In our diagram the absorption linos would have to he re- 
presented by arrows that stait out from the natui'al or ground level 
and arc directed uptvards. Hence tho lines of tho type IS ■ a I ’, 
clotted in the figure, if inverted, therefore represent the absolution 
line.s of cold He-gas. The fact that they all lie in the extreme ultra- 
violet explains why He-gas is quite transparent in tho visible region., 
(dearly tlie position of tlie absorption spectrum is of fundamental 
importance for the knowledge of tho series scheme. It tolls us, in pai.*- 
ticular, that in the case of Hq the lowest level aoces.siblo to spcotroscojiy 
(here 2s) cannot be the true natural or ground orbit. 


§ 3. Expressing Series by Formulse. The Selection Principle for 
the Azimuthal Quantum 

The distinctive property of tho hydrogen atom is, speotroscopically, 
that it exhibits only 07 ig series specitrum, tliat of Balmor. Tlie division 
into principal and subordinate series serves no purpose liero, if wo 
disregard fine -structure. We saw the reason of this in Chapter II, 
§ 7 ; tlie individual series term depends only on the sum of tho azi- 
muthal and the radial quantum numbers, n = n,i, -j- and not on 
these numbers separately. Tho same applies to tho liydrogon-liko 
atoms Ho*' and * 

I ho case is clifforont for atoms that are not of the hydrogen tyjuq 
and hence even for neutral He and Li, Hero tho puro Ooulomhiaii 
field with the nuclear charge Ze no longer reigns. Wo distinguish 
between an external “ initial electron ” {Aufclelckon), ivJiioh is tlirowii 
by some agency of thermal or olocti'ic origin out of its stahlo position 
into an orbit further removed from tho nuclovis, and tlio Z — 1 intior 
electrons which essentially describe their normal orbits (wo ro.striot 
oui attention for the present to the neukal atom and to tho arc Hj)outrujii 
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which it emits). This external initial electron moves in the iiekl of 
the niieloiis, which is screened off by the inner electrons. This field 
is still, indeed, nsym2)t()tieally a Conlombian field : for snfiicieutly 
great distances the nuclear charge Ze and the Z — 1 . electrons near 
the nucleus act conjointly like a sin\])lo x)oint charge -}■• e ; but for 
moderate distances the individual distribution of tlio electrons near 
the nucleus enters as a factor. It ])roduoes a 8Ui:)])lemontary field 
that differs from the Ooulombian field. The orbits of the external 
electron arc tlusreforo no longer Kejficr ellipses. Ncvortholess they 
are moio or less related to tire latter, being tlu^ more related tlio further 
the orbit is removed from the nuoleus. 

We imagine the sup])lomentary field idealised into a 2>ure, central 
field, that is, we write its jjotential ciKU’gy as a pure function of tlio 
distance r between the nuolons and the external electron. The orbit 
of the latter then becomes In the jilane of tin's orbital curve 

wo racasnro an azimuth, (ji. Wo then allocate two quantum numbers 
and w,., ns oiiee before, to the co-ordinates and r. 

The energy W of tlio orbit dojiends on n^, and but no longer 
merely on their sum, 71,1, seine more general function of 

and : 

/(’ 4 , ( 1 ) 

This moans tliat in the case of elements that are not hydrogen -like 
the Bahner mias resolves into a syalem of aeriGS, For if wo form the 
differenoo of two expressions of the typo (1) for the initial and the final 
state with the resxicetive quantum numbers 71, j,^, ?ir, and 71, 7 if^ and 
then kceji o?ie quantum number of the initial state, namely fixed 
besides tlio quautiun numbers and of the final state, and if wo 
then vary the other 71^, wo obtain foi.’ every definite value of 7 l<f,^ a 
definite scries. In this way wo obtain a system of series for different 

An important ^irojicrty may bo predicted from this function (1). 
For great vahioa of 7 i,j , — great values of 71, j, denote groat sectional 
areas and hence groat avoi’age distances from the nucleus — ^this 
function transforms into the eorresponding Bulmor function. We 
can see that for a aufiioiontly groat 

. . . ( 2 ) 

A mure detailed investigation by the author which will bo deseribed 
in § 4 has given rise to the following exjircssions for the function 
7 i.y) * wliieli represent dilloi’ont degrees of apjiroximation. 

* Munch. AkuiL, 10 IH, ]). 131: 'Am QviiintcndHioi'iu ilor BuuktraUhiimi, 
JirgauKimgcu und Jflrwoiturungon, 
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{(i) To a first approximation tlio atomic field is to rogardod as 
Coulombian (see above). Its potential energy with respect to the 
external electron is 


Corresponding to it we have, ns in tlio case of hydrogen, 


f{n^, ?i,) 


_ E 

(n. 1 , -I- * 


Ch/) 


(6) To a second approximation lot tlio potential energy la' n'pre- 
sented by 



The corresponding value of / becomes 




E 

{n.i, d- n,. d' <?j® 


(lift) 


The quantity q here introduced depends on the ('onstaiit of (ho 
atomic field, and also on tlie azimuthal quantum numher 74, hut is 
independent of the radial quantum number n,.. As increases 
q vanishes in accordance with oqn. ( 2 ). E has the same HigniihiaiK'i' 
as in eqn, (3a). 

(c) To a third approximation tlio potential energy of tlio atomic 
field is represented by means of two constants and by 



This lends to the same form ns the expression (3/>) given as a setfond 
approximation. We immediately pass on to 



Then we obtain os the value of f 

/(»*. »r) = |.(„^ + ^ . . (!k) 

The same applies to k as wn.s said Just above of q : k, hesidoH de- 
pending on the constants of the atomio field, dejieiulH only on 
and not 011 and it vaiiishos for «,,, ==00. 

Honeo wo obtain ns the series term, if we now denote the principal 
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quantum innnber by w, to a first, second and third decree 

oE apjiroxiinatinn : ® 


(?) 


R 


(Uy qy K) 


{n H- ff)2 

R 


I)*' + (Z + Kin, q, k)]‘“ ' 


Balmer. (4a) 
Rydberg, (46) 
RiU.* (4c) 


'rii(’H(^ fclu-ee rorinH of the series term arc the same as those which 
Ui(' experimental iiivcstigation of series brought to light as the first, 
Me<!on<l and third stage of development corresponding to the increasing 
r«dinoment of the methods used. The first form is Balmer’s. The 
MtMuuul ivns used by Rydborg in his first attempt to unravel line spectra, 
fi.’ho thiril form wan proposed by Ritz; and was tested on a whole group 
of Hcn-ies. The method (?i, q, k) of denoting terms is also due to Ritz. 
In thi.s last form the term is not expressed explicitly hut implicitly 
si 11(50 tlio term also occurs in tho denominator of the expression, ah 
though only as a correction term attached to the small factor k. 

'f here can now be no doubt as to kow wo are to arrange the Principal 
Sori(5H, Subordinate .Series and so forth, alongside one another in our 
gen(!ral achome. 'This is done in the following fundamental Table 35 : 
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4 
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1 
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'riiUH wo mcriho. suMmsivaly increaMiig values to the azimuthal quantum 
number n.,. in the current or variable term {Lauflerm) of the II N.S., H.S., 
[ N.S., B.S. and so forth. Below the value of n^ ive have matten th(} 
values, wliioh are all less by 1. of the wave-meohamcal azimuthal 
quanliuin numhor I (of. p. 115). 'The symbols for 9, namely, 

q — 8fP, d, f..<y 


*W. M. Hiolts 
foi'muia, which also 


Ul’oforfi, in liis oxfconsivo spectral reaoarchea, 
involves two con stall fcs, m place of (4c} . 


the following 


R 


(n, (j, k) — (ji -|- q -j- if/jip’ 

(Jf, -4. Trmtim on tho /VnalysU of 8'peclra, by W. M. Hicks, Cambiidge, 1922. 
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call attoiition to and correspond with the symbols nV, wD. ni^ 
, . . nf the preceding section. In the .sequel we shall agree to take 
the.so symbols as standing directly for the exprc.ssions (46) or — 'i}! more 
accurate calculations — (4c), Tlic symbols 

« — cr, TT, 8 . . . 

agree with the notation which Eitz used in applying lits fornuila. 

We see a first coirfirmation if our allocation of n,/, to tho various 
series terms in tho manner in whicli, as we proceed from left to right, 
lha resemblance to hydrogen (or hydrogen-like character) bocomo.s more 
and more pronmmeed, In the term of the I N.H. the deviation from 
tho hydrogen type is less tlian in tlio torjn of tlic principal s(»rieH ; in 
tho Bergmann term tliis deviation is already so small that it was po.s.sibl() 
originally to express this term immediately in the Bahner form. In 
the subsequent terms nG, wH, which we allow to correspond to the 
nziimutlial qnantiiin numbers = 5, ?i^ — 0, this still occurs nowa- 
days (cf. p. 31)0 below), that is these terms are nsually written as 

R/n^, 71 = 5, G . . . 

lllliim lioro tho limiting ease considered in ecpi. (2) has already been 
reached practically. 

Particular comment is demanded by tho S-term, 9 i^, ~ I, in which 
tho resemblance to liydrogcn is least. Even in tlio alkalie.s, where 
the conditions aro .simplest, the denominator of the term exceeds tho 
integer 7 i by about for example, 0-59 in Li, 0*65 in Na. It was 
therefore thought noec.ssary formerly to combine tiro value | with tho 
current number n and to write the S-tei‘ni in the, following half -integral 
foi’jn ; 

(?t -1- i S) == L5S ; 2-5S; 3-58 

and so forth. 

Nowadays we explain the particularly marked deviation of the 
g-term from the hydrogen type as being due to tho penetration of 
the S-orbit into tho atomic core (cf. § 4). 

Whereas, according to onr Table 3e, tlie azimuthal quemtum w,,, 
Im.s a doJinito vahie for each series of terms, tlio radial qiuinhwi 
is able to assn mo all values from 0 to co. Sinc(5 71 ^ the 

minimum value of 71 in every term is that is, equal to 1 for tho 
S-terin, 2 for tho P-terin and so forth. We have expressed precisely 
this in our scheme of series terms on page 362, Hence tho triangular 
shape of tliia scheme signifies a second confirmation of tho intorprotation 
of tlio series terms given in Tablo 35. Wo mu.st also note licro tliat tho 
true c-nrranl ivnmber is, jirojiorly .speahing, not tbe (jiiantnm huiu 
( principal quantum number) but the radial qnantim 9Mwa6e?' whicili 
is in reality tlio quantum nmnbor that can vary to an unlimited extent : 
0 ^ w,. ^ Qo. Wo acid here, as will be shown in § 4, that the series 
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ft>nniilii, wIk'IIh'i- in lly<llKirg’K or Ilita’s form, is really nothing else 
(Inin till’' (Widilion.. 

'IMio trianguliir soheino on page suggests to us to intpiiri! how 
tius iirinoipal quantum number is to bo rationally normalised, a rpiestion 
wbieli <ian be solved only in relationship with the periodic system 
(<d. § (1). In § (5 we hIuiU distinguish the rationally normalised principal 
Huiintinn mimher n from the conmniiomlly normalised current number 
n. Whereas wo make the latter begin with 1 in the S-torms, 2 in the 
l.*-torn\H and so forth, the former will be normalised by numbers that 
are gi'ciatei’ by some units. It may happen that of the orbital type.s 
formerly denoted by (hco j). ill)) those with smaller values for n 
will already have heou Imilt into the interior of the atom as structural 
oi’bits and hence arc no longer available on the outside of the atom for 
virtual speetroseopie orbits. We shall meet with mnnerous examples 
iii § 0. 

Hitherto our orbits have been restricted to the neutral atom and the 
are Hpeetrum emitted by it. Theory indicates a unique way of geueral- 
ining the .spectral formula so that it applies to the singly and multiply 
ionised atom and the sjmrk S2)ectra emitted by it. In jdace of R 
wo have simply 

4H, 9R, 16R (0) 


ill the spark spectra of the first, second, third . . . order, the value.s 
of the atomio constants q and k being simultaneously altered. We 
know tlie simiilest example of a spark spectrum of the first order, 
iinmoly Tie '- (p. 95) ; the simplest example of a spark spectrum of 
tlio m^(!<md order is given by Li' "'' (p. 96). ^ 

In the next section we shall consider the condition.s of excitation 
uinler whieli tlie individual series are produced. We shall there find 
further confirmalorif evidence justifying onr allocation of the aximutlud 
1 1 uantum number n^, to the various series terms. 

Hut we gain absolute certainty that this allocation is correct 011 y 
if m, niUlllw. tlu> motion pvinoiplo (Clmp. VI, § 1). According to thin 
priiuniile we miisb expect only those coinbinations of the S-, P-, -L>', 
li'-tonns in whioh the azimulhal quantum number differs by one uml. 
An I - ^ -1- 1. <u’, what comes to the same thing, Ai = ± 1. 

Lot us write down the rows of scries terms in the order of increasing 

nVchnutluil (|uantum niinibcr I : 


II N.a.c;^ “ 






S-Tovm^ I-I B. 

p- din.s. 

P- D B.S. 



T'ho arrows on the right-hand side of the terms denote those transi- 
tions from an initial to a final state in which the azimuthal T^J^ntmu 
m.n.l.nr .U«o,n.o« by 1 (A* = - h- + D, tbo»o on tbo left-band 
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side- (ieiioto transitions in which the quantum number intu’onses by 

= 1 ). 

For example, tlio priiicijial series arises from tlu* transition shown 
at the top oil the right-Jiaiid side, cori'esponding with its syinboHo 
repiusentation : 

V IS - 7iP, w = 2, 3, 4 . . . . 

The characteristic feature is the combination of the P-torm (/ ™ 1) 
with the S-terin (/ 0). Our selection ])rinciple clearly allows the 

following .series equally well : 

i' = 28 — »iP, V == 38 nP . , . 

which correspond to the transition 1 0 for 1. I’heir o(Kuirrence 

was discussed in eqn. (2) of the preceding section and again, partiimlarly, 
in Fig. 92 in connection with helium. 

The I Subordinate Series is characterised by tlie middle transition 
on the right-hand side, corresponding with the series formula, 

V = 2P ~ %D, n ~ 3, 4, fi, . . . 

The essential feature here is the combination of the P-tcriu with the 
D-term (i = 1 with I — 2) ] instead of 2P we might also have 31:^, “^IP, 
according to our selection principle. Such transitions have actually 
been observed, although le.ss often than the lines of the I Suliordinatc 
Series in the narrower sense. 

The lowest arrow on the right-hand side leads to the following 
symbolic representation of the Borgmanii sorie.s : 

r = 3D — 7iP, ~ 4, fi, 0 . . . 

or of tlie Boi’gmann series of higher order : 

v = 4D — ?iF, = 4 , 5, 0, 7 . . . . 

Tlie ultra-Bergmanu term with their combi nn.tions 
4F™wG,- 6G~%H 

would follow below on the riglit-hand side of our schomo, Aoeording 
to Paschen and G6tzc they occur in all alkalies, in Ho and so forth, 
and are written, on account of tlieir hydrogcn-like oliaractei', 

4F ™ E/62, E/62 - E/fl2. 

Whereas the series 4F - nCH lie ordinarily in the infra-rod region 
and hence mostly esoapo observation, they are d.i.splacod iji the ease 
of spark spectra, owing to the increase in the value of the Eydhorg 
constant, cf , (5), into the visible region. Fowler * discovered a series, 
rich in lines, of this type in the spark spectrum of Mg but dosorilied it. 


_ *Phil. Trans. R. Soc., 214A, 225 (IftU). On n. 121 of Fowlor’a ronorl- flio 
interpretation 4/ - mf is retained but is niarkod wifcli a sign of intoiTogatkm. 
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ODUti’ury to tlin primuple, as 4F — nF. This iuterprefcatioii 

iH luJHHiblo UH an approximation only because tlie terms nCi differ only 
very slightly rroiu liF (and both are of the Bnliner type). Novertlieless 
Fowler linda himself eompollod tti speak of “ inaconrato combinations ” 
between ?iF and 4F. '^rho correct interpretation 41'' — wG was found 
by .iloHohdostwensky ; * this disposes of the contradiction to the selec- 
tion |)rin(!iple ami the combination principle. 

I'hii'tlu’r examples of nltra-Berginann series are given by the spark 
sptud'i'a of higher order (At*''', Si' ' * ), which wore first investigated by 
FuHehen and If'owler, and later, alst) by other experimenters (of. § 8). 

Wo next censider the left-hand side of our scheme. The upper- 
nu»»t arrow ladongH to the .11 Sidiordinate Series. Its symbolic 
i'e|n‘esentation is 

V ~ 2P — ?iS, w = 2, 3, 4. . . . 


When w is dili’erontly normalised (cf. p. 305 and § 6) we may again write 
3P, 41* ... in place of 2P. 

'Phe two low(n' ari’ows on the left-hand side lead to series which have 
hetni observed, for example, in the calcium singlet scries as particularly 
intense lines they are of the form of equ. (3) in § 1. 

Summarising wo may say : those mnbinations which the selection 
principle allows lead to the 'commonest and strongest series (Principal 
SorioH, 1 and II Subordinate Series, Bergmann Series). ^ We may regard 
tluH (liseovery as a furtimr oonlirmation of the allocation of the various 
series lerms io the aziimithal quantum number. 

Ibit tluu'o are also oxcoptions to the selection principle, both some 
ill whieh the ay.iinutlial quantum number remains unchanged {M = 0), 
^ tviul others in which it ohanges by more than one unit, for example, 
A/ --- 2 J, Stark f and his eo-workers have s)iown m the case ot 
lumtml helium that series of this kind are invisible under ordinary 
diHclmrgo conditions and arc produced only by applying intense 

ul 00 trio Holds.' 

'^^Piio scries in (picstion are : 


r = 2S — uB . 
1 ,f == 2S — nH . 


. . = 3, 4, 6 

. , n := 3, 4, 6 
, . = 3, 4, 6. 


'I’lioy liivvo bran sbowii to ooom- in iwhelium and ““'“j™"' 
limt «I tl™n .wio» wat called the III Suborinmte bones by Lena.d, 
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who (u'.slt olworvod tlKMii in (iho alkalies. The lirst and the tliinl of 
ttio ahov{( sei’lo.s aix? {ixampIcH ol: the transition A/ ^ 0, the second 
of the transition A/ = 2. Ill 0111 sciieme on page 1305 the series belong- 
ing to the transition D —> S has been represented by tho dotted 
arrow shown above on the right. Isolated lines of this series have 
also been observed occasionally in other elements, for exaniplo, in 
all tho alkalies. Foote, Meggers and Mohler have oven found 
that when the current density is very great the line 18 — III) 
surpasses all the other lines in intensity in the s])ectruiu of Na and K. 
It is very remarkable tliat S. Datta f obtained tiro same line in absorp- 
tion ill the case of K (cold vapour). These and other ^ experimental 
results appear to sliow that the combinations IS — 3D and so forth 
occur in the alkalies -without its being necessary to make aii elcctrioal 
perturbation caused by an external field or neighbouring atoms re- 
sponsible for the transgression of the selection rule. Moreover, there 
are com binations between tho F- and the P-torm which have been 
variously measured and which also contradict the solootion rule ; 
in our scheme on page 365 they are indicated by tho lower dotted 
arrow. In Cs combinations between 3D and the terms have 
been found, || but they have oortainly been caused only under abnormal 
conditions of emission (electric fields). Finally we must mention that 
transgressions of the solection principle (transitions with Al = 2, 3, 4, 
and so forth) ocenr in oxtornal electric fields at smaller field-strengths 
the greater the current nunibcr of the combinations in tho series.H 
Tliis is, iu fact, to bo expected from the qualitative considerations 
in Ohaptcr VI, § 1 (at the end) : the greater tho ourrent number, tlie 
more iiitonso is the action of tho electric field and bonoo tho selection 
rules are transgressed at coiTcspomlingly weaker fiold-strongtlis. 

In Chapter VI, § 1, wo deduced the seleotio]i principle specially 
for field-free omission, but we showed at tho same time that it is put- 
out of action by strong electric fields. This case has boon shown to 
occur in the experiments of iStark, Foote -Meggers -Mohler, Meissner, 
H'anson-Takamine- Werner and Schuler as well as in tho rescarolu^s 
on tho Stark effect, In the combinations IS — 3D and so forth in 
tlio alkalies wo are probably dealing with (jfwadntpuZe radiations.'^* ** Onr 
di.se ussion of the correspondeneo principle in Chapter VI and Note 7 
depends on the assumiition of a dipole moment for the atom.; wo 

* Asfci'ophys. Joiirn., 66, 145 (1922) ; ot. also Footo and Mohlor (roforoiuso 
on p. 129). 

t Proe. Roy. Soc., 99, 69 (1921) ; 101, 539 (1922). 

X Of. G. M. Shrum, N. M. Cartoi- and H. W. Fowlor, Phil. Mag., 3, 27 (1927). 

II K. W. Moiasnor, Ann, d. I^hys-. 66, 378 (1921). 

H. M, Hanson, T. Tnlcamino and S, Wornoi*, Danske Vidonsk, tSolsk. V, 3, 
(Obsoi'vatiojifi in Hg) j H, {ScliiUor, Zoits, f. Pliysik, 36, 330 (1925) (Obsorvations 
in Zn). 

** This has boon mado vovy probable in tho moantimo by tlio rosults of in- 
vostigntions on the transvorso Zooinan ofTeot (B. Sogr6, Zoits, f. Physik, 66, 827 
(1930)). Of, also Jttinann and Brinkman, Naturwiss,, 19, 202 (1031). 
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diHregni-dtu! higher jiioineutH in the charge distribution of the atom. 

If wci takii thoin into (sonHidenibioii we obtain for the polarisation and 
nolctsfcinn I’lfloH of those lino.s that correspond to thc.se liighcr inomonts 
ofclioi* renvilta than those for dipole radiation ; in particular, we obtain 
for the lii’Hfc quadrupole radiation to he expected tire selection ride 
;J: 2. The ywssible transition ~ + 2 corre.spoml8 
(!Xmitly to tlio case of our lines LS — .‘I'D, The.sc selection rules have 
henn provocl to hold in wavo-mochanics by A. RnbinowicK.* 

Tlio Holootion prinoijdo gives precision to the combination principle, 
rostriuting itB niilimitcd range and increasing its practical value. 
ltit//H formulation of tho combination principle : every series term 
mat; bn comhined with every other term to form a spectral Una is now 
nxpre.sHod in the improved form : every series term may normally he 
combhml with every other series term whose azimuthal quanhmi number 
differs from lha first by unity ; combinations which conlradicl this re- 
.Hlrudiori are . not excluded in principle hut require special conditions of 
e.vcilfiUon or have the character of quadrupole radiation. 

Wo eloHOd tho proceding chapter with a repre.sentatiou of the series 
Htduuuo of helium *, wo shall close the present section with the serie.s 
Kolioino t>£ tho alkalies, Avhich is particularly clear and tj^pical. The 
Uu'niH are again represented as energy-levels, corresponding to their 
proper pljysical doflnition ; the ratios of tho magnitudes correspond 
to Hodinin. Thu stops on tho extreme left belong to the S-terms, 
those adjacoiit to thonv on the right belong to the P-term.s, tho next 
to the l)-torms and so forth, Tho numbens (1, 2, 3, . . .) on the left 
atfcaeluul. to oaoh sucee.ssion of steps denote the current n urn bens ; 
for oxainplo, tho sequonee 3 comprises tlic terms 3S, 3P, 3D (Tins 
{ionventioinil current nninbor is different in tlic 8-term and the r- 
tcriii from tim rational prineii^al quantum number 11 , normali.sed ac- 
cording to the periodic system, cf. § 6.) In agreement with the actua 
imhavloiir of tlio terms the loiigtlis of the stops (between one level 
and tlio noxfc) dcoroasos ivs wo proceed upwards and vanishes entirely 
at 00 , wliioh oorresponda to the zero level of the energy, name y, 

Will iiiloroiioo olooteon (AufekUron) is at an infinite distance 
(itiiiii. '.riui transitions from one level to a lower level are oliaraotensei 
by ttiTOWH and rojirosont the lines of the H'®'' J ^ °L „ 

Wu liavo donotocl not only LS — but also 2& «P as H., . 

.1 l-liiio is roprosentod by tho arrow IS - 2P on t be “ 

It was not irossiblo to raprosent the double ebameter of the P-lesel 
ill tliu lignro, so that the two components D, and D, are ^ . 

Hilimi amiw. In contrast with Fig. 92 we find that in the aUiato 
thu ground -state LS is easily optically (of. the end 

,..•o.«din« saotion). The lines of the H.S., 

tlioin tho :D-lines above all, appear in cold Na-vapom as stiong 


YDU. I. 


* A. lUibiiiowioz, Zoits, f. Physilc, 66, 002 (1930). 
.24 
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ahsoi'ption lines ; the Hanio ap])lies gt'.nerally to the alUnli(!s iuhI tlie 
iiolile inotals. The seleotion principle nianilents itsi'll: in li'ig. i):i in 
that all l-lio arrow.s ooiineeb only two hucIi levels as are arijaceiit in the 
soquojicio tSj L, l), ’l'<'. 

Fijmlly we roinark that the disenssion in this section is hased *ni 
a ])oi‘foctly dolinito model of the atom, namely, tliat of an atomic eoi'ii 
around which an outer “ radiating electron ” {LaucMeleJdmi) is iHiVolv- 
ing. The quantum nuttibors n, I of this elootron are at the sann! time 
to characterise tlio whole atomic state. Wo make this assiimplioji 



M.S. 


Ij'ra. 03. — Soliomo of lovols of lui alkali spootrum (Na). Tho nnmbors on Hu* 
loft> (lonoto (im'roafc numljtn’B. 

signilies that the qnantiim nvimhors which must he ascribed to the 
individual oleobroiis of the atomic core do not enter into tho forimilu 
for the series. According to Pauli’s Prineiplo this is always tlio tnisu 
V'lion tho atomic core forms a closed shell {alkalies, Cu, Ag, Au, Tl, 
and so forth) ; cf. Chapter VIII, § 8 . Purthormoro, we shall hjsj in 
Chapter VIII that even when the atomic core consists of a olosetl 
shell and an s-electron , tlie q\iant\im nurabei's n, Z of tho rudifrUng 
electron at tho same time dotormino those of tho whole atom. T’he 
alkalijMJ earths and also Zn, Cd, Hg have an electronic oondguralion 
of this type, All those 8 i)cotra are constructed relatively simply i 
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tliey luiv(^ (luiihlet, singlet oj’ ti’i|)Ict eharaetors and oxluhit '\voil- 
dovolopetl HtvvieH. But if tlie (j^iiaiituin iiiimherB of the eore also play 
a part, the more {lointiliciated typos (jf speutra arise, wliioli wo shall 
discuss later in (JJiaptoi* Vni. 

§ 3. Testing the Series Scheme by the Method of Electronic Impact 

'fho most direct tost of thdir’s ideas, tho one that is most fret! of 
theoretic al elements, is tho motliod of olootronie impact.’** It was 
initiated by Franck and Hertz; f in 1913 and lias since been elaborated 
by many ether investigators. 

^rho decisive disco my by Franck and Hertz consisted in the 
following observation. 4 . If electrons that escape from a gloiving wire 
are aceeloi'ated by means of a linely regulated aceolorating potential 
and are sent tlirough luoroury vapour at a low pre-ssure, tlion at a 
potential difioroiico of I'D volts the Hg-line A = 2537 is found to bo 
radiated. Franck and Hertz wore able to show that tho associated 
liv corresponds exactly to the energy of 4‘0 volts, in tho sonso of cqn, 
(la) given below. 

Lenard I must be mentioned as tlie predecessor of Fran ok and 
Hertz in tho production and measuromont of slow electronic velocities. 
Tho rather qualitative observations of Gebroke and iSeeligor || (altera- 
tion of the average colouring of the luminesconeo of gases as tho 
velocity of the oxeitiiig cathode rays is variiid) also preceded the de- 
cisive experiments of Jfranek and Hertz. 

Franok and Hertz liad as tlieir immediate successors MeLonnau 
aud Ids collaborators who used similar metluxls in studying tlie 
atoms analogous to Hg, namely, Gd, Xn, Mg, Oa, Sr, Ba, and so 
forth, and tho luminesconee caused in them by oloctronio collisions. 
Ill all oases one dolinite line lirst ajipcared, tho so-called “ rc.sonaiuio 
line” (see below), whieli plays a similar part to A ==2537 A. in the 
ease of mercury ; these resonance lines appeared at a well-dolined 
voltage, the “ resonance voltage.” Wlioii tho aceolorating voltage 
on the colliding eleotrons was gradually increased up to a certain 
limiting value the complete spectrum of tlic atom was finally observed. 
This second limit of tlic accelerating potential oorresponds to tho 
ionisation of the atom and is called the ionisation potential ” (soo 
below). Hence the (rougli) optical observation of the process of 
excitation thus distinguislies three different stages : no omission below 

* Oonipvohoiisivo ropoi'ts ai‘o given in : J. Xd'anok anti 1’. Jorclan, Aiiroguiig 
von QuantouBprCmgcn duroh SWisso, Handhutih dor Pliyeilt (Goigor-Sohooi), Vol, 
2.S, 041, Springer, 1920. '.I'liia roport lum also boon ropi’iutod soparatoly in Vol. !1 
of tho cjolloction ” Strukhu' dor Matorio,” Springor. Thoro is a somowhat oUlor 
but good account by Footo atid Mob lor, The OrUjin of tipectra, Now York, 1922, 

tVorb. d. Doutsch. Pliysilc. (IosoIIh., 16, 34, 373,' 013, 929} 16, 12, <167,012 
(10H){ 18,213(1910). 

t Hoidolboi’gor Altad. Abb., Nr. 34 (1911) ; Nr. 17 (191<4). 

II Vorli. d. D. Phys. Gos., 14, 330 (1912). 

^[.For oxamplo, MoLoiman and irondorfion, Proo, Boy. ,Soo., 91, 486 (.1016). 
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the rosonanee potential, a “single-line Hpiaitruin ” wlnni tlu^ (h’H(. 
stage has l)t!eu passed, and a inulti-Jino Hpeetriiin wlnat i-lu' ionisiititni 
XJotential has ))een exceeded. 

Tliis division into three stages is not essential ; l)(itw(!(ni tli(! siiiglo- 
line sxiectrinn and the complete aeries of lines there are ti'aiisition stag«*.s. 
It is possible to choose tlie conditions so that at interinediat<» iKdeiitiuls 
more than one lino bnt not tlio whole seric's Hpeetriiin is excited. 
6. Hertz * succeeded, for exainjde, in exciting besi(l(^s tln^ iHistinanen 
line any desired additional portion of tire series speetriiin ; in Hg her 
successfully excited all the lines of lower excitation voltages than 
8 volts bnt none of higher. 

Another direct follower in the field opened up by the original 
experiments of Franck and Hertz on moreury vaponr was liau.f 
He found, particularly in the case of the lines of neutral Ihs, that to 
excite suecessive members the excitation voltage had to be iiiereaswl 
from line to line. This furnishes a quite general and deeisive con- 
firmation of Bohr’s series sohemo : ilia higher mmhe.ru of a {larim rw/iifre 
higher energy -levels, and hence higher excitation voUagon hmmie neemsarfj. 
At the same time, this is a general refutation of all the older tlieorie.s 
of series that regarded the higher members as, in some, sense, (JV(U'- 
tones of the lower mombors, and that sought to (ind a ineehanunil 
connexion between their emission and that of the lower ones. While 
this fact holds within one and the same series, anotlua' eireuinHtanfHi 
is of no less importance for us ; it is ooiieerned with a eoinpai‘iH(jn of 
the excitation voltages of lines of different soi’ic^s : ihe. reiiuisile cxrMa- 
iion voltages increase in the sequence H.S., IN. 8., aiul, as we may with 
reason add, B.S. The H.S. axjpears first, tliat is at the sinallcst ox* 
citation; the first subordinate series, second subordinate S(U‘ieH, tiiicl 
so forth then follow. This agrees fully with tlm views jiut forwiml 
in the preceding section. Actually, the most Important faetor for tlio 
excitation of a .sorie.s is the realisation of the initial orbits thut 
correspond to the second series term. Tliis is thu Jlpii'in in tlio 
case of principal series, tlie B-term in the first subordinate serien, 
and the B-term in the Bergmann series. Aooording as tlu' vealisatioji 
of these initial orbits require smaller or greater amounts of entu'gy, 
the series may be excited with loss or with greater ease. 

From the oqHical methods in whieli the result of tlie oxcitatiou is 
observed in a sjiectrosooxie or sjieotrograifii we now come to the imrely 
electrical methods in which not only the excitation but also tlie oli* 
servation of the excitation ofiect is made by olectrioal methods. 

The first decisive resoarolies by Franck and Hertz were eenticriUHl 
with the question of the elastic collisions between eleetroiiH on (•he* 
one hand and gaseous atoms or molecules on the other hand. Tlir 
electrons that escajie from the hot wire are acceloratcd by a jintentinl 

* Zoits. f, Physik, 28, 18 (1024). 

t WUi'zburgor phys. Tnotl. aosollRohaffc., 1 01. -I, p. 20. 
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aiifl traverse tlio gas under examination, being finally receivfid on an 
eleotrorle ; tlie {Uiri’cnt rein’csentod by them is measured by means of 
a galvanometer or elootrometer. In the case of the inert gases and the 
oleotro-positivo metallic vapoiirs the galvanometej* at first indicates, 
when the potential is gradually raised in the gas chamber, a gradual 
increase of the ourront x^ftssing to earth, but then a sharp limit occurs, 
which marks the first occurrence of inelastic collisions, that is, of col- 
lisions that are accompanied hy loss of energy and that entail a change 
of constitution in the structiiro of the atom or molecule struck. This 
first maximum in the potontial-ciirrent curve is followed l)y other 
maxima or kinks, which occur at regular intervals, showing tliat the 
electrons, after having lo.st their velocities in a lirst inelastic oncoiintor 
have for a second or third time, owing to their further passage throngli 
the xmtontial drop, attained a velocity that once again ])crmits them 
to lose their enorg}'^ in inelastic collisions. The distance between 4such 
successive bonds of the curve measures in volts tlic energy that was 
transfeiTctl to the atom during tlie inelastic collision, that is, dotor- 
mines a oliaraotcristio constant of tlie atom struck. TJio ofTioienoy of 
tlie collisions is very small ; bven in the most favourable oireumstancos, 
in the immediate vioinity of a maximum of tlie cnri'ont-xmtontial 
curve, it amounts to only 1 per cent. ; that is, of all the electrons that 
collide only one in ei'^ery hunch'cd transfers its energy to the atom 
with which it collides.* 

Besides equating tlie energies in a collision wo must also equate the 
momenta before and after. Joos and Kulcnkampfl: t show tliat the 
latter equation lowers the value of the excitation limit as oomparod 
with that obtained hy taking tlie energy only into account in the 
ratio mjfi, whore m denotes the mass of the impinging jiartiolc and 
/Lt the “resultant mass/’ [cf. p, f)l, oqn. (3)] of the impinging XJfvi’tiolo 
and that with wliich it collides. In tlie case of elootronic collisions for 
which n is nearly equal to in the correction boconios inapprcoiablo ; 
in the case of ionio collisions it leads to an increase of the uxeitatiou 
limit of the order of magnitude 2, 

The occuiTonco of inolastio collisions in Avhieh particular events 
occur is no more romarkablo than elastic collisions in which not! ling 
particular occurs, Whereas the inelastic collisions denote a discon- 
tinuous transition from one quantum state to another, the elastic 
collisions show that the atom persists in its quantum state anrl is not 
callable, as in meohanics, of a continuous change of energy :|; so far as 

* Hevfchor Spouor, Zoita. f, Pliysik, 7, 18f) {H)21). 

t Phys. Zoita,, 86, 267 (1024). 

t Of noiirao tho atom a whole tnkos ni) a voi'y small nmonnt of irnnalatioii 
energy in colliBioiiR ; tho atom ^vit]l its oiootroim liont behave like the “ elnstio 
sphovos *’ of tlie g(m theory , Roe in this ((omutxion .T. H. 'rcm’iiseiKl, Proe. Hoy, 
So(!.. 180, 610-622, I02H, Pliil. Mag., 61, 1160, lOOO, and V. A. Hailey, Zoita. f, 
Physik, 68, 8.')4, 1081. .h'oi' other results (HimiHaiier-'rowiiHond erfeel.) \viii(;h arise 
from the atiuly of elastio collisioim of elo citrons ndtli gas atoms or inolc?<!ule8, see 
I-I, L. Prose oncl E. H. Saayman, Ann, d, Phya,, 6, pp. 707*862, lOJIO, where 
Humorous mforeucos are givon, 
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its inner configuration is coivccrnecl. Hcnco wo hav(i either no ohang<^ 
of energy or a discontinuous change of finite amount, corresponding 
to the general cliarncter of the quantum processes. 

The original method was later elaborated in manifold ^^'ayH. 
Instead of allowing the electrons to acquire their v(iloeiti(\H whilst iii- 
curring many elastic encounters with gas molecules, it is preferable) 
for many purposes to accelerate them along a distance that is less than 
their mean free path (tliat is, to use a low pre.ssure and a short distance) 
between the cathode and the grid which acts as the positive ])otential). 
The electrons that have been endowed ^vitli the desired veloeity in 
this way are then allowed to enter into the actual oollision ehamlier, 
which is essentially free of fields, and the size of which is made large 
and offers opportunity for a sulficient mini her of collisions with tlie 
gas particles under examination. Finally, the eleotrons are completely 
debarred from making all further progre.ss, owing to the agency of a 
stronger opposing field. Thus they do not roach the measuring elec- 
trode connected with the galvanometer at all. Ilather, what ari) 
measured by the galvanometer are the positive ions that are formed, 
whether directly or indirectly, by the primary eleotrons during the 
inelastic collisions. . Positive ions are produced dmclly if the velocity 
of the electrons is sufficient to imise the atoms struck, 'They are ])ro- 
diiced indirectly if the transferred energy, although not able to ejeel 
an electron right out of the atomic configuration, yet suffices to raise 
one of tlio electrons belonging to the atom out of its natural orbit 
into one that is richer in energy. When the electron belonging to the 
atom returns from this new orbit to one that is ])ooror in energy (nearer 
the nucleus), it emits light ; in atoms that are more easily ioiiiHablo, 
which belong to the collecting electrode or wliieh, under certain 
cireumstances, are mixed as impiirities with the gas under oxamiiia" 
tion, this light acts photo -electrically and thus also ju’oduces jiosifciyo 
charges that make themselves observed in the current which Hows 
through the galvanometer. 

To discriminate between these two effects, namely, the direct 
ionisation effect and the indirect photo-electric effect, was a matter 
of great experimental importance. Bohr * was the fi rst to call attontioi i 
to the possibility of this indirect effect and showed numerically tluit 
it probably occurred in Franck and Hertz’s deduction of tlie ValucH 
4*9 volts for Hg and 20-6 volts for He. Davis and Gonoher f succeeded 
in carrying out experimentally the nnambiguons difforontiatioii lietweon 
the original ionisation and the photo-electric elTeot by means of nil 
ingenious avrangeraont and connexion of iields for the case of Hg 
and fully confirmed Bohr’.s point of view. Wo cannot here enter iivt<l 
the details of the metliod and of the manifold impi'ovements which 


. 30, m: (iOlfi), § ;} ; GownumolU) 

in Enghsli in his collected papors), 

tPhys. Rev., 10, 101 (1917) j 13, 1 (1019). 
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hiiv<i made to it in the aeq^uel, but must refer the reader to the 
.iv'jjoi’trt quoted at the beginning of the cliaioter. There, too, will be 
foiiiid the iivtoresting and mucli-varied forms of the current- voltage 
cjurvos and their diHoontinnities, 

tieforo ])assing on. to the proper quantitative results of the method 
of oh^eti'onio collisions, we wish to give the transformation formula 
whioli, by means of the /iv-rolation, leads us from the wave-length A 
of a Hpinitral line to th (5 voltage necessary to excite it. It is clearly 

7i.c/A = e.V. 

If we here express V in volts, that is, set V . 10® in place of the 
potential difl’erenee V initially considered measured in electromagnetic 
(J.d.tS. units, and if, further, we use for c the value 1'59 . 10'^® (that 
in, okuitromagnetio O.G.S. units), and measure A, instead of in eras., 
in tonnH of jifi ™ lO""’ ems., we get 

V (volts) X XM = ~ . lO-i = 1234 . . (1) 


hutkmhiirg * has oalkid attention to the particular convenience of using 
this formula. 

Tor <ixainpl(\ if we calculate the excitation potential corre.sp ending 
1.0 the llg-line A 2537 A. — 253-7/i/x, and to the D-line of Na, 
^ 581)0 A, mnw, wo get by (I), respectively. 




{la) 


Wo may also use in place of (1) the equivalent relation (as is often 
<lomi in lOnglish liooks) 

V (volts) X A (Angstrom) = 12345 . . (1*) 

Ij.li us lUHV onlovilato tlio excitation ijotontials that correspond 
1,« llio HoricH limits to wliioli these two serie.s belong. The senes limits 
tir(^ given as limits of term values in cm. . » mce 

1 _ 107 ^ 10 ® 

" A(cmO ~ A(gg) A(A.) 

it follows fi’om (1) that 

V (volts) = 12346, 10-® r . • • • l^) 

the speetrnseopio table, we see that the ^ ““f 

(«u, imlnw) Uu, Hg.lino 2537 A Henerwe get 

of the prineijuil senes (H.b.) ot soauu , 

from (2) ^ ^ ^ ^ ^ 

null y 121145 . 10 ® . 41440 = 6dl volts ) 

for tlm nuu'cury and the sodium line respectively. 

* Zoita, L Eleoti’oohomio, 1920, p. 266. 
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We call the last two xjotentials tlio ionisation potentials of tiie 
initially neutral Hg- or Na-atom. For, just as the aeries limit is a 
measure of the energy that is liberated when the electron inakea a 
transition from infinity, so the corresponding potential in volts is 
a measure of the energy that must be used uj) to remove the elocttroiii 
to infinity. Wo assxirao that the final orbit of the apeetral procsoss 
(the initial orbit of the ionisation process) is actually the gi'ound 
orbit of the neutral atom. For example, in the ca.se of neutral lie, 
we should certainly not, from the conditions represented in li'ig. 112, 
calculate its ionisation voltage from the limit of the viHil)lo priiutipal 
series, as in this case the final orbit of the ju’incipal sori(5H (culled 
and 2S, respectively, by us) lies far above the ground orbit, in the 
energy scale. 

But wo use for the two numbers in volts calculated in (In) tlm 
term resonance potential, which wc interpret ns moaning the following : 
If the work done in the electronic collision docs not, indeed, HuflhiX’ 
to bring about ionisation, it may yet sulfico to lift an (doctron oiit 
of its ground orbit into the (“ onorgctioally ”) next bighosb orbit. 
Let the ground-state be IS and tlio next iiigher level bo 21*, as in th{5 
case of the Na-atom (Fig. 93). The atom that Ims been exented in 
this way will, if left to itself, tend to return to the stable eonfigurati<in 
of the ground orbit, thus causing the omission of monochroinalicj 
light. For, according to the principle of selection, tho iranHition 
2P IS will bo possible for it, and it is the only way in wbioli tlu^ 
excited atom can revert to its unexcited state. In tliis prooess tim 
whole, energy V that is given to the atom by tlio colliding electron w'ill 
be emitted as monochromatic radiation of wavo-longtU A oquivnhnd., 
by eqn. (1), to V. This re-omission of the wliolo transferred onorgy 
is called resonance (linking up with tho old views of the theory lit 
vibrations) ; hence we get the expressions resonance line and resonance 
potential. The conception of resonance lino thus iinjdios two tiiingH ; 
first, that its final orbit is tho ground orbit of the atom, and sce-onfi, 
that its initial orbit is the (energetically) next highest orbit from whicdi 
the return to the ground orbit, and. only to this, is possible, being 
accompanied by tho emission of monoohromatio light, 

In the case of the hydrogen atom our theoretical knowledge f)f the 
ionisation potential or the resonance potential liarinoniscs perfectly 
with the views developed in the present volume pin this oaso it is pos- 
sible to obtain values from eqn. (2) without having recourso to oxpori- 
mental data. 

In the ease of hydrogen the ionisation potential is dctorndiusi 
by the limit of the Lyman series, that is, by Bydborg’s numhor H. 
By eqn. (2a) we therefore get in volts 

V = 12346 . 10-8 . 10968 = 13.63 volts 
In ergs it is given by tlie‘ equivalent formula : 

he v^h: cR = 2*16 . lO-^i erg . 


. ( 3 «) 
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wheu’n V denotes as in (2) tlio wave-numbor and hence c p is the corro- 
Kyamcling frequency. 

We |iass on from (3) to the excitation yiotentials {Anregim(jss2}mi- 
nuniji'.n) of the Ijymaii and the Balmer lines. For the first line of the 
1 jynian wu'ie.s (ef, p. 74) 

r='=K(p-i2), A = 1211).7A. 


we. got, sinec^ its wavo-ninnher amounts to -J of that of the scrio.s limit, 
:J of tii(^ ionisation ]K)tontial, thus 

V = -I . 13 -53 = 10.15 volts . . . (36) 


lUit for the first lino of the Balmer series we do not get, as its v-value 
iniglst lead us to tliink, 5/30 of the ionisation potential, but rather, it 
must be noted, tliat when the atom is in its natural state, that is in its 
pfrouiid orbit, the oleotron must first be raised from its ground orbit 
in it) tlm 2-quantum orbit and then into the 3 -quantum initial orbit 
of llio line l-l,v. In this way the excitation potential for comes out 
(U|inil to tluit of tho second lino of the Lyman series, that of equal 
t«) t]w third layman lino, and so forth. Thus wo got 


for H« ... V = 4 . 1'3'53 - 12-03 
for H/, . . . r = Vvr - 13-63 = 12-68, etc. 

Our eahsulations have so far been made with the H-atom, If 
W(^ start witli tho I4-inoleoulo instead, we have first to split the molecule 
into IJ-atonis by supplying the energy necessary for dissociation. 
'The most exact value for this quantity follows— somewhat indirectly 
from tlui analysis of the band-spectrum of the Ha-moleciile. According 
to Dioke and Hop field * it amounts to 

L = 4-4 -h 0-1 volts . . • • (4) 


d’his dissooiation potential cannot bo clieoked by experiments 
involving electron collisions. For no kink is observed in ^le current- 
potoiitinl mn-voH for H,-gns at tho point V = 44 volts. 
moiation oco.its in oleotron collisions always m 
oxoitation of at least ono of tho two atoms I'cleaaed 
tliasdoiation, Wo shall show in connexion with the ™ 

spootra (Chap. IX, § 5) why no 

obtained in oleotron collision experiments with Ha and. indeed, 

Imltl “onllly, in contrast with those portonoc with atoms. Wo 
Hhall add hero the principal data for the Ha-moleoifi . 

Ionisation potential Ha Ha'* + 

Excitation potential as far as fte initial state ^ 
emission hands (A .lOoUA.) . • • 

. * Til •! /in i>nOf lfi‘27l Almost tho samo i-fisult was obtamed by 

M. Rov 38. 1223 (1926). and-by thermal moans-Isnardi. 

JSoits.’ £. Klootvociiomio, 21, 406 (1916). 
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From the H-atora and H-moleciilo avo iioav pass on t{) the hydrogon- 
liko He ' -atoin. Here we must first get to knoAV the energy of formats ui 
of He"*' from the He-atora experimentally if wo Avisli to draw conehmifniM 
based on the liydrogen-like character of He’". Tins energy of formation 
{Biklungswarme) or the ionisation potential of the neutral Jle-atoni 
which is proportional to it will be denoted by I. As w(5 have, indicatcid 
in Fig. 92 (arroAV furthest to the left), I = 24’5 volts. W(5 may now 
Avrite do\A-n, for example, the .second order ionisation potential of ! lo. 
It is 

. I + 4 . 13‘.'5 = 78-5 volts . . . (i>) 

Actually, to deprive the hydrogen-like atom He'' of its okustron, wv. 
require Avork four times as great as in the case of the JLatom. As 
shoAvn by the formula, this folloAvs at once from the fac.tor in the 
He-serie.s ; in more pictorial language, avo may say that one factor 2 
arises out of the doubled nuclear charge of He'' as compared Avitlv II, 
and the other factor 2 from the halved distance of the electron from 
the nucleus ns compared Avith that in the case of H. In the curve's 
given by the observations of Franck and Knipjnng,* as avcII as in those' 
of F. Horton, f an ionisation step occurs of the value giv(vn above., 
Avhich clearly corresponds to the tearing off of both electrons of the 
He-atom in one elementary act. Formula (5) gives, at the same tinu', 
the total energy — W of the neutral helium atom. 

We pass on to calculate the excitation potential of the line. 

r = 4R(~-~), A-4()8f)A. 

For this the electrons of the He'''-ion must bo removed not to inliuity 
but only as far as the 4-quantiim orbit, the initial orbit of 4(18(). '.I’lie 
AVork necessary for this i.s 

4Rc/i(l _ = II . 4 . 13-5 = COd volts. 

Thus if AVO start from the neutral state of the Ho-atom the (ixentatitm 
Amltago of 4686 comes out as 

I + 60-1 = 74*6 volts . . . (i)«.) 

Actually, this line occurred in the experiments of Ran montioiuAil 
above at potentials lying botAA'-cen 76 and 80 volts, in that at 76 amiUs 
no trace of the line axipearod but at 80 volts it Avas present Avifch full 
intensity. 

We noAv consider neutral helium. In this ease it Avaa necessary 
first to establish the ground-level IS in Fig, 92 by the method of elctl- 
tronic collisions. (A.s on p. 368 avo use the oa|)ital kd.ters in refcuTiiig 
to “ parhelium ” and the small letters for “ orthoholium.”) A positive 

* Phys. Zeitschr., 80, 481 (1919). f Proo. Roy. Soo., 96, 408 (1920), 
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rtiSkiU- m\n olitained by irranok and ICiiipping * who detected the first 
imduHtie oolliHion at li>*76 volts. If we subtract this from I — 24*5, 
wo liav<5 4’7f). If, on the other hand, we transform the limit of the 
11. tS. of orthoholinm, v = 384fi3, into volts by eqn. (2), we obtain 
4-75 volts again. Hence, using Mg. 92, we conclude lliai the ground 
ff’vcl IS Ucfi 19*75 volts below the final level 2® of the H.S. of orthohelimn, 

V 2 n “ • Up. 

1'lu' first iiu'lastic collision at 19-75 volts is therefore to be inter- 
I ) rot 0(1 as 

19 *76 volts = IS - 2s. 

l<\)llowing Ifranck we call this the transformation potential {Uvmand- 
Inng.'ifipminimg). 'I'lic slightly higher step which is clearly distinguish- 
ubl(^ from 19*75 in the ourrent-xiotontial curves of Franck and Knipping 
is 

20*55 volts = IS - 2S. 

'.rho (liHei’cnce 

20*55 - 19*76 = 0*80 = 25 - 28 


o(H‘i*<'spou(ls exactly to the difforonco between the limits of the optical 
l l .»S. of orthoholiuin and parhelium. 

'I’o visualiso those conditions %ve refer again to Fig. 92 ; on the 
right-hand side of the iiguro wo see how the ionisation potential is 
formed from the transformation potential 19*76 and the H.S. limit 
of orthohelimn, whereas on the left-hand side it is formed from the 
on('.i*gy-lovol 20*66 and the H.S. limit of parhelium. 

30 


OltflM'VCfl 

Cnlculntcfl t 

Series Nnmo 

Wave-length 

lll-VO 


IS — 2s 

, * 

in-no 

20-66 

IS - 2S 

684-4 A 

21 *2 

21-12 

IS - 2P 

22-11 

22-07 

IS - 3P 

637-1 


23-02 

IS - 4P 

022-2 „ 


23-02 

IS ^ 6P 

• 616-7 „ 

24-0 

24-6 

IS 

(802) 


'rho next stops may be read from Table 36, and have also been 
drawn in Ifig. 92 on the left as dotted arrows. They correspond^ to 
tlui ultra-violet H.S. of parhelium that must at the same time be the 


* Plw« ZtiitH., 20, <181 (lOlO) ! Zoits. f. Pliysik, 1, 320 (1920). The numerical 
values given in Dhose papoii have all hoon 

£!■ r .sis; 

'’"^'VolSS b;-u,Wi,,g 00 10.70 yolte tho «mpu,.l, of plow ttat follow 1™.« 
tlio sorios achotno. 
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{ibsorjition series of nnexcited He. Tl>e wave- lengths given in 'l.’Hhl(^ 
86 Jiave all been observed in a higli vacuum speoti’ograpli. by Lyman,* 
except the extrapolated .series -limit A = b 02 . 

The absence of the level from the ortliohelimn levels (of. j). 85!)) 
explains the distinctive position taken up in the .series systcun of Ihi 
by (it is indicated in Fig. 92 by indicating the 1 ( 5 vel 2,9 in lu 5 aviei' 
typo). For, once this state has been excited, it cannot again ho d(>- 
stroyed by monochromatic emission. It is therefore called the meta- 
stable state by Franck and Reiche.t The term " transformation 
potential ” applied to the 19'7b volts points to the transformation 
from the stable state IS to the metastable state 2 . 9 . In tlii.s eonnoxitm 
the observation by Franck is interesting that tlu'- transformatitni 
IS “ 25 occnr.s only in impure He ; in perfectly pure samples of t-lu 5 
gas the transformation potential IS 25 vanishe.s ( 5 ntiroly frrun tlu' 
ourrent-potential curve . 

The level 2S is also raetastablo inasmuch as the transition 2S -■> bS 
which, from the energy view, is alone possible liere is excluded by the 
principle of selection. Nevertheless the stability of 2S is iinush h^ss 
than that of 25, because in the case of 25 tiiore beconH5.s added to 
the restrictions imposed by the principle, of sehclion th (5 ovicUsntly 
much more effective “ partition ” restriction (imposed by the fa{st that 
levels of orti\o- and parahelium may not be combined). 

Hence we interjiret the differonoe in the stability of tlu 5 2 , 9 - and 
the 2S-levels in the following way : From the initial state 2,9 the ( 5 l{'.(!- 
tron must first be raised to the limit of the ortlioludium , system in 
order to fall thence down the succession of step.s of th (5 jjarlu'lium 
system to the normal state IS. If, however, tlio electron .starhs from 
the initial state 2S, it need only be raised to the stnt (5 2 ;P in ord(?r to 
be able to pass sj^ontanoously to IS with tlio omissioji of energy. 
Consequently in our Fig. 92 the level 25 but not 2S has be( 5 n printed 
in darker type and so made comparable Avith the ground- level LS. 

At the same time the particular position of 2,9 explains tho eiuu.'- 
acter of the line A = 10830A. ~ Ifj, as a “ rosonanco lin( 5 .” Ifrom tli (5 
initial state 2p the He-atoin can pass OA'^er only to 2 , 9 , Avhilat tho transi- 
tion to 2S or IS is excluded owing to our central partition in Fig. 92. 
In this Avay the lino 25 — 2p is different from tho lino 2S -- 2P, 
A — 20582 ^ 2 g,. From tho initial state 21 ? thei '(5 is posHil)U 5 tlui 
transition to 2S as avcII as to IS. Aotnally, according to aJi in- 
vestigation by Pa.sohon,! A — 2 g. exhibits incomplete resonance., but 
A == 1/i complete resonance. This means tliat if helium gas roocivos 
radiation A = Ig, it remits all the absorbed liglit as light of the sanus 
wave-length, Avhereas, if it receives radiation A 2 /ii, it radiates out 
only a fraction of tho absorbed light as light of tlu 5 same wave-hsngth. 
.Clio fact that in each ease a cesrtain (5xeitation of the I'lo-gas was 

* >\(}fcrophy8. Jonra., 60, 1 (1024). f Zoitachr. f. ita., gl, m (102U). 

t Ann. d. Physik, 46, 826 (1014). ^ \ 1 



§ 3* Testing the Series Scheme 381 

nt'dt'HHary to [H’<ivok<> til)soi’pti(m, is in iiccordancc'with the ciroumstiince 
Hull neillua* '2<u luir 2S is the ground orlhl of the nnoxcitecl He. 

'i'lie heavier inert gases neon and argon had already been in- 
v(‘abigat(Hl in tlio earliest papers by Franck and Hertx. Final values 
were only obtained after G. Hertz * had refined the method. The 
oxeitation potentials ai'o then manifested not as kinks in the curront- 
potcmtial curve, but as sharp maxima, since by using a differential 
inetliod only tluwe elootrons are eonnted that have lost their velocity 
almost entirely as a rosnlt of the inelastic collision. The results are : 


Taht.k 37 ’ 
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helium tranaforma- 

Ar 

{ .1.1 *55 
\ l!t0 
[ i:m) 

IS'Il 

tion potential, 
10"7C volts 


We now come to the metallic vapours, firstly to the alkalies which 
ar(^ distinguisluid by the simplicity of the scheme giving their series. 
'Pile (itml orbit of the H.8. is hero at the same time the ground orbit 
(e.f. § 2, p. 8(10) ; the pi’incipal scries therefore appear.^ as an absorption 
Horles in th(^ oold va])oiir. I^ho first line of the H.8. (in the case of Na, 
this is tlio D-line) is at the same time a resonance lino, and its excita- 
tion potential may straightway bo oalculatcd, by ecpi. (1«), from its 
wave-lengtli known from optical observations. Tl\e potential so 
dtdennined loatls to tlio first inelastic collision. In the same way the 
limit of the H.S. gLve.s the ionisation potential by etpn {2a). 

How perfectly observation and calculation agree even cpiantita- 

Wvolv h Hlunvii in following Table 38, In tbe cobiinn umlcv 

" obs.” (observed) the values of the resonance and ionisation potentials 

measured by tlvo method of electronic collisions, and under calc. 

(calculated) the values obtained for tlie same quantities froin the op- 

tioal (lata by o(ins. (1) or (2), respectively, are given. The optical 

data tbcinsolvCB are tabulated under headings resonance line ai 

'< suricH limit,” Whereas the limit IS of the principal series is simple, 

1 1 iiirir 1*^ 9P I — i (of. p. 364), is double, but sepai- 

the resonance lino 18 — — t > a 

ated by so small an iiitorval that it must appear simpk m e ectio^ 
(Killision III misfliiig wo must note that the position of the senes 
limit is givoii by iiuiiihors regularly deoreasiiig os the ‘'“'"J” 

inurenscH (In the resoimiioe fins that is compounded frem the 

• Zells. I. Physik. 18, 307 (192a) . 

-.1(53 (I ll2f)) I (.1. Kcvfcz, Naliimvms., 13, 1211 
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^840 

0708-2 


5-308 

43 484-45 


Na . 

2-12 

2-093 

2-094 

5895-9 

5889-9 

5-13 

5-110 

41 448-50 

Tato anti footo, 
Phil. Mug.. 80, 75 
(1918) 

K . 


1-003 

1-010 

7099-1 

7004-9 

4-1 

4-321 

35 005-88 

Saint) as for Na 

.Itb . 

I'fl 

i'fir>3 

1-582 

7947-0 

7800-2 

4-1 

4-159 

33 084-80 

Footo, Kognloy 
and M 0 I 1 I 01 -, hliys. 
Uov., 13, 59 (1911) 

Cs . 

1-48 

1-380 

1-448 

8943-0 
8521-2 1 

1 

3-9 . 

3-877 

31 400-70 

Samo as for Rh 


diflerenoe of two tenns this regularity {of, Li) is a little obscured.) 
This and the correspondingly proj)ortional deoi’ease of the ionisation 
potential denotes at the same time a weakening of the clootro-positivo 
oharacter of the alkalies as the atomic number increases. 

The conditions are much more involved in the case of divalent 
metallic vapours, Here, as already mentioned (p. 81)7), there oecur 
a series system of triplet lines and one of lines of a simple atruefcnre, 
whioh combine among themselves. Wo shall denote the former in. 
the case of Ho by the symbols 5, 2>j, dj, . . ., j — 0, 1, 2 and 1, 2, 8, 
respectively. (The general syatomatio notation is for 

the tri])lot levels, and ^S, ^P, for the singlet levels.) Tlie whole 
matter of the allocation of the results obtained by optical and elcotrioal 
observations became finally cleared up through the wtu'k of Havis 
and Gonolier (cf . p. 374) on the exoitation of Hg-vapour. 'Tlio interest 
wa.s here centred in the resonance line of mercury A == 2587, which 
wo have already jnontioned several times ; the fact that it is at the 
same time the ground lino of tlie absorption spootrum shows that 
its final orbit also represents the ground orbit in the Hg-atom, i\s 
l^a.schon lias shown,* A = 2587 is a combination lino of the .system 
of simple and triplet lines. It has the formula 

„=l=lS-2pi; 

both terms are defined with perfect accuracy from our knowledge of 
tlie triplet and the simple lines series. Tor wo have 

18 = 84181-5, 2p, =44708-9 
* Ann. d, Phys„ 36, 870 (Ifill). 
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and a(3 \\''c got the rc^solntion 

V :i!)‘tl2‘0 --- 84181 -5 447(.i8‘U. 

Since, in the process of emission, the first term (wo discard tlie sign) 
(Ictormines tlie energy of tlie lintd orbit, and the second term deter- 
mines tliat of tlie initial orbit, wo write at tlio lowest energy-level 
of Fig. i)4 the luimber — 841 81*5, and at tlie irext lowest the inunber, 
— 447 (>84). It is between i^iese two levels that both the process of 
omission (arrow downwards) 
as well as that of absorption 
{arrow ux)wards) takes place, 

In addition, wo consider 
the line A = 1 840 A. situated 
still further in the ultra- 
violet. As it likewise occurs 
not only as an omission lino 
but also as an absorjrtiou 
lino in cold moroury vapour, 
it must start out from or, 
respectively, tend towards 
the same greimd level, the 
natural orbit of the electron 
at the ]ioriphery of tiio atom. This is eonlirmed by its expi’ossion iu 
terms. For, according to Pasohen [loc, cit.), A =5 1841) is the lino of 
the principal series of siiujde lines and. is therefore expressed by the 
fornnila 



in wiiioh 2P 80T12'8 and we have the resolution 
V = 1)4008-7 ^ 84181.-5 - 30112-8. 

Ill accordance with this ’we have thoiiefore to add in Ifig. 94, above 
the two energy-levels hitherto considered, one that is higher and to 
which wo assign the number ~ 30112-8. The emisaion and the ab- 
sorption of A == 1849 then takes place between this upper’ level and 
the lowest level, and they are indicated by oppositely directed arrow-s. 
Above this uiijier level thci-e has been drawn in the iigui-o a still higher 
top level, whioh denotes the removal of the olootron to innnity and 
represents the energy 0, According to eqn, (2) the following lurmhers 
of volts correspond to the above-mentioned wave -numbers : 

V === 84181-1), V = 10’39 volts. 

1)4008-7, V= 0-07 „ 

-= 39412-0, V== 4-08 „ 


— 30112-8 






— 44768-9 





10-4 

Volts 

— 84181-6 

4-9 

Volta 

---1 

X =: 
2537 

6-7 

Volts 

1849 



Fro. 94. — -'i’ho chamotoristic potoirtials of fcho 
Hg iu’<! spoetnim accord ing to tho method 
of olcati’ou impact. On liho loft aro tho 
Lioi'i’oaponcUng apoctroscopic tm-m valucH. 
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AtsiHiiilly, .DaviH and G'niioher have ooulinned that at the valiit! 44) 
volts given by Fraiudc and Hortz (el. p. JlVl) the line A 25J)7 fhiHhcs 
forth. At tlio same tinio, liowever, they Huceoodod in proving that 
an ionisation of Hg-vaponr did not yet occur at this ])otQutiaI. .Fiirthor- 
more, they detected signs of tlu^ emission of tlic line A = .IH40, likewise 
without ionisatioji, wlion tho potential Was {b7 volts. lomfiution 'Wdft 
ahoimi beyond donhl io occur at a 'potential of 104 vollu. 

But tliOHo eiroumstances aro exactly repeated in the case of all 
(dements of tho second column of the periodic table. In all cases, 
IB ™ 22j is tlic linsb excitation limit, IS ~ 2P the second, and IS 
itsedf tlu5 ionisation potential. How completely tlio moasnromeids 
obtained from oloetronlc collisions agree with spectroscopic data i.s 
shown in Tahiti 111), The vahms tabxdated under “ ealc.” have here, 
too, been determined from oqns. (1) and (2). 
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4'02 

5*77 

3070*0 

2139*3 
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Tato and Footo, Phil. 
Mng., 88, 04 (1918). 
Mohlor, Foote and 
Moggors, loc. cU, 

Cd 

i)4)ri 

o*3rj 

3 -78 

3201*2 

2288*8 

8*92 

8*95 

72 532*8 

Sumo ns for J5n 

Hg 

4-1) 

(1-7 

{)‘07 

25 30 *5 
1840*5 

10*2 

10*39 

84 181*5 

Same aa for Mg (Foofco* 
Moggors-Mohlor) 


In addition to these results very detailed measurements carried 
out in tho case of moroury in jmrticular by Franck and Flnsporii * 
have brought into ovidtjneo a whole series of liiglier energy-levels, 


Zoitschr, f. Phys., 8, IS (1920), 
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lor example, IS — • IIP, IS — 4P, 18 ~~ Ilp^, IS — 4^)^* in tlie eurronl- 
potontial eiirves. It is of partieuiar interest tliat tko trauHitiona 

IS — 2?>a and IS — 

til at are not observed optically and that arc oxchidod by a Helective 
principle governing tlio inner qnantinn nninlnn's (cf. Oh. VIll, § 1) 
make tliemselveH observed in tins cuiTcut-potential enrvt!.s us bends,*'* 

Tile ionisation jiotential of the second order, that is the formation 
of a double positive ion, has also boon determined by Foote, Meggers, 
and Mohlor f for the alkaline earths, the first being Mg. Tliis ionisa- 
tion potential of the second order corresponds to the H.S. limit of the 
doublet spark lines, just as the ordinary ionisation potential corre- 
sponds to tlio limit of the H.S. of simple lines. It naturally lies 
somewhat higher than the latter (15 volts instead of 7’0 volts for Mg), 

Wo have described licre, of course, only those lesnlts of the method 
of electronic impact that are particularly instruotivo and inimediatoly 
intelligible. Wo must emphasise, however, that oven in complicated 
oases where the energy -levels have not been investigated spectro- 
scopically this method enables ns to derive direct information, for 
example, about series limits (by means of the ionisation potential). 

Finally we add for the sake of contrast with the exoitatlon by means 
of electronic impnot a indJiod of purely optical excilations. It has been 
developed by Fuchtbanor 1| for Hg- vapour. 

Concerning the experimental arrangement wo say oidy this : a 
qnarte tube filled witli merenry vapour was ilium inatnd by radiation 
from a quartz mei'cnry vapoui’ lam]n ’’The latter omits into the former 
tube pvaotioally only such lines of its sjicetrum as have wave-lengths 
greater than or equal to A = 2537 A. (as all light for whieli A < 2537 is 
hold back by the thick quartz walls of the lamp). In the first (tlui 
outer) tube only A ~ 2537 is absorbed initially, since the Hg -vapour is 
in the state given by the ground orbit 18 ; but, owing to the absorption, 
a fraction of its atoms pass into the state Hence this fraction 
is enabled to ro-emit not only the lino 18 — but also, for exainiile, 
tho blue line 

2pi - 1.9, A ^ 4358 

(as, indeed, all linos of the type 2p[ -- X., for whicjh 2pi is tho initial 
level of tho absorption). In this way the new atomic state 

♦They also oeouv (is starting -points for bniul spoctra. Cf. Lord Hnyloigli, 
Proo. Hoy. Sac,, 114, 020 (1027). 

t Phil, Mag., 4S, 102 (1021) 1 43, 0/50 (1022) 1 Astrophys. Jonrn., 65, 1 46 (1022). 

t A tabulation of cbarnotoi'isbic potentials of arc nml spnrlc apoctm, in which, 
liowovor, almost only puroly optical data avo used, is also ciontninod in Choiniciil 
Roviows, 6, 85 (1028), by A. A, Noyos and A, 0. RecUminm, ivlneh is quoted in 
tho book by Goudsmiii aiid Pauling, Slritcinre of TAne Spectra, p. 108, MeGraw-PIill, 
Now York (1030), 

llPhys. Zoits., 21, 035 (1020). Our own oxplanatiou, wbicli 3s a little 
simplor than that given in this pa])oi‘, follows on the report l>y 0, .Toon, of. p. 5()il. 

VOL. T.-— 26 
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2«, t' ^ 21834 arise-s. If t.|»e energy •(luanl-imi of A 2537, 

V = 39413 >21834 is again absorbed in the latter, the sorio.s-tdetdron 
is driven out and the atom is ionised. Wlien tin' atom is again luui- 
tralised tlic whole arc spectrum of inercury results from the ca.seade- 
liko transitions of the electrons into a series of iudivi<lual prootisses. 
This spectrum was photographed in almost its comi>lcte form by 
J’uchtbauer as a .second consequence of the primary irradiation with 
2537. The fact that 2537 was actually the only iwimary extnting 
radiatioir was proved by Fuchtbauer by causing the lino 2537 to bo 
absorbed by a thin plate of glass ; the radiation of long-wave light 
was then found to cease at oneo. 

l?iichtbauer’.s experiments are also instructive in that tlu'-y bring 
into evidence the finite “time of relaxation” {Vcnoeilzeil) of atoms 
in their excited states. Actually there is, for example in the state 
2pj, a finite probability that a "further energy-quantum will link np 
with 2p, only if the atom persists in the state 2pi for a finite time. 

In the general questions concerning the statistical equilibrium of 
excited atoms and molecules an important part is played by a proeess 
involving a certain reversal of the phenomenon that oeours in eleetronio 
collisions with atoms ; it was introduced by Klein and Ilosscland.* 
We v,epre.sent the process of electron collision by the following sehomo 
(upper arrow) : 

greater amount of electronic / energy of excitation Hinaller 

energy \ amount of olcotrouio energy. 


On the left-hand side wo have the energy of the colliding electron ; 
it is partly converted in exciting the atom and the remainder is taken 
lip by the escaping electron in the form of kinotio energy. But, us 
Klein and Bosseland showed, the converse procos.s (indicated by tlio 
lower atoms) is also iiossible to a considerable degree of probability. 
A relatively slow electron approaches an excited atom (of. right-hand 
side of the sohemo). The atom passes into a state of lower energy 
without emitting radiation. The energy that is liberated beeonnw 
added to the kinetic energy of the colliding electron ho that it movoH 
away from the atom with greater energy. Atoms may collide with 
other atoms or with molecules according to the same schomo. This 
converse process (denoted by the lower ari'ow) is called collision of 
ihe second kind to distinguish it from the collision of the first kinil 
which formed the subject of this paragraph. 

-By means of collisions of the second kind tho energy which is com- 
municated to one type of atom by inward radiation, that is, from out- 
side {Einstrahhmg) is transferred to another kind of atom which is thus 
enabled to emit definite energy-steps of its spectrum. This proeoss 
is called “ sensitised fluorescence ” by Cario and Kranck.f (Jood 


* Zoits. f. Phyaik, 4, 46 (1921). 

Si^3l?(f94)'^’ Fmnck, Zolta, f. Phyaik, 17, 202 (1023); B. Kopfonnnnn, 
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examples of this are given by mixtures of Hg- vapour vdlli vapours 
of Tl, (M, Bi and so forth. 


§ 4. Quantum Theory of the Series Formula. Penetrating 
and Non-penetrating Orbits 


The simplified assumptions umkir wl’iioli we onn treat .spectral 
orbits have been eliaraetcrised in § 2 ; the atomic field duo to tho 
olectron.s enveloping the nuelous is regarded ns an invariable central 
field, that is, its potential energy V is assumed to bo a pure funotion 
of r. Tills becomes added to the -[lotential energy of the sereoned 


nuelous, whicli wo may write down in the form — 



Hero fi denotes 


tho charge of tlie “ roferonee electron " or “ series electron,” Ze tho 
nuclear charge so far as it is not screened by tho eleetronio envelope, 
2 = 1 con’e.sponds to tlie nentral atom and gives tlio arc speotrum 
2 = 2, 2 = 8 . . . correspond to tho singly, doubly, . , . ionised 
atom and give tho are spectra of the first, seooncl, . . . order. These 
assumptions do not liold actually hut lead us further tluin we might 
iirdinarily expect. 

One oonsequenoe of these assumptions is that tho orbit lies in a 
piano passing tlirough the nvieleus and may he dosoribed by means 
of tho polar co-ordinates r, </}. Hero tho azimuth (ft is oyolie, that 
is, its moment of momentum is oonstantp : p,i, = p. The azimuthal 
qiumlim condition gives 


2itp = 


Tho expression for the energy runs us for the Kepler ellipse {p. 110) 
with the addition of tho potential energy V of tho ntomio field : 



Hence it follows that 

Vv ^ ^ . . . (la) 

Hence wo have tho radial quanlum co 7 idUion : 

|j>M' = -1- ^ “ V) - dr = nji . (2) 

Tho integration witli respoet to r is lioro again to bo taken over tho 
full range of r, from to and back again to We must 

regard this equation, if is given, as an equation for determining W. 

Below it wo write the same integral, but for V = 0 . This corre- 
sponds in a certain sense to the hydrogen oaso, but only in a certain 
sense ; for we do not wish to regard tho W in it as the hydrogen 
energy Imt tho same quantity as in equation ( 2 ), Accordingly 
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\vc liavo on the inglit-hand of the following e() nation not tlio 
pei’feet integer , as in the case of liydrogeii, but an iinporfeist lunnheu’ 
■ whieli we shall call '«/ ; 

+ ~) - dr . , , cn 

i 

Tills effective radial quantum number dilTers from tlu'- former integral 
number by a ciertain quantum defect A. We ^vrite 

==■- 7b. — A .... (4) 

and also introduce an effective principal quantum number, 

neff = n'j. d- 71, p, 

as a counterpart to the proper integral principal quantum inimher 
n — We then have also 

n,jf = 7t - A . . . . (‘In) 

From the equations (2) and. (3) it now follows that 

?.A = ^)dr{.^2M[w + _ v) - (fi) 

From equation (5) we infer generally that 

A> 0. 

Tlii.s is equivalent to the statement that V is always < 0, that is, 
that in (6) the hast positive roots predominate ovor'the second, d’o 
see this, let us imagine the electronic envelope to be rejilaced by a 
single rigid negatively charged spherical surface. Under tlm inlluonm^ 
of the reference (outer) electron this sphere is repelled hut the iuicIouh 
is attracted by the electron. Towards the outside tlui sphere acts us 
if its charge were concentrated at its centre. Tills centre lies bcyoiul 
the nucleus on the line connecting the reference -electron with the 
nucleus. Hence on this connecting lino wo have a dvpoU whoso 
positive pole the nucleus tends towards the reforoneemloctroii. 8iK)h 
a dipole exerts an atlraction on the reference -electron. Its potcmtinl 
is negative. Hence we have 

V <0, A> 0 . . . . . (0) 

as was asserted. Thus the influence of the inner ntomio lield always 
tends to magnify the term, as compared with that of the eorrespondingf 
hydrogen term or, as we may also say, tentls to slrengthm the bindhw 
on. the series -electron. 

We revert to equation (3). This has the same form as the radial 
quantum condition in the case of hydrogen, equation (11) on iiagc 11 1. 
(with the value for SS/br given in (10) on p. 111). For this rcamm 
the result with re.speet to the ealciilation of W is the same as Cor 
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hydrogen, equation ( 14 ) on page 112 , with the one clificronce that now iif 
is to ho replaced by ?iy and hence n by w — A or n^jf. Hence the term 
value to 1)0 taken from ( 3 ) is 

W _ IVZ'^ _ 

h ' (n.[, -I- n\)^ (n — A)“ ~ 

'^l.’he ex|)ression “ quantum defect” for A in obviously justified by this 
notation ; it moans the defect ns compared witli the hydrogen term 
of the same principal quantum ninnbor n. 

So much for the general aspect. We must now consider in detail 
tlio distinction : non-penetrating and penetrating orbits. 

(0) Non-pBnetiating Orbits. — If the orbit has its course permanently 
in the outside of the atomic core, wo may expand V over its whole 
range in a uniform series witli increasing negative powers of r, snclx 
as wo represented in § 2, to different dogroes of ajiproximation by 
means of the terms ~ ~ . . . The integrals ( 5 ) arc 

calcvdated in this case acoording to notes ( 4 ) and ( 11 ) and give xis to 
a second or third degree of approximation Eydborg’s or llitz’s form 
for tlio term (p. 363 ), and hence for’. A we have tlio values 

~ A ~ (7 and •— A ~ <7 T i<{n, q, k) . . (8) 


'I’o dotormino A we shall proceed graphically. For tills purpose 
wo rewrite equation (la) in the following form, for V ~ 0 in the firsb 
plnoo : 


Pr 


i y \ max/ min / 


( 0 ) 


Aotiuilly this equation expresses the 
real ohamotor of p,. for r,,,;,, < r < 
and also gives correctly the term — 7)*/?*® 
in (la). Moreover, it lias the ooi-reot 
'/oroH ; for 3),. ~ 0 for r -- and 
1115 depicts equation {{)) 
graphically ; r is drawn as the abscissa, 
Py as the ordinate. Tlio ovirvo for 7),. is 
closecl, the upper half (jj,. > 0) corro- 
spoiids to the forward motion from r,„^„ 
h) v„fax> tho lowor half to tho luiokward 
motion from r„,„a, to 'I’ho axis of 

X is intersected porpondicnlarly at 
and The Htoepness of the curve at 

Tmin suiall slopo lit arise 

from the numerator l/r in ({)). 

'I’lio Ilgure 0x1) i hits a group of curves 
jiy,. which are denoted by jq, 7^2 . . . 
and which wo sliall suppose correspond 



Fici, J)fi. — 'Dopnndoiico ot (bo 
fimct ioii Pr (l•JlclilU niojnon- 
1.11111) of oqiuitioii (9) on r 
((listiuKio fl'Oin (.ho niioIouR) 
for difforonb voluos of l;ho 
rndini quan(.um nuinbor,po> 
Pi, jjj . . . oorrospond lo 
tif (), 1, 2 . . . for hy- 
drogoii. J^or iion-liydrogon 
like |,(n'nm of oqiml onorgy 
Pa is inotliflod to Uio do ( tod 
0 nr VO ( din Braminutu! ) . 

to tho tpianbum numbers 
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= 0, 1, 2. . . . The radial quantum condition domamlH that tho 
surface between each tAvo successive curves of the group must equal h. 

To pass from hydrogen (V = 0) to a term (V -<0) unlike that of 
the hydrogen tyjie, we have only to increase tho term umUn’ tlu> 
radical in (9), corresponding to tho addition of — V in (h^). I he 
character of the curves remains preserved in this procsoss. '.riie dottiul 
line shoAVS the change in the most extreme cui'A'^o of the gro\ip. We 
must emphasise again that the tAA'O curves have the same W hut 
not the same ?q.. Hence if one curve Avas quantised {?t,. an integer) 
the other curxm cannot bo. The small shaded region between the dotted 
and the continuou.s curve represents in accordance Avith eqn. (b) tho 
quantum defect A. 

The course of tlie orbital curve in tho (r, f^)-plan(i Avill be similar 
to that in the case of hydrogen, 'riic chief differonoo as (iomparcfl Avitli 
the Kepler ellipse consists in a rotation of the perihelion similar to 
that Avhich avo encountered in the relativistic Kepler ollipse (of. Kig. (17, 
p. 254). The magnitude of the perihelion motion is ohtaimal as on 
page.s 252 ei seq. from tho energy equation. We take outside tho 
bracket in (1) and sot 

_ 1 Pr _ 1 _ (U 

p ~ (1(f) ~ rff/j 

and break off V as on page 3(}2 (under (/>)) after tho first term ; that is, 
Ave set 

- V = Ze2 ^ 


Here Ave have added the factor Z in order to include sjmi’k H)) 00 tra, 
In this AA'ay avo obtain from (1) 


-h = 2m(W -h Ze^a + ZeV.^.s^). 


By differentiating Avith respect to ^ avc obtain a linear dificrentiul 
equation of the second order Avhich Ave may at once Avrito in tlu' foi'jn 
of eqn. (10) on page 253 : 

ra + = «* 


dj)^ 

y* = 1 — 


The integration of this differential equation Avas i)orformod on page 
263 and led to the perihelion rotation of eqn. (14) thoj'o : 
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InKtu'ting the given value of 
l-iirhation) : 


y we obtain {treating as a sznall per- 


K 1 

= g Cj 


(27r)3m2e2 




ni 


hxH tiio peuliehon station increases, as should he, when c. increases 
(kn wing mtonsity of the supplementary atomic Held) and decreases 
1 .s n,i, incr-casos (in the order of scciuenee of the terms S, P, D . . .)> 
n guuua 1 ) IS much more marked than in the relativistic case of 
lydrogim (cf. the factor in the denominator of eon. (10a), p. 263) 
I ) lit still represents only a slow perturbation in comparison with the 
motion in tJio orbit. 


(J)) Penetrating Orbits {'I'av/Chbahne.n ), — Schrodinger * was the first 
o s low )y Using Na as an example that the 5-orbits penetrate into 
tho atomic core (into the L-sholl in Na). To prove this he assumes 



V%u. t6. — Pf (radial momonfcum) ns a function of r for penetrating orbits. On 
tiio loft of r p lies tho region of tho interior of the atom. 


tor siuipUcity that the IC-slioll is contracted on to the nucleus and tho 
.1 i-kUoU may ho replaced by a spherical shell having a uniformly dis- 
ti’iimteil total charge ~8 b and an appropriately chosen radius p. The 
row II It of tlui orbital enloulation is a quantum defect A — 0*74, which 
i« nearly constant for all s-terras. 

In the sequel wo siuiU follow a method given by Wentzel.f In Fig. 
I hi Avo clraAv the two extreme curves similarly to those in Fig. 1)5 and cut 
olT by moan a of a parallel to the axis of ordinates at the distance r — p 
(/) is an approximate measure of tho radius of the atomic core) those 
parts of the curves that would Ho in tho interior of the atomic core. 
For these ]iarta tlie eil’cetivo charge Z in ecpi. (la) is to he assumed 
apjireciahly gl’^^at(U' than for tlio external parts of the curves, to the 
right of r W. p, If Z was eipial to I in tho region outside tho atomic. 


* gciis, f. IdiysiU, 4, Ml (HV21). 


t Ibid., 19, f)3 (1923). 



392 


Chapter VII. Series Laws in General 

core, and if we are dealing with the penetration into the L-slioU, then 
Z = 0 in the interior, because the nuclear charge is now soroenod oft’ 
by 8 units less. We treat this change by 8 units in Z as oocvirring 
suddenly although in reality it will bo balanced out more uniforiuly 
(construction of the L-sliell from the sub-groups Lx, Ln, TjHi), jjarticu- 
larly in view of the wave-mechanical relationships. Thus in our 
ligure wo draw the p,. -curve at the point r = p with the same con- 
stant co-ordinato but with a tangent which is directed upwards hut 
is not constant. The slope increases as r dcoi’cases ; iinally there is 
a rapid decrease to tlie value r = The latter is of course 

appreciably smaller than in the case of the non-penetrating orbits, 
other conditions being ecpml. 

Let us investigate the external -curve of the (igurc a little more 
olosety. The double area between the axis of ab.seissoo and the train 
of curves ABOD is our radial phase-integral in oqn. (2) and is hoiuic 
equal to ' nji. On the other hand, the double area ABEIf ropr(iH('-nts 
the phase-integral for the corresponding non-penotrating orbit and 
differs only slightly fi*om the phase-integral for tlic case of liydrog<m 
calculated with the same W, since the quantum defect A of tlie 
non -penetrating orbits is always small, according to (a). 'Hoiuu^ the 
double area ABEIT is appreciably equal to nji by (3) and the doulihi 
excess area BCDBEB represents, sufficiently acouratoly, by (5), the 
quantity /iA. 

We compare this surface Avith the corresponding surfa(50 
B'C'D'E'E'B' for our internal train of curves. ^.I’he two surface.s are 
almost equal since the two strips BCDD'C'B and BEFirB' shaded in 
the diagram nearly coincide.* Hence it folloAvs that the quantum 
defect A is independent of w,. not only in non-])onotrating but also in 
penetrating orbits. Thus A besides depending on the atomic Hold 
depends appreciably only on the aximutlial quantum number n,f, and 
is a characteristic constant of the series. We may now also sot •— A -- - q, 
say, and may therefore also apply the series formida (7) in Byd berg’s 
form to the penetrating terms. 

If Ave compare our present Eig. 96 with the preceding Eig. 05 avc 
see immediately that the quantum defect A is noAV much greater than 
before. Whereas in the ease of the shaded area in .Eig, 95 wo Avero deal- 
ing Avith a relatively small correction, the present area BCDEEB Avhicih 
represents the quantum defect is comparable Avith the total surfacic 
ABCD Avliich represents the quantum number and may amount to 
several units. 

This gives rise to an uncertainty in the dolinition of the quantum 
numbers. From spectroscopic experiments only the term denominator 
n^ff is knoAvn, and hence by (4a) only the difference between n and A. 
If it should happen that A > 1 avc cannot immediately decide how great 

* For furthor details soo Van Urk, Zeita. f. Phyaik, 13, 208 (1023). 
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n is to bo chosen. This imcorfcainty cannot be overcome in tlie in* 
dividual case but only in relationsliip to the periodic system, c£. § 6. 

In Fig. 97 we depict a penetrating orbital curve diagrammatically. 
JJotli the external and the internal parts of the orbit run essentially in 
Kepler ellipses, but the loop inside is nnrch more strongly curved, 
on account of tlie liigher ofl'cetive nuclear charge, and hence is attracted 
much ]ioaror to the nucleus than the outer loop. This correa])onds to 
the greatly raised po.sition of the p,. -curve for r < p and the diminialied 
value for iu 

If the orbital curve, after traversing the inner loop, again leaves 
tlie atomic core, it is turned through a finite angle, as shown in Fig. 97. 
Hence wc now have a rotation of the pcrilieliou but many times greater 
than in (a), being magnified to the same extent 
as the qnantnm defect A is magniliod. 

The magnitude of A in the penetrating 
orbits causes a considcrahlo increase of the 
term, conii)ared with tire hydrogen term having 
the same a, and hence also strengthens tlio 
binding of the scries elootron. A glance at 
li’ig. 97 explains this : the penetrating electron 
approaches nearer to the nucleus and is more 
closely related to the atomic configuration 
than the non-ponotrating electron. 

(c) Partially Penetrating Orbits. — ^"J'liore is 
an intovinediato case between ponotrnting and 
i\on -penetrating orbits, to wliioh K Fues * 
first called attention. 

If we make a very rough caloulatiou for 
tlie hydrogen model wo see from the formula) 

(10c) for the semi-axes of the orliital ellipses that for a fixed n,j„ that 
is, in the ease of the orbits of a term-series the poriholioji approaches 
tlie nearer to the nnolons the greater n becomes. It may thoroforo 
liappcn that the first orbits of a series do not penetrate into the 
atomic core but that a critical value of n, that is, of is attained 
after which penetration doe/i occur. 

'rhen tlio quantum defect A Bud.do7ily becomes larger and in. this way 
we obtain a scries whose constant g " — A Ims a discontinuity hobweoji 
two series terms, ^.riio first (non-penetrating) orbits of the series have 
a small A, the liiglior (ponobratiiig) orbits have a large A. It is 
evident that snob anomalies are to bo expected only in tiro case of 
special dimensions for the orbits and the shells, 

In Fig, 98 wo dopiob the course of the quantum defect A for each of 
the oases («), (&), (c) for a typical case. A is plotted as tlie ordinate 



l'’ia. 07. — DingmnimaHo 
roiji’osontatioii of a 
ponot.rar.lng orl)il/. 
Kotatioii of tho })ori- 
lioliou on a(!(;ouiik of 
th(j sti'ongoT attrnt!- 
tion in dio iioiglt- 
bourhood of klio 
nuoloviH. 


* Zoita. f. Miyaik, 11, 370 (1022). 
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and the value of the term as the abscissa. Since wo have by definition 


term 


R 

{n - A)2’ 


tho curves n = const, (which are shown as dotted lines in the figure) aro 
known a priori. 

(a) We have chosen for tlie non-ponetrnting orbit the l)-terni of 
ca3siuni. The fact that the graph is perfectly rectilinear denotes 
that Rit/.’s formula, eqn. (4c) on page fiOS, is exactly valid, namely that 
tiro quantum defect depends accurately in a linear fasliion on tho torni- 
valuo in accordance with tho formula 


— A = ? 4- /c (?i, q, .t). 

(6) For our ])enetrating term wo have selected the »S-term of sodium. 
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Fio. 08.— Tho quantum dofoefc A ns a function of tho tonn*valuo8. Tlic linour 
tlopontlonco dcuotos validity of tho Kite formuia. Tho tovni of Hg 
becomes ponotmting bolow tv = *i. 

Observe the inorense of A (lioro A — 1'4) which is charactoristio for 
the penetration, and also note tho linearity which manifests itself hero. 

(c) As our example of a partially penetrating orbit wo have taken 
the peculiarly anomalous singlct-P-torm of mercury. Hero wo sco 
that tho first two or three terms (on the right-hand side of the llgiiro) 
have about tho same A, and hence correspond to a Rydberg formula of 
their own. The same holds of the higher terms n> 1 (on tho left-hand 
aide of tho figure). Between them is a disturbed region wbich runs 
in the manner to bo ox])ectcd for a penetrating orbit from the preceding 
remarks, say for n 5. In our * diagram A inereasos almost by one 

* The term n = 4 haa boon Biipplemontecl by Wonteel {loo, cU, Zuits. f. 
PhyBilt, 19) in nccorclnnco with observations by O. Wiodtuann, Ann. d. Phys., 
38, 1045 (1012). It is posaiblo that tho left upper limit of tho branoli may luivo to 
bo 1 ’0,180(1 by B(3vorai units, in which enso tlie mimboring of this branch would luivn 
to begin not with n ~ 0, but with a correspondingly groator vahio of n. 
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ujiit between n == 4 and = 7. Wontzel diBOUHses in the same 
paper other examples of suck anomalies but at the same time em- 
phasises a certain ambiguity in tlie interpretation for the following 
reason. The idea of the penetration first presumes one outer series 
olcetron ami a closed atomic shell, which is essentially the case of the 
alkalies. But in our example of Hg we have two valency electrons. 
It is possible that the anomaly in qiiestion may not bo duo to the pene- 
tration of the series electron into the shell of the atomic core hut to an 
inter-aetion {Wechselwirhung) Avith the other valency electron, 

In this section wo have taken the orbital idea more literally than 
appears justilied from the Avavo-inechaiiioal stand]M)int. Our rca.son 
may be stated as follows : the AAuwo-meehanieal treatment of compli- 
cated atoms is ratlier laborious and can bo oarried out only approxi- 
matively. But the dilTerence between penetrating orbits and outer, 
non-poiictrating orbits occurs in wave -meeh aides too although in a 
different mode of expression.’®^ The results obtained above remain 
valid at least (pialitatively in the now theory. 

§ 6. Application to the Representation oE Rbntgen Spectra in Terms 

We shall now a])xdy the oonsiderationa of the xiroceding sootion to 
inner ehclroim orbits and add a fow remarks to the theory of X-ray 
terms. In the term formula for X-ray spectra, Ohaxiter V, § 5, oqn. (4), 
Avo empirically introduce two different effective nuclear ohargo num- 
bers (Z — s) and (Z — a). The screening number s that entoi's into 
the relativistic terms (Avith a®, oc'*, , . .) Avas independent of Z, Avhereas 
the screening number or that oecuvs in the main terms inoreased Avith 
Z and Avas always greater than s. We assert that the difference a — s 
arises from the influence of the outer shells , Avithin Avhich the motion 
of the K,-, L-, M-shell under eonsicloration occurs. Bohr actually calls 
or — s the external screening mimhor. Tlio fact that a ~ s inoroascs 
Avibh Z is simply cx^dained by the incroasing nnmhov of the shells added 
on the outside. 

The assumptions of the jireccding section may he extended so that 
Ave may account roughly for this external sorconing, For this pvirpoao 
Ave must sot the jiotontial V in the energy -equation (1), x^age 1187, equal 
to the action of the external shells (the scroeiung action of the inner 
shells is taken into account in the value of Z). T^ot ns first rcstriot 
oni'Holves to a single shell Avhioh avo shall sAqq^oso to contain z electrons. 
Its field may h(i apiiroximatcd to by the Bold of a sjdiorical surface 
on Avhioh the charge — 2 : . c is homogeneously distributed. The poten- 
tial of this surface charge on an electron (— e) is Constantin the interior 
of the shell, in Avlnch the orbit lies, and is equal to zc^jp, Avliero p is 


* Uf, ftir A. UimCltl, Ann, ti. Pliys,, 82, }l(55 (li)27). 
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the racliiis of the shell . Hence instead of cqn . ( 1 ) , j)ago 387 , wo must now 
write 


2 m 


(<+S) 


Zfi2 


= w 


ze/ 


- W'. 


Tlie only difterence as compared with the iireceding section is that 
the energy constant W appears roi^laced by a reduced constant : 


W' 


W-?^. 


(1) 


Hence quantising must give the same result for W' as for W in the 
preceding section, namely, 

_ W' _ „ _Vw - 

h ^ /A p / 

Here Z has already been reduced by the amount of the “ inner 
screening ” and we have disregarded the difference between n and 
(h 3 alrogcndikc character of X-ray s])cctra). If wo also use the expres- 
sion for the semi-major axis cqn. (I6a.) on page 112, with Z — a instead 
of Z, 




Ave obtain from (2) 


’ Z ~ s 2IU ’ Z - s’ 


^,((Z - - 2(Z - . 

If Z > 2 : we may Avrite as a suhficiont approximation 


W 

h 


W 

~ - R 
h 




( 3 ) 


(d) 


Thus the inner screening s is augmented by the “ outer screening ” 
z . alp, Avhich is ahvays smaller than the number of electrons z, since 
a <p. 

If several outer shells are present the outer soreoning consists of 
the sum of the contributions of the indiAddnal shells. In place of (4) 
Avc obtain 

_ W 
h 








( 0 ) 


Hitherto avo have made our calculations Avithout taking into ac(20unt 
relativity. But even in the relativistic term formula (eqn. (6ff) on 
p. 260, in Avhich, on account of internal screening, Ave must replace Z 
by Z — .s), if one or more outer aliolls become added wo. have merely 
to constitute the term - W'/A from (1) for - Wjh, so that avo get 

- W ^ ^ \ _ „„ 
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I in (;<) MuJ (4) VfQ injvy tvow taka tl\o nholl-ixitontial xe^jp over 

Ui t Jii* ifJffn </f the oxtuuijuoii, vo (Uab the Bareetvh\g number 

Uin ^>rJiiii[yiU U^riu lioooinoy luoiuatfod U> ths yi*JiK» 

a « 5 + aT; ■ , . , . (7) 

hi t^io iifghof torniB tho eorocnlng nnmljet «, which la 
of 5i, )«mAlns> 

if wo peuw froiii oitn olonmnt to the next hi^ieet a beaomeg iuonased 
y thit anuiuitb a/p o\Vlng to tlio culdltdon of an. electron- Tlie inciaese 

I t(n^ t^Ltiator, tlin king the indlus p of the a'dded oleotrnnle orbit. Heime 
' tho oIiHitnni la luhlod- not at tbo enriaoe of thd atom but., omeptiona^y.. 
t nil iniior HhoIIt na In Uio ofwe of the triads oud the rue garths tve ej^iect 
motn n\arkiHl hiotoAijo In the aoreonlng nninbet o- with X. Thla ex- 
livliiH tfio anumolkis fu tha oourw of the curves in 70, page 286, 
ii whfuh 1 VO have eiroadj roferred there. 

Wn have tluiH oxiilatued lu their euetitiAil feature* the wreehins 
iwH rioi'lvcal oiupliioally iU- Chapter V. In particular our diiouaelon 
Hit MH to correct Only tlio eoroonlng number of the principal momber 
ly Uto ouiumit of the ottonaX aoreemlTig but to leave tho*e ol tiio re- 
ntiviby tomiK uncwivctod and oq^ual among theniielveB,'~-irhlob aeemed. 
trldtinry whon w® origlnQlly ^v^ot6 dowii "tiifi term forniida on page 
^I’ho HcroonlngUiimbotB ^^re the only emplidoal facto®* ^et ocotored 

II Uu> turiu tnrmiila of the X-faye Sd.ven on page 264, It is remaricable 
iimt ft/ujy niay Iio a^iproriwately * analyBad tbeoretloBHy. 


0, Magnitude ol the Tarma. Eelattonrtalp trifti tte Periodic 

fiyatam 

Wo Uwt onumorn-to some thooroma on vrhloh the following dla- 

Kt\\\. \'Ki \Asaioi\. , 1 

X TUo turm-Vftlije mewui«i tho tlghtneaa iJButdvng^eBttgkeil) wiwi 
liioh tiie oliHitrim Ja kept tn tlw oridt In q.Tiefltioii ; 

, It 1h wiual tihe oorroeiiouding vork neoMeary to oewen we 

.iHtbnni (ritlfwnwi^florlMil)- , , ^ ^ lv,. 

•I- '.tlfft inwic oJtotnlQ flokl Inoroasea the idgUtoea of ^Ing , 
iovw totm of Qji elomonb wliloh ia not hydiogen-hlw ie greater 'enim 'fine 
yilrdtoni term wnwaponding to the aame primnpel 
a.^«, In tha tlghtows oi the l,inaing 

no am.\ o£ tha iMm-poiwrtratdng oitlta M irtt ‘to 

onotmtlng ittbMa (*» J.ib ol to pwaant to.]^V 
•v U to «aft ot ‘toma, nwnoly awfe aa 

ortlool aolum,, of the iwrlodio .yatam, to inoraaae in to oonwpooiling 

, u,-ssstsM.w 
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terms inoreascft with the magnitude of blio inner atojnio field, that is, 
with the atomic weight. 

5. The series of peiiotrating orbits i« oontimual in fcho dirot! tin n of 
decreasing principal q^iiantum numbers in the existence of rt'gular 
electronic orbits that, lie entirely inside the atoni ; tlioir tmorgy ttorro- 
sponds to certain X-ray terms. 

We shall begin our discussion with typical alkali torins. holltnving 
Bohr’s example, we shall plot the term-values horh.ontally from the 



Fia, 00,-^Agroomont with each othov of tho corrosponding Horioa (.orms of the 

Sf r P» m, oto". mro,.“ cl Z" w.«‘ 

fincatlotr' "y’"'”'’" “«’ t" llw », 

bocindavy ontico rigUt-hand side of Kg. flfl, and wo shall ..li.t the 
terms I , D. F each on a separate Jiorixontal lino, aim noinfca 
farthest to the loift on these lines represent the first terniH of tJmsc 
terimserfes and fire henoe (normalised conventionally) Hueoe.ssivoJy ; 
ito, -i , dU, 4jfj . Further to tho right we have 2S !iS IF ' 
tho binding of the separate torm/as represontod 
f +1 question from tho right-lmnd houndary 

of oontjmrison wo hZ 
dimn tho hydrogen terms above those of tho alkalies and Jmvo 
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extended them by dotted vortical lines that run the length of the 
diugram . 

Ill the ease of the K-torms we observe the boluvviom* that is to be 
expected from Theorems 2 and 4. The connecting line, drawn con- 
tinuously in tlio figure, lies throughout a little to ‘the left of tho corre- 
sponding dotted hydrogen line and deviates increasingly from it as tlie 
atomic weight increases. 

This does not apply, however, to the P-torms, starting from Na nor 
to the S-torms, starting from Li. '^I'ho magnitude of these terms de- 
creases as tho atomic weight increases ; hero tlie atomio weight apiiears 
to tveahen the tightness of tlie hond, in contradiction to 3Micorein 4. 
'L’liis contradiction is disposed if wo oall to mind tho Tables 7, 8, 9 of 
Chapter III on pages 151) el seq. '.riio ground-state of tho alkali- 
atoms which coincide, as is shown by absorption phenomena (of, p. 370) 
with tlio first H-torm, is of tho typo 2(,, 4(,, Sq, 6# in the ease of Li, Na, 

K, Rb, (vs. Hence tho reason for tlio (Icoroaso of tho S-series terms is 
duo to the fact that the principal quantum number n and honco also 
tho donoininator of tlio term inoroasos by steps in this sequence. All 
the orbital types with a smaller n have ali'oady been used nii as 
inner X-ray orbits in building up the atom, for example, in tho case of 
coosium the orbital types 1 q, 2^, Sq, Ip, 5o have been used up in forming 
tlio K-, L-, M-, N-, O-shell. Cor rosiion ding results hold for the P-terms. 
According to tho Tables 7, 8, 9 wo find that none of tho 91 ^ orbits aro 
used up ill tho Li-atom, tlio orbit 2^ of tins typo is used up in tho 
Na-orbit, all tho % orbits, up to and iuclviding are used up 

in tho ease of tho K-, I16-, C.?-atonis, rospeofclvoljr Honco wo obtain 
for tho excited P-orbit of tho valency olootron the orbits 2i, . . . Oj 

for Li, Na . . . Cs, respectively, as shown in our figure. 

All these l^-orbits and all 2P-orbita from Na onwards are 
Iraling orbils. This inanifosts itself clearly in tho magnitude of tho 
terms : if they wore not ponotrating orbits tho terms 3^ and Sj of Na, 
for oxamplo, would have to bo very nearly equal to the hydrogen term 
R/3^ ; it is only in tho case of ponotrating orbits where tho quantum 
defect A may amount to as mucli as several units (of. p. 392) arc wo 
able to midorstand, by Tlieorom 3, tho groat deviation from tho corre- 
sponding Balmor term R/S^. On the other hand, tho 21?-tci’m of Li, 
being a non-ponotrating orbit, is noavly equal to the l^almor term 11/2^, 
and is in fact a little groator than wo should oxpoct from ''.theorem 2. 
In tho same way wo infer from tho value of tho torm that I.i’-tormB do 
not penetrato into tho atomio core. 

Tho torm 3D is of tho tyjio 3a in tho case of Li, Na, K. In Rb, 
however, the Sa-sholl is alvoacly fully occupied and lies in tho interior 
of the atom (of. the discussion in Chapter HI, § 6 ). Honoo wo must 
asoribo tho (rational) orbital typo 4^ to the (conventional) term 3D of 
Rb. Similarly, for Gs wo deduce tho typo 63 for 3D from Table 9 on 
page 193, 
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We have yet to add a roiuark about tlui ol)li(|UO dotted lines in the 
figure. Tlioy (itnubiuo tlie H-torms of the Hiinu) orbital tyiie Uy. For 
oxaiiiplo> tlui dotted line belonging to the ty po 5 q eonuoets the term 
IS of lib with the terms 2S of IC, 3S of Na, 4S of Li and runs upwards 
towards tho hydrogeli term ll/S** ; in the downward direction it point's 
towards tho Cs-teriu flo, which is an X-ray 0-torin. In contrast with 
tho continuous lino eonnccting the IS-torms wo are hero dealing with 
a lino which connects really corresponding S-tornis, that is, those 
belonging to the same orbital type. Consequently this line — again 
ill contradistinction to the lino connecting the iS-torms — confirms our 
Theorem 4 : tho value of tho term increases regularly as tho atomic 
weight increases and is always greater than tho corrosiionding hydrogen 
term, — ^ivhich is hero 11/6®. The line just mentioned exhibits the same 
behaviour in this respect as the connecting lines of the 41'’-torms, that 
actually, of course, belong to really corresponding terms of the same 
orbital typo. The deviation towards tho loft whioh is relatively much 
greater than the former deviation is oleaily in agreeinoivt witii tho pone* 
tration of tho S- orbits, as a consequence of ivlnch Uio atomic field 
exerts a muoli stronger effect than in the ease of tho non-pciiotrating 
F-orbits. 

The contrai.'y behaviour of the continuous and tho dotted connecting 
lines of the S-torins exhibits in a striking manner tho antithesis between 
the oonvontional and the rational method of denoting terms, '.fho 
contimioiis lino belongs to tho same conventional (mri’ont number, tlio 
dotted lino to tho same rational quantum number. In the sequel wo 
shall find it convenient to use both notations. 

Wo now consider atoms with two outer electrons. 'I'hcso inoludo 
besides He tho olomonts of tho second column of tlio periodic system. 
They all have two kinds of terms, singlet and triplet in their arc 
spectrum. As in the ease of He (j). 368) they may bo briefly di«- 
tinguishod as )S, P . . . and s, p, . . . terms. The oonnooting linoH of 
tho singlet terms are drawn continuously in Fig. 100, those of the triplet 
terms as broken lines, and it is just as iinpossiblo to indicate tho three- 
fold character of tho latter in tho scale of the figure as the two.fold 
character of tho alkali-terms in Fig. 99. The terms IS, 21? and 2p 
(oonvontionally normalized) of Bo, Mg, Ca, Sr, Ba exhibit tho same trend 
as the S- and P-torms of the preceding oloraents Li, Na, IC, Ilb, Cs. : 
They are pjonotrating terms, as is tho a-torm, whioh is, however, far'l 
smaller than tho term IS and is therefore denoted oonvontionally by 2s. I 
On account of Pauli’s Principle (of. Chapter VIII, § 3) tJioro is no ■ 
term la which would be comparable in value with IS ; wo already 
know this to bo so for the helium spectrum from our disoussioii ou 
page 369. 

A new phenomenon presents itself, however, in tho terms 311 and 
3f2, as well as in 4F. Tho former are non -penetrating in tho ease o|. 
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Mg and are little greater tlinii the hydrogen term li/H®. But in the case 
of (5a they iiioroaso strikingly. W<i must inti5rpr('t this as meaning that 
they eome witliin oritical reach of the atomic core and run the ri.sk of 
being bent round into the latter. Wo shall aotually see in § 8 that even 
in tlie ease of the next heaviest element So the lla-orbit belongs to the 
orbital .system of the inner part of tlio atom. At pre.sent we infer from 
this that tile eorro.sponding orbits of the following alkaline eartlis iSr 



Fid. ]00, — The eori’ospoiuling toririB o( tlio imi spiiotm of Hio nlkaliiio earth 
tyj)t>. 'I'riplot towns (tow'osponding to ono anotlior ni'o iionnoetotl by ohain 
linos, and singlot toi'ins by continuous linos. 8inall luttom doiioto trijilot 
towns, cnpitnls singlot torins. .Notation ns in Fig. 1)1), 

and Ba are |)onotrating orbits f)f the typo ‘Ig and fig and that liero 
the orbits llg, and in the ease of Ba also 'Ig, already belong to tiio interior 
of the atom (of, Tlioorom fi and Table 0, p. 103). 

The boliaviour of the term 41i' nr Fig. 100 is still more interesting. 
Whereas as in Mg, Oa and iSr it points to a non-ponotrnting liydrogon-liko 
orbit, it exhibits a oritical increase in Ba. It proolaims that the orbital 
type 4j, is also about tf> iionofcrate and to bo drawn into the interior of 
VOL. I.— 20 
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the atom.* According to Table 9 this actually oo{Uii’.s at the rule 
earths, a few stops later than Ba. 

So in this case, too, wo find oxcollont ai!oord hotweon the teiin- 
values and the periodic system. 

Concerning the other sub-group of the second eohunii, tl>o (ueinouts 
Zn, Cd, Hg, we need say only a few words. Tho terms IS, 2.9 and 2P, 
2p are penetrating terms numbered in the same way as tho ueiglibouiing 
elements Ca, Sr, Ba. Bor the terms 3B, 3d, Pauli s Priuoi])lo loatls 
to the designations dg, C2> ^2 
and 4/-term8. 



J’la. 101. — ^Tho coi’roaiionding fcorms of Zn, Cd, ITg. Notation ns in Nig. 00. 

In tho third column of tho periodic system, that is, B, Al, Oa, In, 
Tl, we have tlie interesting state of affairs that tho groatost term is not 
an S-term but a doublet P-term. This has led ns, in Tables 7, 8 and 10, 
to place the last bound valency oleotron not like its two prodocosaoi’a 
in an %„-orbit but in an ?ii-orbit, namely in 4 2i-orbit in tlio onso of 
B, and in a 3j-, dj-, 5^-, Gi-orbit, respectively, in the ease of Al, Ga, 
In, Tl ; hence the designations for tho 2P-torms of these oloinonfca 
given in Fig, 102. 

The S-terms are muoh smaller and are therefore denoted by 2S. 

The fact that the ground-term of these elements is a P-term in 
proved beyond doubt by absorption phenomena. All absorption linos 

♦This does not, however, agree with tho behaviour of the 4/- town win oil wo 
have also included in tho figure. Perhaps tho first term of tho triplob /.torni 
series in Ba, such ns it is given in tho literature of tho subjoot and ns it is shown 
hero, does not represent tho;/irj!^ terra of this series. 
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7 • > 1 * 

begin, without exeo|)tiou, from the P4ovol, namely Xrain 
level of the two cion bleb levels. 

We shall (lisous.s fiirtlior points coneoming tlu! 
periodic system, such as may bo deduced from spectra, in § *** 

])ro.sent chapter and in. §§ 3, 4, 15 of the next chapter. 

§ 7. Series Types with Different Limits. Varying Constitufcit>i^ 

Atomic Core 

We have become acquainted with two series sy.stoniH iii 
liolinm, the orthohcliuin terms and the parhelium toriviH (t^f* P* '158). 



FiCf. ,102. — floiTOsponcling r.onnH of tho spoatm of tho “ oartli l-yiio. 

Notation as in l^ig. 00. 

In the arc spectra of the second vortical column of tho porfotlicj ay b tom 
wo oncounW'od two series systems, tho singlet and tho brijdest 
terms (of. p. 400). In tho next ohajrtor wo shali iincl an inoroUHing 
number of examples of difrorout series systeniH hhat oooiir Hiinul* 
tanoously. 

'I?he fitting together of such series terms was ccimpaiNitivoly oiisy 
for the speotrosoopist who worked om])irioally, hooauao th« two tyjiim 
of aeries in these oases have tho same limit. This signiflos : tho atfuiiiu 
core whioli remains after the radiating oleotron {LeniciUeleMron) 1i«m 

* \V. QroU’ian, Zoita. f, iPliyaiU, 18, 2.18 (1982), 




404 Chapter VII, Series Laws in General 

been removed, has the same energy for tlui Hlnglel; iind ih(' triplei 
terms ; this may be made the common zero-levei wliieli \v('. may 
reckon. We may say with certainty : the atomic core is similarly 
constituted in both cases ; for example, the atomic core of Iioh'vim is 
always the hydvogen-liko B'e'' «ion, no matter whether' rr'o .start oat 
from pai'a- or ortho -.states. 

The contrary behaviour first manifested itsoK: in the noon spectrum, 
Pasolien* was the first to succeed, in 1911), in separating ont the whole 
of the neon lines into series. Bvit the series t(irms iHiSolved into two 
different groups : the one could be rt'presentcal without difilcnlty hy 
formul00 of the Ritz typo, the other’ a})pearcd to ].’equiri5 a now kind 
of series formula. Paschen soon f recognised that this second grou]) 
could be represented satisfactoi'ily by formnlm of the following typo : 


R 

(w + 5 + • • «)^ 


-A, 


A -'-'782 em.- 'S 


tlrat is, by superposing on a Ritz expression a wave-uumbiH' A wliioh 
has appreciably the same value for the dilTcrcmt tr'i'ins of this group. 
This result must bo interpreted as moaning tliat the sei'ies limit (jf: tho 
second group difiors by tho amount A, fi'om tlui series limit tjf the 
first group which had been chosen as the conventional zero-lovcl for 
calculating the terms. (The arbitrariness in the choice of tho y.oro- 
level is a neces.sary oonseqnonco of tho fact that the ohsorvatums always 
give only term-differences.) 

The explanation of tho two series liinrts in terms of models wi\h givcm 
by W. Grotrian.J He allocated them to tho two L-lindts, Lrii and Ln< 
Lii corresponds to the limit “ zero ” for the ane-term series, ‘Lm tho 
series limit, which is less by tlio amount A, for the othei- bmw He(|iioiU30. 
In both cases the closed neon-shell (tlio '* L,r -f Liu-h1ic 11 ” as wo ox- 
pressed it in Chapter HI, p. 169) is broken up in such a way tliat ib oun- 
tains instead of its full number of 0 electrons only 6. A bi'caking-viji of 
the Lj -shell (2 electrons) signifies a more considerable change lu tho 
atomic configuration and docs not come into question for the sjiootro- 
scopy of the visible region. 

That tins interpretation is oorroot is proved by tlie agrcemoiit of 
Paschen’s value A witli tho diffcronco of tho terms :Lh and Lm, tliat 
IS, with the relativistic h-dotiblet. This has not, of eourse, been motmm'cd 
m the case of neon, but may bo dedueod by extrapolation, wbieli. mvm 
a value of the same order of magnitude as A. Hqn. (6) on page 27 f5 gives, 
for examiile, Av —Ml cm.A, wliioh agrees sulfieiently well witli 
iasohens A =« 782 if wo take into consideration the uncertainty in 
tlie extrapolation towards such low atomie weights. 


• Ann, cl. Physik, 60 406(1010). t 03. 201 (1020), 

t Zoitfi. f. .Physik, 8, 1 10 (1 1)21). 
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Grotrian * ahowfi how certain details in the neon siJectrum, dis* 
covered by Paschen, may ho explained from the mutual position of 
tlie term limits or, respectively, of the L-lovcls^that coiTesx)ond to them. 
(Those details are, for oxamjde, the frequent occurrence of a closely 
adjacent pair of lines, accomiianicd by a lino each at the distance d: A, 
the first corresponding to the coinhination of two ” Rite ” terms or* 
two analogous “ non-RitK ” terms, the second corresjionding to the 
combination, in oooh case, of one “ Ritz ” term with the analogous 
“ non-'Rit?. ” term.) 

With regard to nomenolaturo it must, of course, he emphasized that 
the distinction hetweon llitz and non-Ritz terms is aidntrary, since this 
nomenclature would hecome reversed if the zero-level wore dilToreiitly 
choson.’l* 

This is all that wu shall say about the last vortical column of tho 
])oriodic system. In tho first vortical column, that containing the 
alkalies, there is no multiplicity of tho series limits hocauso here tho 
atomic core (inert gas shollj is uniquely defined and tho excitation affects 
only tho valency electron. Tho noble metals Gu, Ag, An, that are in 
tho same vertical colninn, will ho discussed in Chapter VIII, § 4. 

We now come to the second vortical column of the jieriodic system, 
in particular, the elements Bo, Mg, Ca, 8r, Ba. Wo here have in the 
arc-spectrum besides tho ordinary triplet terms p, d (Avhioh are to ho 
written’ as *^1) if greater detail is desired) also so-called displaced 
terms, which wo shall denote by p', d' in tho sequel, whioh corresponds 
with tho older notation. How they should ho denoted according to 
tho modern method of classification will not bo discu8.sed till § 3 of the 
next chapter. Besides the combinations {pd) of tlio I N.S. wo also 
find [pp') and {dd') occurring, hut never {pd') or {dp'). 

“ dimorjdiism ” (j/ in addition to p, d' in addition to d) of 
tho p-torm and tlio d-torm, for example in the case of Ca, again denotes 
tho possibility of a double constitution of the atomic core with an onorgy- 
difforcnco that corresponds to the difforenoo of the series limits 
CG p — CO p'. What is tho nature of tho possible re -arrangement in 
the atomic core of Ca, that is, in tho Ca'' -ion ? According to Table 8, 
page 102, the Oa' -ion consists .normally of tho oomjilotc K- and L-sholl, 
of the inooniploto M-sholl of 2 -t- 0 olootrona (3„- -1- Si-orhits) and. of 
tho beginning of the N-sholl Avith. a valonoy electron of tho typo 4^. 
Bub according to the same table tho conqilotion of tho M-shoU occurs 
immediately after Ca by the addition of a Sa-oloofcron («. = 3, I ~ 2), 
'Honco wo can understand that besides tlio normal Ga'^’ion . also a 

* Lm, cil, Of. also (I. VVoiilzol, I.*hys, Zoils., 24, lO-l (1023), whoro tlioso 
rolatiioiifthiiw am illuHtraliod Kmiiliioally l)y lUonuH of a lovola-soliomo. 

j Acnonling to K. W. Moissuor, ZoKs. f. I’liysik, 37, 238 j 39, 172 (102fl), 
tlu' rod argon K|ioo(.nnn Iuih (.lio Bamo Htruc-I.uro au dio 1 10011 -Bpntstr inn. In argon, 
tho iutorval liofcwoon tlio liinitH Ih : Am I'J 23*2 oin.^*- niul has boon bronglit 
into I'olationship with fcho intorvul botwoon tho limitB Mu, Mm by Qrolrian 
[Zeitfl. f. Phys., 40, 10 (1020)]. 



4 o 6 Chapter VII . Series Laws in General 

“ hetero7norphic ” ion can occur -whioli is constituted according to the 
following scheme : 

Tami.I!1 40 


Orbltnl Typo 

lo 

2o 

2l 

3a 

!h 


D 


Normal Ca'*' .... 

2 



m 

6 


1 


Hotoromorphio Ca'’’ . 

2 



mm 

6 

1 



Normol toiwa p,il. 

2 



2 

0 


1 

1 

Hotoromorphio terms p', d' . 

2 

2 

0 



1 


1 

Normal toim 3d . . 

2 

2 

0 



1 

1 



The table indicates that the ocourrence of hotoromorphio terms 
may be accounted for quantitatively as follows.* The IS term of 
the spark spectrum corresponds to the normal state of the CW'-ion, 
the 3D term to the hoteromorphio state. Both terms are well known 
apectroscopioally : 


IS = 0*57 . lOS 3D = 8'20 . 10 ^. 

Hence we obtain for the onergy-difforenoo in question 
IS ~ 3D == 1-37 . 10‘h 

Now four grouiJs are known. The strongc.st lies at A ~ 4300 A. 
and forma (together with the lines of other elements) the Fi'au;iifiofer 
IA71C G of the solar speotrum ; the second group lies at A = 3000 A. 
The third group has been analysed by A. del Campo.t and lies at 
A = 2660 A. A fourth $ has been found at 2360 A. In all four oases 
a p' -triplet odours in combination with the same 2p-triplot. We 
denote the four p' -triplets by 2p', 3p', 4p', ; they form the successive 

terms of a series. We have || 

2p' = 10800, 3p' = 760, 4p' = - 4990, 6 p' = - 8330 

The negative sign that occurs at 4p' and 6 p' is exactly Avhat wo must 
expect if the limit 00 p' lies higher than the zero point from which wo 
count and which coincides with the limit 00 p. Of. the scheme of levels 
in Fig. 103, whore we have included besides the series mp the terms 
2p', 3p', 4p', 6 p' and their extrapolated aeries limit 00 p\ as well as the 

* G. Wenfczol, Phys. Zoite., 34, 104 (1023) { Appendix, ibuL, 36, 182 (1024). 

t TmbajoB tlol Lnboraliorio iqsioo, No. 68 , Madrid, 1023. 

j Of. tho boaubiful paper by H. N. Ruasoll and F. A. Sanndoi'B on fcho iSbruoturo 
of tho Spectra of the Alkaliilo Kartba, Astrophya. «Tonrn., 61, 58 (1026), which 
has booomo soyxfcraordlnariiy important for tho fchoory of tho oom]>liontod apootm 
08 oxprosBod in torms of modols. Tho fifth (pp')-gi'oup thoro glvon for Co. is 
unoortaln. 

II Of. (iho inbloB of Rusaoll and Saundora. Inatoad of tho individual vaUios of 
tlio triplet -lovols wo have forinod a sort of position of tlio oontre of gravity for 
each triplet, 
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cinci'gy-lovolB of the spark spectrum ■which ha've come into q^uestion. 
Wlioroas the tonna 47 )', 5p', calculated relatively to their own series 
limit niitiirally liavo a jiostiive value, they must come out negalivA 
I’C'livfcivoly to the series limit co p ; as is made clear in the scale attached 
to oiir h'iK. 103. I'lns scale gives the term values for the arc siiectriim, 
whoiHuiH for the spark spectrum it denotes the energies reckoned from 
t.lio f^rimnd level 18 (the sign having 
Ilium changed and tlio value having 
liiMUi nmltiplied by he). 

In the ligure wo liavo made the 
extni])olatiul limit 00 p' coincide 
dircetly with the 3D-torm of the 
Npivrk Hpeeti’um of Oa, as is de- 
nim idei I by the above explanation 
nf the a<;oeivted terms. Oalciilation 
hIiowh that tliis is justified (of. 

Wenfc'/.ol, and HuhhoU and Saunders, 
foe. cH.) if we express the “ accented 
tiu'iUH ” by moans of a Bit'/, formula. 

Our “ aeeeiitcd ” Oa-torms are 
only one example of many. They 
luumr not only in the analogous 
eleinonfcs Be, Mg, . . . hut in all 
l•omplieafce(I atoms in which the 
I'cHpectivo ions are nob so uniquely 
do lined ivh in Ihe alkalies. We shall 
have to deal exhaiistivoly with this 

(pK^Htion in tlie next chapter ; tliere we shall also discuss the selection 
ruh^H according to which they combine with each other and with 
“ mmctceiitcd ” terms. 

S 8. Spark Spectra of Different Orders. “Stripped Atoms and the 
Daws Underlying their Structure 

VVe tii’oceed to take up the thread of § 6 and consider the terms of the 
ApnH'. fipcrm, tliat is, of the ionised atoms, starting with those of the 

'‘''‘TuIu.mW ^ Be' , Mg' . Ca+. Sr' , Ba+ a.e aiialogoas ohemically 
tlie preceiUng alkalioM Li, Na, K. Rb, Ca, since they have a valency 
Meet ...I nutai'lo a closed inert gas shell, and they are also related to 
I l uitii Hi)i‘otroH (’0 |)ically, since they likewise have a doiMet spectrum (cf. 
I! ha .to A eomimrison ot Kgs. 90 a..d 104 then also sho,« 

1 1 , 11 1 I he K- ivnil the [’-terms In both spootra I'uii quite analogously and 
.1 ; r, 1 niimhewl in tho same way. Coneetning the values 


sooooi 1SL 


Fig. 103. — Tho series Vim its of tho 
Ca spectrum . Tho “ ordinary ” 
p. terms convergo on to tho IS- 
term of the Ca spark spectrum s 
tho displaced or “ accented” 
p- terms on to tho 3D -term of 
tbo Ca spark spectrum. 
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spectra of the preoeding elements, corresponding to the four times 
greater value of the Rydberg number (of. p. 366) ; for our conipariaon 
Ave have therefore given liere not the Balmor terms but the four times 
greater terms of Ho'*' (cf. the dotted straight linos). 

Lob ns next consider the D-term. In Be-*' and Mg'*' it is normal and 
hydiogcn-like, but in Ca'*' it becomes abnormally great, and even greater 
than the first term of the P-series. Wo infer, exactly as in the 3d-term 
of Ca (Pig. 100), that it is in danger of being draAvn into the atomic 
core. This actually occurs in the homologous elements Sr''' and Ba''. 

The Sg-orbit hero runs, 
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lO't. — Correspond ing tonns of tho alkali no 
oarth spark spectra, oomjjarod with tho torms 
of tho IIo+ spoctrum. Tho symbols IS, otc., 


according to the tables 
of atomic structure, in 
the interior of tlic atom ; 
the term 3D is to be 
numbered rationally ns 
42 and 63 , re.spoctivoly, 
and penetrates into the 
atomic core. 

Wo furtlior eomparci 
the 3.D-tGrm of Oa'" AviOli 
those of elements that 
are in the same horizontal 
row instead of, as here- 
tofore, Avith those of 
elements in the same 
vertical column. At tho 
same time avo introduco 
a ncAV notation for tho 
spectra of tlie ionised 
atoms ; this notation is 
more oonveniont, partic- 
ularly for highly ionised 
atoms, than that AAdiioh 
AVO have hitherto used 


rofor to the convontional notation, introducod (for example for Oa'*' 

n ^-rir 


on p, 366, tho symbols 
classification. 


2o, oto., to tho Wj- 


We denote the different 
stages of ionisation with 
Homan figures, so that the netUral atom is indicated by I, the ionised 
atoms are demoted in succession by II, III and so forth. 

Instead of K Ave therefore noAV Avrite K I ; Ga‘'' is noAv called Ca II, tho 
qiiaclrnply ionised vanadium atom, Avhioh we shall presently clisouss, 
is denoted by V V. ^ We consider tho analogously constructed atoms 
K I, Ca II, So III, Ti IV, V V, all of Avhich consist of an argon shell and 
one outer electron, d’his is the nincteontli electron in the genesis of 
tho atoms, The accompanying figure 106 will give us an idea of Iioav it 
is bound. 
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A little lower wo shall disouss how the terms of such highly ionised 
spectra oan he established with certainty. 

Tho terms of Ca 11 have again been divided by 4 in Fig. 105 ; in 
a corresponding manner tho terms of Sc HI, which may bo read olf 
from the figure, represent only of the true term-value, those of W only 
of tho true value. In K I wo have tho following order for the torniis, 
is ~ 4o > 21? 4^ > 3D = So, which is already known to us. In 

(^all 3D has already become > 2P, in Sc III the term 3D has also 
passed below IS and tlieuco onwards roraains below IS. That is, 
the 32-orl)it l)coomo.s tixe most stable orbit in the case of Sc III and tho 
following spark spectra. In tlio progressive synthesis of the Sc -atom 
tho nineteenth electron tlivis attaches itself as a Sg- orbit. According 


to ovir figure tho same applies to 'JI 
and V, and certainly also to all tho 
succeeding clonionts of the iron 
series. Tliis presages tho sxihsoquent 
filling up of tho M-sholl and tho 
beginning of the first long period, in 
agreomont with Table 8 on page 1(12. 
Whereas tho ninetc^ontli olcotron is 
hound in a 4(,-()rhit in tho case of 11) 
K and 20 Oa, that i.s, it is bound in 
tho N-sholl, wo find that in jirogrea- 
sivoly building up 21. So it first occurs 
in the M-sholl. It is only when this 
gai) in tho Mi-shell has boon filled 
that the twentieth and tho twenty- 
first electron of So again find their 
stable positions in the N-shell as 
4o-olcotrons (of. Table 8). Wo boro 
have a clear oxamjilo of the fact 
that tho stability of an electron (horo 
the nineteenth) must bo judged 



fj’ia. 1 05 .—Tho 1) hiding of tlio fOth 
('l«30l.i'()n. Tho torm 3D (oi'bitnl 
typo 83 ) bolow So III lies lowoi* 
tlwin IS and 21’ (orbital typos 
do, 4i). 


differently according to tho varying value of tho nuclear charge (hero 


for 10 K I ; 20 Ca II, 21 So HI. and so forth).* 


Ill Fig. lOfi wo now contrast tho atoms that aiiccoed each other 
horiKontaily, Na I, Mig II, A1 illl, Si IV, 1? V, S VI, and compare the 
valuo.s of tiieir terms (divided by 4 for Mg IT, f) for Al HI, oto,, and by 


Tho Hoinn arginnonb ami tlio Haino figiiro, qualitativoly, as that usocl for the 
above Borios of Bpark apootra, hold for tlio sorios of olomonts ! 

Rb I, Sr ;il, Yb III, Jir IV, and Cb I. Ba II, La HI. 

Tlio tliirty-Hovonth oloobron, whioli Ih lioiind in a f5«-orbUi in Hb and Sr, oooura 
ns a dj-orhit in 311 Yti the ntty-fifth oku-tron, wliioh <kworil) 0 H n Oo-orhit in tlio 
ease of Ca ami Bn, ia nioro wtablo in r»7 La ns a (la-orliit. Honao tlio filling up of 
tho N-bIuiU starts at Yt} that of tho O-aliollat La, but tho procoas is intorruptod 
at tho rare earths in favour of tlio final filling up of tho N-sholl. 
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36 for S VI). All six atoms are similar either ohemioally or spectro- 
acopioally ; chemically they are of the alkaline typo, apcctroacopioally 
they are of the simple type of the doublot-systems, consisting of an H .H., 
a I N.S., n N.S., B.S. and so forth. Tlieir terms IS. 2P, 3D follow 
each other in boantiful regularity and become more and more liydrogeiy 
like as the charge on the atomic core incroase.s ; IS and 21^ asymptoti- 
cally approach the common yahie 11/3 ^ (re presented in Pig. 100 by a 
dotted horizontal line), from which 3L never deviates by nnmh. Tin's 
limiting value bears witness to the fact that Bohr’s interpretation of the 
terms IS and 2P as and S^-orbits in the case of Na I and Mg IX in Pigs. 
99 and 104 was correct. Pinally, the terms 4P ( 43 -orbits) always lii' 

on the straight lino It/4^ of hy- 
drogen. The above-mentioned 
asymptotic approach to the 
limiting value clearly donot(^« 
that at tho higher ionisation 
stage tho poouliarities of the 
atomic field iilay a lo.ss and lens 
impoi'tant part compai’C<l with 
tho increased charge on th<i 
atomic core, so that the fu'hl 
becomes more and moi'o 
Oonlombian, that is, the term 
beoomes more and more hydro* 
gon-liko. There is no question 
hero of a crossing over c>f the 
graidi linos os in Pig. 105 : we 
are lioro dealing -with tho second 
STnall period, in which all the 
electrons are attached on tho 
outside, whereas the poouliai* 
features of Pig. 105 indioatod a 
long period and the Ailing of an 
inner shell. 

Pigures .similar to 105 and 
106 can bo dravoi nowadays for a groat number of analogous arc and 
spark spectra. It will suffice if we here also discuss a figure wbioh is 
of importance for us, namely that of tho spectra from Mg I to 8 V, 
but wo refer the reader who is interested in further details to tho 
special literature on the subjoot.* Wo are again dealing witli atoins 
having a closed argon shell, but this time ■with two outer dec Iron h 
attached. Accordingly avo have singlet and triplet terms. 'I'lio 
singlets IS, 2P, 3D have the orbital types 3n, 3^, 3^ and must (50]\- 

* W. Qrotrian, Graphisolio Darstollung dor Spoktivon von Atom on imd Toni'u 
mit 1, 2, 3 Valonzoloktronon, Vols. I and If, Springor, 1028. Soo also Haiulbaeh 
dor Astrophysik, Chap, VI, Springor, 1030, 



108, — Tho binding o£ tlio lltb 
olocti’on. Tiio symbols So, oto., do* 
noto tho orbital typos tit of tbo 
outor (oloven) olootroiis, 
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V.M-W. IIIP m the, nuclear charge increases. Actuallv the 

l'i<"l<.wTl"iiT 11 "*' “Itl'Oi'gh it l4 far 

V;*/ ' , '’i' '*»>“*• "'«« « “O Imn Is 

«/ f/je InpU .iiinlnn : rather, the triplet S-torms begin with 2s, to which 
wt* Imd nlrojuly asHjj»iuul the type 
ill 100. iVe hero see that this 
allf MMilioii i« also eonlirined by the 
H]jai’k Hpeelra : th(? term ourvo 2s 
aroHKOH tlu^ hy<lrog(in straight line 
H/:i“ liotwiuni Si III and P IV and ^/j- 
i'viclontly eonvorges to K/4^ ; it 
iMdiavoK (piite dill’oiontly from the 
luirvo 'M wliieli lielongH to 11/3““. 

\V«' Hliall ]»i‘<*Hently meet with a 
fiU'tlier proof of tliis fimdainontal 
fimt. tt'.rms 4/ (typo 4^) again 

Ue nearly on the straiglit lino R/ 42 . 

In this way tlu^ oorreotness of 
I hi* alhxuition of the principal qnan» 
tiini innnhoi'H may bo proved from 
l lu^ Hpark H|UHiti’a for most of tho 
fiiHOH iliMiiUSHed in § 0. 

Our Figs. 105 i{j 107 alTord an 
t*x<'!t'lient illustration of tho way in | 
whioh the unnivolling of tho spark ,, ^ 

Mpootra 1ms dovolopisl. Originally 
mir id(ui of tho s))arlc spectrum was 

l>nt little clear and was iniroly ' 

I’liipiritml. Under the iiifluonco of Mgl MU SiE Pn SV 

Unhr’H theory Fowler, in 1015, re- 107.— The binding of the 12th 

Jiri^HOnteil his plmtoglliphs of tho electron. With tho increasing 

jVIg H]in.rk spoetrum by series formula ?oi“m8''^continuo®^^ 

Jlivnlving R multiplied by a factor the straight hydrogen lines 

*if *1, inul inimediatoly afterwards {B/3*, etc.) belonging to the 

, , , ... , ,1 -i -i-i samo principal quantum number 

lltlhr pointed out; tho possibility as the terms themselves. Triplet 

that there might he spark spectra terms (smoll letters) are con- 

Ot a IliKbcr <mlc.-, i„ whiol. ffi rm°\XiS)‘l.y"“oa62ue 
wiiiikl he replaced liy Dli, lOR and lines. 

»o forth. Important papers thou 

followofl by IhiRohen on liho spark spectra o£ Al and by Fowler on 
those of iSi. Since tho pioneer investigations of Bowen and Millikan, 
Avhieh wo Rhall diHouss fully lator, many asaooiated sequences of spark 

Hiieelni ha ve boon InvoHtigatod. . . l 

It i» eimy to uiuleratand from the point of view of atomic structure 
why M'O arrive at tllQ second spark speotrili^ of Al and the tmrd 
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spark spectrum of Si, and so forfcli, and only obtain tho corresponding 
higlier spark spectra with considerable difficulty. Tho next stop would 
render it neces.sary to attack the closed L-shcll and to deprive it of 
an electron. But this, would require far higher excitation potontials 
than those necessary for detaching one of the valonoy olootrons which 
are much more loosely bound. Nevertheless modern HpoOtrosaopints 
have succeeded in many cases in hreaking nj) tlio inert gas hIioUh. AVe 
gave an example of this in Chapter II, § 1, wlioro avo K])oke of tire 
hydrogen-like spectra Li III and Bo IV. There it was a <|uosti()u of 
destroying the helium configuration, the K-shell, which is actually con- 
siderably more difficult to break into than tho inert gas shells of No, 
Ar and so forth. ' 

AVo folloAv Millikan and BoAven in calling such highly ionised atoms 
Avhich re.sult from successive removal of tho outer electrons, stripped 
atoms. 


In comparing the arc and spark spectra Ave investigated (for oxam])lo, 
in Big. 107) hoAV the terms divided by the square of tho nuclear ehargo 
converge to the hydrogen term ns the nuclear charge inoroaHo.s. 
AA^e imagine the terms to bo represented by a formula (of. 

(7), p. 389, z — 1 for arc spectra ; z = 2, 3, . , . for spark s])ectra of 
the typo II, III, . . .) ; the points in our figure then give 
Hero Ave thus transfer tlio deviation from the liydrogon torjn to tho eirec- 
th’^e principal quantum number Wo may instead, .of courso, 
transfer the deviation to the nuclear charge and introduce an in 
place of Z, so that the term Avould assume tho form EZy^^ 'J’hen 
Ave .should share Moseley’s form for the X-ray terms, namely eqn. (4) 
on page 284, if Ave neglect the relativity correction there ns a r<nigh 
approximation. 

Wo set Zgjf — Z — (T, Adhere a stands for tho screening action of 
the atomic core and any outer electrons that may bo ]n‘osont on the 
ladiathig electron {LeucM^lcktron), If Ave iaoav concontrato our atten- 
tion' on a definite term in one of the preceding soquonces of tho spark 
spectra, then the screening effect just mentioned certainly remains a|)* 
proximately the same, booause tho atomic core and the outer olootrons 
retain the same configuration ; ar remains constant and Z inoronsos 
by one as we pass succe,ssivoly in our sequonco from one spoctriun to 
tho next highest. From the term formula 


it thus folloAA's that 


_ R(Z - o-)2 




Vr/R is a linear Junction of the nuclear charge ; the angle of inclination 
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a of this “ Mosoloy straiglit Hue *’ to tlie Z-axis is given by tlio (true) 
principal quantum uumbor : 

taji a ~ ijn . . . . . ( 2 ) 


From (1.) it further follows that : miM of terms with differoMt o-’s, 
which belong to the same, true, principal qnanlum number, are. parallel in 
the Moseley diagram, all having the direction tan a = Ijn, In. the case 
of terms that are perfectly hydrogen-like is of course an integer 
(being equal to 1 for arc specti.’a, and equal to 2 , 3, . . . for spark 


speotra of the typo II, III, 
total number of electrons 
whioh are present in addi- 
tion to the radiating elec- 
tron. In the case of terms 
unlike those of liydrogon a 
is, as a rule, smaller. This 
is immediately evident in 
the case of penetrating 
orbits, because there the 
valency electron comoH 
into internal regions of the 
atom where the cifl’cctive 
miclcar oharge is consider- 
ably higher than outside. 

Abundant examples are 
given by spark spectra. 
We shall take as our first 
the group B I, 0 II, N III, 
0 IV. In Fig. 108 wo 
have plotted as our ordin- 
ates * the Vr/n'- values of 
tiu! terms and as oui' 
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.1 08.— '1.110 MoHo loy law hi optifsal sjiootm. 
v/torm valuo/H is a linoai- funotioii of tho 
nuoloar oliargo 7 ., '.I’lio torin linos run 
jiavnllol to tlio (torrospoutling Btraight linoH 
of hydrogen (n ™ 2, !1). '.I’ho numborfl in 
braukots aro fcho n, orbital tyiies. 'I’lio 
ngiiro I’opi’oscmts the binding of fith olne- 
tron. Horo the Htabln temis lie highest in 
the flguro, in eontruHt bo h'igs. 105-107. 


abscissco the true nuoloar ebargoa. For the sake of clearness the scale 
of the ordiiuvtoH has boon taken twice as largo as the scale of the ab- 
scissa) ; thus in the Hguro tan a = 2/«. The liydrogoji lines n ~ 2 
and 3 have been drawn in as dotted lines. Wo see that the terms 
actually lie rather accurately in straight linos and that further the 
terms 2 . 1 ? (horo the ground, terms of the spectra, three outer oleo- 
trons 1 of. ]). 403, Fig. 102, B I) run parallel in our diagram to the straight 
lino tan a ™ 2/2 1 , ns should be, for tlioy belong to tbo true quantum 

mimbor — 2 (of. 'J’able 7, p. 1(10). On the other hand, tlio terms 
2S, 31?, IIO run parallel to the straight line tan a = 2/3 ; its true quantum 
numhor is n — 3. In the figure the term straight lino for 21? is drawn 

* '.l.’ho following flgimw have hocn tiilcon from bho figures given in Clrotrian’a 
book, qiKtbod on p, 410. 



4^4 Chapter VII. Series Laws in General 

as far us its iutersection with tlics axis of al)s(!issa). Acciordinfj; to eqn. 
(1) this point of intersection occurs at tlio point Z --- a, 'I’lio lignro givea 
a = 3*5, til at is, a non •integral value sin tiller than tlui valun <r • 4 
of tliG parallel hydrogen straight lino n ~ 2. ^rJiis (!ori'es|)<)n(lH to 
the general assertions made in tlio preceding seetion. '.rho liyilvoKon 
straight line = 3 also has the same integral value <r “= 4. 'Plio tnrin 
3D which is almost hydrogen-like arrives at almost the same point ot 
intersection whereas the more rienctratiiig terms 3P and 2iS run to tlio 
left of it. 

As a second example we choose the group Mg .1, A1 If, Hi 111, J? IV, 
»S V, whioli we have already considered on page 411 in anotluu' cton- 


n 

0 





fj 
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? ■' " 1, 

4 > 



lSf3o) 

2p(3^) 

2P(3i) 


2s(4o) 

3p(4i) 


Mgl AIM SiM PlV SV 

Fro. 100,-^rho Moaoloy law in optioal spootra, Biiulino of iiho IStli elnnii'nii 
Fig!' elahire la i![ 

ITwv the terms shown in frig. 107 are alnioat 

ah wMe those of hydrogen ; in our present Pig. 109 this shoNs^a iinolf 
m that tlio Moseley straight lines of those terms lie far away from fcho 
hydrogen straight lines. Nevertheless all ferns toilh the prhuvip(il 
qmnium number run appreciably parallel to lha straight line n ^ Ji, 
and all terms with the principal quantum number 4 run appreambhi 
parallel io the straight line n = 4. 

Ti W ^ we shall consider the group KI, Oa .II, Ho I.TI, 

theTemIr)'(^ffv discussed earlier. Here wo see tiuifc 

tlje term 3D (of type 3g), which runs parallel to the straight lino n — 2 
and 1,0. boWoon Oa 11 nncl So ITI, gmclnally on™, afay Jmin Imh 
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direction at the higher luiebat’ ciharges ami aj)pr(Mi(!h(!H the f.lire( 5 t.ion 
w =:= 3 , to whieli it i)olongs according to atomic theory. IS, 2P and 41) 
(orl)ital type.Sj 4,„ lavliavt' winiilarly : they lirst run parallol to 

7 J, = 3 and betray that they Ijclong to the ([iiantmn lunnbor = 4 
only if the degree of ionisation is appropriate, 4P (of oi'lntal typo 4.,) 
remains true to its direction w = 4 right from the beginning. 

In Fig. ].].() (as well as in Fig. 100) the term ourves intersect ; BD 
passes beyond 2P and LS, This, of conrse, denotes no more than what is 
stated in Fig. 1.05 on page 4(4). Bl) is more stable than 2P and IS in the 
case of Jiigher nuclear oliarge ; the nineteenth electron, with which 
wo are concerned in our present group, is bound in a Ba-^ihit from So III 



Fio. 110. — Tlio MoHoley law ia optical fl])c)oti'a. Bnuling oi Mto 10th olootron. 

Noinonclatiu’o aa Jn Fig. 108, 

onwards, not in a 4o-orbit, as in K I and Ca II. Such intersections 
of the term -curves are possible only when the ionisation has not too 
liigh. a valno, because tlio straight lines tan « = Ijn move further and 
further apart, and so the torih-curvcs also move further and further 
apart. In the case of large nuclear charges the terms lohose ^^rincipal 
quantum number fs small are always more stable than those lohich have 
a large ^^rincipal mmber ; in the case of targe nuclear charges, then., im 
have the “ ideal ” periodic system (cf. p. 150), in which the electrons are 
built in systematically in the order of the 2 ^i'i'ncipal quantum numbers. 
For an intersection it is also necessary tliat the intorsooting term, which 
has boon hnllt in too oarly as compared with the ideal ayatotn, should 
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iiob be of the hj^drogon type ; for the lij'drogeii straiglit lines do not 
intersect in our diagram. 

I’lio validity of Masoloy’.s law liaving boon coiilinnod so strikingly 
in this way for optical spectra, we may conjecture that tlio other 
laws of X-ray spectra will also liold hero. Tke law of irnguUir dmihkla 
is actually already contained in our Figs. 108 to 110. TJio jjarallolisiii 
of the Moseley straight lines states no more than that .such terms form 
irregular doublets. It also follows from the term formula (1) on page 
412 that for two terms having the same, princijial quantum number 

... ( 3 ) 

must 1)0 constant, that is, must be indeqi&ndent of Z. In X-ray si>eeti‘a 
wo found that the law of iri’egular doublets was valid for terms that 
belong to the same n aiid^“ but have V» differing by 1 (of. pp. 271 and 
281), In a corresponding manner any two-term straight lines which 
have been coupled into an irregular doublet in our present ligurea 
also have the same n and different Vs. We have been unable to make 
distinctions hitherto with respect to j simply because the j-fine striiotui'o 
of the terras (imiltiple structure) would not bo appreciable* in the 
small scale of our Figs. 108 to 110. 

From tho term formula (1) we may now draw a fui'ther important 
inference . Wo consider the spectral Ime that results from tho combina- 
tion of two terms of an irregular doublet. In Fig. 110 an example of 
such a line is given by the combination ISj — 2Pj, which is the \vcnkor 
lino of the strongest doublet of lines in tho IC I-spoctriim. 'riio fro- 
quenoy of this lino comes mit as 

I'a “ ~ fslSZfoTj — ffg) + ffgS — nr ^2) . , , (4.) 

7(f 

wbore otj, erg are the sorooning constants of the two terms Vj, 1^2 5 
the samo value in both torma because tlicy are to form an irregular 
doublet. Tims eqn. (4) states : the frequency resulting from the co»i.- 
bhmtion of two terms of an irregular doublet is a linear fwiciion of the 
[true) mtekar charge Z. This law, which was first discovered by Millikan 
and Bowen * enables us to calculate beforehand the frecpienoies and 
hence the wave-lengths of these lines for the higher spark spectra if 
we know tliom, for cxaraplo, for the are spectrum and the first spark 
spectrum. For then we know tv'o points on the straight line which 
represents the frequency as a function of Z. An important feature is 
that it is not nece.ssaiy for this purpose to know precisely the exaet values 
of the combining terms. It would also bo possible to determine thojn 
approximately from Moseley’s term law. Bowen and Millikan and 
their successors were in. this way able to identify with certainty a groat 

* J. S. Bowoii niid B.. A. Millikan, Phya, Rov., 24, 200 (1024). 
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^’'iew of tho following eiveum- 
HtuiuM) : tlin lioinbinafcion of 
tUo IN-tnrm with t)io 2P-fcorm 
t?ivi*H linMiileH tho line 
■ 2P|/a jimt montionod 
iiIhu ihn lino lH,/a -- 2 Pjj/ 2 . 

'J' I in HO two liiiOH togetlior 
foiriii a pnlr whose froipinnoy 
liiiTtoH'iurt' iH 2Pj/3 " 

Mnr<M>vin' lluise two torms 
and 2 lb, (2 reprosent a 
rr/if/fijif.Nlre or n rrj/abir thnbhi 
if wtt apply the eonception 
i»f X’luy H\>notFra to optloal spootra (of. p. 270, Fig. 76)*, fov incur 
t^xmuple of fclie Na I to the Cl VII sequence tbey have the same 
|iriivo\pivl quantum luimboi' (?t = 3, seo above), besides having the 
Hunin I mill iliffoi'uut j’n. It is seen now that the law oj regular 
flinthh'fu aha hohh (juite well for optical sjieclra, TKua in our case we 
kntnv tlin amount of the diitoronco 21?q2 SPg/2 and hence can specify 
tahem l/ta Una IWj/a * 2P{,/a m%i8i lie if the Um ISi/a — 2.P1/2 is fcammi. 

O'o rnnognise that thin law of the regular doublets is valid we must 
wj’itn down tlie term formula, inoluding the relativity corrections of 
Ihn Jlrnt di'dnr. From (4) on page 284 wo then obtain as our term 
foi'niida ill place ol:' (1) 

I' ' ip -- 

rti A 


111. — A I'osulti of tlie law of irregular 
doiiblots, '.I7ie lino Iroquency v of fclie 
oombinati'ou of two torms forming an 
irregular doublot (saitio n, j clifterent 1) 
is an approximntsly luioar function of 
tho mioloar oharge Z. 


It* 




'( 
Mtj, 


fitul fov Uvn velativistio doublot differenoe of two terms 1^2 with a 
“27 
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constant n (a and 8 are the same in both terms, see p. 284), 


Ar = n — Vo 


H/ 


V>) 


Conconiing the allocation of the ^-values to onr LvaliKiS, sen also 
the discussion on p. 270 and in particular Fig. 715. W<' set*, tlmt 
a relativistic doublet the two that belong to the same value of I ui'o 
equal to / -[- 1 and I, respectively. So the braohoted expression in (5) 
becomes 

j. _ j_ ^ 1 _ J 

i ? -f" I W' "H I) 

and we finally obtain as onr regular doublel formula, 


Av- 


Ila2(Z - s)4 
nH{l -I- 1) 


(<») 


This law has been well confirmed in optical spootra. The otdy 
empirical quantity is the screening number s, whioh, moroovor, in 
quite different from a in the case of X-ray spectra. Formula ((1) is of 
use not only for calculating the doublet resolutions but, .surprisingly 
enough, also for the triplet resolutions (cf. Note 12), 

As an example we choose from the sequoiice Na 1 to 01 Vi.J. tho 
doublet resolution 2P.j~ 2P« (orbital type Sj, sec Table 41). 

Tlie screening numbers s are not constant but exhibit a systoimvtin 
variation ; but from the values of s for Na I to S VI it would naturally 
he possible to extra^jolate with great certainty tho .s- value Jbi' 01 VII 
and so determine exactly the above combination IS 2F. 


Tabur 41 


Spectrum 

Na T. 

, Jtgir. 

Alin. 

.Si IV. 

P V. 

1 « Vi. 

IJIVII. 

Av iu cm."' 
a 

17‘18 

7-460 

1 01-66 
C-006 

234-00 

0-180 

401-84 
6-010 ' 

794-82 

6-741 

1207-10 
6-600 ! 

188l>*r* 

n-oiH 


Finally we must mention that all those regularities hold of(iuil!y 
well for “ heteromorjjhic ” terms (cf, § 7) as for the “ unaoconted ** 
terms whioli we have here above considered. For details hoc tlio 
monographs quoted on p. 410. 
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'I' me (;()M1*LKX STBIJCTUUE OF THie SERIES TERMS 

§ 1. Inner Quantum Numlbers. Theory of Multiplets 

T il 10 rogiiliu'itioH in. tlic complex atructnre of series tenns are 
ni-ilinnetietilly simple and very beautiful. Their pOAver was 
niiinife.stt^d in imra veiling complicated spectra. Their phy.sical 
foundation is tlu? fact of electron spin and its compounding Avith the 
oi'liital nionunit of momentum. We shall deal Avith this in tlie next 
Huetion. I*'ii‘st Ave shall (Un^elop the empirical data. 

Wo simll prO(!<!(‘d inductivedy by folloAving on the relationships 
Mint oiMiiir in doublet and triplet systems, Avhicli have long been knoAvn 
and liiive already been touohcd on in the preceding chapter (for 
(^xiimplo, on p. The range of these relationships then becomes 

c^xloutb'd n'udily into the general scheme of the complex .structure 

cif ov<ni niid odd term -systems. 

Wo hi'gin Avith bin' triplet systom as tlie prototype of odd term 
-i/zM/fO/M A.s AV(? know, triplet lines occur in the second column of 
Vho nei'imlie systtmi. 'Dio P-term is tliree-fold, the S-tenn is, ns every- 
when> kImM’I*'. B(^side.s the P-term, the D-term, P-terin, , . . are 
alao ilinar-foM. 'I’lu' (iombinations (SP) or (PS) in the principal 
Ht'.ries or tlio second Huhordinato series consist of 1.3 = 3 components, 
Ituvt w, iuuai an ordinary triidot structure. 

A now kind of line-con ligiiraOion Avitli n highly s^nihcant stnieture 
AM-oAim ill the limt subordinato series (II N.S.). Here the three-fold 
IKU VUI (unnl>ino.s Avith tlio three-fold H-tenn. We should therefore 
*^xueot 3 3 : 11 components. But in reality only G components occin, 

.,11, or „.,Holl.U, 


VkV . 1<X lumid the usual German term y ousiaiuiiyiss j- > 

4,niiiponnnl.H. Tim first unveiling of this striictuie aau ^ 

* Aim. d. IMiyKik, 60, 021) (1003); 

Hun nlHu Urn Voi. XXHI. (A Goman tmnsW 
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linest aohiovements of I'iyclberg, wlio accompli.shed it at a time when 
fclio systeinatio stvuoture of scries terms and their inidtiplieitics wore 
still wrapped in clccjj ohscvirlty. 

First we must make a convention about tlie allocation of indices 
to tho multi pic terms, I'lie only rational way of doing this is to attach * 
to every term an inner quantum number, whielx wo sliall denote hy 
J and which will presojitly be defined . In tliis way the index, which 
was formerly only a means of distinguishing terms, acquires a plij^sical 
meaning. It now distiiigutshos hotween tho combination ])oasibilitiea 
of two terms and enables ns to see at once the interval and intensity 
relationships that arc to be expected. 

Wg shall now illustrate the structure of the coinf) 08 ite triplet by 
taking calcium as an example, choosing the I N.S. As in tlic pre- 
ceding chapter we shall denote the triplet terms by 5 , p, d, instead of 
the more complete ^D. , , , In the case of Oa the wavo-mimber 


0(i!2p-3(l 


Ad» 

Aiti 

A Pm 

Adis 

1 

Apoi i j 






Apji 


i 



r 1 


fpnijh (pHl) 


Ipidi) fpido Ipidt) Ipodi) (pod«) 



I'lo. 112, Tho complex triplet 2p — M oE Ca. Tho clotted lines are missing. 


differences arising from the tliree-fold nature of the P-term and known 
to us from the H.S. and the II N.S. are 


Api 2 = — 2 p 3 = 105 -9 cm, ~ ^ 

Apoi ~ 2po ~ 2pi ?= 52-3 om. ' 1 . 

On the other hand, wo obtain from tho three-fold nature of tlie 
B- terms the wave number differences 

Ad2a = Sdg — Srfg = 21 ‘6 em.-i 
Ad^a = 3di — 3^2 = 13‘7 om. " K 

The whole line -configuration from left to right, that is, in tho sens© 
of increasing wave-numbers, consists of 3 -f- 2 -f 1 oomponents ; tlio 
lines shown dotted in the figure are not real. The origin of the real 
oomponents can be read off from the symbols given below the figure j 
the dotted lines, from left to right, denote 

(pA) {^0^2) 

By vai’ying the thickness of the lines in the figure we have indicated 

* This was llrsl clono in tho preceding (German) edition of tho prosont book 
and has boGomo generally established, at tho suggestion of Bussoll and Saundoi’S. 
Tiro earhoi' conventional allocation of indices followed tho order of soquonoo of 
tho term niagnitu<tes, for oxamplo, jjj, ps in tho ease of tho triplet P-term, 
instoatl of our notation or tho more eomploto »Pj, nPp (soo bolow). 
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tliat our lino-oonJiguration consists of princvpal lines and so-oulled 
saieMiles. ^rho i)rineipal lines arc 

iPofh)' 

Of tlio satellites the one of longest wave-longth, namely ip 2 (h)> 
is the weakest ; it might well be called a satellite of the second order, 
the others, namely iPi<h)y fi^dollites of tlie iirst order. 

Formerly it was regarded as strange that the Ajj-dilfercnces did 
not occ\ir between the ])rincipal liitos themselves but botAveen a ])rin- 
cijnil lino and a satellite in each case. In our conliguration one of 
the Ap’s and one of the Arif’s ocour twice in their respoctivo cases. 

It often happens that the d(-<lifl’ercnce can hardly bo separated 
at all. The line-eonliguration described then passes over into an 
ordinary triplet, Its eoinplox struotnro manifests itself, however, 
in that tlie distance, s between tlio three lines, as measured from the 
centre of gravity of one lino to that of the other, are not (ixactly equal 
to the Ap’s of tlie II N.8. and that botAveon the successive terms of the 
I N.H. they are not exactly constant. Hence tvlierc.as in the IT NM. 
the law of constant wave-nmihcr differences holds PAmdly (ju 1154), 
it only holds asymplolicaUy for high current numbers {Lcmfmlilen) in 
the I N.H, 

Tlio struotnro of tlio composite triplet occurs uot only in all coiu- 
hinatious np — nid, indejicudontly of the numbors n and w, but also in 
prinoiplo in all comhiuations of two triplet terms, for exaiuplo, also 
in the Borgmann series — • nif. 

The suppression of the forbidden components indicates that the 
torni levels diA’er from one another in a quantum number and that 
a selection rule holds for this qiiautum number. Hinco the azimnthal 
quantum^ which n>e. shall from, now onwards denote by Ij nnsiead of I 
(of. § Jl), is tlie same, for example, for all three pdovols (L — 1), it is 
unable to olteet a distinction between theso Ica'^oIs. Wo are compelled 
to introduce a noAV quantum number, Avhioh avo shall call the inner 
quantum number and denote it by J ; earlier (Ch. 11, § H, Oh. VI, § 6, 
Oh. VII, § 1) Ave denoted it by j, 'i'ho structure of the oomposito 
triplet is accounted for if avo fix tlie following solootion rule for J : 

I AJ I ^ 1 (1) 

HO that only the following transitions are allowed: 


'riiis selection rule has alrciidy bi'Oii deriAasl in Note H, equation 
(11), for the quantum iiiimhi'r of \,\uy momcMl of momentum. We sec 
that the actual physical meaning of J (cf. the analogous discnssion in 
01 HI) dor VI, § 5, equation (1)) is llint it defines the quantum number 





'r 


j I 
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of the total vioment of inomenlum of the, atom, tha.t is, it {louotos tlio 
resultant of the moments of momentum, of all tlio electron orbits 
■\\dt]\ respect to the nucleus and their spin, moments of momentum. 
In Note 7, under (e), wo have based the selection rule on the oorroapem- 
denco principle. 

Whereas tlie presence or absence of lines lixos only the relative 
values of t]\e J’s for the combining term levels it must bo r(5gai‘de<l 
as a fortunate accident that when the J*a wore first introducsod,* 
at least in the case of the triplet system, the correct ahsoUde vahica wore 
given to the J s, as was confirmed by numerous criteria later ; namely, 

the values d ” I for tlu^ 
S-term, J == 2, I. 0 for the 
throe p-torms, J " 3, 2, I for 
tho d-torms, and so forth (of. 
Fig. 113). 

In virtue of tho aolooticni 
rule (2) w<i now road o/T from 
the figure that in the combin- 
ations {fs) all tlireo ooni- 
pouonts are possible, hut that 
in the combinations (pd) and 
{(If) only the six components 
of the composite trixdot arc 
allowed ; in tho other throes il 
would have to change by 2 or 
3 units. 

At tlic same time tho vary- 
ing thickness of the vortioal 
lines in our figure gives ox~ 
jiresaion to an intensity rule 
which wo have already tin- 
countered in a somewhat s^iecialised form in X-ray sjioctra (xn 2<I5) 
and in the fine-structures of hydrogen (p. 273), namely : of the, three, 
transitions (2) that which moves in the sa-me sense as the transition 
of the azimuthal quantum number L must occur with greatest inlenaily 
aiul the intensity is to deevease the more the move the tyqfe, of the iransi’ 
lion in J deviates from that of L. Accordingly wo shall sx^oak of a 
“strong,” or "less strong ” and a "weak transition.” This " qualita- 
tive iiitensity rule ” will be refined in § 9 by moans of a quantitative 
condition. We may noiv convince ourselves that our earlier romarlcH 
about Fig. 112 in referring to principal lines and satellites are Biinr- 
marised in our present qualitative intensity rule. Principal linos 
arise from the " strong ” transitions, in which J decreases by I, that 
is, moves in the same sense as the azimuthal quantum Jiumbov I4, 

Ann, (1. Phys., 63, 221 (1920). 


Fig. 113. — Combinationa botwoen the trip- 
lofc torrng a, p, d, f (diagrammatic). 
Tho dotted transitions aro forbiddon 
by the J-aoloetion ride. 
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HiinultaneouHly flocro(iae.s from 2 to 1 . Satellites of the fir.st 
nnhtr from the “loss strong ” transitions AJ = 0 , the satellite 

ttf tJio Hp.oontl order ( 2 ^/ 1 ) results from the “weak ” transition 1-^2 
t>C I Ik*, iimor quantum numher, which moves in the sense opposite 
that <}t transition 2 ->- 1 of the azimuthal quantum number, 

( )»ir inton.sity rule, is also ve rifled in the combinations (ps). As 
J 12 indiuate.s tlui .strongest component is (j 32 ^)> hi which J, like 
I 4 , ineruasoH by 1, (pi-sl.is weaker, corresponding to AJ ~ 0. The 
wrnUe.st in (pn-t), l)(H)auso lucre J decreases by 1 , tliat is, it moves in 
the tumtrary sense to L. In § 9 we shall see that the quantitative 
riiihi <if tlu'se tlrnuj components is 5 : 3 : 1. 

must eonsidcr tlie combinations {diV) and iiip') between the 
“ lioteroinorphic ” triplet terms of the alkaline earths (of. Cb. YIl, 

§ 7). 'riicy do not consist, like the compo.site triplets, of 3 T 2 + 1 
<iomponcnts but of 2 3 -|- 2 components 

III the cawt of {(Id') and of 2 + 3 + 1 
ifompononts in the ease of (?>p'). Their 
Htnuiture may lie understood, according 
In It. (h’itzc,* from the Hcliomc of inner 
cjunntuin numhors in the following 

ItUUIIUM'. 

Ill h'ig. IM- wo depict tlio group {dd’), 

'riio liunds d\, (Vyi heung initial levels, 
lio nbovn and tho lovols f/ 3 , d^, d-v being 
fiiiiil h'vcln, Ho l)elow. H?iio azimuthal 
iviid tho iniu'i' quantum iiumbors have 
lu>cii Avritton aUmgside the levels as earlier. 

1 V T - a nw Iwo tvansi- i'lQ. lU.— Combination (fW ) 

Innulmg to ftjj, u .i, tnmo aic two ri ansi triplet system. 

I, ions, nauicly from d\^ d — 3, and from 2 j„gg 


±J. 


V Y 


,1:2. The transition d\ -^ds 


IS 


aro tho strongest. 


AjWiwWcit I HMMIUHC it would denote a change 

i)C tlm inner quantum number hy two units. Leading to dg there aie 
l.liree nllowiihlo transitionH, but to (ty there are again only two, since 
1 . 1 , „ tHUmiU.m i« forbiddm, hoemm this would 

i liner quantum nuinliet' clumge by Iwo units; all this agre 
ir> luiiriuuuvtal rosults, As wo soo, the structure of tbs Ime-con- 
iimivuliltui diutiugiiiHlies itself in a characteristic ivay from the com- 
imHitu triplet of the I N.«., but is described by the same selection 

Car inn.f'r (immlmn numbers ns the latter. n ^ the 

Hut urn. inmMty mh ic ale, «howu to ho valid 
uv.ii.inth.a (imuitimi mimbor L in tho same m 
111 nil state those tnvnsitioii.s of tlio inner quantum nui 1 ^Vctuallv 
A J h III'O to he regurd((d ns moving in the same sense as L. y 

tuto, Hs iiulioatml in t'ig, 114, the combinations d.d a- ^ ' 

* Ami. tl. l4iyH,, 66, 286 (11)21). 



424 Chapter VI H. The Complex Structure of the Scries Terms 

the strongest. The M'eaker components lie in the oontre group on 
either side of the “ prineixml line ’’ ; in the two outer gmups 

we have a satellite either on the short-wave side or on the long-nvave 
side^ that is fundamentally different from the typo of the comxwsito 
triplet in the I N.S. hut in complete accord with our intensity rule 
for tlie inner cxuantinn numbers. 

The same type occurs in the combination (pp') but Avitli the fol- 
lowing characteristic difference : whereas in [dd') the lino did\ bolongocl 
to the three principal lines the corresjwnding line 2h2^*Q (tbsent in 
iVP')’ 

Wo take account of this if we .siixjplouient the soloetion rule (2) 
by the following negative rule {Verbot), whioh was first onunoiatojl 
by Land6 in another connexion (see below) ; the iransllion 

0 0 <:i) 

is forbidden in tin case of the inner quantum number- This adcUtiounl 
rule, as stated above, makes the group {pp') consist of 2 d- J1 -h 1 
components, and not, like the group [dd'), of 2 ^ + 2 oompouoiifcH, 

There is an apparent exception in the case of Mg which oxhibitn a 
group of only five lines, symmetrioally disposed with respect to tim 
central line, which is likewise interpreted by Tasohon^ on aocouivli of 
its Zeeman effect, as a combination (pp')* Here we encounior tho 
peculiarity that tho Ap'’s ooinoido almost exactly with tlio A^)’s, wdlli 
the result that two components coincide and hence tho number of linoK 
is reduced from six to five. We shall show in § 10 that this cq\uvlifcy 
in tho resolutions is not fortuitous hut can rather bo founded giiito 
satisfactorily on the ideas of the model, 

The groups (pp') and [dd') are charaoteristio for all triplet systeniH 
and hence also occur in the spectra of ionised atoms siieli ns B 
0 III, N IV, A1 n, Si III, P IV (of. the preceding section). Bowpit; 
and Millikan call them the “ flag ” of the corrosxjonding state 
ionisation. 

Instead of using the Pigures 113 and 114 we may also depict tho 
structure of the groups [dd') and [pp') and their relation shix> witl\ 
the group [pd) by means of the above number soliemes. The 
most bracketed number denotes in each case the iiitensitvy * of iJm 
component in question ; below it is tho wave-length in internationnl 
Angstroms and below that the wave-number v. Tho differenoes Am 
between the wave-numhors in the horizontal and In the vortical 
direotion have been printed in italics alongside and below the m’k. 
The first group (which coincides with Fraunhofer’s 0) may bo de- 
scribed, according to Chapter VII, § 7, as 2p — 2p\ the central group m 
— Sfi!', and the last group as 2p — M. 

,, intensities in tlio case of {dd') and (pd) have been fcakoii. from tho nnAii- 

tjtfltiva meftsurements of the Utrecht Institute (of. § 0). 
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The triangular form of tire last as compared with the diagonal 
form of the two preceding schemes is characteristic of the possibilities 
of combination given by the inner quantum numbers, just as is the 
gap ill the a]iaee 0 0 in the first sohomo. The fact that we luivo 

hero chosen as an example of the pd-group a lino -con figuration which 
lies far in the infra-red is hecauso it shows up the equality of the A?)- 
and the A^Z-dilforences within all three schemes. (Owing to the 
dilTfionlty involved in making infra-red measurements this equality 
is, however, rather unsatisfactory.) As regards the intensity the dia- 
gonal is emphasised in all three schemes, as is demanded hy our in- 
tensity rule. The intensities of the (pc?) -configuration have not, of 
coiinse, been .measured in the infra-red combination 2p — Ih?, but in 
the visible combination 2p ~ 4c?. We shall show in § 0 that it h 
porraissible to transfer our measurements in this way. 

We summarise our conclusions about the triplet system in an 
arithmetical scheme which can bo generalised very widely : 


Scheme A 


i-0 s 
> fl 
Z tf 
j f 


MXN 

! a 3 

\IXK 

Z 3 4 



The Gonnecting lines denote possible combinations ; the unoon- 
neoted J-vahies do not admit of combination, in particular, not the 
values 00 in the scheme for {pp’). 

Very interesting new material concerning the selection questions 
avG further given by the “ inter-combinations of triplet and sinfflH 
terms, such as occur in the whole group of divalent elements, th(» 
alkaline oartlis and I'elated elements. We need refer only to tlie ro- 
Honance line of Hg, A = 2637, v = 18 — 2p^, and the analogous linos 
for Zn, Cd, Mg . . . Ba, given in Table 39. As in that table wo here 
denote the singlet terms by >S, P, D and the triplet terms hy s, pj, dj. 
The following scliemo give,s a survey of the combinations possible 
bet'ween those two sets of terms : 

Permissible types : Sp^ Pc?2i Pd^, pgD, p^D. 

Forbidden types ; Spg, Sp^, Pc?3 , PqD. 

AH that "we now have to do is to attaoli to the singlet terms those 
quantum numbers that enable ns to understand from tlio selection 
rules why tbe typos specified in tl\e lower line arc forbidden. Thoro 
can bo no doubt about the azimuthal qiiantimi numbers : wo must 
set L = 0, 1, 2 for S, P, D. Tiie fact that inner quantum numbors 
nre also active in the singlets is shown directly by the decreos 
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forbuidhijr eortain eombinatioiig. We set J = 0, 1, 2 for S, P, P. 

Hum obtain immediately the exclusion. {Verbot) of Sn, from the 
«oiic‘nvl neleetion rule (2) and the exclusion of Sp^ from the supple- 
num tiiry rul(>^ {ll). It was the absence of the line Spo that hrst led 
tiu', mununatuin of this supplementary rule.* 

An arithmetical scheme again shows most simply that by assigning 
(•no aiK>v(^ values to -T avo liave also correctly given the inter-coinbina- 
tuoiiH ludAvotm tile V- and the D-terms ; 


Scheme B 


S ,T ^ 0 

\ 

p 0 I 2 

\l 

I) 2 


a J = 1 


i\ 
1 2 


We arei iuiav suiTiciently prepared to fix the complex structure 
uE the odd tr.nna gonorally ; avo leave the even terms (doublet, quartet, 
systems) to bo dealt Avith a little later. To denote the terms 
ifvvrrttlhj vie wnti nse capital letters and add the mnliipliciUj as an index 
(Dul in front of the capital, for example, in the quintet system 
i^T). The folloAving sections Avill show that Ave can now give 
nxivniph'H for all tlve struotnres that are nOAv to he enumerated : 


Scheme C 

L "0 'S 
/ 

2 0 
J F 

Ao 

M’he above soliemo states that the 8-term, L = 0, is ahvays simple. 
*Vhci P-torm is threo-fold (except in the singlet system), th© D-term 
Ij VO- fold (except in tlio singlet and the triplet system). The number 
fif h'wU inermsea in odd steps until J assumes the value 0 for the first 
timr* After that the number of levels \b permanent. Hence the sing- 
led; Hystom consists of simple terms, because here the quantum 
jinmboi.’ •) 0 already belongs to the S-terin. In the triplet system 

Id 10 uormanence of tlie multiplicities is attained in the P-term, in 
(vho oulntiit nystom it is attained in the D-torm, and so forth. If Ave 
dmioto tbn J-value of Ike S-lcrm by S and tho permanent number 

* A. T/andC, I’hys. Zoits.i 82, ‘(17 (1021). 
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of levels, that is, the multiplicity of the t('rm*syste')n in tpu'sUon liy 
r, then wo have generally 

r = 2S -I- 1 (‘I) 

The notation S for the J-value of tlie S-Uu'in at tiie sumo tinu' in- 
dicates the "spin moment of momentum.” IKc N Ihr Hfiin 

quantum number. The maximum value of J iiiei’eu.soN sli'adily witli 
L in each row ; tlio minimum value of J Jirst diauHmsj^s to W'l’o aiul 
then likewise inorcases, 

In general wo have 

i^max ~ "h Ij 

-It \a r ! fiS — LforSr:' Ij . . (H) 

^ I ^ I "Ml -- S for S 

That is, 

S -i- L ^ J ;> I S -- L I . . . (II) 

In particular wo have from (15) for tlui S-terju (h : 0) for nii^^ 
degree of multiplicity 

r r u 

min — ’ 

corresponding to tlio abovo remark that the J-valiUi <»f tli<^ S-tonii 
is caused by the electron spin alone. 

The connecting lines in our scheme tolls us what hmm-knu’ls <?iun- 
hine with one another according to the geiiorally valid s(4e{ition nilo 
I A J j g 1, Wo follow Catalan * in calling the conligiiratinns whiuli 
then result and which arc rich in line,s viuUiplelu. hi very 
number difference As in general occurs Iwka in a mulOipkvb, hut ah 
the beginning and at the end of the term sequence only 07 ice in giv'oii 
cases, namely, when in our sohemo only ono conneeting lijie ruiiH tri- 
wards one of the t^vo toi'in -levels v4io.so energy diff'ortviuio is given 
by the Av in question. For example, lot us compare the combinatiorm 
(PD) in the quintet or tho septet system with that in the triplet system ; 
they do nob consist, like the lattor, of 3 -p 2 -{- 1 eonipononta huh 
rather, as we read off from our scheme, of 3 '1-3+8 or l-'l 2 | 3 | '24 1 
^mponents according as we group with reHi^cb to the P- or tlu^ 
D-terra. The combination (DF) in tho quintet sysbejn eonsists of 
3 + 3 + 2 + 1 === 12 components, in the soptot system it ootmiHla 
ot ^ -H 3 + 3 -h 3 -1- 3 = 16 components, and so forth. 

Besides the combinations between terms of tlio same system hiku-- 
ooinbinations also occur. These give rise to i in e-con figurations of 
pecial structure, the detailed description of which would lead too 
far here, which inay, however, he oa.sily olitainod by analogy from tho 
bcheino B. lo fix the inner quantum iiumbors and to roeognlso tho 

Fi.VQnir;'ti! ^’fiTro^r 
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tonn-ayHlomH Hiioh inler-eomhhuititniH iiru of partionlfir Kigiiilictinee 
beeiiimo wo can Itjarn from thorn the rolabioiwliip hofcwcjon tlio iuii(5r 
quanta of the one systoni to thoso of tlm other, 

III oomplox Hpoctra tho coinbinationH of tlie typo AL ~ 0 (of. 
§§ 8 and 4) beoomo of inorcasing inqiortanoo. Wc give Iik oxamples 
only tho grovipH (Dl)') and (If If') in tho (|iuntot ny.stoni, whioli are tlia- 
tinguishod from one another in a oharaotoriistic way in aooorilarice 
witii tho aiipplonumtary dcKsnso wliioh forbida 0 0 : 


L 


D' 


D 


Scheme D. Quintet 



They consifit of 2 -H 8 -|- 8 -|- 8 -|- 1 12 and 24-84-8-1-8-1-2 - 13 

oomponents rospootivoly. 

Hitherto wo have rostrictod our.solves to tho odd innltiplicitios. 
Of the even vinlUpUcUieH wc ah'oady know tho doiihlot Hystoin, r = 2. 
Here the S-torm i.s (timjde, tho P-torm and all Hubseqnont terms 
The same holds for tlio quartet system : tlio porinanont numbor of 
levels is r 4 ; it is attained at the D-torm. Before this, however, 
the number of levels inoroaaos in odd numbei-a, thvi.s it is 1 for tho 
8-term, 8 for tho J?-torm, and so forth. In general we have for an even 
value of r the number of levels 1, 8, 5, . . . in the P, and then 

this number assumes the final pernmnenl value, r at Ike next term. Wo 
must omphasiso that this fundamontal oharaotor of tho oven terin« 
systems Avas first dodueod from tho experimental and theoretical in- 
vestigation * of the anomalous Yeoman effect of Mn. 

If Ave retain the formula (4) avo see immediately that tho spin 
quantum numlier H is necessarily a half-integer Avhon r has an even 
mnltiplieity : 8 “■ | for a doublet system, 8 ~ !| for a quartet system, 
and so forth. 8 " ^ e\ndontly eorrospoinls to the oecurrenee of doublets 
when there is one valency electron (alkalies, hydrogen), since avo 
should himi to assign tlie spin quantum nnmher 


8 -^ 

to tho individual elooiron.t In tho samo way 8 ;! corresponds to 

tho addition of three spin moments, and so forth, Tho (piantum 
numbor L of the rcAmlving motion, however, ahvays retains its 
integral oharaotor in the ease of the oven term-systems : L ~ 0 for 
tlio S-torm, L == 1 for the P-torm, and so forth. When L and 8 are 
compounded Ave then got the half -integral oharaoter of and J„,y„ 


Back, Zoita. f, Phya,, 16, 200 (1.923) j A. hamW, ibid., p. 180. 
t Eavlioi'wo doiiotod tho sphi quantum mimhor of tho individual olootvon by 
(of. p. 330). Wo aliall retain this notation in tho sequel tor tlio individual electron, 
so that wo might Invvo written above S s -= i. In gonoval wo tnko S t.o ntand 
tor tho quantum mnnhor of aiwerul oleotrona. Of. § 3 on this point. 
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and all blie intermediate values of J, in aecordaiuje with the Cions 
(5) and (6J. In this way we arrive at the folloAving sulieme fm* tlu» 
even lerm-sysleim : 

Schemo E 



The connecting lines in Scheme E again indicate the coinbinatioiiH 
wliich are possible according to tlio selection ride (2). ^Pho Holeotion 
rule (3) obviously does not appl}’’ here. The intensity rule holds in 
the same form as in the case of odd terms. In the higher tenniH 
and term -systems multiplets of increasing contixdexity also oooiir hero. 
Every Ar in general occurs twice in thorn, but in certain circuinstancoH 
only once. If we consider in particular those multiplots that arise from 
the combination of the permanent sequences of terms, wo see that 
the composite doublet,” for example (PD), consists of 2-1" I - = 
components, the “ composite quartet,” for example (DE), consists of 
3-l'3d-2 + l = 9 components, the “ oomposito soxtot,” for example 
(EG), consists of 3 + 3 -p 3 + 3 + 2 -{- 1 = 15 components.* The 
combination (SP) is an ordinary triplet except in the doublet sy.stoin ; 
the Combination (PD) has the same structure in the soxtot and tlio 
octet system as, for example, in the quintet system, and cmly ox- 
liibits in the quartet system the peculiar struoture tliat rcsulta from 
the existence of only four D-levels. Two lino-cojiflgurations AvhieJi 
are of similar structure in this way and which belong to dilTorcnb 
terju-systems are distinguishable only by moans of the interval rule 
or the quantitative intensity rule, but most certainly by tlioir 25oomtiii 
effects. 

Ihe terms of even multiplicity are also distinguished among tboiu- 
selves by having their J-values attaclied as suffixes to the syjnboln 
S, P, . . . and their multiplicity indicated by an index in front of thoao 
symbols. Thus the term-expression for the two Ddines is as follows 
(we use the conventional numbering of the principal quantum niunbom 
second column and the rational numborhig 3B, 
31, which IS adapted to the periodic system in the third column) : 


Convonfcional notation 
Dg, A = 6890 V = l^Sj — 22P/. 

Di, A ^ 5896 i; = l^Sj - 22pJ 


Kabionnl notation 
^ - 38p§ 


* In general OS, also in the case of pormanonfc ocUl torma. 
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MjilL’ilnary 

All o.\l, lint .louldet relatioiisliips (oa well ns quni-tcts). The ult-al'i 
r,nlh« m the «mml verllml column have singlet mu trija terms 
Iinve t.l.e eicneuta Zii, (VI, Hg, so long ns we lesWcfoiulX: 
III Uit.ii 111,! Hiiootm, /„ the third vertical column the widely senarated 
rfoKWil., Ilf ’IV liiniiMi liiwi, long Uiiowii ; tlio spectm o/b, S 
(ffi, In Imvo llic Htuue eharaotor. 

I Ih'Mo fiusfcH led Eydborg » to suspect a regular alternation of doublet 
ivn.l tnph^t Hti'uoture in the periodic system, such that the elements 
4.r mhnv.f, uhould exliibit doublets, these of even valency should 
nxhi lit tnpIflH. Of the individual series that were known outside 
the hrst thre<^ vun-tical columns the triplet series of 0, S, Se (Runge 
nnd 1‘nHtihmO 4-.(mlU'med this rule, whereas the so-called triplet series 
of Mil (KayHOi’ nnd llunge) apjiearcd to contradict it. 

VV(' know- nowadays that Rydberg's Law of AllerruiUon must bo 
fonnnliitcd us follows: not the alternation of doublets and triplets 
Imt litr nllrruaiion oj odd and even terms governs the periodic system. 
An w'o saw in the preceding section triplets in the combination (PS) 
<u'(!in‘ not only in the ease of odd systems but also in even systems 
HU long us tluii P-tei‘m has not yet become a permanent term in them, 
"riiis oloai’s up the apparently exceptional iio.sition of the Mn- triplet : 
ill Mpiti' of its triplet (PH) the Mii-spcotrum presents an excellent 
oxitinpio of innui term Htruetiiro ; it was precisely this examine that 
loci Itiiek and Laude (ef. p. 420) to recognise the general scheme of 
tlu' Hti’uetiii'o of even terms. 


Aensu'ding to our scheme of classification tlie alternation of even 
and odd tcu'ins simidtaneou.sly entails an alternation between the half- 
intv{/r((t and hdegral nature of the J -values. In particular it denotes 
for the? spin ({luintuin number H a change by d: | when passing from 
one? cdcuiKsiti to the next, ddie indefiniteness of the sign is significant 
l»i?ri?. VVIum wo advaneo from H = (doublet system) in the first 
vortiuul column of the jioriodic systein to S = 1 (triplet system) and 
at till' saiuo lime to H --- 0 (singlet system) in the second vertical 
tHolninn, w(? iisHort that in general tliese two transitions AS = are 
jinsHililo in jn'ineiplo. '.riience it follows, however, that, on the one 
hmul, the inaxiiniim multiplicity r = 2S -b 1 (Equation (4) on p. 428) 
of the poHsibln ternosyatoms increases by 1 for each step from left 
to right ill till' jieriodie systoni, and that, on the other hand, the number 
of jHiMHible to I'lu -systems inoronscs by 1 when we pass from an element 


♦ Cf. Kayaoi'i ITamlb, dor Spoktr., 8, 690, No. 4:04. 
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of even valoney to tiio 111 vxL eh^inont of 
odf 1 vfi lo 11 oy . T luM s U( 1 1 - 1 )y -H 1(1 ] > i m ! n *« Hti 
of tlio inaxiimini and aotnal number of 
midtiplioitioH is one of the rciUHonH for 
the incronaiiig oonijdexity of fclie Hpeetru 
aa wo prooeed townr<lM the riirht-liund 
oiul of the period ie Hyntem and for tlie 
aiinplioity in underatanding the MjaustrUr 
of the first vortioal eolumns. We illus- 
trato this by moans of the elenieiitK 
from K to Zn in passing along the lirst 
groat period. Table '12 exliibits llie 
torm-systonis so far analysiid ; tlnmo 
that are yot to bo expected are denotr^l 
by horizontal strolces. 

Among the varioim terin-HyMteiHH 
that one is distinguislied to which the! 
ground- term, the mo.st stable unoxoited 
state of the atom, belongs. Not only 
this ground-term but also the excited 
terms of the same systein will in general 
be represented by having a apeeially 
pronounced intensity in tlio speetriun. 
This favoured term-system has boon 
shown in italics in our table. In 
the case of iron, for example, fclio 
quintet system is the favoured one. 
The lines of the septet system are 
already considerably weaker. Tlio ex- 
oitation of the nonet system, although 
possible ill principle, would signify an 
intrusion far into the inner olooti'onic 
struoturo of iron ; in ordinary excita- 
tion this term -system bhorefoi’o does 
iiot ocour. 

The regular advance of the ground- 
term which our Table 42 brings into 
evidence and whioh is interrupted only 
at Or (septet instead of quintet system) 
may bo understood from Pauli’s Princiiplo 
and from tlie scheme of the poriotlio 
system. We shall deal with this in tho 
next section. 

Of the two small periods that pre- 
cede the iron group wo shall consider 
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fc»r l.litH pn'HOiiL (inly Mio nixliU coluimi, that j«, Uie .spootra of 0 and 8. 
M'Ihmv imvii Inn^ Ixmii Inxnvji of yuan : A, a sodcs system of triplet 
mooMurod by EaHehen and Bnngo, and B, a system ^v^l^ch was 
ib'H<H’ilK^d m a dfniblet system by Taseben and Bnngo in the ease 

nf O. 

'r«» dottn’iniiK^ tlxi sti’iietiire of these series wo have the follondiig 
ibi tiL : Ihisolion and Lamld * reoognised the oxygen triplet of tlie system 
•A. at A ■ 777w uiid A Ili)47 by tlieir Zooman effect as members of a 

si/s/(!?«. Iloplield f then found series of triplets in the extreme 
uIti*a-viol(d Moriea, which were shown to be combinations of a three- 
ftild Pduami of low level Avitli the terms S and D of the so-oalled 
i liMiblnt Hysttun ; tlui l)-term does not appear resolved in thein. TinalSy 
ll'opliidd n.iul Bii’ge;|; awjertained tluit the same P-terjn inter-oombines 
witii the S-tenn of the (luintot system. Troin the fact that in thi.s 
hitivr-iunnbiiiiLtinn one of the three components (P^S) drops out, the 
.l-ViiliK'H of (bn IMorm may be spocifled from the selection rides for the 
inner vjUivutu . 'lids is shown in the following scheme B', which is ana- 
logiaiH to lihe Hoheine B of the preoccling section : 

Solieme B' 

h 0 l t>S J = 2 

A 

1 0 1 2 

\l/ 

0 «S 1 

Tin* lu-Ht-menUoned 8Berin has as its quintet term A =« S = 2. The 

I'.Ua-iu uiUHt luivo ,) 2. 1. 0, the oombination 2 0 being forbidden. 

'I'lio S-UM'm, wUi<-h wimbiuoH oomplctoly with P, ^ ~ ^ 

r '(• f 1"-’^ heeomes equal to 3. Ibe terms SPP 

tiuublet aystein tints in reality form a tnj?7ei sj/slem. Abe 

r.,i,iplnx Ktnn^tin-u of 0. (pthitot 

iwUv M'itl. the altermition law. The lowAymg PAerm la at the 

tlte itvuund -triplet V'h are A — Ldun . 

Uv walaluv uuly the O-Oivllod teiplot (in venlity qumtet) syrten 

1 r"“lr UX''h^ay».'iS'W' ' 

Ked in'vviMH., 101 yil 

van. 
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has a singulet spectrum (parhelium) ami a tripluli spocU'iim (uriho- 
helium) as a two electron sy.stem. The spin action of the tAVO clwflrons 
can annul or reinforce each otlier. A doublet system tlie-n again IoIIowk 
in the case of univalent lithium, In fact, the assortion of tlm al- 
ternation law is just as general as the first laAV of atomie sti’iiotur<s 
according to which the number of cxtra-nuelcar oleetronH inort^aHUs 
by one from clement to element, that is, attorn ate, s betwetui odd lunl 
even. 

Our information for judging questions of term, structure bceoines 
much richer if we use s'paHo simtra as well as are H])eotra. 

The limit between these two series types is usually not drawn 
sharply in experimental Avork, The spark spectra often oeeiiv in 
certain parts of the arc, but are then strengthonod in the sjmrk 
(enhanced lines). Many are lines ai-e vice versa also ])T’esent as a iniltA 
in the emission spectra of sparks. 

An unobjectionable experiimnlal means of diMinguishing heitman 
sparJc and arc lines is given by a canal ray method devised by 0. WUni.* 
According as the canal ray which emits the lino is deiiected or not in 
passing through an electric condenser the line boiongs to tlio spni'lc 
or the arc spectrum respectively. This method confirms tho speotrt*- 
scopic classification in tho case of JI and Hg (all the Balmor linow 
and the well-known mercury series line.s cannot be deflootod) ; it 
also shows that certain oxygen lines previously e ailed spark liiioH 
are actually O^'-lines, Avhereas the lines of the Tasohen-Einrgo HorioM, 
being true are lines, are not deflected . In a method dcsoribed by 
H. Seeliger j- spark lines are represented,' OAAong to the potential fall 
Avliich starts from the cathode in the Gciaslei* tube, as are linen , in 
agreement Avith the distinction hetAveoii “long” and “.short linon ” 
already introduced by Lookyer. 

.Che definition of tho spark sjAectrum of the first and higlior orilni* 
leads directly to the following “ displacement laAV | the first sjutrk 
spechum of every element is similar in siruciurc to the arc spectrwft 
of the element which precedes it in the periodic system ; it oonsiatH of 
doublets, triplets, or multiplets of precisely the same charaober n« 
tlie arc spectrum of the preceding element. In the same way ihe 
sparh spectrum of the second, third . . . order is similar in structure 
to the arc spectnim of ihe element which lies kvo, three . . . sleiJs be7tind 
z?t t?te peiiodic system. We have often used this law previously, iinr- 
tieiilarly in § 8 of the preceding chapter, wliero wo oompai'od “ oorrt?- 
spondnig senes of spark lines with one anotlier. In general, apootra 

electronic arrangemont must Imvo a. 

nuT i ^ illustrate this law by tAVo particularly 

oharactenstic and historically interesting examples, 

* Ann. d, Physik, 69, 326 (1022). 

I W in partioular (with D. Thaor), ibid., 86, 423 (1021 ). 

W don S.rtopBktron. ’ Vo,S! d, D. Ph" nSSnrtTUSra 
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I . AlktvUos and Inert Gases. — The doublet system of the alkalies 
in « ty 1 1 u !U I 1 1 u M I ( ' H I )(.‘(; tr m 1 1 (sod i !i 1 n “ 1 j ead ’ ' ) or are s] jectr u m and 
SI » , 4 d ( !( M t I’MCf , ar’iHt's Irom the neutral and not the ionised atom . Through 
Mio I’m nova) 4»f an electron the alkali atom is subjected to the greatest 
t'cnict'ivahh' ttliange. It joins the rank of the inert gases, that is, 
it iiiovi's from the lieginniiig of one period to the end of the preceding 
|i(*rjiid. tlm spiastruin tliis denotes tlio transition from the simple 

4u)it4liti(mH wliieh rule at the beginning of the period to the complicated 
4u»ii( litions wlii<!li prevail at tlio end of a |)eriod and whicli involve 
ail atmndaiH'iC of lines. 

In accor<lanec witli tlufir oboniioal inertness the outer electrons of 
arc many times more tightly bound than the chemically 
|ini-( iciiliii'ly active outer elcotrou of the alkalies. The same holds 
for tlu' pi kali iems wliieli are like the inert gases in character. In 
miiitrUHt with the are spectra the spark spectra of the alkalies should 
(■hondciro Im relativtdy dillicnlt to excite : and actually, the difference 
lud wHuni the energy necessary to excite the arc and the spark spectrum 
iH I Jilt as great for any element as for the alkalies. 

Ill lHn*l- hkitu’ and Valoiita * found that !Na and, in iiartionlar, 
K. if Hiihjcctcd t{) an intense spark diacliarge emit besides the aeries 
MpcHsfcnmi a new speotrum, very riolun lines, which lies mainly in the 
iillra-violtvt. Afterwards Goldstein f succeeded in 1907 in choosing 
11 10 tmmlitioiiH (matter as linely distributed a-s possible and current 
ilcniwlfcv as high os p(jssiblo) so that this spectrum, which he called 
gronnd Hpcotruui ” {aTmulsfaklnmi) aiipearod pure and witliout 
tho iidniixfcurc of are lines. 

( {ohlHtciiv’s observations wore restricted to the visible region. 
TUo ahiiiuhinco of linos, however, which is oharaoteristic of ground 
uiHudra., ccimoH into full expression only in the ultra-violet and has 
Hhuu' thoii bcmi noted by many observers. 

Alkaline Ewfchs and AIkalies.-~I.oronscr,J a pupl 
hiul iicouphul himself even before the Bohr theory had been introduced 
witii the <louhlot spectra tluiO occur in the alkaline earths. Mowi g 
,ni SaumlorHll ho established blurt Ilit7;s formula is nnamted to re^^ 
l•^.rit•lltillK tlulso Herj(!s and ho therefore calculated them accouling 
In tlio for in II 111 

—i-., .... (i) 

(» + «)“ 


(». «) 


wl’, kt, S-H to of k“ wteSoatid ok Z 

1 ' t«m«l 0 «.vtiHkvotofy oxpro«..ion. m part.outo £ol- tho 


.... M » ftl na»4\* of. rIbo fche Beifcrflge zur Photo- 
« noiiltHobr. Winn. AUatl., 61, S-n 

W m; 

DIhh. Ttibliigaii, llll.h 


1 


11 Astvophya. Journ., 86, 362 (1912). 
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higher series lines, by ttssuming values for A whioli Jay more or loss 
near tluit of 4R. ~ 438048. 

Tlie question wa.s again taken u]) by .Jj’uwler * in 1015 t’or the oiiho 
of Mg, this time under the direct iirfluencc of 33olu‘’8 tJieory. Fowler 
gave an exhaustive description of the Mg spark speetrnm which linil 
been newly measured by him, and lie ordorod it into sorios witli tlm 
term dononiinator 4E.. 

In general this denominator causes tlio spark tonus to ho displaoed 
towards the' ultra-violet as compared with, the oorrosponding nro 
terms. In the higher spark spectra we have, of course, instead »f 
4E., the factors OR, 16R, and so forth. Examples for the consoq viont 
displacements of the spectra into the ultra-violet are given in profuHiou 
hy Millikan and Bowen’s researches on stripped atoms. 

We add here a digression on the spectroscopy of tlio solar and 
star spectra. 

3. Astiophysical Applications, — M. N. Saha f luis drawn extra- 
ordinarily convincing consequences from the differences ho tween tUo 
spark and the arc spectra in the case of solar physios. In the huii’s 
spectrum (Praunhofer spectrum of the photosphoro, of. holow) only 
36 of tlie 92 elements found on the earth are represented. lil'or exainj ilo, 
Rb and Cs are absent, 1C is ivealdy represented and Na very strongly. 
Are Rb and Cs really not present in tlie sun ? Saha’s answer run a : 
they are. j)resent but in the ionised state. Consoqiioutly not the ohtvr- 
acteriatio arc lines appear, which we would ordinarily expect, birt tho 
spark spectra which, since they lie mainly in the ultra- violot, o.aott .])0 
detection by the ordinary methods. 

What circumstances favour the appearance of spark lines tuul 
increase their intensity relative to that of the arc lines ? Wo addimo 
three causes : (I) high temjierature, (2) low pressure, (3) low ionisation 
potential. The first two factors relate to tlie special oircumstaiicoH 
of the sun, the last to the nature of the atom under consideration. 
A low pressure favours the ionised atomic state as compared -with 
the neutral state in that it renders more difficult the recombination 
of the ions with free electrons. 


In the sun we distinguished three regions of different tomperaturo; 
and pressure conditions : (a-) the true boundary of the liuiiiiiouH 
sung disc, the photosphere, whose “ effeotivc temperature” is talcoo: 
as 6000“ C. and whose pressure is probably about 10" ^ atinosphorca ; 
( 0 ) the sun’s atmosphere, the so-called chromosphere, in which tho 
temperature decreases with height to 5000“ C. and tlio prossui'o dl- 

sun-spots, whose temperature is taken 
as 1000 to 2000 lower than that of the photosphere. Whore ns 

Bivtorimi 

41 gimtor clGtail, Phil. Mng., 40, 472 {1020> • ; 
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the apeotva of the photofiplrore and the sun-spots are absorption speetra 
the spectrum of the chromosphore is observed as an emission spectrum 
during solar eclipses, 

Wc shall first discuss the behaviour of the alkalies : the B-lines 
arc more intense in the sun-a])ota than in the pliotosplicre ; in the 
chromosphere they vanish entirely aljovo a certain Iteight. The arc 
linos of Rb occur feebly in sun-B])ot8 ; they are absent, as already 
mentioned, in the photospliere and lienee, of course, also in the chromo- 
siiluu’o. Nor has Os hitherto been proved to bo present in sun-spots, 
'riiis grading from Na over R,]) to Os oovresptmds tliroughout with 
the grading of their ionisation poteiitials, cf. ^faido H8 on p. 1182. 

A further oluiraeteristie is the prominence of tlio doublet spark 
spectra of Ca, Sr, Ba in the Fraunhofer speetra of the photosphere, 
for example, of the two Fraunliofer lines If and K (H.S. -doublet IS— 2r 
of Ca’’’) and, the fact that they stretch uji into tlu? gi’eatost heights 
of the clu’omosplioro (14,000 km .). The ground-lino of tlie are spectrum 
of Ca, A = 422(1'7!1, Fraunhofer’s f/-line (combination of the singlet 
S with the singlet P-term), readies only a, short way into the diromo- 
sjihero and distingui.shes itself tliero ohai'acteristioally from H and K. 

Hydrogen, with its relatively high ionisation ])otcntial of 111*5 volts 
is observed not only in the jihotosplioro hut also in the upjiermost 
layers of the chromosphore and in the solar jirotuberances. 

I^iko Saha’s theory,* of wliicli we have here skoteliod only a very 
small part, also the so-called spectroscopic deterniination of the paral- 
lax according to Kohlsehutter and Adams is also based on the intensity 
ratio of are and spark lines in the ease of stars in whieli varying 
conditions of temjierature and pressure obtain (of various magnitudes). 

4. Speotroscopic Peculiarities in Astrophysics.-- - A partieularly beau- 
tiful application of atomic theory to the s])ect].’a of celestial bodies 
ocours in the probhni of (he linefi in nelmlce. In tho spectra of gaseous 
nebulm there are, in addition to linos of known elements, a largo 
number of linos, some very bright, which could not he identified 
till quite recently. Tbey were therefore attnhuted to an unknowii 
olomont, “neliulium,” 'riiis kssunpition had little to support it, for 
tho element would have to be of small atomic weiglib, since the otlior 
lines in gaseous nehulte arise from eloinents (»f atomic numl)er lcs.s 
than 20 ; there is, however, no place in tbe ])erif)clic system for such 
an olomont, 

The only escape from tins assumption was to regard these lines as 
belonging to known elements Init emitted under eonditions tliat could 
eitlior not ho realised in tlie laboratory or had not yet been success- 
fully produced. 'I’he latter was fouml to he tlm ease by Bowen f 

* t'lii'Mau' tloliiils iu(vy bo found in Vnl. IT. of AfiUwnm]/, BuhsoU, nngmi niul 
iSfcOWHl'b ((.iiliu & Ot).). 

f J. iS, Bowoii, AslroiiliyM, Soo. J.’aoifio, 39, 2()r) (IJ)27); ABtropbyn. Journ., 
07, 1 ( 11 ) 28 ). . . 
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who clisooverccl that the wave-lengths of certain unrocogiUHod linos 
of the nebulaj ooincidecl with those of lines which had hoeomo kntjwn 
thi’ougli the analysis of tlie spectra of “ stripped atoms,” in particular, 
of the spectra of 0 11, 0 III, 0 I V, N III, N I V, 0 II, 0 III. Moreover, 
the lines identified in this way wore always found to be the most 
intense lines of tho spectra in cpiestion that wore to be cxpi'otcd in 
the visible region according to the well-known scheme of k^vols. J ho 
fact that tho lines of tho nobnlm arc predominantly spark lines is to 
he understood as follows, according to Zanstra * and Boavch, from 
the structure of gaseous nebnlee. 

The majority of gaseous nobulec exhibit iai their {iontro or near 
it a bright star, tho so-called central star. Such nebnlro are ealkul 
“ planetary nobnlm.” "j* It may bo shown that the ee-ntral star has 
a close relationship with the nebula. In virtue of its high tenv|)('r- 
ature (Avhioh averages 40,000° 0. according to Zanstra) it omits chiefly 
ultra-violet light of very short wave-length, which is taken up l>y 
the atoms of the surrounding nebula. Tho layers nearest tho central 
star therefore contain almost only highly ionised atoms. Lot us 
suppose tho star to bo surrountled, say, by only an oxygon atinospliort' 
and tho O-atoms in its vicinity to ho so highly ionised that tluiy 
contain only two outer electrons (O'* ' -ions, that is, O-atoms that have 
been ionised four -fold). These ions may then occasionally captuiu? 
one of the free electrons in the atmo, sphere of the nebula and ho omit 
the lines of the 0 IV spectrum. TJirough the light from the central 
star, namely that from tho part which lies in tho extreme idtra-violet, 
the 0®‘'-atoms again become ionised to 0“^ '’-atoms, and so forth. In 
this Avay tho shortest wave-length part of the light omitted by tlu^ 
star will bo used up to a certain extent in emitting tho 0 IV Hpoctrinn 
in the layer nearest the star. The j)art of longer wave-length will 
pass through this layer and will lead, furthoj’ outside, to the ionisa- 
tion of ‘ -atoms and hence (owing to tho capture of an electron) to 
the emission of tho 0 III spectrum , Still further out the 0 II and 
lastly the 0 I spectrum are to be expected. An analogous argument 
applies, of course, to other atoms present in tho gaseous nebula. 

In this manner a number of lines of tho nobulro could ho identified 
with spark lines. But tho most intense lines, among them the fainons 
green iiobulium lines Nj, A = 6006*84 A. and Ng* ^ ~ 4068*1)1 A., 
could not be found among the known spark linos. Acnording to 
Bowen all those uninterproted lines represented ti'ansitlons of a jiar- 
tioular kind between the lowest terms in the spectra of 0 II, 0 III, 
N II or S II. 

4 Wo shall take tho linos Nj, Ng as examples. Bowen attributoH 

* H. iinns(.m, Astrophya. Joiirn,, 65, Bfl (11)27). 

t Tho following iirgumont nppHoa «c][nnlly well |.o nobiilio wifchout a l•ot:!OglU8nl lllS 
ooutml atfir {so-enflod difltuso nebulaj), it only Iho tomi^omturo is suniuiuiibly high, 
as appoavs to bo tho caso with galactic diffuse nobul®. 
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thivm to O 111 




aoeovding to the laboratory measurements of “ stripped 
n tiMiiH the lowest terms of 0 III are * : a singlet vS-term ^S, a singlet 
D'fconn *1) and a triplet P-term the latter 

li living th(' tin’m-difiorences 193 and 116 1 —% 

om." 'I'lioy are shoAvn in Fig, 115 in their ^ i 
<«('vn’(M!t positions qvialitativcly. Np Ng 
twt'i HuppoH(^(l to represent the following 
tnn ml linns : 

N, 

tin<i iioinie 
'Nr, ■ • Ni - 

A{dnaHy Nj, form a doublet of pre- 
oiHidy the given frequency difference, and 
l:ht» wavtMunnber of Nj, Ng calculated from 


».1)„ N, (2) 


'‘I\ -- 19;.} cm.-i (3) 




13S 


rrs; 




-Tho lowest terms 
o£ the 0 III apentrum 
with tho empirically 
iMjnutinii (2) also agn^es well with the ob- found quaclmpole lines, 

HiH'vod values. In the same way the com- huS’MiSsN? N,”"' 
hi nation bSil) gives a line, which occurs in 

thn nt'Imlie ; its wavodeugth has been drawn in the figure. We here 
lnvv<' a transition .T 0 -> J = 2, L = 0 L = 2, that is, a doubly 
forbidden process, according to our discussion in § 1 of the present 
chapter and § ^ of tho preceding chapter. We must remark, however, 
bliivfe tlu' fornudation on p, 305 is not final but that a more complete 
foruudation, ^vitli wliicli avo shall become acquainted in the next 
Ktudioii, will uIko contain tho assertion that for onr case the transitions 
hcri' under consideration arc likewise forbidden, not only the transition 
hSM) i)Ut also the combinations (2), because all three terms 
htdong to tl\c same configuration of electrons. 

h'lio {'xplanation of tins contradiction lies in tho fact that we are 
unt dealing Avith dipolo radiation here — to which the selection rules 
inontioncd refer- -but to tho quadvupole radiation, Avhioh is usually 
muoli weaker. Uuliinowic'A t has actually shoAvn that for the quadrii- 
yjnle vacUaticui preoiHcly those transitions in L are allowed for which 
lh(' dipnle mdiivtion is alment, and that in these transitions the quantum 
uAimlwr (vt tho total momont of momentum of the electrons changes 
hv d. \r I. T 2 (cf. also p. 309). For J we obtain at the same time 

It !mlY I'oinains to explain why the quadrupole lines, that must be 
NMM'V v'tsaic under earth condition s-it has been possible to produce it 
in tho lahoriitory in only very few cases—shoulcl come out so strongly 


: S ■' r .lko,»o.«ains tha in- 

in dio nobulto agi'oo well with this thooiy. 



440 Chapter VIII. The Complex Structure of the Serlea 'I'erms 


in the case of gaseous nebiilse. The reason is clearly to ho sought 
in the particular physical constitution of these nobnloj. Actually 
the density of the nebula}, both of the planetary nobube (with, their 
central stars) and of the diffuse nebula} (without a contral .star), is 
extraordinarily small, being of the order of 10"^^ grin. /cm. ^ or lesH,* 
densities such as cannot be realised in the laboratory. 'I’liis means 
that the atoms and ions of the nebulae rarely collide ; the time between 
two collisions comes out as of the order of many seconds, nccorrling 
to some estimates, of the order of several hours ! We follow .Boavcu 
in drawing the following conclusions : tlie terms that lie eloMcst to 
the ground-state of the ions are all metasiahU beoause they all arise 
from tlio same electronic configuration as the ground-torin itself and 
because no dipole combinations arc allowed between snoh terms (cf. 
again § 9). Now, qnadrupole combinations occur mnch more rarely 
than dipole combinations, that is the “ time of relaxation ” ( V &nvailzRit) 
of the ions in such metnstablo states is much greater (of the order of 
10 ~ 2 to 1 second) than in states from which dipole emission is possible . 
From the above data about the times between collision.s we see that 
the ions can certainly not bo disturbed during their tiino of relaxa- 
tion in the mctastahle states, rather they can fall down to the ground- 
term at the end of the time of relaxation and so emit the “ forbidden 
qnadrupole radiation. Eddington f has also shoAvn that the radiation 
that comes from the central star does not disturb tlie omission of tlio 
forbidden lines if it is sufficiently weak, — which is certainly true, on 
account of the immense extent of the nebulae. Further, if wo take 
into account that most of the higher terms can combine to give dipolo 
radiation ■with all the deep terms that come into question, that i.s, 
that the metastable states can be much “ enriched ” by transitions 
from the higher terms, we see immediately that tlicso “ forbidden ” 
lines must appear particularly strongly in the nebnlcc. 

Wo ha've yet to mention that certain “ forbidden ” iron lines, 
which have been interpreted by Merrill, ■!; occurring in many star spectra, 
are also to be regarded as qnadrupole radiation, as has boon shown 
from their intensities by Eiibinowicz.|| 

The mystery of tlie green line of the Northern Lights (Aurora 
borealis) avos also successfully solved by similar considerations It, 
too, is a quadnipole line, namely the combination ^Dg — *Sg in tho 
oxygen arc spectrum. MacLennan and Ireton ** wore tlio first to 
succeed in producing the line in the laboratory in a mixture of argon 


* Cf., for example, the Report by F, Beokor and AV. Grotrian in the MrgebnhHG 
(ter exakten Naturmiasenschaflen, Vol, VII. Springer, Berlin, 
t Eddington, Monthly Notices R.A.S., 88, 134 (1927). 

1 W. Merrill, Astrophys, Journ., 67, 391, 406 (1928), 
j| A. Kubinowioz, loc, eil. 

If J, 0. MacLennan, Proc. Roy. Soc., 120, 327 (1928) : R Frorlrlm Pliva 
(1929) j 36, ^8 (1930) ; F. Pasohon, Natiinviss., 19, 762 ’(1030)! 
J. C. MacLennan and H, J. C. Ireton, Proc. Roy. Soc., 129, 31 (1930). 
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and traces ol oxygen. The identification was rendered iierfeet recently 
by observing the Zeeman* effect of the 
line, after Biibinowioz f luul predicted the 
Zeeman effect of quadrupole lines wavo- 
mechanieally. In the 0 I spectrum (of. 

Fig. 110), besides another ground- 

term combination that is possible is 
The corresponding three lines (Big ’’Po is 
also allow(!d iiere) wore foinul by Paachon ;j; 
oji some old plates taken by Ilopiield. 

All four quadrupole lines are thus ob- 
tainable also under earth conditions. Be- 
sides being known in the aurora spoctruin 
they are also known in the spectrum of 
the night sky and the apoetra of nova) as 
well as of certain nebular stars. 

§ 3. Eussell-Saunders Coupling. Term-Systems of Given Configuration 
containing Two Outer Electrons 

'Phe first step towards understanding the rules that underlie 
mulbiplets was taken by IL N. Russell aiul F. A. »Saundcrs || when 
they sid)jected alkaline earth terms to a detailed investigation. 

I'he alkaline earths have two outer electrons, while their other 
electrons are l)oimd in closed shells and may hence be left out of 
consideration ns far as the sohemc of terms is concerned. (The proof 
of this, based on Pauli’s Principle, will bo given on p. 450.) In thc 
ground-state tliose mttor electrons are in .s-statos (Iks in Mg, 4.<i in Ca, 
and so forth, see I'ables 7 and 8 mi pp. 1.00 and .102) ; the corro- 
sponding oxoitod terms arise when one of the outer elcotrons ]ier8ist8 
in the isi-stato and tlio other is transferred to a higher ,s-, yi- or d-state. 
But there is another electronic configuration which is not much loss 
probable tban the above. Our attention is directed particularly at 
Ca. Immediately after Oa the fid-orbits begin to be added, that is, 
the M-shell begins to bo filled up (of. Table 8). Thonco wo conclude 
that in Oa the fid-orbit is approximately as strongly bound as the 
4a-orbit ; ct. also Chapter VII, pp. 401, 400, 400. Hence wo expect 
a second term -system in which one olootron is in a fid-orbit and the other 
ill any arbitrary higher state. '.Plio two torm-systoms may be repre- 
sented diagrammatically as follows; 

Orel in ary tonne j;)iBplacefl tonne 

('!», nx) (3d, rw:) 

Limit-: Oa*- 'Is. Limit: Ca*- 3d, 

* R. Froriohe and if, S. OamtdH)ll, Phye. Hov., 86, I'lflO (11)30). 

t A. RubiuowioK, Zoita. f. l.’hyaik, 61, 333 (11)30). 

X F. l^aeohon, ibid., 66, 1 (1030). |1 Aetrophys. Jouni., 81, 38 (1028). 



Fia . 1 1 fl. — Tho lowoeb tonne 
of fclio O I epoc.truin. 
Tho I’-torm is iuvovtod. 
'I'lio wavo-longthe ehown 
two qnadrupolo linos, 
among thorn blio groon 
auroral lino \ fir)77’3 A. 
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Thus the two-term limits behave exactly as was assumed in Fig. 103, 
p. 407, to explain the “ accented terms ” ; the term- values of the 
second system, referred to the limit of the first system, hcooiuo in 
part negative, and so forth. 

What holds for Oa also holds for 8v, Ba . . . , except that now 
we must replace 4.s, M , , . by 5», . . . Bnt in Mg the (lorro- 

sponding states are 3s and 3p, since after Mg (cf. Table 7) the M-shell 
becomes completed by the addition, of 3p-orl)its. The two type.H of 
Mg-torms are tlierefore diagrammatically : 

Orclinaiy terras JJiaplncotl tjji'ins 

{3s, nx) (3d, mO 

Limit ! Mg+ 3s. Limit : Mg*’ 87 ). 

Summarising all this, we consider two electrons, whoso orliital 
oharaoter we sliall -ohai'acterise in general by the quantum numbers 
lx and I 2 (for example, = 0 for an s-orhit, ly — I for a -orbit, and 
so foi-th), and we inquire into the character of the term that results 
from these two, whlclv we shall denote by a resultant quantum mnnlier 
L. How is L compounded from ly and 1 Tlio answer given by 
Russell and Saunders is : L is compoimded vecioriallif and in inteyrnl 
numbers from ly and according lo the scheme 


b = + /g in such' a way that ly -f ^ L ^ ly — 1,^ 


(0 


At the same time we proceed beyond Bussell and Saunders by 
considering the compounding of the spin-vectors 5^ and ^vhieii 
are of oourse equal to ^ for eaoh individual electron. The spin-verJorn 
are compounded algebraically thus : 



_L o ^ [1 tl'lplOt 

^ [O singlet 


(2) 


The “ Bussoll-Saimclors coupling” defined by (1) and (2) is not 
the only iiossiblo coupling but by far the most important ooiqiling of 
the individual orbital-vectors which leads to resultant term-veotors. 
We shall deal with other possibilities (for example, a coupling) in 
§ 5, We must first illustrate the Russell-Saundors coupling by exam pies. 

' Xo indicate that the character of the resultant term is given, by 
L we assign the usual symbols S, P, B . . , to the values L = 0, 1, 
2 . . , (cf. p. 421). By compounding ly and in accordanoo vdth 
(1) wo obtain. the following schemes: 


A, ly = 0 

0 1 2 3 4 


/a=0 

S 

1 

P 

2 

D 

3 

P 

4 

a 



§ 3* Hiissell- Saunders Coupling 
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2 
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S P B 
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B I* G 

P G H 

a 
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P B F 

S P B F G 

P B F , G H 
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III .Sehunu', A we hiivo, nn account of = 0 (for example, 4s in 
14 lo uijun (jf C)a], tluvt B Hence tlio diagonal form of the Scheme 

Whicli (!C)|'^’^^H^)on(lH to 4ho ordinary terms (for example, 4s, wa; in 
C'u\. On ttoommO <»f 1 in the first iw =» 0) the Scheme B 

In'Khm with .L 1, that is, with, a P-term. In the second row 

(/a 1) we have, hy cfj nation (1), tliat L «= 1 d- 1 0, l or 2, that 

in* iviiS., V- or J)4ium ; in tUo third row (Ig = 2) we have B = 1 -p 2 =» 1, 
li nr 3, nor I'l'H ponding to a P-, B- or .P-terni, and go forth. The Scheme 
( ‘ liegiiiH, rtimio li •: 2, with a B-term, L =a = 2, and exIiiVita three 
ti'i'ins >u tlu' Ht'cond row (/j =*: 2, ?2 “ l)i in the third and suhseqnent 
I'lnva it oxhihits live tormn,* and so forth, 

Civ tU(‘ prurtcnfc two'Cloctron case all these toms may, l>y equation 
bo triphit as well as ninglot terms, For the indexing of these 
inrnm» tliiit Is, for tlm <iuantuin nnmbDi’ J, wo now algo have 


.... (3) 

tli'vi? Urn an lection rule for the J’s in general retains its eatlier form : 


M-pJ, . , . . (4) 

A<‘tiinUy \w applied Huh rule in the oiuse of tho (pp')* and the (dd')- 
(iinidmmthwwv iw § l> to tho displaced terms, p', d\ equally well as to 
e.bi‘ ordinary tcYms p, d. The mme does not, however, apply to the 


* Id jjiiHHiiuf wc inuHl, i^all iiMioiit-ion fco tho analogy hobweon ouv Sohomea 
A, H. 1! . . . mjil dm vm p. W «os Wxo aiuglot, tmptot, quintet . . . 

’fJiD P-wiJo»w Cf ni'i’ pmsi'iili Hohomos are ictontioal wiUi tlio J.vahioa of 
I )iM DiirUi'i* There Vn a SwiivA tor this = in-oemoly as the L s arc 

twm (, .u«l l,,MM„.Kttng Vo «.i. (U. M Hm J’« mo _oompOTO«. 
ttVDoi'vUna I'lo* wvvUov* otju. (flj on p. 428, worn tUo 1, 0 MV<4 Vlio S e. 
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seUcMon rule of the L's, Whorcns AZ ~ 0 was forhwhhni ourlic'i', AL ■- ^ 0 
i.s by no moans forbicldon now, as the just-montioiUHl (toinhinaticnm 
show directly. 

To arrive at the selection rules wo must lirst i'(iv<!rt to tlu' iii- 
dividiial The experimental results .so far ohtaiiuul hav(^ o1)oy(‘(l 

perfectly a rule -given by Heisenberg (wo onuneiato it inon? gi'n(>i'n.]ly 
for any arbitrary nuinbor of electrons i ^ 2) : in an alhwnhh Irami- 
lion (dipole-radiation) one ehvAron must chawje ilit l-valne hi/ J; 1 , ft 
secoiul electron must change He /, if at nll^ In/ 4: 2, the remaining eleclron-'i 
m,u8l retain their l-values unaltered. In symbols : 

A;s=±1, A/,= {j_ 2, Aii--»0, i>2 . . (5) 

Wo 8uminari.so the two xjossibilities ns follows : “ Hingle transitions ” 
in which case (5) reduces to tlu^ w<dl- 
knoAvn seleotion rule A/--=:l;l, ami 
" double transitions ” (Dojy/nd-npriinge), 
to which the disphuxid terms discusHcxl 
above (hoc pp. 4()b et nog.) belong. 

According to 0, Laporto,* whoHt^ 
rosearchoa on the iron speoti'mn have 
formed the foundation for the geucml 
form of the selection rules of hot<'rr>- 
morphio terms, (5) may be illustrabul 
geometrioally by tho “ star ” diagram of 
:Fig. 117. 

It had been conjectured ((jirlicir f tha(. 
tho rule (5) could bo goncM’aliHod rm 
follows : 

2Aiff odd number . (drt) 

Wave-mechanics conlirins J this geimral- 
isation. Of oourso tho transitions (fi) iirti- 
distinguished among tho more gonoral 
transitions contained in (fw) by occur- 
ring more often. |[ 

Supplonientary to this selection rule for the I'a thoro is an ad- 
ditional condition for L, namoly : 

AL-0,il .... (d) 

* Handb. dor Asfcrophya., Springer, 1930, Oh, VX, p. OSI. 

, t A. SoiiMnorfold, Three Lechirea on Alomio Phyaica, p. d;.'! (MoHHrfi. Motluiou 
& C»o« Xitclk| X$)20)i 

1031 Oruppcuf'booruv und Qvmnl.onino{!ltanilc, Hirwil, Ltapxig, 2ud mlii,, 

li Wo can bring Uio aoloeUon nilo (fia) into a torm, whloh Inxa played a certain 
part 111 the older rosearclios on multiplots, if wo divido the terms Into two 
even and odd terms,” according as 2?/, is oven or odd. Then only ovou 
terms can oombmo with odd and vice-versa (Laporto's rule). 


(Einfach-Sgyriinge) A/^ = 0, 



117.— Geometrical rcjn’o- 
sonfcation of tlio selection 
rule (6), ill wbioh /j and 
aro coiisiderod ns of 
equal importaneo. 448 
transitions arise from each 
torm, Tlio number is ro- 
iluced if transitions occur 
among tliem which would 
load to iiogativo values 
of 1. 
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§3- Rimsell-Saimdei-s Coupling 

^ 'I'. «l>f» I.«f mb o«o«r 

I .. i I ; .,, , " , «Mnp..ml.fc with 

Wi' aji|ily tins t,i thii On tcniis, Sdionios A and C. Within tlin 

H ., 'f ‘''''i' F wth its two noighboiii's, and in tlio 

H.nin. ^vay witl. ! cv,,ry torn, of a row may oombino with ti.o noigh- 
lornm, didmoil by (fi), of this neiglibouving rows. All theso 
mi)n(.iim(i.,im aro ninuh Iramilions. Wo obtain admissible doitbU 

)f for oxamplo, tlio term P from A with the 

fi-nnH allowwl liy (11) of tin, lir.st or tho third row of C. Among these 
■ ■..iiiblimti.mH there is only one* of the character (pp'), .since no P- 
i,H-m uoe.nrs in the Hast row. Wo next ingnire into the origin of the 
0 if i-CM)iulMimlioiis. n.luiy ariHo Avlion avo oombine the X)-term of the 
iliinl (if A with the l> of the second or of tlie fourtli row of Ch 
wfuTonH tho oomliimition Avith the first, third or fifth row is forbidden. 
Wii write down tlio possiidti modes of origin, sliowing at the same time 
tlio itvinllrtt tt’Jin ')to((ilU)}i which has become the practice when we wish,, 
to oxpi’vHK ch'iu’ly not <mly the utructwe hut also the origin of the terms 
l<) (ihnnir, [hrorf/ : 


iVP') 

{(hV) 




(ddn'd) 

((3dn^2^) ^Dj23 

^ 1(3*7) 


Ueiti the ,s(rut'tnr(>, is denoted by the symbol and ®Di 23 (we restrict 
tmi'Hi'lvcH In triplet striietiU’C, as indicated by the upper prefix S, as wo 
urn inti'i’esU'd in the line-configuration, cf. i:)p. 424 and 426*, actually, 
wo MluMihl also take into account tlic singlet terms and ^^^ 2 ^ 

<»nhp'« of tho tiu'ins is Hpeeified by the xiroccding symbols (4s7i2Ai (SdWd), 
ivnd HU hu'Hu for which w'o sluvll use the abbreviation sp, dd or 
K\w hdtov Hymliol when liotb d'a belong to the same principal cpmntum 
u umber. Tims in future we slnill use the small letters, s, p, tl . . . 
iuily tor the state of the individual electron, and the capital letters, 
S. i\ D, . . . , with upper andhnver indices, for the state of the ivliole 
u I n 111 ( c r > ) • Moreo vor , tlio iiid ofinite principal quantum nuinhera 

if. u' in tho aliove symhols indioato that there is not one hut a series 
uf lorrUH of the class {M) .... 

Ibit tmi; diagram niatic! Hcluunes require to be supplemented in the. 
oimt> nf oqnivulcnb orhita, that is, when our two cleotrous (generally 
Ht'vcrul ol(>c trims) belong to the same orbital type^i, that is when they 
uuiret' nut only in their l.-values but also in their u-values. Here we 
riM'oivo doolsive liclji from Pauli’s Principle (p. 164), which states that : 
vvvrn nmpldidil tkpud (jmutwn-Male can 6e occupied by only one 


* bOft»fh*s das, limiuvw, yy' may also rosxih transition by a combiim- 

linn Ilf A with b (waamd vow of A with the socond vow of B). 
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electron > To delhiu Bueli a sUite i!Ojii[ilet(rly wti r{M[iiiro not only (ho 
orbital typo (», /) hut also the ])ositioi) of tlio orhU-, wh’u'li ih 
givcji by the niagnotio quantuni nuinhoi'H itii and (p. IhU). 
Kleotroua of the same orbital ty])o aro eallod equivalent elocU'OUa 
l)y l.hiiili, J.hiuli’s [?nnciplo furtlior aHNorts that : eJevlronn in (he 
same quanium-slate cannot in 'prrncfjj/fi he dislini/uished from, am' 
another ; atoniio oon figurations whiuh hoooino tranHfoi'uuMi into oiu* 
anotlier by simply intorolnmging olootrons ar(' fully idi'iitictal with 
one another and thoroforo roprosont one eon figuration, it is the 
combination of tiie RiiasolbSanndorH ideas witli Ihudi’s i’rimiijih' l»y 
F. Hnncl * that first led to a coin])leto systeniatie elassilieation of 
multiplet spectra. 

Wo already know the possible values of the inagnetie (luantuin 
numbers mi and for the individual eleetron from p]). IfiO el mni. 
They aro clctorminecl from 


/ S ^ s — s , . . (*?} 


The values of mi aro integral, like those of I, and those of are Imlf- 
integral. Tlioro aro % -j- 1. valiioa of nii for a given l> On the ivtlu*!’ 
hand, there arc only two values of for tlie individual elcotron, silica* 
a — ; these values are = d: We may j’ei)renent tliese valui’H 

graphically by the separate orientation of the orbital -vector / ami tin* 
apin-vootor s in space in a (strong) magnetic field imagined to la^ presi'iifc 
fcf. the analogous Figs, 20 and IK) on pp. 1211 and 124; whioli 
represented the vector j compounded from I and a). 

In the same way wo must define tlio magnotie (|uantum numberH 
Mjj and Ms for the resuUanl atojnie slate (L, ,S). Tlieir ])OHHible valui^s 
aro detormined from the conditions analogous to (7) : 


L ^ MT ^ - L, S ^ Ms - is . . (7n) 

Tlie L-voetor therefore has belonging to it 2L H- 1 different ij mm turn 
mnnbera Mr., which correspond to Just as many difi'ereiit positioim 
of the Ii-vootor with respect to the axis of the magnetio ihtld iinrt 
which may he regarded as projections of L on this axis. In tlie samo 
manner 2S -1- I quantum numbers Ms belong to the S-veetor, namely, 
in the cases that come into question here ; 


Singlet system, S 0, Ma = 0. 

Triplet system, S 1, Ms = d- 1, 0 or -- 1 

And we liavo for every electronic con figuration 


Ml == 'Zmu Ms = . , , («) 


where in oiir ease of only two outer electrons the siims aro two-fcihi 
and extend over any two of film values of nii and allowed by (7). 


* *ho hitoi’iyotafcion of complioafced apootra, in pai'doulav of diet olonumta 
’ soo JSoita, f . I, jiyailc, 88, 345 (1025) j alao Iho imporbaiifc toxt-honk s 
Limenapchtren vnd ponodrsches JSpalcm, Bpriugor, 1 027. 
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'I’lni fnl lowing ronuvrlcH miiy servo to make clear the relationships 
(H) ; wo from tint imagined limiting case, where tlie coupling 

«it llu' oU'clroiiH and their /, « vectors among thcnisolves is iiiliiutely 
WM'ulc. 'I'lu'n all the vectors will orientate themselves independently 
uf (nu‘ uiiotluu' in an added Imaginary magnetic field, that is, all the 
iiit'n uikI will he integral or half-integral. We now allow the 

(MHipliiig its inerease in strength hut shall at first allow only the Ts 
li> CTonihiim among thoinselves and likewise the 5 ’s. Interacting 
iiKniienls (jf momentum then present themselves which alter the 
iiuliviilual luonionts of momentum I and s in time and destroy the 
qtntiituru-lilro holiavioiir of their projections mi and The law 
of Hoifiiorial ivreas then no longer holds for the individual motion of 
I ho oleoti'oim, hut only in tho sum for the whole system (here our 
two ('hH!tr<)nH, and, by onr assumption, separately for the Z’s and 
.•j’h), wince the moments of momentum due to the coupling com- 
juniMati'. Ilmuie what previously held for the individual vectors 
iniw hohU for the sum; tho L’» and the S’s.are constant and are 
tiiiuntum mimhers of: tho system; their components Ml and M 3 
ahum tlu^ magnetic axis arc likewise quantum numbers and retain 
fcln^ vahK'H they luul in tho coupling, that is. they may be calculated 
in the wenst*. of’ the equations (8) from m,. By carrying this line o 

urKiiinent a ntep further we are able to speak in the next ai^proxima^on 

nf tim coupling of the moments of momentum L and 8 with the total 
.nonmntH of momentum J; of. also the remarks at the beginning 

W. I.UHH nn K, tho cliflbrert o«,o» o£ “equivalent” wl*h 

l.lioinH(.lve.s in the case o£ ,* „£ A 

SidimnoH A C on p. 442. We are dealing with the flist low oi a, 

llJ. Huou.ut 'of 1) mul the tliii-d o£ C ami wo assume, of 
ouHO tlmt tlm priueipai quautuiu 

A. I, both elcotmns toe of 

Hpoiuling m/’H are equal to koio, i.o. mi 
t ho qmiUriiple of numhors 

• • • • w 

„ tho tut both oleotmus. Houco. by Pauli’s Principle the fourth 

jinml. Im for each. Thus 

in,, = + h i 

Ml -= Ms == 0, L = S = 0. 

wo have a •«.tev,n; 
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Conversely, the non-existence ol these terms was the lirst fact that 
caused Pauli to forum late his principle. 

B. = 1, typo of carbon and its liomologuos. Wo alUrin 

that the more exact expression for tlie three terms given In the seeontl 
row of Scheme B should bo 

iS,3p, ID, .... (10) 

that is, that the terms 

»S, ‘P, 3D . . . . (lOn) 

are forbidden. 

To xn*ove this we begin with the D-term, namely with its highest 
magnetic level, Mj, = 2. Since wj, and w/, caunot ho gi'cator tlnin I 
we must write in equation (8) that 

= 1 . 

The first three figures in (9) are again the same in oacb ease, that ia, 

= — m,,. Ms = ^ 0. 

Hence S = 0. Our D-tevJii is a singlel-lerm. 

We pass on to Ml = 1. This magnetic level arises from 

wi/, = 1, = 0 I ± h Ws, = d- h 

Tlie converse mi^ — 0, mj^ = 1 does not, again by Pauli’s Pi*inoij)lo, 
denote a new term. Tliere are tlms four xiossibilitios, distiugui.shed by 
the values of 

1 

Ms = Zm, = jo, 0 

One of the two zero values is used up for a iD-torm, which has a inag- 
iietic level Ml= 1 as well as Ml = 2. Hence three values I, 0, — J 
are left over, which belong to the magnetic orientation of a spin-vector 
S = 1, that is, to a triplet-term. Our P-torm in the. row (10) is tluvro- 
fore in actual fact a Iriplel-lerm. 

We now come to Ml = 0. Hero we must have eithoi.' 

== ’W/j = 0 I Ms = 0, 

or mi^ = — 1, mi^ = + 1 | Ms ~ + 1, 0, 0, 1. 

The values of Ms on the right-hand side state that : if the two mj’s art) 
equal (first ro\v) the m^’s must he opposite and equal ; if the two 
are different (second row), the w^’s may be either -h ^ or — Ones 
of the five Ms-values that arise in this way is a zero, and is used for tho 
’ D-term. If we strike out the values Ms = + 1, 0, — I required for 
the magnetic level Ml = 0 of the ^P-term, we are left with only Ms ™ 0. 
The S-term still remaining in (10) is thus a singlfMerm. 
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VVc* rtHrogniHii Uuifc our onumeratioii is complete by noting that it 
)U|r|it ha VO boon (uiri'icd out ijqvially well for the negative Mi/s. 

TIiIh may bo tontod by counting up all the magnetic levels that 
u'loiig to {10), iukI also those that belong to (lOo). Tn general, we 
Oitiiin 

5:(2L 4- 1)(2S + 1), 

ihIuoo 21i I I 2S b 1 denote, respectively, the number of Ml’s and 
Mm’h U >r tmoU toviu. Himee, in. the ease (10) we obtain 

1 4 - :i . 3 4 - 5 . 1 = 16, 

iiinl in tho (umo (lOa) 

3 4- 3 4' 16 = 24. 


If, tm tho otlici' hnnd, wo count up the magnetic levels, starting from 
tin* vH|’h nud we obtain from Wj — 4“ li 0> " 1> = 4- 


3 . 2 

3.1 + -^.4 


16 . 


'riin lirst priniuot on the left-hand side denotes the combination of two 
oi|iiai tonnK Wj with op]}OHito values of w*. The second product corre- 
h|>oiu1h to the ooinbination of two different m(’s, of which 3.2 are 
IH’cmoufc, tndy of which count, however, as the electrons cannot 
bo tllHtingiviHluKl from each other ; the full number 4 of the mg-pairs 
mo to ho r-oinbinod with them. The sum 16 agrees with our euum- 

oi iitloii of (1.0), and hence excludes (10a). 

lloftu’o. W(v apply our sohemo (10) to the interesting examples ot 
Oil! ami (■) I, wo must develop the rule of term positions enunciated by 
II untl (of. the roforonco on ]>. 446). Tins rule is an essential constituent 
of Uwud'H theory of the classification of terms. We give it here as an 
ox imrbnontal romilt. .Hnnd, and in still greater detail Slater, bases it 
01 . ooiiNideoatUms about tlio steongth of the coupling between 

Xi diZ'out vooto™ 1. u, riuiilar to those indieated on p 447. A more 
riuoroim biwi», whiuh »l«o allows us to expect possibk e*“p(.on« lo 
Ifuml'H rnh’.. immt ho left to tho next volume (on wave-meohanics). 

Avimm tiui terms helmtginy lo a definite deelron configur^wntkil o,m 

hmhm the same .V. In generf 

I 111 f itKivi iH tibe deever because it has a greeder L, v. a 

' wi 4 .,.iy tto to 0 ° " 

* Pliys, liov., 88, 201 (1020). 


v<n 4 > 1.-20 
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ing to its position in the periodic system, four 2p-oleoti'on8. Hence 

with its two 2p-eleotrons falls directly within otir sohomc. This 
explains the po.sition of the terms in oiir Fig. 115 on p. 43i). It also 
makes clear simultaneously why all the nebular lines there shown are 
forbidden lines. For our selection rule (6) demanded that one of the 
numbers h should change by ± 1, whereas in. comhinatioiis within 
the same electron-configuration Ali — 0 for all f’s. This deoreo, how- 
ever, applies only to dipole radiation, and not to quadrupolc radiation. 
In the sense of dipole radiation and *S are melaslable levels. As 
already mentioned on p. 439, the transitions drawn in Fig. .115 are 
preoisely those that are possible for qnadrupolo radiation. 

But the O I-speotrnm also falls Avithin the same term-scliomo. To 
see this, Ave need Pauli’s “ Gap Law ” {Liickensatz). 

A direct couaequenoo of Pauli’s Exclusion Principle is this : ever}/ 
closed shell is balanced with respect to moment of momentnmt both aa 
regards orbital resolutions and spin moments of momentum ; wo have 
L — 0 and S = 0. Thus the term -state is a hSo-torm.- On account, of 
the connexion between moment of momentum and paramagnetism wo 
may also express this as folloAvs : every closed shell behaves diamugnetU 
colly in its ground-stale. 

The proof of this laAv is essentially contained in the onumorationB 
on p. 164. As already emphasised, the closed shell of quantum numboi‘ 
I is built up of 2(2Z -f l)-eleotron ; for example, the Lii -\~ Lin-sholl, 

I — 1, consists of 2 . 3 = 6 electrons. In this way the 21 ~\- 1 difToront 
values of ?»{, namely I, I ~ 1, . . . — I, and the two diiloront values of 
Wg, namely rfc are just used up. Hence avc obtain for the sums (B) : 

Ml = 0, Ms = 0. 

This is the only term that is possible. It charaotcrisos a ’So-torm. 

The singlet S-term is familiar to us as the helium ground-term in 
■the completion of the K-shell, as the ground-term of Bo, Mg, Ca in tho 
completion of the Lj-, Mj-, Nj -shell. In the same Avay, 'So-terniH 
must occur as ground-terms in oompleting the S-shells ; that is, in ilio 
inert gases Ne, Ar, Kr. . . . (We must note, however, that in those 
spectra tho Russell-Saunders coupling no longer holds, so that, striofcly 
speaking, there is no sense in speaking of L- and S-valuos. But tho 
characteristic of a closed shell : J == 0, remains valid in any sort of 
coupling) ; the same applies to the completion of the IS-shells (as ox- 
amples we may gwe instead of the neutral atoms the corresponding ions 
Cn'’, Ag^, Au*’), The same holds for Lu'*"*'’^ as the lost stage in tho 
completion of the N-shell, 

Pauli’s Gap Law is very closely related to Huncl’s llulo. It 
states that in a configuration of equivalent orbits tho number and 
character of the possible terms may be counted up just as well on tlio 
basis of the electrons that are missing, that is, that are required to 
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Mu' ulioll, a« on the basis of the electrons ^j>'e.5eni in the oon- 
lij^uriiMon. 

Lot iiM tivko uH an exaiuplo 0 in its neutral state with tlie oonligura- 
tiijii ’’i'o eoinploto the slioll we require two 2p-electrons. The 

liiiiiiiitinns of Pauli’s Exolusion Rule ap^hy in choosing these two 
inluHing oliU(ti’<jnH, that is, as regards their quantum numbers mi and 
M'h(^Ho n'strietiourt are the same as for two of the existing electrons, 
rioinu' tin' Uu'ni-!\uinbor and term-character becomes the same in both 


nUHI'H. 

Wo iiou' nndorstqnd wliy Eig. lib for 0 I is almost identical with 
b’ip;. 115 £(U‘ <) III,. “ Almost ” is to signify : except for the structure 
t»f ll»u *’P-t(!iMn, that is, tho sequence of its levels in their dependence on 
.J . Wo (uvll tlm Btructurc in Eig. 115 regitlar, that in Eig. 116 inverted.* 
iV Htrnotui'e is regidar if it corresponds to that of the alkalies or alkaline 
nai‘thn as rc'gnrda tlie J-valuoa : the lo^oest level has the smallest J , that is, 
fhv U'.nri'Vulue decreases as J increases. In the inverted structures the 
lowoHt level eonvorHoly has the greatest value for J , that is, the term- 
hicr(>(t<He.s us J increases. Wc shall see in § 10 that the interval- 
rntinw are related to J - values (at least in the case of the Russell-Saunders 
I'onpliiig), naiuely, in regular structures the intervals decrease, in inverted 
Mi)'nvlnrc.H Ihetj increase, as the term-value increases. 

,ln § 10 wo ahall ho able to make more accurate statements aboxit 
Hin ncunirronoo of regular or inverted terms. Eor the present we 
C<)nnnlivto the oinpivical results briefly as follows : in the first half oj 
nu'h uronv of equivaleni electrons the 8truciure.s are regular, the second 
htilf iht‘1/ are mverlexl. Eor example, in the irori spectrnm all the 
rnulLiplob Hti'uofciires arc inverted, in those of the alkalies and alka ine 
mU'tliH they are regular (witli tlie exception f of certain highly excited 

*'* "'Lm!c O l ■«])^lUtl■un^ takes us into tho sooond half o£ t'le 
„t miulvaUmt 2-i>»i'l)its, tlie 0 ni-speotrum {2p} into ttie firat half. 
Tl. CMluiiiH L rolativo struotuvos of the =P.tor.n m Pigs 115 and 

1 ,« (in Vig. 115 a » (. is the lowosUo^h in Pig, llM = 2^ mh._ 

Sun rZVIo if dipolc.™liation, that is, the and the D4e™s 
n m.l stal.lu. I'lio linos (Ivawn in Fig. 116, tho polar luro (SD) and 

H,u O '.I’lio »P-torm disooverod by Hopflold is idontion 


.This .lisU.u.ti..a llrst of Mu 

thin bnuU .uid w«M i ' (“ff Phys.’, 66, 378 (1820)), tho P-lernw 

t Aceurditig to K. W. Mom potasBium also appear to bo inverted, 

oi’ e«-«hnu are inwrtod J* % ^34 (1923)). The analogous terms of 
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with the groimd-tenii of our Fig. 110. 'Die ooinhi nation PS Avith 
A ~ 1302, lfl05, 1300 A. (of. p. 433) is the combintvtion of tin’s ground- 
tei’in with an excited ^S-terin, whicli is to be iinaginod in Ih’g. llO as 
situated high above the ^S-torm. Of tlic throe arroAVS tlint pass 
from this higlv ®S-term to the three ^P-levels, tho 'tAvo shorter ones 
are loss different between themselves than the tAVO longer ones, on 
acoount of the interval ratios in the inverted triplet 

(P^Pi ; PiPa ^1:2, cf. Fig. 110). 

The Avave 'lengths measured by Hop field correspond with this ; the 
smaller waAm-length difference 1 A. occurs bebAveen the tAVO oom^iou- 
ents of longer wave-length, the greater Avavodength difToronce 3 A. 
occurs betAveen the tAvq coraponente of shorter Avavo-length. Hence 
Ave oan verify the inverted nature of the ground triplet from these 
measurements. 

C. Lastly Ave consider the equivalent orbits in onr scheme 0 on 
p- 443, = ?2 = 2 ; Ave are here dealing Avith d-orhits. We call thoiiA, 

in particular, 3(Z'Orbits, in vicAV of the iron group, for Avhich system 
Ave wish to prepare the ground liere. Wo assort tliat the terms that 
result from tAVo Sc?- orbits, Avhioh are represented according to tlicir 
L-ohar actor by the third rOAV of the scheuAe C, are to he sjAecilied an 
regards their S -character by 

^S^P^D^FiG . . . . (IT) 

Tlie proof runs as for the analogous term -sequence (10). 

"We begin with the G-term, L = 4, namely Avibh its highest mag- 
netic level Ml = 4. Since in the case of our 3d-eleotrons j mi [ % 2, 
Ml = 4 arises uniquely from 

=-2. 

According to Pauli’s Exclusion Principle, avo must necessarily have 
m,, — — maj, Ms ~ 0 ; avo have one ^G-term. 

The magnetio levels Ml — 3 arise from 

== 2 I w,, = ± i 

Of the four possibilities one, Ms ~ 0, goes to the iQ-term, the other 
three characterise a ‘*F-terra. 

For Ml = 2 there are three modes of origin : 

= 1 Ws, = - 

• 0, = 2 “ ih ” d; ^ 

We need four of these for ^G and ^F. One remains for (be D-term 
and characterises this, on account of Ms = 0, as a ^D-term. 

In the next step Ml = 1, Ave have eight possibilitio.s : 

= 0, = 1 w*, « i i = ± i 

Wl - 1, mi =2 = ± I = -f- 
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Hti’iking cnit tlio live Ma-valuca which are required for and 

' I ), wu arc loft with tho three values Ms — + 1)0, — 1, which belong 
l«> tilt' M\boi‘in. 

M’lu' lust Htop jM,l — 0 yields nine possibilities, After striking out 
lSi<i tujjrht Mrt'Values, which are required for the preceding terms, we 
iii'o Urfl:, witiii an Mh •'■■= 0, that is, a ^S-term. The fact that the emnnera- 
titm iH oomploto may lni oheokccl as above in (10). 

VVt^^ may ({omdude by conaidei'ing an interesting application of the 
otHU'Opfc nf iuvtsrtod ttarms to X-ray spicctra. The ^-ray spectra are. 
hiiimd (jap {LiicJcenspcMra), For example, the Ka-line can be 

(unitltMl only if a gap has been made in the K-shell which is filled by 
itn olimtron fi’nni the Lm-skcll. We therefore expect inverted multi- 
pit da in t!u' t'ua<i of X-ray spectra, or, more accurately, inverted doublets. 
'IMiin ia atdually found to ho the case if we 
Hliirt from tho view of X-ray spectra 
ali'oiwly indU'alt'd on p. 240. 

VVi' may tlieiv describe tlic emission of 
Ka UH fo!lt>W’a •. the gap which originally 
iHM!\iriH'(l in tlve 3C-siiell is transferred to 
Mu* tmi-HlioU.'’ Since the energy of the 
iiimn is grc'atoHt in the case of K-ioniaation 
(nC. p. 241), in particular greater than if 
llm n-tom hud primarily boon ionised in the 
lj|ii*Hhcll, llm gap moves in a Koc-einission 
iif. Ihr. •Heuffe of ilef'.rensing atomic energy^ 

MiinUarly to tlu' manner in which, in oiu* 
urlgiiial inoth^ of expression, the electron 

luovt'H in tiu^ transition Ijm X in the • c 

of df’crmsing polmUal energy {Falhnergie). From the point oj 
vit'w of ijir lolal mergy of the electron it would be logical to invert the 
mii’rK'.r ligut'i'H (tliis possibility Avas hinted at in using the double 
arrows in Fig. fib, p. 24a). Tf we do this the inverted nature of the 
(V,H L,u)-f/onWet (L L J = | and J = i respectively) 

tm-imefi dirar.lljf mdml^ und likewise that of all the other iclativistic 
dmade.trt in the X-ray spoctrum. But we shall see in § 5 that in view 
of l4u' mmplhig conditions that obtain in the X-ray region the con- 
vm'HC vi('w is also logical ; in this view we fix our attention on iJie 
c,»erf/v of the individual atomic olcotron, According to Stoner and 
Mairv»Snvit.li it (5V('n gives a deeper insight into the method of arrai ge- 
uicnl of tlic olcotroiiH. ’Jrt’oin this point of view, it was i^atnral t 
draw t4ic Holmino of X-ray levels as avo did earlier, that is, with the 

K-lovcl loivcmt. 




Lm 

Fia. 118. — Inverted sfcruotm’o 
o£ tile Bontgen doublets. 
'J’ho Ljjj level with J == f 
lies lower tlmn the l<ii 
level with J ~ because 
it oorrosponcls to a. sinalloi’ 
energy of tho wholo atoniv 
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§ 4. Configurations of Several Electrons. The Iron Group and the 
Group of Rare Earths. The Spectra of the NoWe Metals compared 
with the Alkali Spectra. The Iron Spectrum 

We proceed to deal in greater detail witli the grou|) of equivalent 
ti-electrons and take as an example tlie 3d-electrons of the iron group. 
Our results will, of course, apply Avith very slight changes equally well 
to the palladium and the platinum group (4rf- and 5ff-oloctron8, i’espoe> 
tively). But we shall first consider, not the neutral element, hut, 
what is simpler, its doubly positive io7is, in which the two outer 8-elce' 
trons, Avhich occur as early as in Oa, are removed. By p. 154 the 
number of these ions is, since I — 2, 

2{2Z + 1) = 10. 

Ca ’ is the zero element of the group, and has tho eon figuration of tlio 
inert gases (closed Mu- and Min-shell), Zn’"*' is tho tenth element 
(closed Miv* and My-shell). The middle of the group is ropresontd by 
Mn with We emphasise this middle position by placing strokes 
on both sides of Mn in the folloAving scheme : 

Taulu 43 


Cn 

Sc 

Ti 

V 

Cc 

Mn 

I'o 

Co 

Nl 

Cn Zn* • 


. d‘ 

da 



d® 

d« 

d’ 

d« 

d» d‘» 

‘So 


ar. 


»D„ 

•S«/a 




‘So 



ap 





4p 

«P 



The lower row gives the ground-terms that are to he oxpecdod 
’(Ave shall deal later Avith the significance of the loAVOst row). In Ca'”' 
and Zn'*”*' Ave have, by the rule on p. 460, singlet S-torms. In iSo*’’' 
Ave have an electron outside the closed shell, that is, alkali-charaotor ; 
the term in this case is a ^D-terin, and likeAvise in Cu '"*' by the Clap 
Baw (p. 460). The only difference betAveen these tAvo is in tho J-valuo 
of the ground -level : J = f in Sc++ and J = | in Cu ‘ -'- booauso tho 
Cu ^ ’ -structure is inverted here. The cose of tAvo d-oleotrons that occura 
in Ti'*"*' and Ni *' *' Avas treated in detail in the preceding sootion. Among 
tho terms (11) on p. 462 the term is the groimd-torm, by IIimd’H 
rule on p. 449 (greatest S and greatest L) ; the ground -lovol is 
in Ti+'- (J,„,„ = 2) and in NF”'- (J,„„, = 4). 

To treat the remaining elements, Avhioh have three and four 
electrons present or missing, we adopt, tho folloAving argumont Avhioii 
applies for any 1. Suppose we are dealing with an olomont Ivaviiig 
z equivalent ^-electrons. Tho maximum value of H is 2/2. Honco 
Ms in the highest magnetic level is also equal to 2/2 and all the 
are equal to The MiH must then all be different. Wo then obtain 
the gieuiest value that is possible according to this by forming 

2»», = ! + (!-l)+ . . . (!-J! + l)=|(2i-2+l). (1) 
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I IIMM CUHO of 2 (preaont or missing) electrons : 

2/2, L-: 2/2 (2/ -2 + 1) 

•Kuin ■ ■ I - « I - 2 I Z - 2/2 1, ==: L + g ^ 1 

LiHiafcion (>^) for L ilondtes an arithmetic series of the second order 
Jf w, ivf^av<{ L m a function of the successive 2>s ; hence 

AL==L, 

Iummuuch an iirithinotio series of the first order, We obtain 

AL = Z -|- 1 _ ;5; ^ ^ ^ , (3) 

«nfl honoo for I 2 and 2 == 1, 2, 3, 4 6 

wn (lavo AL = 2, 1, 0 , - 1,-2 

»Sl.ivrtiiig from iS (2 r= O) we thus get in turn for 2 = 1 , 2 . .5 tlie 

toi'in-oharnotoi’ 

B, E, F, B, S. 


oonilnuH all the ground-terms given in Table 43. 

W(^ apply blio name equations ( 2 ) and ( 3 ) to the case Z = 3 . Here 
\v(‘ {|(‘al wibli equivalent df-elootrons, which complete the N-sliell in 
tlu’i {p'ouj) of rara earths. Wo again suppose the outer electrons, three 
ill lUinibor, of. Table 0 of p. 1 G 3 , to bo ionised away. As ’wc Iciiow 
tho grou]) of raro oarblis contains 


2 ( 2 Z + 1) = 14 


olninonts. 'Tho middle position is held by gadolinium (Z = 04 , 2 = 7)* 
Wo obtain tlio following Table 44 , which is of fundamental importance 
for tho study of paramagnetism : 


TadIiB 44 


I.tt Cn Pr 

m 

11 Sm 

lilu 

m 

Tb 

Dy 

Ho 

Er Tu 

■Vb 


/' P 

P 

P P ■ 

/" 

P 

P 

P 


P^ />» 



“hhu #ir, 



’Fo 



"Hu/a 


Biuia ^Ha 


a * 8 “ 


By (fl) tbo arithmetic series for AL now becomes for 2 = 1 , 2 . , . : 

AL ^ 3, 2, 1 , 0 , - 1, _ 2, - 3. 

Ah in Tablo 43, so at tho beginning, middle and end of Table 44 
vvn hava an S-torin. This follows directly from the equations (2) for 
a 2/ 1 • 1 . Vn both tables wo have just before tho middle a term- 
loved whoso in nor qimntuni number is xevo, which indicates in ti oeitain 
KOUH<' tlm (iomplotion of the .slioll and diamagnetism. Actually one 
of tho Ktonor HLilj-groups ends at these points, cf. the following section. 

Wu return to the iron group and now consider tiieir nenfmf, atomB. 
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For their loAvest terms (that is, in the lowest position) wo expect, it 
we start out from the two-fold ion d*, the configurations 

(a) d^s^y {b) 

wliore d stands for 'Sd and s for 4s, The two sets of 45- electrons already 
occur actually in Ca and hence are also to be anticipated in tlio fol- 
lowing elements as outer- electrons. Whether the 45- electron or the 
3f?-oleoti’on is more tightly bound, that is, whether the absolutely 
lowest term appears under the form {«) or {b), will not bo disoussed 
here. It is just the rivalry of the 3d-states with the 45-states that 
favours the elements K and Ca in tlie periodic system as compared 
witli tliB iron group. Accordingly we miglit also consider a third 
possibility, ( 0 ) but this is less probable and will bo passed over 
here. 

To characterise the resulting terms more clearly we remark tlint 
in (a) 5 ^ forms a closed shell in itself, since two equivalent s-electrons 
can compound themselves only if their electron -spins are compensated. 
Hence {a) gives the same ground-term as the ion d®, Also, (6) is bnilt 
up on the ground -term of the next ion and has the same L as 
the latter (because 5 belongs to I = 0), but an S tlmt differs by dr i- 
Hence wOien an outer electron 45 becomes attached a branching 
[Varzweigung) occurs which expresses itself in the increase or docroaHO 
of the term-multiplicity. 

Wo consider the examples 

Fe « = 6 and Cr « = 4. 


From Table 43 we read off that the ground- term of the divaloiit 
iron ion is the term ®I). Corresponding to it we liave tlio lower term 
of neutral Fe, which is of the type (a). From the next successive 
ion we obtain by branching in the manner just described, 


\3p • 


In this way we have found the three raultiplet terms of the iron 
spectrum that lie lowest empirically. Their term -position is also 
in accordance with expectation ; they follow one another, from below ^ 
upwards, in the order 

8D, 6F, aF, 


This was obtained from the analysis of the multiplets in tlio Jfo- 
spectrum and its Zeeman effects before the arguments here put forward 
could be applied. 

In Gr we have as a ground-term of type (a), from Table 43, also 
a ^D-term. The typo (b) is built up, on the ®S-term, acoordiiig to 
the same table, and gives the branching 
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Buli oxporimont k 1 io-\v.s tluit the order of sequence of these three 

ifU'iiiH is 


’S, 5S, 5;d. 


With this in mind wo again consider Table 42 on p. 4JJ2. We 
nuw nn<loi'staiid tlie reason for the branching with respect to the 
t<''nn-multi])li(!itics, which incrensos up to the middle of the group, 
Mil, and then deorcasos again. But wo also understand a certain 
iiTogularity wliicli occurs with respect to the ground-term just at Or. 
ihif^inning from (Ja the ground-term (as we see from the italicised 
\vtirdn in '!l’nbl(! 42) advances continuously to higher multiplicities 
until hill is nniched from which it again goes to lower multiplioities. 
'riiiH priigrossivc behaviour would be perfectly regular if Cr had the 
gCromul-torin as we should have expected at first sight. 

In tlio ground- terms of the Pd-series which is homologous to 
llu' iron Hoihis, we find the arrangements d®’ d^s^, as previously 

olitiiined except tliat in the are spectra it is that is now almost 
iihi'ayH the configuration that yields the ground-term. In the Pt- 
a])])oars to xn’edominato, as in the Fe-series. The lowest 
tiUMiiH of the ai'c spectra of the rare earths may easily be obtained 
from 'I’able 44 if wo add three more outer electrons to the lowest 
torniH tiuu’o given for the three-fold ions ; by Table 9 on p. 163 we 
jnnst add two (is-oleetrons and one Sd-olectron or else one 65-electron 
and two firf-eleetrons. For further details of., for example, the book 


iiy liuiul * (p 10 ted on p. 446. 

we consider tlie iron group further, let us turn our attention 
(or ii nuniumt to the* relation of the noble metals to the alkalies which 
Htand in tin? same vertical column of the periodic system. The noble 
jnotiils follow on tlie group of ton metals that form the completion 
<>f tlio M'Hjioll or tlie provisional completion of the N- or the O-shell ; 
U>«ethoj* with the H-slioll of the preceding elements they form a so- 
<uvUo<l “ 18‘Hhell ” (p. 161). But aooording to general chemical results 
blio eoniplotion of the Ifi-sliell is altered by a far less strong binclmg 
l.lnni that of tlie H-slioil. Whereas the configuration of the alkalies 
tliiil follow a closed S-slioll is unique, wo shall expect in the noble 
niotiilH two configurations of the ground-term owing to the I'lvalry 
iKdAveen tlm s. and the d-term, namely: («) the attachinent of the 
uowlv added ^-electron to the dosed configuration d^, (6) the attaoh- 
inoiit of two 5.clc(!trons to the configuration d\ The resulting teim- 

ohnraeloi' is / 7n 

[a) (d'«.<»)aS, (h) {d^syD. 

Wo see that in (a) ivo are dealing with a i^S-torm, and in (6) with a 


ili.fhilli. al'i'iiliKommU (if (iiimvaUmt P- ” J: „ aiu«, D. TpWilber and 

34, ]•;. WhU,e {Idiys. Itov., 20» 700 (1927).} 
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®D-terra following from the fact that is a completed shell, and that, 
on the other hand, d® becomes supplemented by a d!-olectron into a com- 
pleted shell, M’^hereas s® is complete in itself, (a)' is the ground-term in 
all noble metals, but {b) does not lie much higher, — in Cu only about 
120O’cm,“h This “low-lying D-term ’’ :>vas already remarked upon 
and discussed much earlier. A doublet series of alkali-liko terms is 
developed from (a) if the valency-electron is excited. Excitation gives 
rise to quite different kinds of doublet and quartet terms in the oaso 
of {6). We may understand their branching into doublet- and qiiartot- 
torms if we start out from the ion d^s. Its term -character (oombina- 
tion of a missing c^-electron with an «-eleotron) is or ^.D. If, for 
example, Ave add a ^-electron transforms, by vectorial addition of 
I ~ 1 and algebraic addition of s ~ ^ into either 

ap^D^ir, 

or 4P4D4J', 

A. G. Shenstone * Avas the first to disentanglo those complicated 
terras in Cu. He also succeeded in explaining a Btriictiiro in the Cii- 
spectrum to Avhich attention had been called long before by Itydborg.'l* 

Precisely as in the Cu-spectnim, so in the Au-speotrum avo fijid, 
be.sides alkali-like terinsi also similar complicated terms {doiddot- and 
quartet-terms). Why are they so little prominent in the Ag-spoctruin 
that this spectrum exhibits a rauoli clearer and a mucli more alkali-liko 
character than that of the other two noble metals ? 

We may adduce a speotrosoopic and a chemical reason for this. 
The element Pd Avhich precedes Ag has for its loAvest level in its arc 
spectrum a ’So-term, AvUioli indicates the regular completion of tho 
18-shell, the configuration This configuration is remarkably stablo, 
not only in the case of Ag^ but also of neutral Pd. Tho jAOHition i« 
different, hoAvever, in the case of the elements Ni and Pt, Avhioh precoclo 
the noble metals Cu and An. Here the completion of tho slioll is 
associated Avith a Aveaker binding ; the term lies, in tho case of Ni, 
far above the true ground-term, Avhich in Ni and Pt is not but 
The same result emerges chemically : Ag is typically univalent. On 
may be equally Avell divalent as univalent (CAiprio and cuprous salts)* 
All may be uni-, di-, or tri-valent.||' Hence in chemical respects silvoi* 
has more similarity Avith the alkalies than Avith copper and gold, 

* Phys, Rev., 28, 449 (1020). Tho quartet terms wore rocognisod shnultano- 
ously by C. S. Beals by means of tho Zeeman effect, Proc. Roy. Soo„ 111, 1 08 
(1936). The Cu-spectrum has been investigated in greatest detail by L, A, 
Sommer, Zeits. f, Physik, 39, 711 (1926). 

t Astrophys. Journ., 6, 230 (1897), 

X Tho ground-term arrangement for Ni is given In tho paper : K, Boohort, 
Ann. d. Physik, 77, 638 (1926) ; for Pd : K. Beohort and M. A. Catalan, ZoitH. 
f. Physik, 36, 449 (1926) { for Pt i J. C. MoLeiinnn and A. M. McLay, Trans. 
Roy, Soc. Canada, 20, 8 (1926), 

This and similor data from tho bovdor-linos of spectroscopy and ohomistry 
ore given in a paper by H. G. Grimm and A. {3omm6rfold, Zoits, f. Pliyslk, Sift, 
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^ "VVe shall now conclude our discussion of the iron grou^D. Since in 
43 ^ve liave given only the absolutely lowest term of the cli- 
vivlcvjit ions, wo proceed to searoli for tlie other loro imns. In doing so, 
^vo shall maintain for the x^i’o«ent the condition for greatest multi- 
pli Oity, s -= zj 2 , r = « + 1. 

W e sec directly that no further terms of tlie same innltiplioity can 
iiclded to the terms ®S and 2 = fi and 4 (or (>, respectively). 
»S‘ince such terms would necessarily belong to a smallor L, a further 
toriTt is obviously out of the question for (L = 0), But it is easy to 
pi'ovc the same for By equation (1) the Inghost Mh-lcvol of the 
arose from the sum 

Mi, = Iwj = 2 4- 1 -1- 0 4 - - 1 ■'== 2, 

lihtx.'b is, wo omit = — 2 . By omitting instead of this one of the 
»iUml>ors — 1, 0, -1- 1> -|- 2, we obtain Mi, == 1, 0, — 1, — 2, that is, 
only tlioso M],- values that wo required for the D-term. 

^.i'ho case is dilTorent with z ~ 3 . Wo arrived at the '^F-term by 
<1) from the sum 

Mr, ^ 2 -h 1 4- fi =- 'h 

Xn stead of this, wo may also form 

Mi, = 2, 1, 0 

1 . 0 , 

if ^vo system atieally omit Iwo of the jiossiblo ?Hf'Valiies (it is not neccs- 
Mivry first to write down the negative values of the resulting sums). 
"Wo require the first throe Mn-vahies for the complete magnetic Rchomo 
of the already known ‘^F-torm. The last two values oonstitute a 
l?-torm, namely a '*P-torm, since onr argument is concerned only with 
tho highest multiplioity in question, Tliis torjn has been added in the 
lowest row of Table 43 at cP and (P, ns the sole additional term of highest 
iimltiplioity. In (P and d®, also, tlioro is only one such additional 
toT'in, namely, by (IT) of the preceding seotion, the tei*m ®P. Thus the 
lowest row of '.I.'ablo 43 is verified. 

jf\.s wo sliall see from the example of the iron spectrum, those few 
j^rovind-terms are in general sulfioient to \inravol the spectra. But to 
illiiBfcrato our method of onumoration furtlmr wo shall ealoulato the 
ter'iTJs with the greatest L and second grealasl mulli^dicUy. Following 
oir oqiiations (1) and (2) wo now write 

,S I - 1. L « I -1- {I -1- (( _ ]) -I- , . . _ 2 + 2)}. 

fji'oi* WO obtain the greatest L if wo use the greatesli nii I twice, so 
tlio smallest becomes greater by one unit tlian in equation (1). 
XTaii’kg Wj I twice is allowed by Pauli’s Prineiplo, since iiow not all 
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iiigB are equal to + \ hut an al.so ooours. Working (Uit. the 

aritliraetio series { }, wo obtain 

L = H- ^^(2 - « -I- 2) . . . (-t) 

and hence 

• AL = L, - L,_, ^ Z + 2 ~ - 4 - « for I 3 . (H) 

•Since S becomes meaningless (negative) for z ■■■-. 1, W(! b(!gin with z ■ ■■ li 
and calculate with /- = 2 from (4) tliat L = 4 and we obtain siu'CCh. 
sively from (6) for « = 3, 4, 6 that 

AL=1, 0, ~1. 

Hence we obtain, as a supplement to Table 43, for the torins of stutoiiil 
highest multiplicity with the greatest L {the multiplicity written 1 
alongside the term symbols is, of ooiirso, obtained from 8 • ■ zj'i 1 , 
and comes out as r = » — 1) : 

(Zi fi9 # I I # (P (P rfo 

iG 3H I 4G 

The complete term-scheme of the configiiration (P has been oaleiiliiliMl 
by Hund {loc. ciL), 

We concentrate our attention further on the hwi fipficlrmn ns tlu* 
most famous example of oomplox-striictures and as the most imeul 
comj)arison spectrum. We already know its ground- tci'ins fnnn 
p. 466. We repeat them here in a more complete form : 

I’e++ 3d« 5:D 

Fe*- MHs od5 ‘KP 

Fe MHs'^ MHs ^F^F 



The greater completeness consists in our having taken into acuoiint in 
the configuration 3d’ of Fe+ besides the lowest term,* also fcho 
second lowe.st term ■»? (of. Table 43), from which the terms »:i? and »!’ 
follow by the addition of an .s -electron (iiuohanged L, jniil tipi icily 
changed by i 1), as described earlier. All those ground -torn m jvro 
“ even terms ” in the sense of footnote on p. 444. Hence they 111 ay 


of Fat- is tho term In on analogous wav lb*' 

SS+f apootra of tho Fo-seriea oxhibib as ground- towns moaUy f/»w nr 

£ * I® ''’bo koo-JoU ions of tho 

re-senes all have d* as tho groimcl-town. This means that os tho uuoloav olnimo 
increases tho conagiirations of tho “kloal system” of tho olomonts(of. n. 16(1) lio- 

nafcnral order of soquonco of tho hiiilding In 
» fn couehiBion was drawn on p. 416 from tho “ Htrippud 

^ when tlio mudoar ohargo is liiih j 

mSt^\olcl‘‘an!ilZt^^^^^ 3d-8holl is fully oeoupiod. Tho same HtatonnmlH 

must hold qualitatively for tho spark spectra of tho 3?d..and (ylio XH-sorins 
which only a part has hitherto beon analysed. For further doliails sen for 'ox- 
araple, the report by 0. Laporte quoted on p. 444. ' 
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■tr* mil’ll**' only willi “odd” ((‘rma. H’lie lowest and strongest odd 
li'i'iiiH w ill lat ohtaijuMl it' we r<>,])laee an .s-elootron l)y a jj- electron in the 
innil-lorniK, so that hccoincs increased by i or, as avo may say 
urcn’c' Hiinply, if avo mid a djcelectron to the dilferent ground-configura' 
ividiiH of I n this process L changes to L + 1, L or L - 1, and S to 

S h I : 

Kroin we obtain ei), ^ , 

„ ;{r/«4s'M) „ „ C.3F, f'. 3B, 

„ „ „ 5 , 34 )^ 6,3P^ 6 , 8 g ^^ 21 - 

l'’liiallyv if AV(t add a n.s-eloetron to IW®4s and to 3d'^ Ave obtain a 
IVhii'd laycn' of terms Avhicsli apparently form the second series term of 
t>lio a 1 ‘viin genual t 3r/‘’4.i3 ,^^4 |hF4fi, respectively : 

hh’om IhF'kUB avo obtain n 

.. 

'!l'heHe. ttn’in-gi’oujis liave actually, for the most part, been shoAvn to 
c^xiat, iiH Eig:- 1 d*l^*’*i ^I’o*** Hand, shoAvs. The terms that belong to 


3d3495s. 


6, 3pA 

(5 spjConlig. 3d’6s. 




‘2? 




7? 


'^S ^ ^0 


7“ 
<r~ 
.f- 
4" 
J - 


/- 




3<i'^4sSs*D 

3,f^ss *F 

3tSl4p fp 

ss% 

^JdUp Y 

''3d^4S4p*D 

,.i 3dUs4p 7? 

— - 3d’4s *P 

3i*4s *F 

3d^4s^ 


Kiel. ini. 


Hchoiim of of Iho iron Bpoctrnm. The scale of tonn-valiiea 

i>< luiuvlievwl unwui'ttH from tlio lowest term, whoso magnitude ib arbitrai'ilj 
ml .a lud tl. /oro. 'I'onns of similai- electronic arrangement fr® coimoototl 
I I /i ii.i liiinu 'I’ho ohs'tronic) arraneoment is given on tlio right, togethei. 
Sh'ihn Hpartorm to fo J the arc tfrms lying on the respective 

vortical linijs. 

fcjH> «vuuc. c«avll(i,«™ti()n luvvo buoii cjoimeoted together. We see limv 
tl; ul.torL ..re ovorltH-pea by on>..b— , ^ 


tvviMv fnvni llumi hy the addition of a 4^)- or a Ss-electron. 

Till’ HanuV (snd are at approximately the same distance 

rroni tUo ifierudevel This is plausible, sinoe they do not differ m then 
Mirimture Imt only in the way in whioli their s-, p-, d- elements are oon- 
to dilTorout L and S-values. Terms bearing the sanu 
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symbol, in particular ®D- and ®F-terms, arise several times from dif- 
ferent origins and lienee are also at somewhat different levels. All 
these terms arc ultimately built up on the '*I)-.stato of the eonliguration. 
d® ill Table 43. The triplet-state.s (of. tlie table on p. 4()()) have not 
oven been required to explain the moat important lines of the iron arc. 

Our mode of derivation brings out clearly the origin of the .septet- 
system, whose existence had already been noted in Table 42 on p. 432. 
The rea,son that it is not represented in tlie ground -terms is to bo fouml 
in Pauli’s Principle. But in the higher layers Pauli’s Priiiciplo loaea 
face on account of the addition of the non-equivalent or {i-f-olootron. 

The occurrence of tlie terms ivith a largo L, for example, of P- and 
G-terms {“ Borgmann ” and “ ultra-Borgmann ” terms) here has quite 
a different meaning than with the alkalies. With the latter it denoted 
higli excitation of the radiating elootron and hence oocurred relatively 
rarely. In the case of iron, however, it signifies only the suocossivo 
addition of several relatively small h’s- The olomcntary states from 
which such terms result are not higlily excited, but are simple <9-, p. 
and, in particular, c^-states ; the cZ- states occur on account of the position 
of the iron group in the periodic system. The contrast with the alkaliea 
comes out in the following point. Whereas in the atoms IC an^l Ca, 
which stand in the same horizontal row, the normal (“ unacooritcd ”■) 
D-terms are only very little resolved and the P-terms not at all (experi- 
mentally), the P- and the G-terms of iron exhibit resolutions of tins 
same magnitude as the P-terms. The reason is obviously that a high 
L here no longer denotes weak coupling with the atomic core. Wo 
shall deal in greater detail in § 10 with the magnitude of tlie multiplefc 
resolutions. 

The rich abundance of lines in the iron spectrum is oaiisod not only 
by the great number of the terms, but also by the high mulfciplioitios 
(quintet-, septet-system), By combining and inter- combining tluiso 
multiplicities configurations with a considerable number of linos result. 
We shall illustrate tliis at the end by a number of examples wliioh may 
also serve as a model for the characteristic manifested in other com- 
plex spectra. At the same time, those examples will prepare tho ground 
qualitatively for studying the intensity-distribution in mulbiplet linos, 
the quantitative aspect of which will occupy our attention in § 9. 

The most important system in the iron spectrum is the gninlal- 
system, because it ooiitains the ground-term.* Its oonibinatlons (BP), 
(PB), (DP), (FG) . . . contain, respectively, 

3, 9, 12, 12, . . . 


* For literature dealing with the Fe-spootrum wo may quoto ! F. M. Wnltora. 
Jonrn. Opt. Soo. Amo^, 8, 246 (1924) ; M. A. Catalan, Naktro, 118, 889 (1024) 1 
0. Laporte, Zeite f. PhysiU, 28, 136 j 26, 1 (1024); W. F. Moggoiw, AstrophvB. 

Laporte, Proo, Wash, Nnt. Ao., 12, 400 (1926); 
H 4' m 22, 308 (1924) i C, E. Mooro mid 
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components, us we see from the sohoino of inner {juantuin numbers 
given on j). 427. 

The constniioy of tlio num])er of componentH J2 after tlio combina- 
tion (DF) denotes that tlto permanent number of levels 5 has been 
reached at the D-tcrm. Wo show hero the 12-componont multiplet 
(DF) formed from tlie ground-term I) of the iron spectrum (electron 
arrangement 3d®4,92) and the lowest l<’-tcrm of the higher term-group 
(arrangement 3d®4.94^)), Tlie diagonal teimis arc the strongest, since 
they correspond to the transition J — > J — 1, wliioh runs i)arallel with 
the transition L —> L — 1 (of. our qualitative intensity rule on p. 422). 
Inside the diagonals the intensities decrease from loft ahovo to the right 
below. Of. the numhera written in brackets above the wave-numbers 
(those numhors have been estimated by King) ; E and r denote reversal 
owing to absorption, R denoting complete and r partial solf-roversion. 
Starting from tlio diagonal, the intensities graduate themselves to the 
right and downwards, oorresponding to the transitions J J and 




J 


i 

5 4 

3 

2 

i 


Av 

202-20 227-80 104-80 100-77 


f 4 


(800 U) (100 U) 

20,874-53 27,100-82 

(20 r) 

27,304-07 




3 

415-02 

(200 11) 
20,760-88 

(too 11 ) 
20,078-70 

{20»-) 

27,143-00 



2 

288-08 


(UiO-ll) 

26,000-00 

(100 r) 
20,855-67 

(20J-) 

20,002-43 


1 

184-11 



(125 11) 
20,071-45 

(80 11) 
20,778-22 


,0 

89-91 




(80 Jl) 
20,088-31 


J— >J4-1, Wo have not written down the wave-lengths in onr 
scheme. They range from A = 3049 to A = 3748 A. The wave- 
number dilToroncos An liave boon written down above and. on the 
loft ; in general oaoli Ar oconrs twice ; the agroomeivt in the Ar’s is 
excellent, as we see from tlio scheme ; the lluotnations do not exceed 
tlio errors of observation. Our scheme is, so to speak, a oontinuation 
to the loft above of the (jid) -triplet sohomo on p. 425. 

I’lio general occiuToiioo of self -re versed linos indicates that the 
ground-state of the iron atom participates in this multiplet. This state 
must, of oourso, bo tlio final stale of the emission process . If D wore 
a regular term the v’s wovdd have to increase within a vertical of onr 
sohomo froni above downwards. Since in reality they decrease, we 
must oonoludo that the B-torrn is inverteiL The same holds of the 
P-term, since the r’s increase from left to right within the horizontal 
rows, and the same holds for all terms of Ike iron as already 
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emphasised on p. 461. In particular, ivc remark that the absolutely 
lowe.st energy level of the iron apeetruni is our X),j-lovol with «) <\ ; 

this will be fotiiul to bo important when wo caloiilato the uninber of 
magnetons in the Fe-atom. 

The combination (FG), with likewise 12 components, has the samo 
structure as (DF). 

The inter-combination has the same atriioturo us l)®Ffi. 

For the septet-term is not only, like the quintet .F-torni, n hvo-fohl 
term but, by p, 427, it also has the same inner quanta J = 6, 4, 3, 2, 1. 
In virtue of these same J’s we therefore got the same combinations 
as in our soheme (®D ®F), but with one difference ; it is not the inten- 
sities of the diagonal series that is emphasised but those of the parallel 
line on the right, because this belongs to the transition J J and 
because we are now dealing with a transition L — > Ij. 

We consider os the next multiplet-typo the combination (‘*.11 *’.1)) 
between the ground-term D of the quintet system and a quintet 
D-term of the higher term group (arrangement 3d®454^i) which W(' 
distinguish by drawing a bar over the ground-term. This combination 
contains one of the strongest lines of the whole iron apecti'inn , 
A = 3860 A. 


“D 




Af 


416-9G 
288' 10 
184-17 
89-92 


240-20 


109-fi8 


l.'JO-TJl 


71-J2 


25,900-00 25,140-19 

26,484-0.1 25,724-24 25,923-77 

25,430-14 25,535-07 25,775-35 

25,461-46 25,601-23 25,602-35 

25,501-31 


The diagonal members of the soheme which oorresjiond. to the 
transition J J are the strongest ; the absolutely strongest compo- 
nent is the line A — 3860 A, r = 26,900, already montionod. If 
we cover up the two upper rows and the two rows on the loft, wo 
get the triplet scheme of p, 426. As in that soheme so hero tbo 
absence of the combination 0-^0 in the right-hand bottom corner 
is characteristic. 

(“F ®F) distinguishes itself from the combination ('*!> essentially 
only in not being without the transition 1-^1 between the smallest 
inner quantum numbers of both terms. Consequently the multiple fe 
(®F®F) consists of 13 and not, like (^D ®D), of .1.2 components. These 
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13 cooiponents resolve into groujjs of 2 -f 3 -i- 3 -|- 3 -|- 2 lines. But 
for the eye here as everry where in the l^e-multi plots, no sueh separation 
into groups i.s apparent ; this, of oour.se, renders it more difficult to 
recognise them. This is evident in tlie following graphical ropre- 
sontation (Fig. 120). 

The length of the lines gives an approximate ineftsiiro of their 
intensities. The arraying into the order of the Ar’s of the higher 
F-term is explained at the foot of 
the diagram. 1’he so(pionco of five 
linos that begins with the most in- 
tense lino and decreases towards the 
right-hand side oorrosx)onds to the 
diagonal eoluinn of the sohomo ; the 
other lines partially overlap with 
this sequence. Tlio combination 

{7j) septet system, 448 - 

A = 4187 to 4209 A, has the same . fi- 

structure as (®F ®F), since the (five- 
fold) ’D-torin has the same J-valuos 
as the ®F-torm. In sjnto of this 
wo shall illustrate tlio combination 

(7j) 7p)j |)y example, because it exhibits a striking anomaly in respect 
of intensity. For this wo choose (see the following table) the combina- 
tion between the ’D-term of the middle term -group 'MHsip and the 
^B-torm of the arrangement 3(Z®4,95«, which I’oprosonts the second 
.series term to the ground-term 3d®4«®(®'I)). 


K- 


448 d 

>p •••‘•>1 

35J 4,,... 257.. .4 

P---2&7 --4‘--IBfr-4 
Fio. 120. 




’X) 

A 



6 4 3 2 1 


Ai< 

347*48 271-31 108 1)1 130*42 


'e 


23,404*00 23,812*30 



2U-C8 



4 


23,263*33 23,000*81 23,872*11 



104-68 



3 


23,400*22 23,077*64 23,870*44 



166-40 



2 


23,522*07 (23,720*01)) 28,861*42 



107-16 



-1 


23,013*86 23,744*20 


The line whioh corresponds to the combination (’Da’Dj), to which 
the wave-numbor 23,720-90 cm. corresponds, has not been observed 
although it belongs to the transitions AJ ~ 0, whioli should be the 
•strongest in this triplet, for whioh AL ~ 0, aooordiug to our qualita- 
tive intensity rule. In § 9 wo shall bo able to prove by moans of a 
von. I. — 80 
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more rigorous intensitj^ rule, that the line ’ D 2 ’ Dg is forludclen tiiooreti- 
cally ; its intensity become.s exactly equal to zero. 

In tlie ,se 2 )ld'S!jM(ims comhhnxiiom (’S’P), (’P’D), (’1^’^Jf), (’.If’C) . . . 
have respectively 

3, 9, 15. 18. . . . 


coniponents, as may easily he read oil from tlie se])tct sehemo of the 
inner quanta on p, 427. In Tig, 121 we show the combination (’D ’T) 
which is particularly rich in lines. According as tho mnltiplet is 
arrayed according to the term ’D or ’F it divides into groups of 

3 + 3 + 34-3 + 3 =16 

or of 1 + 2 + 3 -h 3 4 - 3 + 2 + 1 = 16 

lines. Our little scheme at the foot of the figure represents the first 
type of resolution. 
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Fig. 122, — IntoroombiHation botwoon quintet* 
and soptot-systoina (®D’F). Fo-snootvinii , 
A = 4.S2(| to 4400 A. 


The combination (®D’F) between the quintet- and the septet- 
system IS interesting ; we shall desorilie it symbolically by moaiiH 
of a point-scheme (Fig. 122). It consists of l+2+3+3'+3+l = IJJ 
lines ; the level J = 6 of the '^F-term does not oombino at all and tho 
combination 0 0 is forbidden. 

As a last example we give, also in the form of a jioint- scheme, 
an inter-combination between a quintet- and a triplet -system, namely 
“^F 3G, which consists of strong lines (Fig. 123). As in the above com- 
bination (®D ’F) one of the term -levels, namely is j-^ot capablo 
of combining at all. The group consists of 2 4- 3 ’ + 3 = 8 components. 

In Fig. 124 we show a section out of the atlas of the iron siieotrnin. 
prepared by Fabry and Buisson ; the region is from A = 3600 to 
3900 A and the connected multiplets are written below. We obsorvo 
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pnniliiU'ly Jliny ovoihip <i.rKi lio\r Jittlo tl»oy appear Hopurated 
frojij lU, a, /hat g/uiuu!. ''Phe two invi|tiplel\s! (O) 

wiiOHc. lUiinfim'-Koiioiiioa have 
ahovo, l(o witliiii the 
M|H*<?trnI ve/^ion hIvowu, 

'I'liii hIiowh tliat in tins 

all ihr, ^'ilrang iron Ihws liavo 
onlowuL into mnltiplots; tlio 
Hiuuis applic^K to tlui other parts of 
l\n« HixuiVi’iiD). 

iO has hot ‘11 foninl possible to 
i'<‘iliU!o to order not only the iron 
HpKotriiin hut nlno a largo iirnnhor of 
otCior HpiMiti'a."*' 'I’he resultH obtained 
/‘»nu the Hure fovmdation of the 
I htHiwitiuHl iitoniiu inertel. Wo do not 
tCci too lar ivluoi wo assert that the 
ro.Hoiii'ohoH on iniiltiplots, which has 

tMucoi hleveloped to an astounding degree of perfection in the last decade^ 
/mn not 01 Uy boon of importance for getting an insight into atomic 
sfriK^fnire, init togetlior witli the study of the Zeeman effect it has 



Fia. 123,— Intoroombmat'ion .be- 
tween quintet' and triplet- 
syatemsi Fe-spec- 

trtiim A = to 2570 A. 



-ti I'M I’lLi'i (if till) il’ou spootrum tahon from ^ahry anti 3vil6st»n.a attas. 

in A. clonote. 3700 A.) 

I tiilow arc sonic' of tho i'o multiplota hracltotoO. togotlioi. 


UH' fnvuw'.vovU for tto ilisoovovy of flio spinning oloofa-on ami 
u». M«lwc(|iinia Htoiotnro of i-olfttivistio wavc-mcohanWs. 




§ 6. Other Couplings 

•J'hn RaiHsoll-Wnumlcm coupling of qunnlnm ysetors, wMcV ^va Vw 
vtod U\ tUo in'ooDcling sootioiw, ropresente only one of tl>e poassW 

.,1 - „ g .(A 


♦ lUiCuvoneoH ui'O givuii 'u the report by haporte quoted 
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limiting cases of real coupling conditions. Actually wo assiiiiuwl that 
the liH of the individual electrons were to compound into a rcHultiiiit 
L, the to a resultant S. By vectorial addition of L and 8 we 
finally obtained J, the quantum nuinher of the total moment of 
momentum. This clearly denotes that there i.s a strong (niagnotic) 
interaction between the I^h and likewise botwccir the -s/s among ; 
themselves. To a first-approximation the interaction or mutual 
action does not come into consideration at all ; if wo wore to 
neglect It altogether the moment of momentum vectors L and 8 would 
be strictly constant in magnitude and. direction. For a second ap» 
proximation we take into account the mutual action (L, S) whicdi wo 
suppose to he compounded of the individual actions of the kind just 
mentioned, namely of the interactions ^'his causes the .b and 

S to perform a precession about the fixed direction of J , who.se velocity 
is, by our assumptions, small compared with the precossional velocity 
of the If’a about L and the a/s about S. 

By means of the Correspondence Principle these statomenta may 
easily he translated into the language of term schemes (of. the analogous 
remarks in Chap. VI (§ 6, p. 337)). Wo suppose a dofinito eonfigiiration 
of electrons to be given and the corresponding Ij, 8 to ho written down. 
Then the rapid precession about L and S, re.spectivoly, donotoa groat 
intervals between terms having different L’s and S’s, respoctivoly. In 
the same way we infer from the slow motion about J that the distances 
between levels having different J’s (L and 8 being kept fixed) most be 
small compared with the L- and S-intorvals just montionecL In otlior 
words, we obtain a clear separation of the terms according to L and 8 ; 
the terras (Lj, Sj) are separated from (Lj, Sj), (Li, S^), (La* ho 

forth. Every term L, S is then still further sub-divided into levels 
having different J’s. 

This type of term arrangement holds, as wo know from exporiinont* 
for the deep terjns of inost known spectra ; it is thorofore called tho 
normal term arrangement^ and the coupling on which it is based ih called 
the Russell-Saunders coupling and also the normal coupling. 

Departures from the normal coupling therefore certainly oooni’ if 
the J-resolutions become comparable with the L- and S-rosoliitions* 
This is the case with the heavy atoms and in the last vertical oolumiiJj 
of the periodic system (for example, Ni, Pd, Pt). The J-rosolirtionfi 
there increase enormously (up to several thousand om."^). In the 
deeper terms of the Pe-speotrum we still essentially use the IlaissolL 
Saunders coupling, whereas in Ni even the deeper terms overlap 
apparently quite irregularly, 1 

In the vector model tliis denotes that the mutual notion (LS^ 
becomes of the same order of magnitude as that between the and 
the «/s respeotively. The moments of momentum L, S may then nej 
longer be regarded to a first approximation as fixed and constant ; thej 
lose their significance because the l^s and s/h will compound in aoinl 
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other way. Oo thfJ other hand, the total moment of momentum J of 
all the olectroiiH remains constant now as before, since the law of 
seotorial areas is generally applicable in a closed meohanical system : 
in the. cam of gcMC.ral couplitig condiliona only J relaina its mechanical 
significance. Aotnally it hns always been possible, oven in the ease of 
the most coinplieatei] spectra, to ascribe to the term-lovols J-valuos 
for whieh the solnotioii rule AJ = 0, i 1 bolds. 

Among these general coupling schemes there are limiting oases for 
whicli eertain of the mutual actions may become small compared Avith 
the remaining ones. 'I'ho Hnsscll-BaAmdors coupling itself is one of 
these limiting eases. Wc may represent it by the symbol 

Mkh • . . [LS] J. . . (1) 

Another limiting case may be illustrated by a simple example. 
We consider the configuration [wp, u'«], that is, = 1,1^ — 0. In the 
limiting case of normal coupling Ave obtain the terms from it. If 
wo noAv keep n fixed and allow n' to increase a series of terms results ; 
the «-eleotron becomes more aird more removed from the atomic core. 
For auffioicntly great values of ?j,' the tAVO electrons Avill aot only Aveakly 
on one anothci’ ; to a first approximation avo may regard them as 
indopoiulent of one aiif)tkor so that the Ifn, sfs of oacli electron for 
itself will compound into a resultant To a second degree of approxi- 
mation ji and ja together form the resultant J. 'fiho vector j boro 
dearly donoto.s th<i total moment of momontum of the individual 
deotron. I'he syinbolio appearance of this noAv kind * of coupling — 
the so-called {jt;)-(!oupling, Avritton for sevoral electrons, is as folloAvs : 

i;(W(W ■ . . :i - [.his . ■ - ■ . (2) 


It is generally eharacberised by having the dootrons iiidopcndont of 
one another to a first degree of approximation. 

In our oxamplc only the first electron remains Avhen the second 
deotron has been oomi)lctoly removed from the atom, that is, the term 
(ZjSj) this is, for •— 1, ,9,^ = J-, the term of the spark 

spectrum. Hence it folloAVs that in the neighbourhood of the series 
limit the are terms divklo into group.s Avhose distance apart is given in 
order of magnitu(l(! by the rcsolntions of that sjiarh-lerm towards AAdiich 
the series convorg(?H, In our example two groups aviU form Avhoso 
distance apart is apju'oxinmtely equal to tho resolution *P| — “Pg of 
the spark-torm, It is also easily possible to spooify Avhioh J-levds of 
tho are tonus *1? converge to ®Pj and Avhioh oonvorgo to ^Pij, Wo 
have ji ~ S and -I (on account of ™ 0). By adding and 
Amctorinlly in accordance Avitli (2) avo obtain 


from j I ™ |(®Pi) : J — i :i: I I. \ 
„ i, - sm); .T- il :|; i-2, ]j 



* Thoi'o nro also otfun- cjoneoivablo liniiUng chhos buoU ns [((Zi-’ilM^al ~ 
[(AZa)«a1 J- bike tho coupling (2) they also load to a grouping according to 
tho IovoIb a of tho spark -term (of. bolow in tho text). They do not appear to 
occur in the spectra. 
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If we assume that the Riissejl-Saundors coupling holds for the Hrsb 
terms of our series [np, as is the case in most speetra, the lovols 
1. 0 iio close together, and lies at a greater distance away. At 
the series limit, however, the terms become torn apart hy (ll), their 
J-values remaining unchanged. n^oves over to a limit otlwu’ than 
that to which ^Pj, goes ; the former goes to ^Ps], the latter to ^P^ (of. 
Fig. 126). We can say nothing about ^Pj from (3), hceauso ,T - 1 
occur.s twico and at different limits. 

W''e shall not enter into the question of the nnupio alloeatiou of the 
L- and S-values to the series limits, that is, into the question an to 
which series limits the KusselhSaunders terms of the hoginning of the 
series converge.* 

Equation (3) is an illustration of the rule that tlie ,T-vahics that 
belong to a given configuration n^, 1^ must be tho same for all couplings, 

corresponding to the adiabatic 
invariance of J. For wo fonml 
in tho case of the ^^-ooupHng 
that J -- 2, 1, 1, 0 ; thoeo arn 
the sajno values as aro ohtainofl 
according to tho Bussoll-Baundors 
coupling. For in the latter cases 
wo have to compound L (in onr 
example, L = I) witli S (boro - ^ () 
and 1) and so obtain J 2, 1,0 
for tho ®P-torm, ami J = 1 for 
the T^-torm. 

Our example [np, ?i'»] holdei 
for, say, an olcmont of the fourth 
vortical column, In tho caac of 
Si, for oxamjdc, wc inivc tho 
ground-term arrangement 3B'‘^37>® 
(outside the neon shell). If wo place one of the p-oleotrons in tho 
45-orbit, we obtain the first member of our series Jnp, which 
would here be called [3p, Vs], 

As an opposite example to this we shall consider the series [ 7 i.h 
such as occurs in the alkaline earths, as in Ca. As in the previous 
exami)Ie we have, for tho Bussell- Saunders coiqjUng (that is, for tho 
first members of the series), the terms ap, ip. But now the p-eloofcrou 
moves and the series converges to the state ns of the ion ( 4:5 in the easo 
of Ca) ; ^ this is the ^g-terin of the spark spectrum. !It is simple ; 
we obtain no grouping in various levels, all four levels of ^P T? con- 
verge to the same limit, It corresponds with this in the model that, 
on account of li 0, no mutual action (/,.<!,) occurs. 'I'his Himplcs 






P^- 

* 7 * 

'o 




I'’JG. 126. — Tho tonus of tho oloefcronio 
arrangement npn's [n" variable, 
fixed) according to tho Rnsaell- 
Saunders coupling (Fig. a) and ac- 
cording to tho ( ji;').coupling (sorios 
limit, Fig. 6) shown diagrammati- 
enlly. In tho latter ease tho dis- 
tance apart of tho two groups of 
terms is about tho same us the 
doublet separation of tho arrango- 
mont 7ip(2P) of tho spark spectrum. 


may be answerod by moaiis of wavo-moohauics or by tho inothoda ilii- 
veloped by Huncl from the vector model, Zeits, f, Physik, 68, 001 (1928). 
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iif “o«fig>'i'ation move to the same limit, 

l, n^^ '>btMnc,d when the series limit oorreaponcls to a 
U.im (It the spark apeotriim. in particular, to an &Uerm. All 
n<m-illiii)lu(!«l terras of the ulkalino earths and all terms of the 
iilltiiliijH helling here, lor the latter converge towards the >R,.torm ♦ 
Ilf the chiHiii inert gas shell of the alkali-ion, The “ displaced terms ” 

(V ^* 1 ^’ VV „ Mid. so forth) move towards 

Uio tlnuhlo -D-torms of the spark spectrum (of. Oh. VII, s 7), that is, 
iM'Umg to the more general type of series terms first discussed 

N'uniorous other examples of terms ivith multiple series* limits 
may ho taken from the apeotx’a treated in previous sections. Let 
UH oluiOHO, say, the series of the iron spectrum. All Fe-terms 

*»F this tuTangomont that are built up on the Fe+-term ®D{3d®4s) 
oon verge towards this fiyo-fold term of Fo+. The deepest term 
til at holongs to tliese series terms is the ground-term of the iron 
Hpecirvun, and also the terms Lcp) of the highest layer of terms in Fig. 
l ll>. fi'lie terms of the arrangomont ^dHsn'p also go to the same 
livo-Johl limit o.D, in so far as they are built up on «D. These are the 
loriiis that lie lowest in the middle layer of terms in 

Fig. 111). 


Thus in (iomplicatod spectra we obtain theoretically a great number 
of Korios Unfits. In Ohaptor VII, § 7, we have already become ac- 
tpuuntofl ivitli two eases whore tho series may also be followed exactly 
iMi\pirk!all 5 '. fi’he one oaso was that just mentioned of the dia- 
phuunl ** terms of the alkaline eaidhs, tho second that of the neon 
H|HU!triini. On the other hand, series are only incompletely known in the 
e-ase nf apectra described as mienlos (devoid of series), for example, in 
the Fei-groui).‘|' They consist for the most part of two or three terms, 
M£> that the predictions of tho theory cannot he accurately tested by 
l-lUMW . 


liistorically the neon -spectrum was the first in which series of 
tenuH witli dilforent limits wore found. | The ground-term of tho 
Hpecibrinn, which eorrosponds to tho olosed shell 2p®, is, on account 
of ViudiV Principle, a (simple) term d == 0 ; if the coupling were normal 
tins term would, he denoted by ^Sq. But normal coupling does cer- 
tainly i\ot occur in most terms of tho Ne-spoctnim. Their resolutions 
nrti HO great that tho terms with different L’s and S’a overlap very 
largely. If we talco one of the p-eleotrons out of the shell and 
trauH]KU'k it to higher orbits, all the series that result in this way 
ulnarly eon verge bo the configuration 2p^ which corresponds to a doublet 
P. tor in. It iH <louhlo, that is, tho No arc-terms have two series limits, 


* Ilf. Ike I’cnini'kK on paRc <172. , it. 

t 111 till) iuncsiHxstnuii Hoi'ina were flrat given uy K. GigboIoi' and W. Grotrian 
f. PJiyaik, 25, 1 (15 (11)24)). For other olomonts see H. N. RubsoII, Astrophys. 

dourirnOO/aaDimi). ■ , 

t F. IhvBfdion, of. tliG voforonoo m Ohap. VII, S 7. 
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whose interval is equal to the doublet resolution of this ’^P-torm of 
Ne"^ or, as we showed on p. 404, equal to the dilToronce LnLm of the 
X-ray spectrum of neon ; in fact, corresponds to the level Ln 
and to the level Lm- 

We now consider the higlior terms of No individually. ^.I.'he ar- 
rangemont gives J == 2, 1, 1, 0 (of. our first examide in this 
section). In the case of normal coupling those levels would have to 
he denoted by spT. From energy considerations they are to bo 
expected as the first groirp above the ground-level 2^® ; the ground- 
term itself lies extraordinarily low as in the case of all inert gases, 
and this is the spectrosoopic expression for the great chemical stability 
(inactivity) of the inert gases. Ground- term combinations aro thus 
to be expected only in the far ultra- violot. In an investigation in 
the visible region, such as was undertaken by Paschen, one obtains 
as the apparently lowest (deepest) terms the four levels just mentioned 
of the arrangement 2^^ 3s. Actually, Paschen found four terms that 
were lowest, which he called a- terms (sg, -Sai They form the 

beginning of a series of four terms which converge to two difforont 
series limits, as should he, according to our argument, Tho coinbina- 
bions of the four “^-terms'* found by Paschen may bo explained by 
means of tho four inner quantum numbers given above, 

We expect tho next highest groui)s of neon-terms from the ar- 
rangement 2p®3p ; this forms the second series mombor of tho ground- 
term arrangement 2p^ and gives J = 3, 2, 2, 2, 1, 1, 1, 1, 0, 0, that 
is, ten levels. With normal coupling they would he called 

3,iS. Four of them, namely J ~ 2, 1, 1, 0 go theorDtically 
to ^P|, the other six to ®P^. The proof is fully analogous to tiro dis- 
cussion given in conneotion with equation. (3), p. 460. Experimentally 
Paschen discovered as the second term-group exactly ten levols (his 
j3-terma, to which the same inner quanta are to bo assigned 

as were just now specilied and which distribute themselves in tho 
manner given over tho two series limits of No. Further terms would 
result from 2p®3d, but we shall content ourselves with tho indications 
80 far given, 

We have still to make some remarks about the coupling conditions 
in the X-ray spectra. If the atomic number Z o^ the element is 
not too small the high nuclear charge certainly j)redominatoa in tho 
interior of the atom over the mutual action between the electrons. 
To a first approximation we may regard the electrons as indopondent 
of each other, so that we have (j;)- couplings, Tho vectors 7^, of 
each electron form a resultant in each individual case. Hence 
we may order the inner electrons within a shell of given w, I ao- 
coiding to the j s hcoauso j now has a real piiysical moaning in the 
model. In the Russell-Saunders coupling, however, wo should bo 
able to order the individual electrons only according to I booauso 
the 1/3 and 5 /s do not combine into j/s in that case. 
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In the shoU n, I we have j = / + or I — 1. One part of the 
■('^loctrons luiH j ~ I -\- tlie other part j = ? — J-. The number in 
(saKO is determined by Pauli’s Principle. To fix an electron 
tUdinitely we require four quantum numbers; in our case the. 
Hiiinl )('!'« ) laving a pliysical moaning are lyj. To do away with 
tU<,i tllretstion degeneracy we imagine a magnetic field superimposed, 
AV'-liioli may not, however, be so groat as to disturb the mutual action 
(/,s) of the individual electrons, as otherwise j would lose its meaning. 
VVt'k call the projection of on tlio field direction ; our four quantum 
minihoi'H arc tlieu /, j, In virtue of clirectaonal quantising there 
ti rci h 1) values of the quantum number for each 7il j that is, 
by Ibuili’s Principle, tluu’c are {2j + 1) electrons. Accordingly, for 

J , I 1 we have 2/ electrons and for j = i! -(- | we have 21+2. 

I'hv. ahvU n, I vuiif l)e (Imdcd into two sub-groups wiih the quantum 
j • - I d: i occu2)atiQ7i numbers {BeselzmigSzahhn) 21 + 2 

trnd 2/, respectively, This sub-division was first deduced from X-ray 
H| Hn)ti'a by Stoiu'i* * and Main Binith.t 

T’lui total oeeupation number of the shell w, I comes out, of 
v.tiUiHi\ ms (2/ I 2) -I- 21 ‘il f 2 — 2(2^ + 1), as has already been 
fnimtl on p. 1^4 on the basis of anotlier method of counting quantum 

jHj tC'H • 

'J'he oloeirons witli j 1 — ^ arc more tightly bound than those with 
/ I +■ i. We may derive this directly from the position of the 
alkali levels, wliere the term with j = is the loiver (deeper) 

<3110 'The reason tliat we may here and in general take over the 
( ii).eoui>ling from tlio disoussion on the alkalies is simply because on 
nivoMui of the vanishingly small mutual action each electron behaves 
1 i ke an alkali-electron. From the point of vieio of the individual elec^on 
tlvo poHition of tlic energy-levels is regular, ub in the alkalies. This 
(locH iiot oontradiet our statement on p. 4/53 

i,i ordiu- to produce the observed X-ray spectra it is necessmy to make 
a, (lap in <mo of Btonor’s sub-groups. Por the gap in ^ - Z i w 
i^nuL inore energy than forj ^l + h The total energy of the atorn 
in tlw lU'Ht oasQ becomes greater than m the second case and th 
poHfIdon of the energy-levels for the whole atom becomes the reverse 

r Hghlt and io. X.ay lo.eU, wluoh 

ivriKO in ifw outonnost Bhells at the atom the (;j)-oouplmg “aj no 

longer roraain valid, owing to tho dooroasing nuoloar charge and to 

iuorouHcd screening. 


* hJ. (.), Sloum', Phii. Mag'. Structure, D. vnn Noatrand Co., 

+ J . 1 ). Muiu Hmith, Clmnetru and Atonm 

JS^nw yoi'k, IHJJ'l. 
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§ 6. Anomalous Zeeman Effect o£ the Multiplets 

Tlio normal Zeeman effect occurs only in the case of singlet lines 
(Oil. 6, § 4) ; in the case of multiple lines and even in those of hydrogen 
(Ch. 6, § 6) anomalous Zeeman effects occur. Anomalous resohitinna 
intruded themselves even in the first discovery of the plionomonon 
(1896). What Zeeman first observed was a broadening of the iinagt^ 
of tl\e B-lines observed in the spectroscope, combined with a oliar- 
acteristic ‘polarisation of the light at the broadened edges. As M'o 
saw in Figs. 87 and 88, j)- 336, the Di-linc gives a quartet, the 1).^- 
line a sextet of lines polarised partly in the parallel and partly in the 
perpendicular direction. Zeeman was able to prove tlio ;|)olarisation 
of the outer edge of the broadening in this complicated line con- 
figuration only because in tliis case as in that of tlio normal tri])lefc 
the perpendicularly polarised components are situated more towai'ds 
the outside, the parallel polarised components are situated mon' 
towards the middle of the resolved patterji. Wliorcas the deviations 
from the theory of tlie normal Zeeman effect at first appeared clis- 
coiiraging for quantitative investigation, it is now iirocisoly theses 
deviations that are of greatest interest. 

Historically there are two rules that opened vq) the way to tli(i 
anomalous Zeeman effect, Preston’s rule * and Bunge’s rulo.f 

Preston’s rule (of, also p, 334) states that related linos, that is, 
lines wiiicli are composed of terms of the same kind have the .same 
Zeeman effect. Terms of the same kind are those which have the 
same mnltiplicity and the same quantum numbers fi)r L and J'. 'I’liii! 
Zeeman type is, however, indopondont of the princi})al quantum 
number n and tlie chemical nature of tlie element. 

Bunge’s rule states that the lino resolutions that occur in the 
anomalous Zeeman effects are, if measured in, wavo-num hors {iiol 
in wave-lengths) rational multiples of the normal Lorente rosohdion, 

idv = . . . . ( J ) 

where r is a number which wo shall call the Runge denominator, 

Let us consider from the point of view of the.so two rules tlio 
resolution patterns of the type represented by tlie B-linoH, Figs. H7 
and 88, in the ivay in which they were analysed almost simulfcaneouHly 
in 1898 by Zeeman and Oornu. The distances of the oomponoiitH 
of the resolution from the original line are all multiples of | of tho 
normal Lorentz resolution (Tables 33 and 34 on p. 336). The " Rungc. 
denominator" is equal to 3. The intensity, like the lino-distribution, 
is, if perturbation.^ are not acting (see § 7), symmetrical with rogarcl 
to the middle. 

* Cf. Kayser’s Handbueh, 2, 019. 

t Riys. Zeits,, 8, 232 (1907) ; onunoiated on the basis of tlio inirtlouliu’lv 
abundant Zeeman types of neon. 
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Ah Im {UnmiiKied by Preston’s rule this type of resolution-pattern 
cn!e.iir« not only in the D-linos but also in all combinations (SP) and 
(m in tlu'. Principal Scries and in the second Subordinate Series 
of tlic- alkalies and the noble metals. It also characterises the doublet 
ttvrmH of Hiniilar composition in the earths, Al, Ga, In, Tl, and not these 
ivlone hut also the spark spectra of the alkaline earths and of the 
olenumts Zn, (Id, Hg, and so forth. 

Fig. 12(1 represents as the second most important case the 
rcwol Ill-ion -pattern of the II N.tS. of the triplet-systems, as was 
lii’Ht observisl hy llungo and Paschon * in the ease of Hg. The 
wave-lengths written down on the right-hand side refer to Hg ; the 
highoHt is the “ green moronry line.” All the intervals between the 
iMnnjioiU'uts and the original lines are half-int&gral multiples of the 
normal i*esohition As ; the Runge denominator is equal to 2 in this 
cam. 

'I'ho Hanu^ resolution-pattern occurs not only in the triplet lines 
of Hg hIiowii in the iigure but also in all similarly construoted com- 
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bimitions of Hg, (kl, Zu, as well as in the alkaline earths, and also in 
tim Hpark spectra of the earths and so forth. A large group of ap- 
parent eontradietions to Ih’cston’s rule is explained by the Paschen- 

most general point of view in the theory of spectra is tliat 
onoiu'd VM) 1 )Y tlio Oombhiation Principle. This must doubtless also 
hold for tlie anomalous Zeeman effects.f The magnetic field m- 
flmmcoH the energy of the initial and the final conHguratiou separately , 
fcbo Zeeman elTecb of the lines is therefore compounded from the Zeeman 
offeofc of the initial term and of the final term 

Av “ Ai'i — Arg. . . • ■ (^) 


* Ihu’lin Aitmlomyi I'ob.f 1002. .1 Aj„y laio- A. Sommerfeld, Na- 

t r. vfui Lehur/,Gii, Amatovdam Acadoiny. The " rule of mag- 

Iui’wImh., Jim.. io2ll_, aild ‘ ' 1 A t^ro papers dodueod from tho 

noLo I’OHoUibion ” ‘L,, 1 ' y tiiab tho Rimgo douommatov of tho 

4 !oml)iniitioii pinncnplo tho j tho product of tho Bungo donorainatov 

|.,uivi combination may soon surpassed by tho 

of tho two terms m qu««ho;v boro discuss it further, 

papors ou tho same aubjoct by LandO wo neou 
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Hence w shall be concerned in tlio sequel with the yjamian effecl 
of the. terms Avhich is sini].)ler than the Zeeman effect of ike Imps, 
Extending the arguments and formulas giveji in (Ihaptor VI, § .1, 
we start from the following points of view. ^J'hc resolution of the 
individual term depends on its J-value, that is, on its total moment 

of momentum. In tlie magnetic field J arranges itself in sutdr a 
position that its projection M in the direction of the iiiagnoti(j field 
becomes integral or half-integral with J. Moreover, since tlic ahsoluto 
value of M, the projection of J, can be at most equal to we obtain 
the following 2(T + 1 possible A'^alues for M : 

M = J, J - 1, J - 2, . . . - J + 2, - .1 -h I, - *1. (8) 

The values M = i J correspond to the position prwnifef or anU- 
'parallel to the magnetic lines of force. Tlie value M =-• 0, that cmi 
occur only for integral values of J, that is, in odd term-sysiemSt denotes 
the position perpendicular to the magnetic field. Precisely as in 
Figs. 29 and 30 on pp. 123-124 we must picture to ouraolvcs that if 
tlie arrow of the moment of momentum J is appropriately i noli nod 
to the magnetic field there will be a precession around the direotion 
of the lines of force, 

Corresponding to the mechanical mornmt of mome 7 ilum do- 

fined by J there is a magnetic mo7ne7it In the llussori-Hauiidors 

coupling this magnetic moment is composed of tlio magnetic moment 
of the resulting orbital moment of momentum L and of the resultant 
spin moment of momentum S. If S = 0, that is, for a singlet system, 
Mwo!/ is given by the mathematical relationship, equation (2) on p. 881. 
The Zeeman effect is then normal. The anomalous behaviour of tho 
Zeeman effect consists in the addition of the spin moment of momentum 
and its magnetic anomaly, equation (3) on p. 332. 

—> 

On account of the precession of the magnetic moment about J* 

■ 

(cf. Fig. 86, p. 331) only its component parallel to J comes into question. 
It is given by equation (4) on p. 332 (if we exchange I, 5 , j for 8, J). 
Hence we may draw the same conclusions about them as oil jip. 383-834. 
They lead to Lande’s splitting factor ; 

0=14- JR_+1) + S(S+ I)-L(L + 1) 

^ , 2J(J + 1) ' • 

and to the ex2}re88ion for the term reaolutio7i, calculated in terms of tho 
normal Lorentz resolution : 

AW = 7iAv = M(7. . . . . (5) 

As a matter of historical interest wo must observe that tlio bold in- 
ductive process whioli led Laiidd to equation (4) Iiased on the 
masterly Zeeman-measuremeiits carried out by E. Back . The measuro- 


I 
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Ilf. H’lid ilio llu'oreiical interprotation ocemTcil In two stopH, first 
ilio ordinary douhUd and trijilot systoms and tliou for that class 
imiltijdtds •]' widoli wo nowadays call nuiltiplots of pure llusatdl- 
iiiclorH coupling. Tho equations (4) and (li) determine completely 
i rcjsolution-jiattorn of tho terms of sue]) multiplots : iliere are, 
-} ■ I r.qnididant magmXk krm-hveh at- a distance, g from one another, 
n'inid’fkaUy <i)iac.(Hl with res^iect to the zero, the zero tlself representing 
arrn-k'wl in the case of odd terms but not in the case of even terms, 
•^I’alilo 45 wo giv(^ a oomploto list of tho f/-valuo 8 . Attention must 
ualltal to H(‘voral oharaottu’istio points. 

A. {/ for tho *S-stato of every term-system. Tlu.s is’ obvious, 

— > — > 

uo for (vvory S-torm L == 0 , that is, J “ S. But then the magnetic 

unumt and at tho same time its componoivt parallel to J becomes 
vinl to tho maguotic moment of the .s])in moment of momentum S 
(1 this (<!f. o((n. (4) on p. !1U2) is equal to 2S, as measip’ed in Bohr 
i^notons. 'I'ho value g 2 denotes nothing else than the magnetic 
oniuly of tlio s|)iu. 

B. every term Avitli .T “ — L -f S (the boundary on tho 

jlitdiand si<lo riiiming down obliquely in every field of our scheme) 

have 

Jy 2S 4 - L (0) 


.) prove this it is eonveuient to transform tho expression (4) into the 
cnticivl expression 


_ „ ,,(S--L)(SH-L4-1.) 

^ ,r(,rTT) ■ 



WO lu're s(4 >1' " ■ H - I •• L the factor J 4 - 1 iu the denominator cancels 
it with Ihe fiuitoi' S 4- B 4- 1 i'* the numerator and we obtain 


(7 


.S-L _2S'4-L 

h 4- L S + 


hitjh agriH^s ;|; with (fl). 

O, For l.( ’> S (lowest row, particularly in ttio first fields of our 
ilioino) f/ approavdies (he value 1 , Actually when L > S wo also 


* 111. BttoU, DiHHOi’tatioii, TOljingon, 1021 ; A, LaneW, Zoits, f. Phys., 6, 231 

t M. Baolc, 2oits. f. Phys., 16, 200 (1023) 5 A. T.aml6, ibid,, p. 180. 

} Wo iniglit 1)0 tot up 1 0(1 to iutorprot oqu. (0) in nu oloinontavy way t if L, B 

ml I’J wort^ in tlio 'Vparallol ixtsitioii ” with roapocit to H'. tho magu(Stio inomont 

1 the direction If would 011 tho ono hand be 2S H- L, and on tho otlior iff/, But 
'o shuuld thon be leaving otit of account tho wavo-inoohonioal difTovoiico, oinpha- 
iwotl on p. 331), betwoon tho absoluto value of a quantum voctoi* and its quantum 
uiubtii'. Tlio IneoiToetnosa of this olomontary lino of avgumont is shown whon 
ro pass over to tlio “ auti-parallol position ’’ iT |L - - S| fpr which wo by no 
uimiH have j .p/ .'■« |2B ~ Lj. 



478 Chapter VIII. The Complex Structure of the Series Terms 

have J S L. Ooiiscquently tlio second term in the right-hand huUj 
of (7) approaches the value — We tJien have an a.Hymi'itolic normal 
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from e(jiialion 7> g ~ ^ for U. It is otilj' ■when the factor 1 ] in the 
clouoniinator vanishes siiiuiltanoously witii L — - S tliat the fraotioii 
ill (7) bcconiea indeterininato. In this case wo follow Landd in writing 
for the value of g (of. tlie first vortical column of the table). 

Moreover, it would be better in this case to speak, not of tlio 
quantity g, whicli arises in the course of the caloulation.s, hut of the 
moment Mg, which lias an immediate phy.sioal significance. On ac- 
count of J = M = 0 the latter quantity lias tlie definite value zero. 
The corresponding term is thus unable, to he resolved magnetically. 
According to our tabic there arc also terms in the even systems that 
are unable to bo resolved magnetically, for example, in the ‘‘D-torm 
for J == I 

We now pass on from the terms to the lines. First wo recall the 
selection rule for the magnetic quantum number, given on ]). 336. 
It simultaneously acts as a polarisation rule. For the transition 
1-^2 u'o now write in our present notations (M instead of m) 




/ d: 1 • • . c- components \ 
\ 0 . . . Tr-componentsj 


( 11 ) 


All transUions greater than 1 are forbidden. The polarisation data 
refer to the transverse effect ; when observed longitudinally the 
o’-compononts, as explained on p. 323, appear circularly polarised, 
the TT- components are absent. 

To this general selection rule wo must add an additional decree 
for tlio case wliero tho line ai’ises from the transition «T J, namely 
the transition 0 0 is forbidden, that is, 


M.i=M 2 = 0. . . . . (llff) 

An immediately obvious oxamjdo 000 urs in Fig. 126. Hero tlio 
middle Tr-eoinponont, wliicli oorresponds to the transition from ~ 0 
to Mg = 0, is present in (P^S) and (]P(^S),'but is absent in (PiS). Aotually 
this line denotes a transition J -> J, since both for tho Pj- and for the 
iS-term J = 1. We shall give tlie basis in which this additional deoroo 
is founded and also the general selection rule for M in Note 7 
(under f). 

To chock tho resolution pattern of Fig. 126 further wo shall prooood 
ns on p. 338 for the D-lines. Using tlie triplet {/-values we write down 
tho following tables from Table 46 ; they correspond suooessivoly 
to tlie three term -combinations ^Pg ^Pj ^Pq ^Si, in tho triplet 
system. Wo obtain tho •jr-components, bracketed, as the difforonoos 
of the numbers vertically below each other in the table, the or-oom- 
ponents, wliioh are not bracketed, are tlie differonoos between the 
numbers diagonally neighbouring on the right or the left-hand side. 
The result is reduced to the common "Uunge denominator,” which is 
2 in tho present case. 
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Taule 40 (31>^a,Sx) 



M 

- 2 

-1012 

- 1. J 2 

- 0. .1 - 1 

1 

I 

3 

- 1 0 ^ 3 

- 2 0 2 


. (0) (1) 2, 3, 4 

± 2 


Tadi.e 47 (*P, “S,) 



M 

-10 1 

b-1, J=1 

L = 0, J = 1 

M</ 

My 

“3 0 2 
- 2 0 2 

Taulic 41 

8 (>Pa 

M 

(1) 3, 4 

2 

»Sx) 

-10 1 

L-1, J^O 
L -- 0, J == 1 

Mg 

My 

0 

— 2 0 2 

j: 2 


Oul’ romaiic JS explains fcho frequent occurrence of the # of the 
normal resolutions. Lot us consider, for example, the combination 
(PJ?') in the triplet system, which wo discussed on p. 424, and lot 
im choose, say, the component PaPj in it. The resolution-pattern 
foi* I*aPi Sh clearly : 



'l.’Aiir.io 41) 


M 

- 2 “ 1 0 1 2 



- 3 - S 033 

\k><i/ 

{0), 3 
2 

»P, 

“ f 0 3 



All the other components of (PP') behave in the same way, and 
also the combinations {ILD^ in the quintet system, (FF') in the .septet 
Hystom and so fortli, together with all their components. 

Wo now considor B’ig. 127, which represents the ground- triplet 
in tho octet system of Mn. It is magnified fourteen times froni the 
original photograph (in the second order) by M. Back and has kindly 
vor.. I. — 31 
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been placed at the disposal of tlie author. Tlio '/r-coiupoiUiivlH tiix! 
displaced dowmvards, owing to the optical arrangomoiit, as c)oin})iired 
with the a-components, because tlie line in question was pliotograplied 
once in the Tr-position of the analyser and again in the cr-positiiJii 
ami in each case a part of the picture wtis coyorod over. .irig. 127 t( 
represents the line A = 482H {®Sj, The resolution facitors are 

2 and y'. A table .similar to that above gives the following sciheiniu 
for the components : 

(1) (3) (6) (7) 9, 11, 13, lb, 17, 19, 21. 211 
^ 9 

The figure correspondingly shows eight tt- components and, on IxitU 
sides, eight e-components. At the same time it allows that tliu 



Fia 127.~Anomalous Zeeman offoot of the oombinalion (Mn) noeoi-tlin« 
^ Siven abovo, tho Tr-oompoiumts below. 

On the left (a) ib the lino in the mkkllo (i) tho lino «Si“Pi on ihti 

, right (c) the line ' 


, f 

intensity of the tt- and the tr-oomponents deoreasos from tho cenfcro 
outwards : the fine of greatest intensity is tho or-oonvponont of nonruil 
reso ution | ; the three outermost a-compononts are hardly rocatf- 
nisable owing to their very feeble intensity. Fig. 1276 a’=^ 478'1 

Tho splitting laotot o£ tl» P-tonn in 
-ffV- (Gt- -fable 45). Hence ive obtain the tlieorotioal resolution 


i 


(j L(^l(lQ) (1^) U2, 116, 120, 124, 128, 132, 136 


63 


In the reproduction the seven a-components are not sopamfced ; 
the TT-components exhibit the absence of the zero (white oentoo of tho 
picture) which is oliaracteriatio of all even terms. Fig. 127 c, A ^ 4764, 



§ 6 . Anomalous Zeeman KfFect of the Multiplets 483 


i H (.1 w (,!( ) mill natit m ("iS j «T’ j ) . Wo have cj 
III our till lie. Tiio rout 1 hi tioii- pattern is 


V- for this P-term according 


(1) (:i) (f)) i) ii 13 u 17 1{) 


In aeoordnnco with tlic small Ilnngo denominator tlic separation 
nr the liiu's is complete. The gaj) at tlie po.<}itioii of normal resolution, 
liotwtum blio TT- and the cr-oompononts, is very striking. Of the six 
tr-ciuinpoiH'nts which occur on both sides those on the outside are 
ilidkuilt to see on account of tlicir feeble intensity. 

Ah a last example wo show a resolution-iiattei-n of particular 
biuiuty kindly produced by Mr. P, Zeeman for the purpose of this 



Kio. 12H. Phntoiiuiloi* (serve of (.Ito anomalous Zoomnn ofiocst of the ooinbina- 

l.lon (C'r) ntsoordiug to JJooman. In tho absonee of a field the lino 

would ho 111 tho middle. Tho vortical linos denote tlio positions of normal 
HOpiimtiim rctekonod from tho flold-freo lino. 

htiok, Tho lino in (luestion is tho strongest lino A — 4254 of tho 
^I'tiund -triplet (’iS’P) of O, that is, the combination (’Sg’Pa). The 
roHolution-jiattorn consists of tho seven w components, 

(Oj d“ -1- I'l dz 

and tlio HO veil or-compoiionta which occur on both sides, 

d:: ( l| » j J | > I > f > .( > 

All tliGHO eompononts are beautifully resolved in the photometric 
ovirvo (Pig. 128), which represents the original pliotographio record 
nmgni lied thirty-six times automatically * j only the extreme 

* Por tho tfloluiiquo of working out those pliotographio densities photo, 
jiictrloidly boo a rojiort by P. Zooman, Amstord. Alcad., Doe., 1024. 
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or-componouts 4: heeoiue losl in Mio maze oC tin'- granule's of Uiu 

plate. 'J’he normal resolutions arc made reeognisahlo on lioth sides hy 
vertical strokes. The tt- components lie between them and the cr-eom- 
ponents are on either side. The strongest 7 r-componont whieh is in 
the middle is situated in the position of the original line. 

Hitherto we liave assumed ^ure Eussell-Smmders coupling, 
shall now consider the extreme counterpart in the forjii of a pure. 
{jj)-co7LpUng (cf. p. 469). This gives us information about the 
Zeeman effect at the series limit. In general tlio Zeeman effect change.^ 
as soon as the coupling changes appreciably. 

In the case of Tig. 86 on p. 8‘U holds for the in- 

dividual electron, birt we must not replace, as was done at the Ixi- 
ginning of this section, the I, s of the figure simply by tlio residtants 
L, S of the electron configuration. The latter (L, S) lose their physical 
moaning altogether. Kather, we must supple- 
ment Fig. 86 by Fig. 129. 

Suppose we are dealing with two eieetrons 
having quantum numbers and whiesh 
comxiound into and jg, respectively. On 
account of the strong coupling of the l/a aiul 
Sj'a among themselves both vector inodels 
{VehtorgerHste) describe a rapid procoHsion 
about the corresponding j, so that only the 
components of the moment parallel to j are 
offeotive magnetically. By equations (4), (5) 
and (9) on pp, 332 and 333 we calculate the 
components of the magnotio moment wliieh 
are parallel to j for the first and the Hceoud 
electron (t — 1 and 2) in terms of tire Bohr 
magneton : 

Mill ^\li\ cos {Ip ji) -i- 2 I s,. I cos (5i, jf) = i ji i 0 {jf), . (12) 

where g{j^) denotes the Landd splitting factor for the one-oloofcroii 
system (doublet system, and | /^ |, [ [, [ | denote the wave- 

meolianical magnitudes of the vectors in question ; for oxaniirlo, 
hyp. 333, 

\ji\ 

But and jg are also coupled with J. On account of the jn-o- 
cession of the vector model (^’jjg) about J only the comjronont parallel 
to J comes into question for the magnetio moment of the whole atijnr. 
This becomes 

M = IMfi, cos {jp J) = I J I . ;)) 

where g is defined by the last term of this equation and denotes fhd 
apUtting facdor (not Lancl6’s) for the {jjfcoupUng. 



3?ra. 120, — ^Vector model 
of tho anomalous 
Zeeman offeofc of two 
electrons with ( 7 V)- 
coupHng. 
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Tint we have (of. Eig, 120) 

... a,. ..) - ^ . Elw-Jil- 


hill )Hlri tilting (12) and (14) in. (Ill) we obtain * 

" II) " 

wJinri^ wn iuive naecl the abbreviation 


, (15) 





„ J(J + 1) + j,( jt + I) -h 1) 

2J(J + 1) 


(16a) 


ainl tho eorrcHpondbig oxpi’casiou for 7^(ja) 
olvfcaiiKid by intorohanging indices. The 
f^>lli)vviiig relationslnp, which is analogous 
t(» eqnation (8) on p. 4411, holds between 
.7i> ,72) ‘tnd J : 

ii + ia ^ d ^ 1 jj — js 1 . (10) 

'i.'ho oxtonsion to systems of moi'o than 
cum oloeti’on for pure (ji)> coupling will now 
l>o bi’kvlly sko tolled. Whei’oas the oqua- 

tiouH (12) and (HI) obviously remain stand- 
ing tlio (lolinition of the cosines in equa- 
tion (14) must bo modified. Ifor oxamplcj 
in Ifig* IJlt) wo consklor the case of three 
okmtroiiM and. donoto t)io diagonals (dotted 
in 4110 iigiii'o)^ which suiiploment the j/s to 
foi'in t) , hy jf (whore wo find the supple- 
jnontiiry veotor which belongs to by 
tho auxiliary liguro givon on the left-hand 
hIiIo of d ). 'riien (14) hooomos replaced by 



Fin. 130.— (^j)-Qoupling of 
fchroo eloQtrotia on tlie 
nsflumplion of vanisVi- 
ingiy small mutual 
action between tlie eleo- 
ti'ons. In those circum- 
stances the vootors j{, 
which, witii the form 
J, remain constant to a 
first approximation, and 
tho polygon of tile ji 
procossos as n whole 
round J, 


COH {ji, d) 


2|i,||J| 


if wo Hiipjinso the j/s to bo givon as well as the ji'a. And in place of 
(Ifia) wo liivve 


.d(d-h 1) i)^M-h 1) 

n{3i) - - 2d(d + 1) 


(166) 


apUfcting factor p is then given accurately by equation (15) if 
tho Slim is taken over all values of i that come into question. 


* l'’ii'Ht dm'ivotl by (louclsmit; of. Qoudsmit and Uhlonboolc, Zeita. f..Pbysik, 
06. (JIB (1020). 



.|>!(> C’luipU'i' VII 1. 'riu: t’oinpk'x Stnu'Uuv «>l tlu' S('iu‘h 'I’mn;! 

'!'!)(' rt'iiKtm iluvt, with limn two I'limlinns, wi' ji‘4Kuiiti’ l)ii< 

jj'» in lin im wnll im Urn //h iukI (Im d iw tlml tillit'iw im* thr 

pnlygnu uC ilin j^n luid hmmc hIk<» Hm iniHilinii of Ihn h'Vi'k 

in (pu'Hlinn wimid Im un<hd('nninctl, Oiir dii^v'imk lln* 

pnly^im, no to Hpi^ak, ho tlmli il prm'(‘HHt‘H nn ii li^id fonli^nvulijm 
ahnid' tlm 'I’liin corii'HponilH to a drlinilo hind of roU)illnf,» 

Imtwiaa) Iha jy'HHiid .1. VViMi any ntlaw Uiml of laniplinj^ liio polyf'Mii 
of tht\y'H wonld not inovn im a whoh', ho that Jitlmr fomiida' would 
nmnlt foi' till' Hplitliii}^ faator //. 

I’liL'i' (jj)-(tmipling Imi'diy ori’iiiH oxii'pl in tiu' X lay npiotia of 
atiunH of ratlim* lii^^li idoinia mnnimr. In tlm neon Kpri-irum (rf. 
p. -I?!) tlu' mmplinjj: iw inti'i'inadialo hntwm'ii tin* Huhhi'II Sanndna and 
tlm (j/)-rtin]ilinjJ!, Urn liij^lim' aarii'H lanu appl'oxilnalill^^ to ( j/) I'ouplju^ 
and thn Inwiw li'rina to tlm nonnnl UuHHi'll-SanndiMH ronplinn, 

Wlnii hiipimiiH in tlm tmuHition front ono kiiul of conpliMy lo 
anotlmr f 'I’lm (jiiantuni imnduTH L, S wldrlt diHlinmnali lla* in- 
ilividinil imilti)ilalM from I'unli oUmr in nonnal lonplinyn, h»«i' tlaur 
pliyainil maaninfj; ; tlu‘ i(nantum mnnlii'Vri j ampiiiv a plivaii’al mraii- 
iiijj; only iti tin* limit wlam puro (i/)a'onplin)i iw ivaidiinl. Tlic 
ipiantinti nninluT il alnna liaH a pltyairnd nmanin^ thronglnutt aa 
tint total mnnntnt of momentum of the alom, ' 1 * 0 ^:*^ her willi (lie 
I/h and iS’h ho hIho the Ijandii (/-faetor hmeH ita validity in the lianHition 
Htaj^n ; Himultaneoimly with tlm j/” onr j/daeter of eipmliou (lo) 
heonmea valid only in the limit of thin tnnmiliom Uni dtirin^i; llie 
whole tranHition tliv nuiii of till Itir j/'H that hi lttiiif hi /for wioo ,/ nhiiii, 
together with p), Ifunr » 0 'oa/o|/, no imilter whether we ealenlale .} 
hy LaiuhVH foi'imdii nr liy fornntia (IH), 'I'ltiH '* j/ Htnu rule iIuik 
H tatea that if *1 iw kejit lived the anm of the tfn ia ipule inde|H‘ndetit 
of the typit of eonpling, anti for Mtia we may take into eoimideratinii, 
hmtead of tlm limiting eam'H ho far eonMidered, any other nrhilvary 
allneatiniiH nf the individual Yeelora .t,. Onr (/^Ktun m adiahatieally 
invariant witli renpeet to any ehangen of eonplhig whalrHoever, evaelly 
aa hy the law of Heetorial areaw in meehaniew, the total inonieiit of 
inomentnm >]y In wliieh the {/.muiu Ih allMeated, 

'I'IiIh law may he jiroved ijnite generally nnly hy ineaim of wavio 
ineelianieH. VVt' Hlmll dn no mnre hme 11 mn verify it in the ea«e of 
neon hy naleiilating tlie f/.KtunM hnth aeeording to Laiiflt'-i anti lumonllng 
to eipiatinn (Lfi) atid then eomparing the leHnlla with tliofie of ex. 

I tori men t. 

Wa limt eoiiHider tlti' Ikmehen fl*term« {ef. p. M2), 'I’hey eom'iHjionrl 
to tlm ennllgnratinii 2pK\H (Hint pie exeitatimi Htate of the eompleU* 
L-wlmll), for whielt vve mIihII write, hy the (hip Uaw, 

U/illa. 

'I'lniH we ealeulale with 

h ^ I i *h "a ' I • 


( 17 ) 
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^Vith RiiHHollMSauiKlorH coupling there would follow from this (of. 
\K -172 of tlio previous section) a ap- and a iP-term with 

•T = 2, 1,1, 0 (18) 

.1 lu' 1 (Ktoui’H twU!(u The ooiTesponding jf-valucs or fif-suins, re- 
HjK'ctivoly^ are, by the table on p, 478, 


!/(a) - {!. Xl/a) = 1 + l {/{O) -f. . . (19) 

On tlm other iuiud, wo have, by (17), in the case of (i?)-eoux)ling, 

ii 1 d: I: = ia == 0 -b i 

and from these values, as should bo, the same J -values as in (18). 
Wo lu^xt eahuilato for the two J 1 that occur the corresponding 
/i'rt from (Ibu) ; 

T 1 1 h == :h = h Mil) = f . Mil) = - i 

nml (stiuliiiu^ tliem with the (/(jf)’s out of Table 45 [doublet system 
■! i» (lik) “ (lf>) t'hero results 


I Innisi 


(I =- 


U . 4 -1- 2 . i 


2^(1) - 1 - -I- 


— B 

— - 2 ', 


( 20 ) 


lliat is, the same value as in (19). 


TtiULi-: fid 




. 

J- 

Ob». 

U.S.-CDUpUn!? j 

I 

(jj)-CoupHnf! 

1 


■ ’ 

f) 

[ ‘ : 
2 

0 / 

1*503 

0 / 1 

fa ( 

1 1 a; 

Va/ 

V2 

1 

! 

Vc/ 

V, 


r.t is easy to see why the two individual (/-values, namely (/(2) 
and (/(O), oomos out in the (^j^conpling exactly as in (10). The yalno 
for ( 7 ( 0 ) follows directly from h{k) 4 

(/(2) Ciomes out from (15) and (15ct) from the data that are given : 

17(2) - M 'h 2 . i = |. 

W<^ eompiD'c with, those results the experimental results obtained 
by IhitOt. In the preewling table we have on tlio left-hand side 
Um Origilnvl Hymhols of Pasehon and alongside them tlie observed 

f Ann. a. Pltye., 76, :U7 (102fi). 
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and tho caloulated values. In the case of the {/-sum the agreement 
between theory and oxj)eriment is iierfect. 

We also consider the Paschen j9-terins, ton in numhor, which 
correspond to the configuration (cf. p. 472). By the Gaj) Law 

it is equivalent to the configuration 2^3^?. Hence we liavo 

1^^= > ^2 ~ I> '^2 ~ 

and calculate from these values for the two types of coupling : 


It.S.-CouplIng 

(ij)-CoupllnK 

L == 2, 1, 0 

Jt - V2 

S = 1, 0 

j'a — ®/a> '■/s 

J = 3. 2, 1, 

J- = 3, 2, 1, 0 

2, 1, 0 

2, 1 

1 

2, 1 

2. 1. 0 

I, 0 


In the case of RusselUiSaundors coupling the first three rows of 
the J-values correspond to the ^I), ^P, “»S-torm, the last to the ^I), 
^P, 'S-term. In the I’ows of the J-values arise, 

by equation (16), from, the respeotivo combinations: 

ihl), ih^h (ii). 

By Table 46 on p. 478 we obtain in the cose of the Russell-Saundors 
coupling : 

S?(2) = * + # + I = ¥, 

2i?(i) = 1 + 1+ 2 + 1 = e. 

On the other hand, wo obtain in the case of the {j[j)-ooupling from 
equation (16) ; 

2:ff(2) = ;V + 1 + J- - , 

217(1) = 4 + i + f + ! = 6. 

TKo following tablo, which is armnged like the preceding one, 
ehows how fclio I'csulta agree with those of observation : 


Taulh 61 
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'I.’ho f/«Hunis arts Keen to be in complete agreement here, too, whereas 
tin* iinlivKUial g'n exhibit considerable departures from the values 
« » I )t ai nod ox perimentally . 

Both the original ordering of the neon aeries by Pasehen and the 
nuumu J’oinonfc of tlie (/.values by Back were supreme achievements 
f>.f Hpootrosoopic aecmraoy ; tins receives particular emphasis in the 
f/-Huni law. 

§ 7. Pasohen-Back Effect 

In. weak litdds'tho Zeeman type of every line of a mnltiplet can 
ti irm itsolE undishirluid by the Zeeman type of neighbouring lines, 
in iiu.n’iuiHvng 11 elds the resolution patterns would overlap. But before 
t-luH IiappturK the Zeeman typos begin to influence each other mutually. 
Jii Htrijng: lleldH {magnetic resolution Ar great compared with the 
original frijquenoy dill’eroncos in the multiplet) every line oonfigura* 
fciini iinally behaves approximately as a single line and exhibits the 
normal German pjject> d'his is wliat Avas proved by Pasehen and Back 
in tho on HO of a number of narrow doublets and triplets, for example, 
t>hei oxygon triplet A ^ 3947, p. 433. It is already implied in our 
fiedinition of strong fleklH that for a single line even the weakest magnetic 
Jiidd numb bo regarded as ** strong.” In the case of the Ddines of 
Km (initial Hopavation (1 A) it is only Avhen we have a field of 180,000 
ttauHH that the full l^aschon-Back eftect would show itself. The first 
Htamm of tho change and the efioct exerted by on Dg and vice versa 
iTiiinifoHfc themselves oven at 30,000 puss,* In the magneto-optical 
iavoHtigution of the corresponding lithium line A = 6708, hoAvever, 
XV heme components are separated only by O-IS A., we arrive veiy 
uioklv at the conditions for the Pasehen -Back ofieot ; the transforma- 
lion limy 1)0 followed right up to the final result of the normal triplet-! 
t Joinoarlul with the other alkalies lithium formerly aiipearedto 
♦>x<?o|)tion to Preston’s rule. The discovery of the Paschen-Baok eftect 
<AX)>laiue<i this oxcoption as Avell as many others. 

We li!i\0) alroudv dealt with the Paschen-Baok eftect of hydi opn 
in CiUaotov V I, 5 6. Tlio most careful measurements have been carried 
out by k! Fm'Htorling and G. Hanson J by means of a Lnmmer plate 
Bmidm the ” totol ” Paschen-Baok effect we must also consider 
partial ” Pasohon-Baclc ofteet. By this Ave mean, for example, 
tlin onao -whero in the combination (PB) the raagnotio field 
twHUVUw'cd with the small D-dilToronco but weak ^ 

liirgeV Am of the P-diftoronco. Further details are given at the end 

''‘“'TllrSohon.ltaok offo«t, of oour«o. only couples together lines 

-H CJf. J';. Hudk in hifl cliSBorUvtion quoted on p. '177. 

t CJf. Kimt, AHU’opbys. Jounm W, j theorobicnl intoi-pteba- 
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that belong to the sfinie miiltix)let. Two lines that do not belong 
together do not disturb one another magneto -optically, no matter 
how close they arc. 

We now consider an instruotivo photograph * of the narrow cliro- 
)nmm triplet (SP), A = (3204, 5200, 5208 in the cpiintet system, for 
H = 88,000 gauss. The Tr-components of A = 6208 (on tko right- 
hand side below) ai)pear undistrubed : five components arc at of 
the normal distance from eaoh other ; of tlio a-components those of 
short wavo-lei)gtlr (which follow above on the left) are mnoh Htrongor 
than those of longer wave-length. The central line A — 6206 is dis- 


turbed quite un symmetrically ; 



Fio. 131.— pQSohon-Baokofleot of 
tho chromium trlplofc ®S*P, 
A «= B20i. B200, fi208. Tho 
0-componGnts arc shown 
abovo, tho n-compononts 
below. A inoroasos from left 
to right, H — 38,000 ganas. 


Like Loi'cnta in his theory 


its short wave-length CT-oomponents 
are fused with the long -wave ooin- 
ponents of A = 5204. The triplet is 
still far from having reached the final 
magnetio state. This would consist 
(excGjrb for finer details, see below) 
of onti TT- component at tho oentro of 
gravity of the triplet linos and of 
one C7- component on eaoli side at a 
distance Tho final state is 

to bo oxpeoted only in a field of 
H > 160,000 gauss. 

It is only in tho case of doublob- 
lines that we are able, without tho 
services of wave -mechanics, to trace 
the transition from weak to strong 
fields, tliat is, from the anomalous 
SHeeman effeot of the D-lino typo to 
tho normal triplet of the Pasohen- 
Back effeot quantitatively. We base 
our romarlcs on Voigt’s theory .f 
of the normal Zeoman effeot Voigt 


assumes quasi-elastic electrons, whicli are capable of vibrating, and, 


in agreement with the intensity ratio IDj : ho assumes one electron 


having tho original frequcjicy of ;D;i and two electrons with, that of 


Bg* The ^notions of all tlireo olootrons are imagined coupled together 
in 80 ]ne peculiar way in virtue of the magnetio field. 


Just as Lorentz’s theory in Chapter VI, § 4, was ro-interprofcod 
in terms of the quantrim theory, so also the results of Voigt’s theory 
may be translated into the language of tho quantum theory We 
shall present it hero at once in tho latter form, that is, wo give tho 


* H, Qiosolor, J'loits, f. Vliysik, 228 (102*1) ; tho inagiiiflotl copy of tho' 
originnl lioro Hbown whh kindly prosoiUod to tho tuithor by Mr. Back, 

t W. Voigt, Anii.tl. PhyH,, 41,tl03 (1013) ; 42; 210 (1013). Cf. also tho anther’s 
shnpliflcntiou of Voigt’s thooiy given in Gettingoi* Naolu',, March, lOl'l. Voigt 
deals with the absorption process, tho author with the emisBion process. 

$ A. Sommoi'fold, Zeits. f, Physik, 8, 2B7 (1022), 
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iiiamuff-us roKolutioiiH Av not for tlic term -combi nations Init for the 
l.oi'inH tlioinHelvoH and ahall generalise then for arbitrary terms having 
tdit! a’/dniiiithal quantum L, 

In th(*- do\iblot system. t’U'o terms belong to tlie azimuthal quantum 
v'hioli aro distinguished by the two values .T ~ L i ^ ; each of these 
teu'iUH up in the magnetic field, as wo know, into 2J + 1 magnetic 

Invola, whudi for their part arc again distinguished by the magnetic 
<|uuntnin number M. Wo express the magnetic resolution Av of the 
I inlivid ual hwel in fractions of the normal resolution and measure 

it from tbo michlle {nob from the centre of gravity) of tlie original 
tlouhUit distance Av^ wliieh obtains when no field is acting. Av then 
not only on the magnetic field H but also on the three 
(luantuin rnnnber.s L, J and M. In contrast to L and M, however, 
• I w ill nob oeenr explicitly in onr formula but will be described by the 
(HMuirrinuui of the double sign in, tlie square root of the following 
(•qvuition (2), the upper sign corrosponding to the value J ~ L + ^, 
blu^ low«n’ to tt\e value J L — ' Nor will the field- strength H 

onlt'i' oxjiUoitly into onr formula, hut will be expressed by the ratio 

Avn 


Ar. 


( 1 ) 


Siiuto is pniportional to H, v gives an inverse measure of the 

iniignoiiu Jie Id- strength. Great values of v tlion denote weak 

ludds, Hiiuvll values “strong’’ fields. 

Dm* formula, which comin’ohends Voigt’s theory in an 
form, then runs 


extended 


Av 




I + 


2M.V 

L -h -I- 


+ v®|Av, 


( 2 ) 


If 


wt) do not wish to use wavo-mcohanical arguments we must use 

of., for example, Kent, 


expei'iinental tlaia as a basis for this formula ; of., for example Kent, 
for. ril. |). bliO. Wo verify it boro by showing that for wea/c fields 

\w again iutIvo at the results of § 6., ^ . 

So we assume u ^ .1 and, expand the sqiiaie root m. ( ) . 

/; I 1+ " ■ “ 


...)=» 


+ 


L + ^ 


(3) 

If as the field incroases 


luHtmitl lit (2) wo miiy write, in view of (1), 

Av T i Avj - m{i ;h 2L 

. •I'll.. hlsiiH .r rotw to tt'» ''"“I tile sise nawvally veversos. 

"ilSi S ' “■ '• I- i ■ “““ 

lh“ l..l■.l. .1 ' 1. i)' W" I'l"" I"™’ 

,i. viJ^TF"- » - 1. 

wliiol. ill liositivo lor V > 1 mul nogfttivo tor v < 1. 
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SJ-'/i 



ITig. 132. — IlGlfition botwpoii tlus Giiovgy* 
lovols of doublot tei'iiia in wonk tturt 
strong flolfis. 'I’Uo soparations nro 
flxpressofl in torans of as unity, 


Since Ai' was to bo counted from 
the middle of tlie doublet dis- 
tance Aro the left-hand side 
denotes, according to its sign, 
the magnetic resolution of tho 
upx^er or the lower doublet term 
J — L d: I'. I'hvia the braokotH 
on the right-hand side (jf (11) are 
tf) represent the splitting factor 
g for our two doublet torjus. 
It agrees, in fact, with our '^I'ahlo 
45 on j). 478 or with our H])(!cial 
calculation in the equations of 
p. 1134 (small letters instead of 
capitals). 

If wo now consider the eon- 
vorso case of passing to tlui 
limit of strong fidds, w -2 (), then 
equation (2) gives 

Ar = (M ± (‘I) 

(Ifor a more acourato approxi- 
mation, of. equation (3) below.) 

Since M is a linlf -integral 
number M d: i is an. inkgar, 
Hence in the case of strong fkl(U 
the magnetic rasoUdion pallern 
becorncs 7io)7nal. The inagnotio 
levels follow each otlior accord- 
ing to (4) at intervals of Av,,;,,.,,^ 

ITig. 132 illustrates how the 
anomalous energy-lovols of tlio 
woalc fields are assigned to tlio 
normal levels of tho strong 
fields. Tlio two outer coluiniiH 
correspond to weak iiolds, tho 
middle column to strong fiokls. 
It must be noted that in weak 
fields the resolutions Av whioli 
aro ivritton down in the iigiin^ 
are counted in each case from 
the original ]iosition of tho 
energy -levels, wlien no field is 
present, 1)11 tin strong fields from 
the middle (sec below) or from 
tlieii; centre of gi’avity, Tho 
arrows in the figure indicate in 
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wliali climslM)!) (hd tviiomaloiiH levol.s niusl; bo (lwj^)Uu:o(l hi ordor to bo 
in ii’itiivl ov(Milj\ia!ly. A glanoe at tlio iigiire shows that the Pascheu* 
-Huoit oIVo<5t )K nothing else than a roavrangeinent, mostly very trivial, 
of fcbo onovgydovels. '.rUoso levels which were originally normal 
i-tiinnin normal ; tlioso are the two levels of the S-term and the 
oiiUn'iimst h)V(tls of the terms Pji and D|. Both terms contribute to 
ill dividual inombers of the normalised levels. 

Having; now studied the final magnetic position of the term -levels 
\v<i nuiy now syieeify how the individual line-components of the Zeeman 
imttivni liUMunnes displaced as the field increases. We dexfict this 
Coi' tilt' combination (SP), the H-line typo, in Big. 13B, The original 
( Icmblct; Iuih lieen strongly marked on the upper edge of the figure. 
Hobnv tluK the anomalous tyxie of Zeeman resolutions is indicated, 
i.lici i|UuidiCt and sextet from Bigs. 87 and 88 ; the type of polarisation 



wilh incn'iiusiiiK Jlehl. 


iH illKd imliwvtcd l)y tt <r. in the lower edge of the figure we see 
tin, Koluuno ot the normal triplet Av„„,, cliwvn on en arbitraiily 
iinignifieil Henle. The figure allows tlio strange and imsyinmetnca 
wiiv 111 whuih the original Zoo, nan oompononts (ten in numh® m a ) 
wldok nw present in weak fields molt together into the 
liiuik .•1,111 lonents in strong fields. The figure also shows that on 
In, Ml sidoH .me ot the origimd components strives towards the position 
uvtrtl,r.™™ resolution, its intensity, however, d— g 

wSl’nr W 1 in »amo way (.) denotes that certain lines also 
.,u,tr ml^^t., the o-eompononts in question, which are polarised n 

a paralloi dheetion, bid 

ts. -/..iro in propmtji ns to caleiilate • here 

S lirgonll for dm.bloAyaton,s the intensities of the oompcients 


C1u»|iU‘r VUI. 'Tin? ( 'iirnpli'x Sliniiun* nf llu* Sriiv's 'rcrius 

ill I'oniplrlc Hjui'iTnifiil. uilli (hr rurinnln' wliii'li llu' wavt- iim rliunirnl 

I’lili'ulitl ioti Inj" Mim I'jim* (rl. Ilir mi |>. IHW), |iiit 

ivf iiiiiy hIhii linil a ri’iisnii I’m' t in' viunsliinj' nl' I In* liiiu’Ki h il •'mmimiiMils 
ill llu* liiiiiting ntm* of ii vary ntroiin Ih'ltl l*y iiHiii^r, lln* t'mn'rtjimuti'm i* 
iir^iinu'iit giVMii ill (1ia|ili'i' VI, tj a. |i|i. ,‘His anil Ultll. 'riii'ii' wa ili*' 
iliiri'd ;j;aiH'rally tlm rt*Mnlnlimi"|»al.lt’iii nl' Ilia iimnial Lmriilr/. tiiplat 
fni' (ioiililat aiiniliinatimiH in Nlrmig IIi'IiIh frmii lln* aali-rlimi ami lailai- 
iHulimi luli'K : ii w-antu|imu'n( anil t w«> |mih' ir iMHiniimi’iilM at lla> 
iioi'innl iliHlnnca fiani il', tlial in, im ailmivliira nf .7 |tit|aiiHalimi. 

'riia ai^iuiK'nlH lliait' drvi’lii|H'il may firmly l»f a|i|iljfil ^«>nfially 
IjO arbilrary niu!ti|i]i<ulirM. If wa rfpliu'a Ilia / by Ibaia ami Iba 
a by S \va muy binmilata Un- {ivln'iitm tntd imhirisnlivu mlrs nf lUt 
I'uwtu'n-lUu'k (ff. Nnta 7 {/)) as fnllitwH : mil.V tlnina n*iit|iiMiaiil7i 
oaaiir fni' wbiali AMs' II anil AMi, H, ) I ; AMi. «l j^ivas ,7111111 
pmiaiilH, AM|, 1 1 iraniinpmianls. 'I'lia i‘amt|iilimi‘pal(aiii of any 

itrliitnvry anmbiiialimi lliararui'a imHUiuaH ns bafma (ai|iialiiMi (I i) ami 
(la), Mia Um\i 

Aa, Ai'a 'Mh, ‘Ms, [ Mi, ’M,.. t». j I 

(wliai'it Uia laniM'asoliilJan Ai* in oxprassail in imila nf Aa, In 
nlliar wnrila : na// itrinfrttrtf rtnithliuttltni iff niiif iniiHijdiftfit ii7a i//«i in 'a r 
Ifirfft ft vortml itim ulz irli>Ui in n filrifiiff Jh'liL \Va rapaal miaa again 
lliat III gmuiral 

A>' 'M|, t mAIh .... la) 

IioIiIh foi' Mil' raanbiliaii af Mia (aniiH in l ln* at l ong llabi, 

VVa lavai'L In Mia iloiiblal Hyalain anil to Kig. llllb \Va Imvi* yal. 
(11 ax]>laiii M'by, in Kig. IHH, wa Imva allnwail tba rr amiipnnanl nf Ibi' 
Pnsaliaii'Hnalc alfaal- In aninaida wlMi Iba aanira nf gravlly H lunl iinl 
wiMi Uia niblilla M nf Hia Iwn DMiiiaH. Tba latfar wmiM ba imliaatail 
by iMpintioii (4) Hinaa bara A»' Ih anmilail frnm Iba nibldla. \VV aawily 
naa, hnwavai', Mini Mila (Hpiiiiion iiiiiai ba raplnaail by 

{m •!; U'l I |,‘'l’’ j)!Aw« . . ('ll 

if wn lunka tbo prnpai* a.|t]]rnxiiniiUnn for ilia Hipnira rnnl in (2) for 
Mia liiiiii v 0. h'rntri Mia Migiiillaanaa nf a in (1) wa nlitain for Mtia 

M 

An I 2(7:j:: 'I Ano (M l |)Ai'„,„„,. . . (7) 

Wa iipply iliiH ftmiuiUi in ibo J)>)iiii*M, blini Ih, Ui ilia aninbiniitUiii 
HP. H wo Imiigino o(piaiioii (7) wrltUni linwn fur tba limn Mm 

uppur wigii lioklw for Ilia tpituiium mini bom M « ! | , = |[ of ilm 

’•P|-tarm, tioaorfliiig in Mia roiiiiirkH on p. "I 111 ami tlm footnoUf on tim 
Hiimu i »ago ; iliti Inwor Hign IuiIiIh for M ' | of a ml for 



§ 7. Paschcn-Back BfFect 


495 


•“ *'<' 0 IVW (1 of Ulo S-terin Ai'(, = 0, and the upper 

ill, (7) iipplirH fnr M the loM'or for M 
We- mIuiU di>tertnine the- pOHitioii of the niitlclle -/r- component of 
fhh (below) ; to ilo tins we must form the difference of equation 
(7) fur tlu^ ,t*' and tlvo )S-term ; M must have tlie same value in hotli 
t'UHOM and imist he so oliosen that tlic difference of the factors of Ar„on„ 
itocuo Ill’s equal to /.(iro. We tlien deduce from the allocation of tlie 
pi\ani ahove or, more simply, from Mg, lff2, that then we must 
huvu M \ for the upper sign andH — — ^ for the lower sign. The 
tUil'oroneo of the equations for the P- and. tlxo S-term then gives 


Arp ~~ Avg 


^ 6 ’ 


. (8n) 


win? re A«',i denotes tlie natural interval of resolution of the P-terin. 
Si mm we eouut Ar from the middle of the term the above equation 
Hliitos tlint tlie TT-eoinponent is displaced by tlie amount Av^jQ from the 
of tin' original doviblet-line as compared with the Da-line, that 
i«, tliiit it aefcually eoinoidus with the centre of gravity S of the natural 
i'«‘Hohilimi, as iiulieated in Pig. 133. Both possible modes (namely, 

M • ' \ h and M — |e) give exactly the same, line in this case. 

lOqvintion (7) also leads to an interesting reffnement in the case 
< if Um aaiuiuponunts. Wo are concerned only with those n- components 
wliiuh ]io ah the normal distance (as far as quantities of the order 
Aj\d TT-component just considered, because the other tr-conn 

innnmls vanisli in a strong hold according to the discussion on the 
iirmmdiiig page. In forming the difforonco of two equations of the 
rorni (7) fnr a ih and an S-terni only ± 1 may therefore remain as a 
fntitur (if Au„„nu i combine together the highest levels 

in Llm iiiiddle and highest drawings of Pig. 132. Hence we have 
TH J. and the upper sign of (7) holds in both cases. This 

K>Vtm 

Ai'ii — Ai's ^ d ' d" Ar^jo,,,,,. • • • ( ' 

Ov wiv may combine the level 0 of the P-term with the level - 1 of 
^.lu^ SdiH’iu , this cori'csponds with the transition IVI = 2 * 

in Imtli tln^Hu caHCs the lower sign of (7) then applies. In this way 

wu nhtuin . 

Avi> — Aim — S' * 'jAi'o / 

'LTiuh wo It ml not one hut kvo (T-oomponont,s, whioh are separated by 

it {liHtanoe ... 

AM-i + i) • • ' V 

fiml luivo ah thoh* centve him point of exact normal resolution, i^^asmed 
from hho oenlrai Tr-oomponwh. These two components aie close 
iiuiiflibtnirH only in that wo assumed that for strong fields Av„orm 
MO Dnit in l^'ig. 133 they may bo replaced hy a single line. Tie 
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f/-coiii|>oiU)]!il) (HI tlio otluH’ 8i(lo (flUitor ol Ar„o,.,„ •— - - 1) Ho symmolirl- 
oally to tho a-(5(>iui)one3'it8 just considered with respect to the central 
7 r-cojnponent. In this way we have completely justified Fig. 89 on 
p. 340. 

Analogous considerations also apply to otlior nuiltij)licities. 
Wliorea.s we have hitherto described the final result for infinitely 
strong fields as a normal triplet with sim^ile lines, we must bo prepared 
to find the Pasohen-Back components double or oveji inuUi'ph at 
distances of the same order of magnitude as the original resolutions 
when no field is present (of. also Note 12, 2). Observations in tho case 
of lithium has completely confirmed this consequence of the theory 
which seems so strange at first sight. 

We now know the resolution of the terms in a weak (§ 6) and 
in a strong field for arbitrai’y multiplicities. But we can make i)ro* 
dictions about the transition from weak to strong fields only in the 
case o£ doublet terms. Wave-mechanics also gives the solution for 
the general problem (of. the referenoes onp. 499) ; wo restrict onrselvea 
here to stating a rule which was first enunciated by W. Pauli * before 
the advent of wave-mechanics and which was confirmed by himt 
(see p. 602) ; according to tliis rule the magnetic levels are to be al- 
located in the case of weak fields to the normalised levels in tho oaso 
of strong fields. t If the former are characterised by the quantum 
numbers M and J, then according to Paiili the latter are given 

Ai^ _ { M T J -- L . . . . M ^ S — Ll 

" UM T J - S . . . . M ^ S - l/’ ' ^ ^ 

Coiicerning (10) wo add the following remarks : — 

1. For M == S — L tho right-hand sides of tho two forimilce (10) 
become identical, namely, equal to J -j- S — 2L. 

2. Both formiiljB give integral values, that is, normal term-resolu- 
tions not only for odd but also for even multiplots (M, J and S half- 
integral), as should bo. 

3. For doublet systems J — L=iti according as we are 

dealing with a greater or a smaller J. Thus the first row of (10) 
gives Av — (M i Av„or„„ in agreement witli (4) ; the second row 
comes into force owing to the condition M ^ S — L only for tho lowest 
level M — — J of tho term J = L -j- | and hero gives Ai/ == — (L -j- 1) 
Aj'normn in agreement with Fig. 132. We may therefore regard (10) 
as a generalisation of what we ascertained for doublet systems. 

4. For ** inverted terms ” the signs of Av and M must be reversed 
in the equations and inequalities (10). 

We write down the content of formula (10), for example, for tho 
triplet terms (S = 1) in the following scheme : 

* Zeits. f. Physik, 18, 166 (1028). 

t We ehall ogain disregard in the sequel tho fine resolution of tho normalised 
levels, which wo hove disousaod just above. 
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Tablk {52 



I'lio synimolry of tho sohoino strikes us inunediately : iu every 
term -group (for example, DiDaDg) tho individual normalised level 
ooours equally often with a positive and a negative sign but in general 
arises from different terms (for example, 2 from Dg, Dg, and •— 2 
from Dg, Di). For tho individual term, that is, in one and the same 
horizontal row, tho numbers of tho sohomo first dcoroase by ono unit 
each as wo oomo from tho right-hand side until wo roaoli tho jilaoo 
whore M — tS — L, after which they decrease by two units. Thus 
whereas tho individual term resolves iinsymmotrically iu this way, 
tlio terms of a groux) that belong together suxuilomont each other 
so as to form a oomx)lotely symmetrical resolution-pattern. 'I'ho 
sohomos of tho highor multi})lot systems have tho same oharaoter. 

A remarkable foaturo is that tho normalised levels do not in 
general boar tho jnagnotio quantum number that corrosxjonds to their 
I'osolution. For example, the normal level 4- 2 of the D-torm arises 
not only from tho level M = 2 but also from M ™ I and hence boars 
bolh those quantum numbers. Actually wo may sux)pose the transition 
from weak to strong fields to bo made adial)atically, so that in x)rinoii}lo 
tho cxuantum numbers remain conserved. Tdie same may bo read 
off from tho doublet Figure 132, for examxde, tho tlu*eo middle levels 
of the rcsolutioti of tho D-torm. The levels of the multiple lenns nor- 
malised by the Paschen-Baoh effect are thus m general muUi-vahieil 
as regards their multiple tams and are displaced as compared ivilh migin- 
ally ^normal levels such as would be associated mlh simple terms. 

We recognise a confirmation of this x)eculiar disxdacomont in tho 
“ partial Pasohon-Baok effect ” (cf. p. 489), which has been observod 
by Back,* for example, in tho I N.S, of Mg, Tho D-differoncos 
are so small in tho oaso of Mg that every ax>preoiablo magnotio field 
measured in comparison with them must bo regarded os “ strong." 
Accordingly we write the formula of the Mg-linos in question, A = 3838, 
3832, 3830, in tho form v ™ 2Pj — 3D. In the following table we see 

* Nttliui’wifls., 12, 200 (1021), and Hoifca. f. Fhysik, 38, 670 (1026), 
von. I. — 32 













4<)H C’luiptcr VIII. 'I'Ik' (‘nmph^x Shiiftiin* nC ihr S«*rh'« 'rt'ims 

iinilrr llu' M-vuIih'n til' I In* iippt'J" niw I In* n' titliil ol tlic |i riiin 
P,[ ill II wiuik lit'lil. ill I Ih' Uin'i’ fnllnwilin iom m llitihr i>l I In* Uiin' l». 

li'i'iiiM in Ih^IiIh, IIk' liiUrr Ih'Iiim; laUrii frtim llir tliii|^ Hrltniu' 

mill till' kii'iiiin' hum 'I’lilili! *15 im p. '17^, Tin* In-arkrtH nvrr llir 
Inlilo lliul. Um Pa-livrin laumirtls uf Mvi*. tlm 1*, tiTiii of linn* 

Ii'Vi'Im, tlm tnrm l’„ of only I ho mii' /mii'lov»’|. Tin* h<v»*lM 

of ilio D'tonim mo all ittlrKi'al (normal), huL in {j;om'ral I hoy an* iIim. 
plimntl tiH uiimpmoil with Iho hoiiIo of (ho M'a (tho lovoln of an ordinal 
rtimph' loi’in), VVo oxhihit Iho I'lfoot. of Ihia in llio roHolnl ion'|>ii(t4<i-|iH 
of tho iniliviilunl oninliinatioiiH (Pjl)). 

Lot IIH Ilmt ooaHliior (I’ul)). 'I'ho 

tratoiiiponoiilH : 0. |, 1 

uriNo fioin tho /.oro-lovol of !*„ luhon logolhiM' with Iho Ii IovoIh, 
.1, (I, I wlii^ili Mliiml vortioally umlor thorn. H, howovoi'. wo ^o 
from tho HHino y.orn-lovol to tho |).lovi*l whioh lion lo tho riwhl or lo 
tho loft nf tho iniihllo, |i(o(i tlio 

</•oo^t|llmolltH : (), | 2, { i!. 

Thw iw prooiKoly tho lOHoliition-piiUoiii that wuh ohMorvoil liy Haok. 
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AmiimUngly in tho oombhmtinn (p,l)) wo nhtniu h'lmi tlio thiw 
mhUllo rinvM nf tho Holiomo 


Ti^diimpoiiuntH ! (0), :;1: I 1, (T |), 

ami by oimnooting Ingothor tho tmighiHutiing roWH on tlio loft iiml on 
tlio I'iglit \vn ubtiiln tho 


ir-iminpimonui : I), 4 j, (.| |), 4 .^ 4 . 2 , ( 4 

This typo, ton, ngrooH aa roganlM tho drawing ohiHor tngothor nf tin? 
w. iind tr.i)(inv|j(montM with tho ohMorvaiinim nf Baok ; nnly tho 
hrackntod (toinpom,nfcM aro aliHont in tlm nliHorviitioim. 
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LuMtly, llio (loinbination (P.J)) gives ti»o 


Tr-eompouontH : 0, ± l ^ 1, 
und fclin > 

rx-enmimiumts: 0, ±l d: E ±4, ±2, (i «), (i- 3). 

1. h IH also jvgioos witli obsorvatiou except for the })raekete(l coni- 

.1,1 10 combination (PoD) is particularly instructive, Althongli we 
lioi’o oonnoet tlie normal Koro-lovol of P^ with the normalised levels 
iff tiho .l.)*tei’m, it is not the normal triplet 0{7r), di l(t^) that arises, 
hut till! ^(juintet 0{Tr, a), d: 1{^) o') 2(a). Tins is merely a result 

of tho iliHphu!(!meut of the normalised levels as compared with their 
iiiiiii nil position, (loncorning the omitted components (bracketed here) 
in thci combinations (l.\.l)) and (PgB) Eiicy Mensing* prove.s by 
uitii turn- in eeh allies tliat they should actually have zero intensity. 
Phis was eon firmed hy van Geel'l' by quantitative measurements of 
tho infcoiisity. 

(lirisiunstanoes ai’o quite similar in the partial PaschemBaok 
ivlToot of doublet systems, for example, | Na : v = 2Pj — 41), A = 5688 
Hiwl CflRJl. 

Wo may also draw another conclusion of a very general character 
finnu Table 52. 

Wo first note tliat in those vertical columns of the table, which 
iiro lilled up (Cor example, the sequence M == 0 for the P-terms, the 
Hoqiioiioo M ;'-5 1, 0, 1 for the B-terms, and so forth), the sum of the 

I'lmolutions shown in. the table becomes exactly equal to AM, where 
A (horoi 3) tlenotos tlie number of levels in question, On the other 
luiml, tlie same sum for Avoak holds is AM^, where ive take y, as on 
p. d-7f), to stand for the mean value of all ly- values for a given L and 
viH’inTilo il. But wo shmved tliero that y = 1 in the case of a per- 
inniuuit t(!i’m-nuinbor. Thus the iwo aimis for strong and weak fields 
Wo may easily convince ourselves that the same holds for not 
lumiplotoly (illed eolumus. 

M.'liiH loads us to a general laAV whicli is valid not only for strong 
luid wo ale Helds but also for medium holds, not only for triplet systems 
hub alno for any arbitrary imiltiplet system ; this is the “ Permanence 
[ a\.w of jy-Sums ’’ formulated by Pauli {loc. cit. p. 4D6). It states that i 
CUe> Himis of the resohUiom measured in Imns of Av„ori» taken over 
ftll d '.‘I while M and L are held constant ^ is constant, that is, indepcTuleni 
of tka field, 


* f. Physilc, 89, 24 (1920). Ct. also the gonoml invostigation by 0. G. 

I liii'win, Pi’oo. Rov. Hoo,, TjOiuIou (A) 116, 1 (1927) j K. Pavwin, ^bid,, 118, 284 
(lUaK), 

t 55iUtH. f. PliymU, 39, 877 (1928). . , c, r, - , r 

t :t!b JltKjk. Aim. d. Rhys., 70, 370 (1023). Of. also S. Fnsoli, Journ. d. ms. 
rhivH. olioiu, Clos,, 60, 62C (1024), as well ns kho thoorotioal paper by L. Monsmg, 
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To produce the proof (which is not contained in Pauli ’a paper) 
for tho two limiting oases of weak and strong fields (the proof is only 
possible) with the help of wave-ineehaiiios in the case of medium fields) 
we form for the -weak field : 


MSf/ («T) . . . summation over J 


and for the strong field : 
2(2Ms -1- Ml) . 


/aumination over Ml or Ms while 
I M = Mi, 4- Ms is kept fixed . 


( 11 ) 

( 12 ) 


To explain this process we make the following preliminary reniarks : 
in weak fields L and S are coupled to J, and M is tlie projection of 
the J- vector in the direction of the magnetic field. As the magnetic 
field inoroases J loses its physical meaning, the coupling between 
Jj and S becomes released, and Ij and S adjust themselves individually 
in the magnetic field, and have the j)rojections Ml and Ms in the di- 
rectioii of the field, Expressed in terms of meohanios this moans : 
the law of sectorial areas on •whicli the existonoo of tlie quantum 
number J depends when the field is vanishingly small loses its general 
validity as tho field increases. It tlion liolds only for the direction of 
the magnetic field and establishes the permanent physical meaning of 
the quantum number M, that is, of tho moment of momentum in the 
direction of the field ; this is invariant if the field is imposed adia- 
batioally. Hence wo have 

M (weak field) = Ml -\- Ms (strong field) 


for the whole stage of the transition. Our present procedure therefore 
corresponds entirely witli that described in tho previous sootion on 
p. 4-80, where we summed over those quantities that lose their physical 
meaning in the transition, while we keep those quantities fixed whioh 
retain their moaning (J previously, now M). Wo must yet remark 
that wo must not inorooso the field so far that L and S lose their 
significance, as this would correspond with a blurring of the multipleta 
among themselves ; this would, however, ocour only with fields that 
are generally beyond tlio realm of praotical realisation. 

Wo begin by evaluating (12), and, in agreement with tho inoqualitios 

L^Mi, ^-L, S^Ms^-S, 

wo build up tho numbers Ml and Ms in Figs. 134a and 1346 as a roc* 
tangular lattice. (It is immaterial whether S is integral or half* 
integral ; in the latter case the axis Ms = 0 would not bo occupied 
by lattice -points as in tlie figure but would run mid- way between 
two straight lines occupied by lattioo-xioints.) The straight lino 
M “ Ml -j- Ms is inclined at an angle of 46° to the axis of the lattioo. 
We distinguish two sots of three oases, oorresponding to the two 
figures 134a. and 1346, 
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(f/.) M L - 8, M ^ 8 - L, 

(ft) r. -- 8 M ^ 8 - L, S - L ^ M ^ L - S, 

(r) H L M, li - S ^ M. 


'rii(? for I'lu* onso (ft) is shaded in both figures. 

hiKteiui of (12) wo write, on account of M = Ms + Ml, 

M21 -f SMs. . . . (13) 

2)1 the number of lattice-points that arc cut out of our rectangle 

J>y fcho straight lino M. In our three cases it is (of. the summation- 
liinitH of Ms written down in Figs 134 a and ft) : 


(rt ) iS “1- 1 j — M -1- 1 , 

(ft) 2iS “I" 1 and 2L + 1, respectively, 

(e) S -h L -!•■ M -h 1. 



Pm. lIMrt. "b > H. 


. ,, Fig. I34ft. — S > L. 

|.;vuUmlum ol the Mh valum which can belong to a given M = Mr + for 
llxoil vahiOH <»f b and S. For oach of tho casoa a, b, c (see text) a ohain 
liiie for M oonstanb 1ms boon drawn. Tho region b is shaded. 


Similarly, wo obtain by forming 2Hs by summing up an arithmetic 
anrion botwooii the same limits as for 5^1 . 

. , , S -f" M — Ij 

(rt) (8-1-B-M + l) 2 ’ 

(ft) 0 and 0, 

I, .pM-S 

(c) (8 -h -Ij d' 2 


By ( 13 ) thn "III" >>t is thevefoiB 


, .s -f 3M 

(rt) (8|-L~-M-1-1)— ^ 

(ft) 28 I- 1 and 2L d- 1 

.Ju + SM 

(c) (8 d- L d-: M d- i) ^ 



. (H) 
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We noAV proceed to weak fields, that is, to equation (11). Ooii- 
cerning the limits of J we now distinguish two oases : 

(a), (c) IMl ^ 1L--S1, 

(6) 1M|^|L-S|, 

The values of and here given follow from the two in- 
equalities : 

I L - S 1 ^ J ^ L + S, I M 1 ^ J, 

and hound the J-region common to the two inequalities, IIciici) the 
number of J-vahies is 

Case (a), (o) : I. + S - 1 M ] -h 1. 

„ (6) : L -I- S - I L - S I -1- 1. 


l^or '^g we use in equation (11) an expression analogous to (8) in p. 470, 
namely : 

I. -I S 

(a), (c) : ij(L +.S - I M I + 1) + i(S - L)(S + L + 1) ^ TfirVu* 

|M| 


1 , » 


{!>) : t(L s - I L - S 1 + 1) q. ^(S ™ L)(S -1- L d- 1) ^ 


IT.-SI 


1 

WTi)' 


Tho summation over J is performed as in equation (9) on p. 479, 
and, after simple reductions and tlio addition of tho factor M from 
(11), gives 


(«), (c ) : (L + S - I M I + ] 

(*) : (L + S - I L - S J + ai's'-Lf "’' 


• ( 10 ) 


The first expression resolves, according as M > 0 or M < 0, ijito tho 
two values (a) and (c) of equation (14) ; in the same way tlio second 
expression resolves, according as L > S or L < S, into the two values 
{b) of equation (14). This proves the permanence of tho inagnotio 
resolutions for Aveak and strong fields. 

With the help of JTigs. 134 a and 7> the allocation of terms in strong 
and Aveak fields given by Panli in p. 496 may bo reduced to tho Avavc- 
meehanioal formulation of this allocation. Wavo-mechanios asserts 
that terms Avhioh belong to tho same MV value do not intersect when 
Ave pass from Aveak to strong fields. We can noAv shoAV tliat wo may 
derive Pauli’s allocation from tho postulate of non -intersection. .Lot 
us consider the ease of a regular term. In the fiold-froo term tho 
levels then lie above each other in tho order of increasing J’s, so that 
the smallest J-valuc lies lowest. Con sequciitly, in tomh fields tho levols 
having a fixed M are similarly arranged : tho level that belongs to 
the smallest J-value that is possible for a given M, lies lowest. Li 
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a strong field tlic resjolutiona are given by Ar/Av„o,.„t — 2]VEs + Mi, for 
a fixed M. Now, 2 M 3 -|- Ml = M + Ms, hence tiio terms here lie 
above eaoh other in the order of inoroasing Ms. If no intorsootions 
are to occur we must assign the lowest level in the weak field to the 
lowest in the strong field and so on in t!io sequence of levels. Wo 
assume the allocation to bo linear and theroforo write 

M -1- Ms = aM + H- yS d- SJ, . . (1,6) 

where the resolution in tlvo strong field stands on the left-hand side 
and all those quantum mnnljcrs are introduced on the right-hand 
side, on which the resolution in a v'oak field depends. We now con- 
sider the different cases that wo already know from Pigs. 134 a, b \ 

1. L > S. (fl.) M ^ L — S ; (by Fig. 134a) M -|- Ms here goes from 

. 2M — L to M -h S and J from M to = L -|- S, M 
remaining fixed, 

If wo substitute these associated limiting values of Ms and J in 
(16) we obtain a==8 = l,i3= — l,y — 0. Equation (16) then runs 
like Pauli’s equation (10) : 

== M J ~ L, 

{!>) L — S ^ M ^ S — L ; M -\- Ms goes from M! — 8 to M -h 8, 

J from L — 8 to L -1- S. Tlio determination of a, y, S 

gives the same os under (a). 

(c) S ™ L ^ M ; M d- Mb goes from M — S to 2M -1- L, J from 
I M. I ~ — M to L -|- 8. The corresponding calculation of 
the factors a, |8, y, 8 now gives : AiVAr„or,rt = 2M d- d — S. 

2, L <8. (rt) M. ^ 8 — L gives tho same as la, 

(b) 8 ~ L ^ M ^ L - 8, and 

(c) L — • 8 ^ M give tlio same as Ic. 

Hence, recapitulating wo have 

if M ^ 8 — I.(, wo obtaitr Ar/Av„„„„ ™ M d - 4 — Et 

and if M ^ 8 — Ij, we obtain Av/Ai-'^Qnii ~ 2M! d- J — 8, 

that is precisely Pauli’s allocation. 

Wo may apply an analogous argument to inverted terras and likewise 
obtain the allocation already given on p. 496. 

Wo m\»sb next mention an attractive application of tho Permanence 
Law made by Pa\ili, namely ; to calculate the g -values in weah fields 
from the resolution-svMS in strong fields, '.I’his will bo illustrated for 
Hie case of the trijfiet D-terms, in wbich case we may dorivo tho resolu- 
tion-sums directly iiiul sim))ly from 'I’lvble 62 instead of from oqus. 
(.14) and (15). 

Denoting the (/’s that belong to the terms J)j by gj and hence tho 
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resolutions hy Mgfj, wo deduce successively from the vertical columns 
of the Table 52 , proceeding from right to loft ; 


M = 3 

3(73 = 


= r : 2 

2((/3 1 - 02) = 6 

(72=== 

1 

l ((/3 1 - 92 - 1 - (7i) = 3 i 

{7i = 

0 

0((/3 T (72 T (7i) = 0 i 

. . . 


These are the same </j’s as were given in Table 45 on p. 47 S for the 
triplet D-torms. We may verify the other data in this table in the 
same ■\^’'ny. 

Lastly, wo must discuss the beautiful observations, already made 
use of in j). which Paschen and Back made in the case of medium 
fields. 1 ’hoy arose in the effort to discover the selection prinoiplo of 
the inner quantum numbers and its xiossible transgression.* 

Wo know that an external eUciric field must be acting if tlio selection 
prinoiple of the azimuthal quantum number Jy is to be transgressed, 
namely, if the forbidden combinations f AL = 0 and | AL | > 1 aro to 
be realised. Such a field is, however, found to bo inoffeotivo in the 
case of the selection prinoqffo of the inner quantum number. Paaohon 
and Bnok show us that a magmiic field is able to malio this transgression 
X)ossibl 6 , but only in the course of the transformation whioli loads from 
the anomalous Zeeman effect in weak fields to a partial Pasohen-Baok 
effect ill fields which are to bo regarded as strong compared with the 
leas resolved term-difference. Of. the discussion based on the Oorre- 
spondonce Prineijile given in Chap. VI, § 6 , wlrich may be apjrlied to 
any arbitrary multiplicities. 

I^et us consider the PD- combinations in the triplet spectrum of Ca. 
In addition to the xrrineipal lines (P2p8)> (1*11^3)1 f'ho satel- 

lites (PgDg), (PjDi), (P2D1) of tire oomiiosito triplet we have the for- 
bidden combinations : 

(P1D3), (P0B3) with AJ = 2, 

(P0D3) with A J = 3 . 

Taken) together with the allowed combinations, they form an organic 
coraiDlox : whereas they have the intensity zero in weak fields and 
nicrgo into the state of the jraitial Pasohen-Baok effect in strong fields, 
tliey have a transitory existence in medium fields. They do not, of 
course, occur in their original field-loss position, but in a raagnotioally 
influenced position ; it is possible, however, to extrapolate the former 

* Jjinienonippen migneUsch vo'vollat&ndtfft. Zoonian .Tiibiloo Numbor 0 / 
jqiyaioa, Isliaorios, Oot., 1021, p. 201. 

t AL = 0 is roi'blddou only foi* ono-olooL'on Hyeloins (of. Note 1(e), bcioiiiiBO 
in this onso L booomos idontlcal witli fcho I oi fchb oloofcron, for wldoli Af = i 1 
holds. For syatBins with moro than ono olecifcrou AL == 0 is allowod, of. p. 444. 
But I AL I > 1 is of coiirso also forbidden for systems with more than ono olootron. 
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linearly from the latter, and to identify the forbidden components as 
such. 

This phenomenon was sliown to oocnr not only in Ca, Init also in 
the ease of {l’D)*triplota of /5n and Gd as well as in (PI) ) -doublets of 
A1 and Ca'*’. It is very charnctoristio that tlie, so to speak, doubly 
forbidden combinations (PoDj), AJ = H, are miicli harder to produce, 
that is, require stronger fields and occur only over a smaller range, 
than the simply forbidden combinations, AJ = 2. 

Accordingly, the observations of Paseben and Back in question 
provide a suitable moans of shedding light on the magnetic origin of 
the complex structure and of exhibiting its rolationshij) to electron 
spin. Wo quote two passages from their paper : " Only the general 
arrangement of aeries is eleotrically sensitive in so far as combinations 
of a forbidden typo may bo forced to appear by means of olcotric fields. 
On the other hand, tlio torm-dilTorcntiatioii is to bo influenced by 
inagnotio forces, as is proved by the anomalous Zeeman tyijos and 
the magnotio transformation phenomenon.” “The forbidden lines 
appear if the Dj-diffcronces are shattered magnetically ; they become 
brighter as tlio inagnotio perturbation increirses and then disappear in 
the subsequent magnetic transformation. The olTcct is tJio swan-song 
of the configuration before its magnetic annihilation.” 

§ 8. Theory of the Magneton 

Of the various routes which load to the determination of the olo- 
inoiitary magnetic moment of anatom, wo shall first discuss tlio fuuda- 
inontal experiment of Stern and Gorlaoh, beoanso tills is performed 
under the conditions which arc theoretically simplest and clearest ; 
.secondly wo discuss the magnoto-oliemioal ineasuromentH wliioli con- 
cern the number of magnetons in ions and compare thorn with 
tho “ spootroscopio numbor of magnetons.” Wo then report on the 
magneto-moohanioal experiments which are uflsooiated with tlio names 
Barnett, Einstein and do Haas, Buoksmith and so forth. All tlioso 
ways are olosoly oonnoetod with tho theory of tlio anomalous Zooman 
olfcot. 


(a) The Steni-Gerlaoh Experiment 

In Eig. 31, p. 124, wo have already dosoribod diagiummatically tho 
arrangement, and in Eigs. 32 and 33 tlie result of tho oxporinient with 
the atomic rays of silver and hydrogen, Tho theory of tlio experiment 
whioli Ave skotohod very incompletely before (of. tho footnote on j), 128) 
may now bo given rigorously, The ground-orbit of tlio Ag-atom and 
of tlio H-atom is, as in the ease of tlio alkali metals, an S-orbit, Its 
inner quantum numbor is J - 1, its magnotio iiiomont in tlio direction 
of tho field is, by p. 470, ~ 2 — 1, that ia, equal to a-BoJiv mag- 

uoton. Stern and Gerlach have conjirmed this moment /a = 1 in their 
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experiment (cf. p. 129), The first Tig, 30 on p, 124 decides the spatial 
orientation in the magnetic field. The magnetic moment sots itself 
either parallel or anti-parallel to the magnetic lines of force. Hence, 
in Tig. 31 the atom will he deflected either to the right or to tlio left- 
hand side. The middle of the picture in Tigs. 32 and 33 remains com- 
pletely free, because the magnetic zero-levels is missing in all even terms 
(and not only in the S-state). What has already been said is enough 
to show how such experiments are in general to bo intorjn’otod, and 
what results are to be expected from them, Tor every atom they givo 
us the magnetic resolution of the ground-term > and indicate what and 
how many positions the axis of the magnetic moment assumes in tlio 
field. Tor example, in Mn (ground-state sextet- S -term) wo expect 
six deflection traces, the two outermost corresponding to the parallol 
and anti-parallel orientation of in the magnetic field, the inner ones 
corresponding to more or less oblique orientations. In Or (ground - 
state septet- S-term) we expect a deflection picture consisting of seven 
traces, the two outermost corresponding to the two jiarallel jmsitions, 
tlie middle undeflected one corresponding to the position ]>e.i’pondic- 
ular to the magnetio field. Actually the deflection is proportional to 
]i cos (/r, H), precisely like the magnetio resolution of terms in the Zeeman 
effect. The number of traces is in general equal to 2J J., namely, 
equal to the mimbor of magnetic term -levels ; every trace (jan bo clmi'- 
acterised by a definite value of the magnetic quantum number M. 
The distance between two neighbouring traces is equal to 2, if wo aro 
dealing with an S-state, as this corresponds to the splitting-factor 
g = 2 ] that is, the difference between the values of p, cos {//,, H) which 
are effective in the deflection amounts to two magnetons in each caso. 
Tellurium presents an instructive example. The ground-term ia 
the P|-doublet term, Hence, in T1 we expect two traces os in the ease 
of Ag, bnt at a third of the former distance, because by Table 45 on 
p. 478, the j-valuQ of the term amounts to two-thirds, and not to 
two, as in the S-term. The results of observation * are in good agree- 
ment with this : the defleotion-pioture comes out broadened as ooin- 
pared with the trace when no field is present, but it was not possible 
to resolve it into two separate traces. f 

Stern found no signs of a deflection in Zn, Od, Hg : tho ground- 
state here is the S-term with J = 0, /x = 0. The absence of tho dofloo- 
tion is not due to the perpendicular position, but to tlio diamagnotio 
character of the ground-state. (On the other hand, tho excited statOH 
of these atoms would liave to behave para-magnetioally.) Tho dofloo- 
tion zero is also exhibited by Pb, according to Gerlaoh. Tho ground- 


^ l ' ; A. Lmv, Zoils. of Physik, 41, 

f)6l (1927). ,r 1 * 

t Wo Imvo hero diaregardocl tho nucloar moinont, of. § 10. Hub hIiouUI ohaimo 
tlie reaolution-pnttorn slightly. ,Cf. a paper by hi Forrai whioh will sliortly appear. 
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state of Pb was cliaeovorecl. by Grotrian * ; it corresponilvs to a term 
with J = 0. This J- value predicts diamagnetic behaviour, and the 
absence of a deflection, d’ho same applies to Sn. 

Gerlach has found that Cii and An behave exactly like Ag. It was 
to bo expected tliat the alkali metals, as Stern has confirmed, would 
exhibit tiio same deflection pattern as Ag. The observed deflection 
pattern of Co and Ni consists of more than two traces. According to 
Duoro recent and ns yet unpublished papers, Gerlach obtained in the 
case of Pc one blurred trace which is probably composed of a fairly 
large number of individual lines whioli overlap owing to the non- 
liomogoneity of tlio individual lines. Pbi* a comiiarison, wo may take 
the theoretical deflection pattern of tho Fo-atom. In the ground-state 
of Fo, inverted ®J)-teim (of. p. 463), wo have J = 4, (/ = ^. Hero, then, 
wo should liavo nine tra(jes at a distance from each other corresponding 
to a dif£oroi\ce of il magnetons. 

Roveiting to tho silver atom, we are led to ask : why do tho two 
traces in Fig. 326 appear equally intense, seeing that the one trace 
ooiTcsponds to an ai)parontly unstable position of the atom ? Whonco 
docs tho atom, which was originally orientated arbiti’arily, derive tlio 
energy to onal)lo it to adjust itself into this higher position as regards 
energy ? 

fl?ho answer to tho second question is doubtless : tlio energy is 
derived from tho external field H. Whereas the adjustment into tho 
position parallol to, and in tho same sense ns, tho field in associated 
with loss of energy to tho field (possibly ns radiation ultimately), tho 
adjustment into the position anti-parallel to tho field must ooour with 
tho acquisition of energy from tho field. Wo must boar in mind that 
tho passage of tlio atom fi’om tlio field-free space into tho field is very 
slow (adiabatic) in view of the relatively slow speed of tho atomio ray. 

Concerning tlio first question, the instability of tlio atom, Ave must 
emphasize that tho para-magiiotio atom is to bo compared not Avith a 
magnet needle, but rather Avith a lop. The magnetic needle Avith its 
north polo directed toAvards tho south is cortainly unstable ; but the 
top Avith its centre of gravity in an elevated position is, as Ave kiiOAV, 
slable if tho moment of momentum is suffleiont. 

It may easily ho oaloulatod from tho data given 011 p. 513, that the 
general statistics of lloltzmann leads to tho opposite orientations 
occurring Avitli approoiably equal probabilities. 

. (6) Magneto-ohemioal Measurements 

I’he intorprotation of para-inagnotio observations is in general 
based on Langovin’s theoiy, Avivioh states that the Curio constant 0, 

* Zoita, f. I’hyflilc, 18, 100 (1080) 5 tbo tei'iu wtt« uonvontioiUAlly oallod tlio 
Sjfjji term at that time. 
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* I'hya. XcitH,, gf, (IIA {lUUO). 
t Httinnrt'. 57, fi:)2 (Ul2:)), 


MigolinitfeM, ilwr etoikloii Naiur. 
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As early us li)l(5 Kosael * luid reoognisorl that in tlu) Fo grouj), 
ions Inwing the. sunn! iniinlxvr ol oleetrons, I'or oxain])lo, Fo'*"'' Miv' "'', 
or Miv'’' '■ and dr ' htwo the m^na number of magnelom {“ magnetic 
di8X->hu3einont law ”), and that in the above-mentioned examiiles the 
removal of an olootroii causes p to diminish by, say, 5 units, which 
would indicate tl\at one Bolir magneton must bo assigned to tho 
individual (deotron in each case. 

Tlio oaloulation ao cording to the rules of tbe jiormal Zeeman 
effect is not correct for most atoms. Bather, we have in general to 
aj)ply tho riilo.s of the anomalous Zeeman effoot. According to these 
rules the moment M! in tho direotion of the field is given by 

M -=• Jf/Mn ((7 Land^’s siditting factor). , , (3) 

In general the moment does not lie in tho direction of tho field, bnt 
inclined to it in s\ioh a way that the projection of J in tire direction of 
' H, which wo shall call m in tho sequel, becomes integral or half -integral 
simultanoonsly with J : 

m-J, J~l, J-2, . . -J. 

Ihus, oorrcHponding to every term -level tliore are in general 2J -h 1 
positions which are respootivoly inclined at the angle given by 
008 B « m/J. Fvery position is given the weight 1 ; the total weight 
of the term is 2iJ' -h 1. 

To oalonlato the susceptibility y wo must form, analogously to (1), 



cos 0 -- j22(2J 1) ” 3 ja • 

. ( 4 ) 

Hence hy (3) 



cos® 0 M3 =■■= vj — 

. (<la) 

and hy (1) 

. . . 

. (5) 


If we assume an equal distribution over nil directions in the sense of 
eqn. (2), we immediately obtain from (1) and (3) 

• • '• • • w 

It is very romarkablG that (5«.) ohangcB into (15) if wo merely replace 
J by J(J ~\- 1). This lends us to conclude that this rule, well-knoAvn 
to us ill wavo-meoluinics, is in a certain sense equivalent to our simtial 
quantising. We must remark at tho same time, lioivovor, that tho 

* Ann. d. Fhya., 49, 220 (1010) ; ct. in })(vi’dcnlar p. 201. Soo also tho following 
Fig, 130, wlioi'o ions having tho saino nvnnljor oC olootrons aro roproaentocl by tho 
samo point on tlio axis of absoisam. 
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eoniplulio wavo-meohaiiioal caloulafcion of the siificoptibilil/y in IDirao’u 
801180 (for hytlrogoii oi’ more geiiei'ally for doiiblot spectra) yicltlH not 
only this factor J(J -}- 1 ) hut also the factor quite spontaneously, and 
witliout having recourse either to experimental results or to the vector- 
spin model. 

The ideally simple example of direction quantising is given by the 
vapours of the Q.lkali metals. Tlie ground-term of the alkali metals 
belongs to J = 17 = 2 . Here there are two possible positions of 

adjustment (as the Stern -Gerlaoh experiment shows directly), namely, 
that pai’allel and anti-parallel to the magnetic field. 

12 4. 1)2 

Hence cos® 6 = ^ oos^ 0 = ;|; 

cos^ 0 = Mb®. 


Hence we obtain for the alkali metals simply 


X == 


Mb® 

RT' 


(0) 


The same result follows naturally from the general eqn. ( 6 ) ivitli J ~ -J, 
<7 = 2 . 

On the other hand, according to Langevin, that is, if we assume 
equi-distribution over all diroctions, we should expect a value of 
that is three times smaller, if wo regard the magnetic moment M = M]i 
as given by the Stern- Gorlach experiment. Observations by Gerlaoli 
for K-vaponr, which confirm (G), thus exhibit directly the preferential 
adjustment of the magnetic axes. 

It is usual to calculate paramagnetic measurements according to 
Lange vin’s theory, tlic Weiss unit Mw being taken as the ba.sis. Thua 
in ( 1 ) wo substitute M =:= and obtain, in view of ( 2 ), 

j3®Mw® 

3KT'* 

A comparison with ( 5 ) gives 

T 1)<7Mb 
or 

~ VJfJ -h l)g, . . . . ( 7 ) 


In the complete analysis of a spectroscopic term (in paramagnetio 
moasiiremoiits wo are of course always concerned with the ground- 
torm of the atom or ion in question) we know in this formula not only 
J, but also the quantum numbers L and S, which enter into g. Wo 
may therefore calculate the number p of magnetons by sx^eotrosoopio 

* Como Congroas, 1027. 
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inoanH. '.riiin Helnnne, snggciHteil by l.lie aiibhor,* oP “ Hp(M)ti'os<! 0 ])k} 
magneton luunbei'H,’’ whieh in besot wvtli (liHioiiltioH in tbo gi'onp, 
leads, as F. Hvind lias shown, to oomploto success in the case of the 
ions of tho rare earths, which are hotter dofinod and better screened 
from tho outside. In tlio sequel we shall go further than Hund % by 
representing tho sequonecs of magneton numbers by means of a formula, 
or, more accurately expressed, by means of two such formul®, one of 
which holds in tho first tho other in the second of tho Stoner sub-groups 
(of. p. 473), into whieh tho total group of rare earths resolve. 

As wo know, in the ease of the rare earths wo are concerned with 
the filling ux^ of the N-sholl {n — 4) hy/-olec 3 trons, that is, by electrons 
of azimuthal quantum number Z 3 (in tho Eg groux) wo should 
corrosjiondiiigly ho concerned with d-olcotrons, 1 = 2), Since wo 
are interested throughout only in the triply x^ositivo ions of tho rare 
earths tho electrons of tho 0 -sholl that still remain aftoi.’ tho triple 
ionisation do not come into question, because they form a closed 
S-shell (cf. Table 9 on p. 193). Tho total mimher of /-electrons in 
tho Gomxilote shell is, by Pauli’s Principle, 2(2Z -I- 1) = 14. Wo use 
z to denote tho numhor of /-elootrons in each ion and z' to denote the 
lumihor of missing /-oleotrons required to coinjileto the 14-gi'OUxi, so 
that 

a H- z' == 2(2Z + 1) = 14. 

z and z' are tho independent variables, with whioli wo shall construct 
our curve of magneton numbers. 

On p. 455 wo determined tho ground-terms of those ions and also 
their ground-levels (J := regular terms, in tho first Jialf of the 
gi'oux) ; J ~ inverted terms, in tho second half of tho group). 
Eroin tlio equations (2), p. 155, we obtain for tlio J which enters into 
tmr jiresent equation ( 7 ) : 

s < 2i I- 1, J « L - S = |(2! - s) 

2 ;> 2/, -1- 1, ,T == J,„„, = L -1- S == |'(2! - z' -I- 2)J 

On tlio other liand, the factor g which outers into (7) (cf. (7) on 
XI. 477) stands for 

^ , , ,(S~L)(S + L + 1) 

fl - 'i + i j(j + ij 

By substituting from equation (2) on ]). 455 wo easily obtain 



z<2l^\- 1, (/(Jd- l)=l{2l-z-l) + 1 
» 25 2Z d- 1. gS ^ ^{21 - z' d- 3) 


. ( 8 «.) 


* Tfiiys. Zoils., 24, 300 (1023) 5 Xoite. £. Biyailc, 19, 221 (1923). 
t /Wfb, 83, 8fi5 (102/1). 

f Of, a iioti) by tlio author given in tho Wienov Ahntlouiio, 30 Jan., ]i)80. 


51.’. (’haptiT Vni. 'TIh? C'ojupirx Sfnu iuiv »il' t\w SnirH ‘IVriiis 
lli‘iin< mi tircniiiil (if (S) anil (Sri) wi‘ nliliiiii Imiii (7) 


1 I. 


I 42/ .:;’) / : ^ 

4 I 212' 


,0/1 I V ' i »“) i •• '• i.»i „.i I .ii 

’ ’ Ml? V 4(2/ 1 2) 2 


lly (llfi) wo liavo // () for 2 n, lai. ami for :: 2/. j^^l, uml 

// attains a inaNhniiiii liotwoon tlioso rlonionts ; for z 2/ /> 
iniagiiiui'v. in l'’iu. t2*» wo IliorofoK* liroak oil' IIiIh liinm'lt t»f tin* |•nrvl 


at 2 2/. Ity (ll/i) V n for .y 

rigiit-Uand siilt^ of (1)//) lin>oinos 





Fin. l!<ri, Thn iiiMgtMiliiit iniiiihoi'H of 
Mio (Ti|ily luniHitil iiIoiuh of llio 
rant I'urtliH tin VVi'Imm umUh) uh h 
fiiiii'tioa of Iho III timid miniliar. 


0. Lu ; for 2/ ! I. (J.l. Hu 
[pial to \/(2/ i l)(2/ I 2) \ nil 

afior Imvliig iiirviouHly aHainotl ii 
nia\lntuiii lii'lwoon ily ami Ho 
Hoyoml z' '21 \ 1 wi* liavi 
ilotloil llio oxIt'Msion Ilf tlir mirvi 
to Imlioato tlial i( is mi loiigm 
valid I loro. 

'Clio agrooiiioiit with tlio o)i 
MmviitioiiH of Strfan Moyor and 
Calirora is HidiafaiSory llir<Mig)ioiit, 
as lliind luiH pointod out. oMopl 
in tlio oiiao of Sni and Kn. A 
wavo inoolianioal roiinoiiionl of Hk 
M ioory (by van Vloolil litm idrtu 
giviMi approxiiindo agrooinoid l»o 
twoon Hiooiy and oxpoiiinoid in 
tlio oH«o of IhoMo oloiiioiiia. At 
auyraio Hio anlaiiviaion of lia 
ourvo into two |iarta, wliloli ooiti*> 
HjuindH with iSitinoi'M two miiIi 
gron]ia, Im vory oliaraolortHljo ; 
iliorit oan ho nw‘ doiiht tliiit 
Hpootrcwiipio ihoory oxplaina tin 
oHHonllal foaturoa in tlio i?aw ol 
tho raro ('artiiM. 


It niiglifc ho oxpootod (Jiat tho atnno law« (with / 2 iimtoml ol 
d) would a})]>ly in Hio Iron group, 'I’lio roaann for lliia mil hoing »i 
ia In tho llmt plaoo duo to tho following difToroiioi'a ; tho innllljilolj 
of tluv raro oartliM aro withlif MeimrnUfd ,• 


Mr > 

fchoHo of thn Iron group aro only diyhlltf .* 

/iAi' Jfc'l* or k^W 


.11 mil Ih why wo woro jnatillnd In iiaHtiniing in tlio tiiwo of tho rniti oartin 
fclmt only tho lownat multi plot, lovol oiimo into rpioatloii in oatotilatlii(i 
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tlie HUH(!ej)tibility, wluiroas in the iron gron]> several or all levels may 
contribute to the susceptibility. 

Clearly tlic distinction botw(;eu Avidoly separated and close levels 
is meant relatively to the temjjeratiiro at which observations are 
made. Instead of saying a groat or a small Ar wo may also say a 
small or a gi’oat 'J.\ 

Laporto and the autlior,* adopting this point of view, have en- 
deavoured to get an nndorstanding of the magneton mimhei's of the 
iron groiix). d’he lirst feature that strikes ns is that in the middle 
of the group z ^ 21 T 1 ~ 5(Fe‘*"'' '' or wlioro hy Table 43 

on p. 454 a ®S-tei'm occurs, the observed and the calculated value agree 
well I (of. Fig. 136). Actually the distinction between widely sep- 
arated and close multiple ts does not nrise for S-toi'ms since an. S-term 
is always simple. Consequently v'O are inclined to blanm deviations 
whicli ocoin.’ at other ])oints of the iron group on to the multiplicity 
of the terms, 

Assuming that every term-level J is occupied hy 


hv 


Nj ^ (2J H- 


ions, cori'osponding to the Boltzmann factor {2J - 1 - 1 — statistical 
weiglit, of. p. 501) ; v ™ v,j as the vibration number of the J-lovol in 
question), we obtain instead of ( 6 ) 


2(,t)NjJ(J -I- l)f/» Ml, 
i;,,„N,T ■ StET?’ 


and accordingly instead of (7), 

/TN;rJ(J -h 1)(^ 


( 10 ) 


The summation hero and in the sequel is to he performed over the 
range from J — | L — S [ to J — L -\~ S. If wo divide numerator 
and denominator by the Boltzmann factor of the groimd-levol anti 
measure the distances Ar from it, using for oonvenionco wave-numbers 
instead of frequencies (factor c) wo must now take N;r as standing 
for 

/<oAm 

Nj =: (2J' -1-1)C " , . . . (lOff) 


In Ihc casa of very widely separated muUiplela (10) naturally jmssos 
over into (7), since nil Nj’s vanish except the Nj of the ground- level, 
whicli cancels in the numerator and denominator. In the ease of 


* Zoits, f. I^hysilc, 40, 303 (1920). Of. also a criticism of bids view by 
O. Lnpoi’to, ibid,, 47, 701 (1028). 

f Wo obtain by caloiilafciou [most simply from oqn, (7) with J = h “ 2] 
p « <b07 . ViJf) == 20-5. 

VOT.. J.— 38 
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very narroiv ‘}nuUi2)hts ^^'e may converselj' sot all oxpoiiontial factors 
equal to 1 and obtain 


JL 

4-97 




+ 1)J(.J -i- I)f/" 

2 : 2J + 1 


{ 11 ) 


The two oxti’omo cases (7) and (11) aro sliown in Tig. 111(1 ; \v(i shall 
presently discuss the significance of tlie line (13), (7) has the same 

character as in the rare earths and is unsymmelricdl witli riispeet to 
the middle ; (ll) is symmelncal because the reason for the lack of 
symmetry (regular terms in the first, inverted terms in the second half) 
is disposed of by the summation over J, In eonseqnonco of this 
symmetry (11) approaches the observed values which, in tho iron 


group, show no sign of the division 
Z^O 1 Z 3 4 5 e 7 d 9 10 



Fig. 136. — Tho magnoton mimbors of 
tho ions of tho iron group in Weiaa 
units, Tho figures along tho top 
denote tlio number of d eleotrons for 
tho ions given along tho bottom. 
Tho degree of ionisation of tlioso is 
indicatod by dots instead of, ns is 
usual, by orosBOS, 

hold. On this last assumption wo 
expression 


into tho two Stoner sub-groups 
and lie at least ajiproximatoly 
symmotrioal with reB])C5c(i to the 
middle. According to our line 
of reasoning wo should expect 
that the observed points would 
lie between tho two limiting 
curves (7) and (11). Tliis is so 
in the first half, bul not in the 
second (of. Ki"'"’’, OiV'"'')- 

In deriving (11) wo as.Humed 
that the “ normal coupling ” of 
L and S with J hold and that 
J orientated itself in tho mag- 
netic field in aocordanco with 
the quantum theory. In the 
case of very narrow innltiplots, 
it suggests itself to assn mo that 
the coupling between L and, H is 
released, and that h and 8 there- 
fore may orientate tliomHolvos 
individually in the magnetic 
obtain instead of (11) the simpler 


— V4S(S + 1) + L(L 4' 1). . . (lla) 


The pi'oof runs os follows. Corresponding to tho moment of momentum. 
S and L we have, respectively, the magnotio moment 

2SMb and LMjj. 

By projecting on the direction of H we obtain 

Mk = (2S cos 0s -|- L 008 0i,)Mii . 


( 12 ) 
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'I’ll cNUiailuie the HiiHdoptihility we have to form, as In (1) and (4), 

M II eos-^ Oti ■[■ 4»S (los 0^ L cos Ol -\- L- eosM?i,)Mfj. (12{() 

I ini. wt? luvv(! 

W eos 0H ■ - ms, h cos = tol, 

th(! nmgneti(! {[uaiitum numbers ms, mj, nm throiigli all values 

K’-l.wtH'n S and ■( S, and -- L and -j" L with integral difl'evenees. 

I UMIOO 

MJ. “ (‘l|2S-^, + . . (126) 

Wii Jiavn already omitted the middle term, since botli cos 0s and cos 0 l 
vtitUHli. Jiut j)V(a)iMoly as in (4) so 


T 1) TT’ Wi'L 

’ ^2i7T3) 


Aeeoi'tlingly 


]Vl\ [4H(S + 1) + L(L T l)]-f 


L(L + 1) 




'i'lurt is etiiii valent to (llff), since the factor 3 cancels with the 3 in 
l-.unKt^'vin's formula, whicli serves to dolino 

Van Vleek * has shown nvimerioally that tlie difference 'between 
(1 t ) and (11».) is very small, (lonscquontly, we may use our curve (11) 
in i'’’ig. 13(1 also to represent (lla). It is remarkable that in the case 
I lf voi’y close nuiItii)lot3 wave -mechanics yields (11«) directly without 
jtny iiiu*ti(!uliir assumptions about the typo of coupling being necessary. 

'Pl io application of the Ar oalmilated for the vapour-state to solutions 
ami ui'yHtajs ap]>eai’H precarious, Jooa f emphasises that the colour of 
«<iliiti<nm in the iron group which were originally brought into con- 
utHiticin with paramagnetic propeidiies remains imintelligiblo from the 
point of view of the vapour-state of the ions. Ifor the spark spectra 
ill tj iidHtion contain no absorption lino in the visible ; the A’s in question 
arn all < 1700 A. Hence Joos concludes that the colour must have 
ila cir.igiu in complex compoinuls in which loose bonds occur. 

llutlio, however, has shown by an analysis of the crystallised state 
and of its oloctric Helds (in a paper which will shortly be published) 
i.lm t the siiaco])tibility, averaged over all directions os is observed in the 
t?aHO of a crystalline powder, is the same as a free ion so long as the 
toiu porature is not extremely low. Betheijl had already shown eailier 
(Jiiib hhrougli the interaction with tlie neighbouring atoms of the 
eryntals the moments of momentum are more disturbed (fixed in the 


* UhvM. Ilnv.. 29. 727 (1027) i 80, 81 (1927h 31, 587 (1928). 
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crystal lattice) than the spin moments of monuMvtiiin, wltieli is of 
importance for tlio (Useussion by Stoner whiiih Follows lu'.low. Tliis 
result is confirined l)y the oharactor of the Zeeman olfoot of gndoliniinn 
sulphate (J. Becquerel). On the other hand, Salia * points out that 
in the salts of the so-ealled Umordnungsgrnppen (for examjilo, the iron 
group) transitions may occur, in tlie crystal and in solutions under the 
influence of incident light, between the deepest levels of the ions in 
the form of quadrupole-radiation ; tlieso transitions are forbidden in 
the case of free ions. The wave-lengtlis of sucli transitions corrc.spond 
in order of magnitude to the colour of these salts. 

To the distinction between widely saimrated and narroio nndtiplotH 
E. S. Stoner f adds the distinction betAveon slightly and greatly 2^er~ 
turbed muUiplets. The energy-levels of the rare earths arc not (mly 
widely separated, but are also slightly perturbed, since tlieir magnetically 
active electrons belonging to the N-sliellis shielded towards the outsiilo 
by the completely developed and magnetically inactive 8-group of the 
0-electrons. It is different with the iron group, whore the M-shcll is 
magnetically iinsatiirated and the Wo electrons of tho N-shoIl, whicli 
become added on the outside from Ca omvards, are absent in tho ions 
of the subsequent elements. Hence liero the perturbation of the 
magnetically active electrons by the suiToundinga is marhed. If we 
could observe the ions of the iron group in the vapour-state wo should 
presumably find the magneton numbers determined above, tliat is, 
for Avidely separated multiplets, points of the curve (7) in Fig. 1.8(1. 
»Stoner assumes that this perturbation Avill essentially aiToct tho orbital 
moments of momentum I, and not the electronic moments of momcintiiin 
s, and that they Avill express themselves in a diminution of the resultant 
quantum number L. Hence he makes L = 0 for extremely strong 
interaction Avith the neighbourhood in equation (11a) Avhioh, aa re- 
marked, is essentially identical Avith (11). Hence Avhoroas (11a) ia 
retained for slightly separated and slightly perturbed multiplots the 
folloAviug is to hold instead of (11a) for slightly separated and greatly 
perturbed multiplets : 

• - V4S^+1): . . . (13) 


In the first and the second half of tho period S — «/2 and z'f2, avu 
may also Avrito, respectively, 


_ fVzlz + 2) z] 

4*117 1a/z'{»' + 2) , . (13a.) 

Tho ncAv boundary curve Avhich results in this Avay is like the oarliei: 
equation (11) symmetrical Avith respect to the middle. Tho region 


f Pliii. Mag., 8 , 260 (1920). Of. also Brunotti, Bond. Ao. Iduo., 9 , 79,1 (man,, 
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bo tween it and tho boundary curve (11) has boon .shaded in !Fig. 136. 
The observed magneton numbers are to lie in this region, according to 
the amount of interaction, and they will lie nearer to (13) than to (11) 
because in general wo oxxjoct great j^erturhation in tlio iron groux). 
Tig. 130 shows that tills is actually tho case. It is clear tliat for the 
middle and for both ends of tho groux^ tho equations (llo.) and (13) 
must coincide because an S-torm is always xii'oscnt bore, so that then 
L — 0 in any case. 

'I'he ourvo (13) is apxn’oximatoly straight booaiise the 2 may he 
neglected in (13n) for the greater values of z and z' , This acoounts for 
the integral relation, x>i‘evionsly observed by tlio author, between tlio 
magnotoi) numbers of tho ions of dilToront degroe.s.* Tho content of 
oqu. (13) may also he oxxiressod thus : in the ease of strong inter- 
action' with tho neighbourhood the magneton numbers behave as if 
tho state wore always given by an S-torm. 

Paxiers by B. M’. Bose t arj'ivo at tho same result ns Stoner, and are 
made jihysically intelligible by Stonor’a hypothesis of a strong inter- 
aotion at temperatures that are not too higVi. Bose succeeds in repre- 
senting tho facts of observation tolerably well by moans of the formulro 

(13), (13«). 

One might be led to expect tho same oonditions as in the iron grouxi, 
also in the palladinm and the ])latinum group. This is, however, not 
ao. Tho magneton numbers of tho latter groups are, so far a.s they 
are known at present, eonsiclerably smaller than in the iron gronx), as 
they lie hotwoon one and two Bohr magnetons. Tlio reason is ])roh- 
ably as follows : in the veidioal columns of tho periodic system the 
ionic volume ineroases towards tho bottom, and licnco the ionogenic 
oharnctor decreases (of. the last paragraidi of p. 146). The olootrostatio 
fields are tlio stronger tho smallei' the ionic size : the fluorine ion 
behaves more strongly negative than the olilorine ion, and so forth, 
the lithium ion more strongly positive than tho sodium ion. Acoorcl- 
ingly, in tho solutions of salts of tho Pd and Pt group wo oxpoot the 
ionic char actor to bo loss marked, than in those of tlio Fo group. But 
then wo may also not exjiect tlio jiaramagnetio regularities in the 
magneton numbers of tluj former, since our tlieory of magneton 
numbers rests entirely on the existence of pronounced ions. 

Hitherto wo have 8])okcn only of tho paramagnetism of atoms or 
of their ions. Tho classical oxamxde for the tlieory of paramagnetism 
and foi’ (kn'io’s law is given by tho molecular gas Oa and (as it at first 
appeared) also NO. As wo shall not describe the tlieory of molecular 
speotra till the next chapter, and do not wish to anticipate it, we must 

* Phys. ZoiliH,, /«{!, cit. ; Ann, d. Pliys., '?0, {11)2!!). K.g., Or'' n- li«a 3, Or *-" 

lifiB 4, aiid Ur « Bolir nmgiiotouH j in tho same way, S. Frtlod, douvn. Amor. Chom. 
Soc., 49, 241)0 (1927), (IndH 1 Polir inagnoton in yn 2 in V ^■' ^ and appro- 
pi'iatoVy 3 in V>'K 

f ^oifcfl. t. 3?hyslU, 43, 804 (1027) ; Como Congross, 1927. 
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he satisfied here with only a few brief remarks. Tiio ground -Htato (tf 
tlie Og-inolecule is a triplet S-term (called * If wo apply to it 
(llfi) with S = 1, L = 0, we obtain 

— 2'\/2, ‘P — 14’(), 

which agrees with the experimental results. We sliall not explain 
here why the atomic formula (11a) may he applied to this case, (linvuds 
law holds rigorously for Og (except at oxtreniely low teinpcraturoH) 
Avithout tlie otherwise necessary corrections (sec below). 

In NO the ground-state is a doublet P-term (^i7), Avhoso two lev<dH 
are relatively Avidely separated (Ar — 121 cm.~i). At very Ioav tcuii- 
peratures, A:T << AcAr, only tlie loAvcst donblot-leA^ol ooinos iivt<» 
question on account of the Boltzmann factor ; at high tompoi'^aturoH, 

> ZicAr, both levels according to thoir Aveiglits. Tiro atonui! 
formula may not be used in this case to calculate the parainagnotiHin. 
According to van Vleck, Ave obtain the magneton nunibor p h f«M‘ 
tlio loAver doublet-level and for the combined action of lioth 

4-D7 

Thus NO does not obey Ourie’s laAV in its original form ; its magiuvtuii 
number p in'oreases, rather, from zero at T — 0 to 10 at I' 00 . 
In the into rmediato region a transition formula applies, Avliicli wwh 
derived by van Vleck and A\diioh is analogous to our equation (10) j ifc 
lias been confirmed by measurements made by Bitter * as a\'o 11 a« by 
Aharoni and Scherrer.-f 

This is not the place to discuss the experimental data on whinh 
Pigs, 136 and 136 are based. We remark only that they are not 
derived directly from the measurements, but are deduced indirootly 
from them after certain corrections liave been applied. Such oorrew!- 
tions are : “ extrapolation to the concentration zero ” in tho caso of 
solutions, taking into account the diamagnetism of tho anion and tlio 
kation, and, above all, roiilaoing Curie’s law yT = G by Woiss’s law' 
;)^(T — 0) = 0, Avhere 0 denotes an empirical auxiliary quantity Avhkih 
cannot be predicted by theory. It is found in many cases graphically 
that the T)-diagram gives a straight line Avhioli does not jxihh 
through the origin as in Curio’s laAv, but outs the T-axis in a 
point T = 0, Avhioh may lie either on the positive side of tho T*axtH 
(as in tlie Curie point of ferro-m ague tie substances) or on tho riogtitivo 
side. 

Obviously, by introducing this 0 avc take into aooount to n. fh'rtt 
approximation the influence of the neigiibourhood (solvent and auionn, 
or crystal .structure) on the paramagnetism of the kations. It is in 

* Nat. Ao. Proo., 16, 038,(1921)). 


t ZoifcB. f, Phyflik, 68, 7413 (11121)), 
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a#»i-(Konont. with this view that in paramagnetic gases Avhere this in- 
is absent 0 also becomes e^ual to zero, either because as in O 2 
( Jiirio'H law holds dirccstly or as in NO a derived form of Curie’s law, 
arising from the double character of the ground-level, holds, which 
«looH not, however, contain an empirical parameter 0. 

It has not yet been fn\uid possible to derive Weiss’s law theoretically 
from statistioal considorationa. It is also necessary to build up on a 
Htatisthial £o\indation the proof (not given by us) for Stoner’s assumxj- 
tion in the iron group which was to take into accoxmt the infliience of 
thci noighbourhood. Van Vleok has sketched how this is to be done 
on a, u'ave-meclianical basis (of. his book on electric and magnetic 
K\iH<i; 0 ]itibility Avhich is about to appear). 


(f!) The Magneto-mechanical or Glyro-magnetio Experiments 

now (leal witli two mutually independent methods which may 
lio hr icily deserihed as imgneMsation by rotation and rotation by magneliaa- 
lioK : the former is associated with the name of S. J. Barnett, the latter 
ohuvfly with liinstoin and do Haas. Two iiredeoessors of Barnett who 
hiicl no Hueec^HS in finding the effect were Maxwell * (1861) and Perry t 
(IHIK)). Barnett’s % first successful experiments date from 1914. The 
peri men ts by Einstein and de Haas were published in 1915.|! 0, W. 
Bie.hardHon If looked for the effect without success in 1908. 

1. Magnetisation by Rotation.— A rod of ferro-magnetic material 
(Ifo, Co, Ni or alloys), which is initially at rest, is made to rotate with 
angiiUir velocity 10 . The resulting magnetisation is observed (or the 
clifferonee in tiio magnetisations when the rotation is revemed). The 
Hiuiic rod is tlion placed at rest in a magnetic field H, which leads to 
blie Hamo magnetisation as was ineviously produced hy the i^tation 
(or, if the field is reversed, the same difference of the magnetisatuDns 
Avhon the rotation is reversed) ; for this purpose the rod has a ccanductmg 
wire wound round over its whole length. The magnetic field H and 
bli(? angular velooity co are equivalent to one another, by ® 

tluMirom (n. 825). ^’lio atomio electrons (or the free electroiw) ot^tlie 
v()d mviiuot distinguish whether they are situated in the field H or m a 
HYHiom of roforonco rotating with angular velocity co. By equation (^) 
on p. 1)24 wo expect the following relationship between H and w : 

H = SO) y s — 2wi/e, . . • • (1^) 

wlioro elm demotes tiio Bpeoifle electron charge in the usual electro 
Jagnetlo units (c/m - 1*70 . 10’). It is this ratio which interests us 

* lOlouti’iiiily aud Magueds>u> § 67f>. 
t (if. liis h(joU, ifpinniny TopSy p. 
t PhyB. liov., 0, 230 (1015). given ^ ‘ 

ifvoiLndl. tl. Boutach. Phyfl. Glea., 17, 152 (1»15)- 
phyB. Bov., 26, 246 (1008). 
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here and in the sequel. According to (14) it is known when H and w 
have been measured. Tlie magnetic properties of the material (per- 
meability or magnetisation) fortunately do not enter into the measure- 
inent. Tlie material must bo ferro-magnetio only in order that an 
appreciable magnetisation may be produced at all by rotation, and may 
be reproduced by applying tlie field H. The measuroinont of B. niakc.s 
the greatest possible demands on accuracy ; this is evident from the 
fact that a frequency of revolution of lOO/sec. corresponds by (14) to 
a field H whicli is less than xTrinr 1^1^® earth’s field. Barnett tliorc- 
fore succeeded only after many years of arduous research in attaining 
a satisfactory accurary (of several per cent.). Ho obtained, a.s a result, 
in the mean 

5 = 1'06 . mje (15) 

without a difference in the materials used showing itself. In com- 
parison with equation (14) this result denotes the following : it is 
not the revolving electrons which produce the magnetisation of the rod, 
but the s-pin moments of momemlum of the elcotx*ons. Actually, by 
equation (2) on p. 331, the value of s out of (14) is equal to the ratio : 
mechanical moment to magnetic moment of tlio revolving electron, 
whereas the value of s that ocours in equation (15) and that is 
only half as great points according to equation (3) on p. 332 to tlu^ 
corresponding ratio for the electron spin. TMiis state of alTairs is in 
harmony with the view of ferro -magnetism which is likewise built 
up on the spin moment of momentum of more or loss free electrons. 
The deviation from the one on the ilght-hand side of (16), which is 
real according to Barnett, however, remains unexplained. 

A feature of particular interest in these experiments is tlioir analogy 
with the earth's magnetism. It is difficult to avoid assuming that 
the magnetic moment of the earth and its rotation about almost the 
same axis are causally related. Barnett’s experiments show how such 
a relationship is possible, but the order of magnitude is quite different. 
According to (14) and taking o) — 47r/day Ave obtain for the earth’s 
field a value that is more than 10^' times too small. 

2. Rotation by Magnetisation,— The original object of Einstein’s 
arrangement was to demonstrate the meohanioal mojnonts of momen- 
tum of the Ampfere molecular currents, that is, to demonstrate the 
revolving motions of the electrons Avhicli wore supposed to ocour 
without constraint in Bohr’s model of the atom. A magnetically 
saturated ferro-magnetio needle suspended by a vortical torsion thread 
is periodically demagnetised, the period is chosen so that it is in res- 
onanoe Avith the torsion system. The moment of momontura, of the 
recoil is measured by the magnitude of the torsional vibration. Tlie 
experiments Avhich were carried out in collaboration Avith W. J. de Hans 
first appeared to confirm the classical value 2m/e for the ratio 
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§ 8. Theory of the Magneton 


r(3pctition of the oxijeriments by de Haas,* Stewart, t 
Bo(.ik,:l; Arvi<tH()n,li Sliicksmitli and Bates led with an increasing degree 
of jUHnii'iKiy ** to half this value, that is, here too to the action of the 
olnot-i’on-Hi)in. 

'.riio factor that occurs here is of course nothing else than the 
rncijiwHuU of the gr-f actor 2 for S- terms (L ~ 0, the revolutions of the 
td<'!<»tr(»nH do not contribute). Actually wo have for the two total 
mom mi l s of the needle 

^ N cos Ojx . Mb, M^ncch == N cos OJ . . (16) 


where N denotes tho mnnhor of atoms in the needle, 6 the angle between 
tin' Ib'ld and the magnetic axis of tho atom, fi the magnetic moment 

6 Jh 

oC tlm atom cxnrcHSod in units of Mn = — y and J the mechanical 
^ m 4:TT 

iiKinient of monn^irtum of tho atom in units of /i/27r ; the horizontal 
lull’ tivtu’ (!OH 0 douotos that the mean is to bo taken over all the N 

iitomH. But in vitnv of tlio rcsidt of the observations g ■— it 

ihmi follows from (16) that 




(17) 


Tlio riict that ill tho gyro-magnetic experiments we are actually 
diMvling with tlic magnetic anomaly, that is, with the (/-value 2, is 
lii’iiily t'stahlishcd by tho result of more recent experiments by 
Sucksinitli tt on Dy^O^. If wo wish to do without ferro-magnetic 
miitorhU and seek to perform tho gyro-magnetic experiment with 
jmra-inagnotio material, wo shall in the first place have to make use 
of bh (3 extremely ])ara-magnotic substances dysprosium or liolraiiim, 
whrmo imignotoii nombors lie near 60 Weiss units (of. Fig. 135). We 
havo for l)y in tho notation of equations (8) and (Sa) on ii. oil, 

JS' 5, J = Jnax = (/ =*= 


By imiwnraiiK tho HOneitivity as £ar na possible Suoksmith has succeed 
ill oliHoiTinir tho roooil olloot in domagnotising a rod o£ DyiO,. Irom 
thiH ho limlH tlio ooriosponding value o£ g to ho not 2 os m tho case 
cit fniTO-niagnotio nnlistanoca, hut l-28'± 0 07, which is m agieem 


* J'rmi. AniHtcnl. Acad., 18, 

I ooT5om'»‘»)’ 

mtinirauy, Harncfct arrives m a a factor > 1, namely, according to his 

exnriUy as in liia rotation oxporimonts, at a faotoi > i. y, 
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with the theoretical value f,-. Tliia shows that in general 'not only 
the spin mometit of mmnenium but also the orbital momenl of motnenlum 
of the electrons contributes to the gyro-magnetic effect. 


§ 9. Intensity of Spectral Lines 

Whereas the older spectroscopic data concorniiig the intensity of 
spectral lines had at best a qualitative signiiicanoc, tho workcirs 
ill tlie Physical Institute of tho University of Utrecht (under tho di- 
roction of L. S, Ornstein) have worked out a method which makes it 
possible to determine tho relative intensities of tho line-configuration 
of n complex structure quantitatively.* 

'!l'ho only trustworthy result of tho older inoasuromonts of intensity 
concerns the B-lines of sodium. The ratio of tho intonsities of 
to is equal to 2:1, as had boon established by many difieront 
observers. This result was extended to tho doublets (8P) and (l^S) 
of the other alkaline metals (cf. I). This in itself loads us to conclude 
that this ratio does not depend on the jirinoipal quantum number ?i, 
which changes step by stop in tho series of alkali metals. An ex- 
ception occurs in the case of tho doublet of tho blue ctesium line 
A = 4655 and 4693, second term of tho principal series, namely 18 — 3P 
in the conventional notation ; tho intensity ratio is greater hero, namely 
3*5 : l.f The reason has been found wave-meohanically by .15. Fermi ; ij; 
it has its origin in a perturbation duo to tho widely 80 ])aratod ground- 
doublet IS — 2P. The same holds to a lessor degree for the second 
term of the principal s, cries of rubidium. 

The next result concerns tho triplets {^P ^8) of tho alkaline earths 
and the elements Zn, Cd. To about tho same degree of accuracy 
the ratios 6:3:1 were obtained for tho throe triplet-components 
3Pi8,S. 3p^3S. 

We may mite down the results so far quoted in sucIj a foi’in that 
they may be generalised for the combinations (PS) or (81^) of tlio 
higher terju systems : 


♦Dorgolo, Zeibs, f. Pliysik, 82, 270 (1024) j Biu-gof and Borgolo, ibid., 23, 
258 (1924) ; which arc quoted in tlio text below na I. and II. Cf. also tho (iom- 
prohonsive dissertation bjr Dorgolo, Utrooht, 1024, and his report in Pliyfliknl, 
Zoits., 28, 760 (1926). Diroctiona about tho oxporimontal arrangomont aiui tho 
working out of tho moaBuremonta arc given in .Dorgolo, Zoits. f. Phyaik, 13, 208 
(1023), and in tho booklot by L. S. Ornstoin, .Photogro/pfiischc PholotnetTic (Yiowog 
& Solin, Braunschweig). 

t Fuohtbauor (" Absorption Mensuromonts at High Proaauros,” Ann. d. 
Physik, 43, 00 (1914)), and llosclulostwonsky (“ Dispersion Method,” Optical I'nsti- 
tnto in Potorsburg, Nr. 1.3, Berlin, 1921) j H. Kohn and ,H. Jakob, Physikal. Zoits., 
819 (1020) ; H. Jakob, Ann, d. Phys., 80. 449 (19281 (‘‘Einisaion in Flmnen.”! ! 


rotation ")libid., 03, 108 (1030). 

X Zoits, f. Physik, 69, 080 (1030). 
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Doublet system 
'l’i'i]>lct ,, ' 

Q^mi’tot j) 

Q,iiintet ,, 

iSoxtct ,, 

Septet ,, 

Octet ,, 

'riiiM {^(^nei'iilisation was tested I 
1 : 

Sextet system . . 

Ootot ,, 


4:2:0 
5:3:1 
0:4:2 
7:6:3 
8:6:4 
I) : 7 : 6 
10 : 8 : 6 

Y Dorgelo for the Mn -triplets (SP), 

. A 0021, 6010, 6013 
. A ^ 4823, 4783, 4764 


Wo liav(' already considered tiro second of these triplets in Figs. 
127 a, h, c <Mr p. 482 ; the first is the ground-triplet of theHn-spectriim. 
Wn j^xhihit these rosnlts as well as those for the CJr-triplet in the quintet 
HyntiMVi A - 6208, 5206, 6204 (cf, II) in the following table : 


'L’abt.u f)4 


MroBiircd 

Uxiiectert 

( M', (iiiiuua Mysli'm 

Mu, Kysltmi . . | 

Mn, Oemt Hystem . . | 

100 i 72 : 4C 
100:7711)3 

100 1 77 : r.C 

100 : 81 1 61 

100 : 70 : 02 

100 : 71*4 : 42-0 

100 : 76 : fiO 

100 : 80 t 00 


'riie conlirnnvtion is the more convincing because in the triplet 
Hyntein the corresponding ratios deviate far from these values, for 
t^xprosHod in a Hinniiar way they amount to 100 : 00 : 20. 

"rh(5 thenredioal basis of the arithmetic rule which has here been 
cliMcovercd empirioally is as follows. We saw that the number of 
magnetic resolubions *o£ a term is given without exception by the 
mini her 

2,T d- 1. 


J t tells us in how many ways the originally degenerate state in qirestion 
may be resolved magnetically. By regarding oaoli of tlreso 
iiH equally pi'obablo, as has already been done on p. 609 in f 

fiver csOH** 0, wo call 2J -1- 1 the loeight of the state (statistical weigh , 
a nrMri nrobability). We now see that the relative intensity of the 
(iS'/D-co-niiiwffiioti.s measures directly the statistical weight of the F -terms. 
For examiile, for the three triplet P-terms wo have successively 

J... 2, 1,0; 2J 1-1 =-6, 3,1. 


Ftir the two doublet IVtcrms we had 


.r- :‘,h 2.1-1- 1-4,2. 
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We consider ns the next generalisation the case of (DF)-combina- 
tions, in which the F-term is no longer separated, In tlio triplet 
system the three D-terms have tlie inner quantum nmnbors J -■= 3, 2, 1, 
that is, the weights 7, 6, 3. We hero expect tlve intensity ratio.s that 
are given by the last three numbers. Dorgelo actually obtains the 
following values (I) for Ca and Sr ; 





Mo ns 11 red 

I'Jxpiuttod 

Ca, ll'riplet System . 

A = 4606, 4681, 4678 

Sr, Triplet System . . 

A 4802, 4809, 4866 

100 : 70 : 44-6 

100 : 74 ! 44-6 

100 : 70 : 44 

100 : 71 5 44 

} 100 : 71-4 : 42-9 

j. 100 : 71-4 : 42-0 


From this we conclude that our weight mile holds for any arbilrart/ 
terms so long as they do not combine with a simple or apiireciahty simple 
term. 

But what happens when two miiltiplo terms como into competition 
with one another, so to speak ? A compromise must then bo olTo(5tecl 
between the weights of the one and of tlie other term. The Himplest 
case is that of the composite doublet (PD), two priuoixml linos (P*jl)i|) 
and (P^D^), and one satellite (P^D^). For this there is available oim 
measurement (II) in the Cs group 2P — 6D, A = G217, 6213, 0010 : 

Meaaui'omenfcs Expeotocl '\^alnoa 

ao 



0 

4 



~^2 


.1'^ 

100 

12 

112 


0 

1 

U) 

[2 


00 

60 

U 


6 

6 


100 

72 

I' i 

9 

0 1 



The measurements (left-hand scheme) are in the middle ; to the loft 
of and above them are the weights of the P- and the D-tcrins corre- 
sponding to the J-values | and i, f . The numbers to tlio right and 
below denote the sums of the measured intensities in the horiKOntal 
and in the vertical direction. They are aj)jn’oximately in the ratio of 
the weights of the P- and the T-terms. 

This indication combined with what wo have ali-eady said about 
not separated or not ai)]Dreciably separated terms leads to the following 
summation rule (11). 

In multiple terms we suppose either the sub-dhisions of the initial 
or of the final term to draw together ; the s^ms of the miensities that then 
result are in the ratio of the weights of the terms that have Jiot contracted: 
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'I'ho lli{'oi*(‘.t<i(Mvl livtonsHies (riglit-lniud selicme) then come out 
uccKU’iling to l-hiK riilo as follows: 

( ^nu(!olling tlio t;oinm<m (lononiinatei* 2 out of tlic weights, merely 
to Hiiiiplify tiio caloiilation, we write on the left-hand side of and above 
oiiv Hoheino the numbers 2, 1 and 3, 2, respectively. We have then to 
ilistrilnite the total weight (2 1) (3 2). Of these the two vertical 

(HiluiiinH claim the parts 3(2 1 ) and 2(2 -f* 1 ), respectively, and the 

two hori'/iOntal rows 2(3 -h 2) <nid 1(3 ~1- 2), respectively. We write 
down these numbers IjoIow and in the right-hand side of oiir scheme. 
In this way wo have already determined the two intensities 9 and 5 
of the “ principal lines,” as they oeciir individually in a vertical or a 
horizontal row. I’lio “ satoUito ” then comes out from the prescribed 
BuniH in two ways as 1 . (I’ho theoretical ratio 1 : 6 is in this case, for 
example, exactly equal to the measured 12 : 60. 

•J'he oalculatioii may then be immediately applied to the coinbina- 
tioiiH (’J ).l'’), (FG) . . . and in general to the combinations of two donblet- 
torniH having the aViiinnthal quantum numbers L and L + 1. The 
in nor quanta of tlie former are, as we know, J = L + ^ and L — 
and tlie weights, tliereforo, 2L + 2 and 2L ; the ratio of the weights 
is thus L L I • L* T’iie weights of the doublet term whose azimuthal 
(quanta is L h 1 (iorrc.spondingly bear the ratio L + 2 : L + 1 to one 
anotiuu*. Wo write dovui those numbers on the left-hand side of and 
above our Hchomo, and form from them the sums for the vertical and 
hcirizoutal rows, below and on the right-hand side. The principal lines 



L -1-2 L -1- 1 


1 

'iU -1- 5L -1-2 1 

, (L -1- l)(2L -h :i) 

L 

2L2 4- :iL 

L(2L + 3) 


(L 1- 2){2b + 1) (L + 1)(2L -1- 1) 



aro agJiin dotorminod directly, and again the relative ndensity of the 
satolllte comes out unambiguously as 1 . As we see, the intensity of the 
Hatfjllite relative to that of the two principal lines becomes the smaller, 

tbo larger the value of L (II). , , . x- ^ 14 . 

But it is only in the case of the ordinary doublet combinations that 

tim Hiunmation rules determine the intensities ccmplekly. Even in 
doublet combinations of the oharaoter (PP'), (DD ) . . . one ^ 

■•onmiiw nndotormiuocl. ainoo tho four summation 
ixVttiUililo in tliis ooao are not independent of each othei. We oxhib 
tl.ia in the following soliomo, which is set up in tho mannei of the 
provious solioracs and satisfies tho summation rules exactly ; 

P' 


f-2 O-M 
111 


3 — « 3 
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We have denoted the intensity wliicli jvinaitiH uiidett'i'iniiu'd lioh'. liy u. 
In tlie triplet and the niultiplet systems tln^ d(*jfr<'<' oJ )nde)in'U.oiic'.HH 
ijieroasOH a,t eiieh stage. 

The ratio Ka : Ka' iuis l)eeii ineasur<!d liy Sieglaihn niid J^aoolc 
for Foj On, Zn with great aceuraoyt* and has ixioii found to he tuiual 
to 2-1. On the other liand, the ratio La : ,L«' ajrpearH neuliirly, nuil 
according to older jneasiironientH by ,|)nane and l^atiei’Hou, to he 
luuoh greater^ about lO : 1. As we lcno^v^ however, tin' linen Ka, Ka' 
eorrespond to the optical donhlet-lini's Slh^ am I SIV Thuft Ih^ ml in 
iCa lo Kv/ mirror.^ the, ratio 2 : 1 , oj l/io, D-Uneff, Ihit ilu' lines Ija, 
L«', hfi are analogous to the eoniposite doublet (I'D) in tin' opti<fHl 
region. 

According to the table on p. h24, they shonld siiow tin' following 
ratios : 

La : :W : Lj9 =::=!); 1 : 5,. 

whioh already explains what was found qualitatively about tho 
inte jisi'ty-ratio La : Jja' . Quantitative expori in ei 1 Iw i 1 1 v ol v i ng D 10 
Geigor*point'Coiintor have been carried out by A. tldnsson.')’ lu tUo 
case of both W and Pt they gave 


La : L«' i) ; LO. 


The problem of X'Vay intensitios is, however, still in a Hoinewhat 
controversial state, and will not be jiuvsned fnrthei’ here.:{: 

To complete tlie oalculation of the intonsities avo muHt use the vi'utcn’ 
model and the eorrespondonoc prinoiplo as Avell ns the Hummation j’ult'H. 
We base oiir remarks on Note 7 (e) . '.riiero we find J) that the i ntensitiew 
Avhich correspond, according to the oorrespon deuce jiriiieijile, to tln> 
three transitions 

1 1 j ;t j 

are in the following ratios : 

(cos 6 d- 1)2 : 2 sin® 0 : (cos O'--!)® , , (|) 


^ -- . ji ,1 r '■'j' ‘-I"' r (/I tlie u/lVw .lint 

. ^ d'G Same V given at fchooiulof tliis sootion imvkofl no {IKTuronuo in 
the case of the oloBoly noighbourins JIno« .L«, Lat and Ka, Kcc\ 

iv<ir • 

li, P‘Toi‘ by .^ommorfolcl and Hoifloiiborg, XoiM. f. Phyallc, 
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Hero 6 donotes, in the ease of noniuvl oo\ipling wliioli w(5 aHKUine 
throughout for the present, the angle betu'oen J tvud L in the triangle 
J,L,,S. Thub 


cos 0 ~ 

« 0 
cos- ^ 


J '-* -I- ™ 

2JL 
(.1 - I - L )2 


S2 


4,IL 


«in» I 


ga 


iT ™ L)a 
4.)L 


. ( 2 ) 


Prom (I) we obtain in a somewhat more convenient method of notation : 

Ij, : “ coa'^ ^ : 2 sin^ | oos^ | : sin'* . . (3) 


Hero tiro indioGs j;, a and i denote “parallel,” “ anti -parallel ” and 
“ inclilfoi’ont transition ” between tire two quairtum mmrbers L and J 
relative to one another, the parallel transition being represented hr tiro 
preceding scheme by the first row, tbo anti-parallel hy the last, and 
the indrffei’ont by the middle row, for both directions of the arrows in 
the solreme, If wo sirhstitirto (2) iir (3), wo obtain 


_ 1\ P . 2PQ . Q . Q 
hi • h • b. " • 4 jl • 4JL • 


(4) 


Plorc wo have cancelled a factor 4JL in the denominator tlrroughont, 
which is of oonrse allowable in a proportion, and which, will be fouird 
to be of importance for the sequel. In tiro numerator the exjrressions 
P and Q rvonkl denote by (2) 


P {J -h L)2 -- S2, Qa S2 „ (j - L)^ 


But we shall immediately replace it by its analogous wavo-incchanical 
expression (a(tt + 1) in place of a ^) : 

P( J) = (J -I- L)(J H- L H- 1) - S(S 4- 1 )\ 

Q{J)=,S(8 4-I)-(J-L)(J-L-1-1)[ • ‘ 


We make a similar cliange in onv xu’oportion (4), by writing 


I.(J) 




4JL 


L 




It(‘I) - (j + J 


\ P(J)Q(.T) 

4L 


4JL 


(«) 


The last of these expressions results from our dividing the factor 2/J 
in the middle term of tiro proporiioir (4) into 


which agrees with 2/J for large values of J. 

Wo assert that these formidm (6) and (0) satisfy tho summation 
rules, when taken for the horizontal rows and equally rvcll for tho 
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vortical eohunns so long as wo agree that d is (autli time to (hnioto tin* 
greater of the two mimhers, between wliioh the transition (aanirs in the 
miiltiplet- component in question. 

Sohomo I, Miiltiplet L -> L •- 1 




0 i 

0 


L + S-1 

Ip ' 


Ip 


1 




L-}- S — 2 


Ip 

1/ 






L-S-3 



Ip 















L-S+l 





Ip 

h 

Ip 


L-S 






T„ 

I," 

0 ; 

L-S-1 







I,, 

0 : 0 I 

J 

L+S 

L+S-1 

L + S-2‘ 

1 , 


L-S + 2 

L-S-h 1 

L-S 

i 


To prove this we write down the general scheme of a inviltiplot of 
the .structural typo under disoussion. Tor oxam]>lo, ohooso fcho 
transition L ^ L — 1 and assume L > S. In the initial state wo tlwn 
haveL+S ^ J ^ L-S and in the final state L-l-hS ^ J ^ h-l - H. 
These J-values have been written down below and on the left-hand birlo 
of the scheme. Within the scheme the oharaoter of every posHlblc 
transition is indicated by the symbols I^ and I„, ililvery row and 
every column contains each of those symbols onoo oxce])t the two 
initial columns and the two final rows, where the I’s that are missitij^ 
are replaced by zeros. The Ij^’s lie in the principal diagonals of tlio 
scheme, the I^’s and I„’s then lie successively parallel to them. 

We now form the intensity .sums for any of tlio middle horiy^ontal 
and vertical ro^vs, namely 


Ip{J -f 1) + I^J) -|- Io(J)\ 

Ijj(J) + I<(J) + Ifl(J -h 1)J 


( 7 ) 


1^1 if in the first of these equations J denotes the inner qu an til in 
number of tlie horizontal row in question, the transition takes idaoo 
between J + 1 and J . In consequence of what wo agreed about oquii- 
tions (6) and (6) we must therefore form I^ witli tho argument J -1- 3 ; 
m the same wy, m tlie second equation (7), where d denotes tiro inner 
yiantim number of the vertical column under consideration and whore 
the transition takes place between J and d + 1, we must form 
with tlio argument J + 1, and this must bo done in botli tlio 
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iiuineralior and the donoiniiiator of tlic expressions (ti). Dividing up 
the middle term of this pi’oj)ortion ax)propviatoly wo first obtain in place 
of (7) 


P(j) 


P( J + 1) + Q(J) 
4(J + 1 ,)L 
P(J - 1) + Q(J) 
4JL 


- 1 - m 

d- Q(J) 


P(J) + Q(J - 1)^ 
4JL 

P(d) + Q(J + 1) 
4{J -h .l)L 


. (7«) 


In those fractions the denominators J and J -|- 1 cancel o\it. For 
hy (5), as wc may easily show by calcnlation, 

P(J) + Q{J - 1 ) P(J + 1) + Q(J) 2L -I- 1 
4JL ■“ 4(J + 1)L " 2L ’ 

P(J - 1) -h Q(J) P(J) -I- Q(J d- 1) _ 2L -1 
4JL ~ 4(J H- 1)L 2L ■ 


Instead of { 7 a) wo may tlierefore write 

+ Q(J)) 

?I^(P(J) + «(.!)) 

Ifnrthor, by (5), 

P(0) d- Q(J) = 2L(2J + I). 

Conaecxnontly (76) becomes 

(2L H- I)(2J + 1) and (2L - 1)(2J d- 1) • . (7«) 



resxjcotively, Both sums ai'o therefore xn‘ 0 ])ortional to tha qtiankim 
w&ighl 2J + 1 0 / the horizonlal roto and vertical cohmii. The factors 
2Ij - 1 - 1 and 2L — 1 in (76) are also in accord with tl\e summation 
rules. For the sum of tlio qnantinn Aveights for all vortical columns 
or, resi^eotivoly, that for all horiKontal rows, is by onr scheme of 
p.r) 28 , 

(28 4 - 1)(2L 4 - 1) and (2S 4- I)(2L - 1). 


The factors 2L 4 - 1 and 2L — 1 in (76) arc thus proportional to these 
weight-sums ; this coi’resjoonds exactly Avith oni; way of hanclling the 
summation rules, for example, in the doublet system, p. 5215 . 

Our proof is, liowever, incomplete, inasmuch as wo have not speci- 
ally taken into account the initial cohimns and the final roAVs. We 
easily show that this was not necessary, because tlie T*s in question, 
vanish of themselves, as indicated in our schoino. Actually, for tbo 
left-liand upper corner, 

J = L 4- S, Q(J) = 0, 

J = L4'S + 1. Q(J-l)-0, 


von, I. — 34 
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aiifl hejice, on account of (6), in the first case 1/ J.,« =" (h and in the 

second = 0. A corresponding result holds for the right-hand hnvpr 


In the above wo have assumed, that .L > S* .But our foiinulio 
also apiily unchanged for L < S, in which case the full nunihoi o 
levels 2S -f- 1 has not yet been attained and only a section of oiir 
scheme has a real significance, Tlie reason for this in again the oo- 
ciirrence of zeros in certain fields adjoining this section. 

Secondly, we consider that type of multiplet to which, for oxaniplG, 
the PP'-combinations belong and which we oharaoterise in general 



.^l[ 


J J . . , Ij, 

. . . I„. 


As indicated, the symbol Ij, (parallel transition botweon J and 3 j) 
is assigned to the transition in which J remains nil altered, MdierottH 
both transitions J — > J d: 1 may be called anti-parallel. An arguinont 
along the lines of the Corresiiondenoo Principle leads ns to expect 
in place of (3) 

Ij, : la = 2 cos ^6 : .sin 


In view of (2) this denotes 


, . .r (J2 + L® - S2)2 . ((J T L)* - S2)(S2 -JJ - h?) 

2J2L2 ’ 4.TO ' 

The factors in the numerator of the second term are to bo roplaood, 
according to wave-mechamos, by P(J) . Q(J), eq^uation (fi). P’or 
numerator of the first term we substitute 


K(J) = J(J T 1) + L(L + 1) - S(S H- I). . {««) 

Instead of (8) we first write, omitting the factor 2 JL in tlie nvinicvator, 


= 


R.R P.Q 
JL ■ 2JL’ 




Finally we change this in a manner similar to that used in passing 
from (4) to (6) into 

T ^ 

“ 2JL I 

^ B(J)R(J-1) , R(J-f 1)R(J)( • ' 

^ “ 2JL 2{J + 1)L 

We again assert that these expressions satisfy the summation rules 
if we take J to stand for the greater of the two mimbora, between 
which the transition occurs each time. 

To prove this we consider the general scheme of a multiplot of this 
fyp®> again assuming L > S : 
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Tho J-valnes now run both in the iiorizoiital rows and in the vortical 
columns from = L S to = L — B. The Ij,’r lie in 
the principal diagonal, the to the right and loft of it. 

The intoirsity sums for one of the nriddle horizontal rows or middle 
vertical columns of the quantum number J assume the common 
form 

I,(J + 1) + I,(J) -h . . . (10) 


Substituting in (0) wo obtain 

P(J)(^(J - 1) H- - I) , 

2JL ' ’ 

whore the . . . denote that the same expression is to bo added 
■once again with J 1 in place of J. Caloulation shows tliat all terms 
which contain B(S -j- 1) destroy each other and that the denominator 
2JL cancels out. In this way we obtain for the above fi'action 2 (IjH“ 1 ) J 
and for tho fraction denoted by . . . 2(1^ l)(iT T 1)» that is, all 
in all, 

2(.L H- 1)(2J H- 1). 


That is to say, we gei proporHonalily loith the quantum weirjM in every 
horizontal row arid vertical column. This also remains valid for the ends 
of the scheme and for L < S, thanlcs to the automatic appearance 
of tho zeros. 

Tho above treatment of the intensity problem of midti])lot lines 
appeared simultaneously from three quarters,* 

* 11, do L. Kronig, Zoits. f, Pliyeik, 31, 885 (1925) ; A, Soimnoi’fold and H, 
HOnl, Sitznngabor. d. Prousa. Akad., 1925, ji. 141 j H, N, RuhhcH, Natuvo, II 6 , 
1435 (1926) 5 Proo, Nat. Acad., 11, 314 (1026). Tho most impoitant application 
of fchoso formulni was glvoa by llusBoll, who dotovmiuod tho porcontagos witli 
whloh tho olomonts occur rod in tho sun from tho intensity of thoir inultiplota ; 
of, A 8 ti’ox)hys. Journ., 70, 11 (1929), 
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A first consequence of the equation.^ (0) coneorns the special eiiso 
L = S. Tlien ~ 0 and tlie last field of the diagonal in Schoino II 
corresponds to the transition J' = 0 J == 0 which, as we know 
(cf . p. 424) is forbidden. Actually, hy equation {8a), = 0 for L S 

and J = 0 ; consequently, hy (9) wo also have 1^ = 0 [wo must noto 
that the factor J cancels out in the denominator in tliis process, siiicm 
it occurs in Il(J — 1) as well as in Il(J)]. 

A second consequence concerns the combination of two iS-torinH, 
that is, the transition L = 0 -> L 0. We shall slioiv that this in 
also forbidden. For then — S and tho Sohomo TI rodiuu^H 

to a single field Ij,. This I,, becomes 

_ R(S)/R(S - 1) , R(S H- 1)\ 

2lV s t s + i r 

To work this out we first set J — S, which makes tho L of tho de- 
nominator in the first factor cancel out, and then set L = 0, wliicli 
makes the first factor equal to | and the second equal to 0. 

To give the simplest possible exam^ile of tho formulae (9) we oonsidor 
the combination PP' in the doublet system, in which tho indofinitonoHH 
n remained on p, 625. Here S = I, L = 1, J = [1 in tlio first aiul 
J = in tho second horizontal row (but the transition must nlnu 
be calculated here with tho greater J = From (9) wo find that 

First row : I,, = Y, I« = H< 

Second row : Ij, = . 

Hence if we omit tho common factor tho sohemo runs 

6 I 
12*. 

The 11 that occurred earlier has thus come out with the value 1, 

In this example and in all tliose that follow wo reoogniHO tlu' 
contrast between parallel and anti -parallel on the one hand and in- 
different transitions on the other hand. Tho relative weakness of thn 
latter confirms quantitatively our qualitative inlensili/ rule, which hnm 
so often been used ; cf. for example, pp. 246 and 422. 

As a second examifie we consider the group BD' in the triplofc 
system, for which measurements of Ca lines have been mado by Borgolofc 
The scheme in tins case is as follows, expressed in per cent, of tho 
strongest line : 
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.1 braekoted iivtnibei’s are JDorgelo’s experimental values. Tliey agree 
f'xc.tdlontly witli the theoretical value.s which are written above them. 
'I’ho oliacrved intensity-sums are given along the edges of the scheme. 

A { lr-m\iltiplet measured by ITreriohs * agrees equally well 

■'vith. theory. Since J„,fn —■2 — 2 — 0 here, the last field shows in 
tbo priiKupal diagonal tlie intensity zero (which agrees with the decree 
forbidding d — 0 — > J == 0) ; the field before the last then shows a 
vory weak intensity, weaker than the neighbours on the right and on 
tbci loft, wliich thus constitutes an exception to our qualitative in- 
te^nsity rule. 

Itiit it may also hai)pon that the intensity in this field becomes 
cUi'«<itly equal to zero. Wo read off the condition for this from (9) : 
•I'j, vanishes if ■J.l(J) = 0 ; in the field before the last J = J„„-„ + 1. 
Wo need only consider the case S > L, = S — L. (We would 
find lU) solutions for J,„£„ = L — S.) Then J„„„ -f 1 = »S — L -h 1. 
Hy (Rrt) wo therefore require that 

() - (S - L 4- 1){.S - L -h 2) 4- L(L + 1) - S(8 -1- 1). 

Til in gives 

for L = 2 . . S = 3 
L = 3 . . . S = 4, 

1.0. ’!)- and ®Jr-torins, (Other values of L give no possible solutions.) 
A (joinbination of two such terms leads to the intensity in the diagonal 
clotn’oasing to zero but increasing again at the last point. Bxj)erinient 
<5011 firms this; of. the Fe-multiplet ’D’D given on p. 465. 

iror multiplots of the typo L — > L — 1, equation (6), it will suffice 
if we write down the simple example PD in the triplet system. We 
.soc that the intensities in the diagonal (parallel transitions) decrease 
ini iforinly from the loft above to the right below ; the intensities that 
follow on the loft (indilTerent transitions) are weaker, and the weakest 
ihj the anti-parallel transition (satellite of the second order, on the left 
bolow) : 
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W(5 next prooeecl to discuss the problem of the intensiiiea of the 
Zeeman comiwnenls, .first in a weah field. Here all the J-levcls are 
nplit up into (2J -)■ 1) individual levels. The statistical Aveight of 

* ZoitB. f. Idiysiki 31, 306 (ll)2B). 
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any such level numbered by its magnetic quantum number M is to' 
be set equal to one. We shall then have to formulate the summation 
rules in such a way that the sum of the intensities of the transitions 
that start out from a fixed M is proportional to one, that is, is inde- 
pendent of M. We must not overlook here tliat tho word intensity 
here stands for tho intensity actually emitted as contrasted with the 
intensity which is observed in a definite direction of tho field (of. l)elow). 
For ob.s 0 rvation perpendicular to the field wo obtain, by refining * 
the assertiom derived from the Correspondence Principle, the fol- 
lowing formula} which are also confirmed by wave-mochanios (A 
observed intensity) : 

Transition J ^ J, M ^ M : A ~ kP 

]VI IVI 1 ; A (J dz hi ”|~ 1)('I T h'l) 

J -> J + 1, M ^ M : A ^ (J -h M + 1)(J - M + 1) I . 

M -> M i 1 : A ^ i(J i M + 1)(J ± M -|- 2) ; P 

J J - 1, M ^ M : A ^ (J -P M)(J ~ M) 

M M ± 1 : A ifj M - 1){J 4= M). 

The Avay in which these forraulfle are derived (of. Note 7 (/)) shows 
that they hold for any arbitrary coupling in a weak field. 

We shall now verify the summation rule, say, for the last ctuso : 
j_> j „ 1 , In doing so we must note that gives a linear 

vibration parallel to the direction of the field, which is seen coinplotoly 
when ti’ansversoly observed, but that if M -> M d; 1 wo have a left 
circularly and a right circularly polarised vibration porpondiciilnr 
to the field. We see only a lialf of the intensity really omitted in tlio 
case of each of the latter vibrations when transversely observed ; 
for every circular vibration may be regarded as consisting of tho 
superposition of two independent mutually porpoudioular linear vi- 
brations of equal amplitude. One of these linear vibrations may be 
taken to lie in the direction of observation— so tliat it is not soon at 
all — whereas the other is then perpendicular to the direction of obsoj*- 
vation and is seen completely. Hence in the formulco (11) which 
refer to the observed intensity A we must double the transitions 
M-^M di 1. to obtain the intensity J that is actmlly emilied. 

The sura of the three possible transitions M M, M d: 1 that start 
from a fixed M is 


21 ~ i(J “ M)(J + M + J - M - 1) d J(J d M)(J - M d- J d M — 1) 

= J(2J - 1), 

a value which is in fact independent of M. 

To compare these results with those obtained exporimontally f 


* 11* Zoitfl, f. Phyaik, 31, 340 (1925). Tho formula) obtniiiod uccorditiu; 
to the Lorreapontleneo Principle aro given in Note 7 {/). 

takel'by Dorgob according to a photograph 
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■\vo consider the lines 1, 0 “ of Mg (wave-lengths 5167, 6172, 
6183 A.) os an example. In the following schemes wo vsee the intensities 
oalculabcd according to ( 11 ) : it must be noted that these equations 
give only the intensity ratio of the Zeeman components of any one 
J-combination among themselves. If we wish to compare Zeeman 
components of different J-corabinations with each other — as is done 
in the measurements hero under consideration — wo must u'ork out 
the total intensity of each J-lino and bring these total intensities 
of the “ field-free ” lines into relationship by means of the rules de- 
rived for them. In our case wc have ^P/B^ : — 6:3:1. 

Hence in the following schemes we have therefore immediately to 
multiply the intensity calculated from (U) by such factors that the 
ratio just mentioned comes out for the total intensity. '^Llie oxpori- 
mental intensity is given in round brackets. 


Table 60 


A 6167, 

M =-• 1 

J 1 

1 0 1 

A 6172, 
UL - "s 

J = 0, M == 0 

2 i 2 1 

J = 1 , M : 


(23) (48) (23) 1 



i 1 
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1 
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~1 


( 1 

6 

3 




(75) 

( 38 ) 



1 ” 

3 

0 

(1 



( 88 ) 

(0) 

( 38 ) 


t- 1 


3 

0 




( 34 ) 

(71) 






2 
1 

J = 2, M ^ 0 

-1 


6 

(70) 

0 » 

(70) (37) 

1 8 

(7) (100) 

3 


1 

(?)! 

0 


(87) (72)1 
0 

(70) 


The lines aocpmpanicd by a note of interrogation wore not found. 
T’ho agreement between theory and experiment is very good. In 
A 6172 there is a weak asymmetry in the experimental intensities, 
wbiolv is due to the inoipiont Paschen-Back transformation. 

The Oorrespouclouco Prinoi])lo onablos us to understand wliy tiio 
summation -rules are valid. If wo assume pure BriBsell-Saundcrs 
coupling the spin-froqueiicics do not appear apiireoiably in the 'Ponrier 
expression for the electric atomic- moments (for the smallness of the 
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mutual action (LS) see also Note 7 (c)), but only tlio frequonoies corre- 
sponding to the Zf, . . . L. If Ave consider a definite multiplet the 
quantum transition in the Z/s and L’s is the same for all linos of tho 
multiplet, or, expressed in terms of tlie correspondence prinoiplo : 
the lines all belong to the same frequency in tho Tourior expansion 
of the electronic motion, that is, to the same Fourier coclFieiont. 
According to the Con’espondence Principle this dotorjninos the prob- 
ability of transition for quanta and is therefore indopondont of the 
level of the initial term from Avhich avo start out. Ileneo all that 
enters into the question of the intensity is tho number of atoms ‘Mn 
transition.” Noav Ave may set the number of atoms that aro in a 
definite state proportional to the statistical Aveiglit of tho state, if ‘ 
there is thermodynamic equilibrium (cf, also Avhat is said boloAV aboiil 
the Boltzmann factor). If Ave consider the jnagnetically rosoh’^cd 
levels tlie Aveight of each of these leAmls is equal to one, but for tin? 
J-levels, Avhich are not influenced by the magnetic field, tho Aveiglifc 
is equal to (2J -f- !)• The number of transitions from a dofinito 
initial state and hence the intensity of tho quantum transitions in 
question is proportional to tho number of atoms that ba])pon to lx? 
in tho state of tlie initial level. Thus tho intensity of all tho linos 
tliat come from one initial level is proportional to the AA’^oight of tins 
level ; but this states nothing else than Avhat is asserted by the suin- 
mation rules. What holds for the initial level also liolds, in tho enso 
of thermodynamic equilibrium, for the final level. Wo also sco from 
this line of reasoning that, as on p. 634, it is the intensity actually 
emitted that counts in the summation rules and not tho intousity 
observed in a particular direction. 

From this discussion, baaed on the Corresj)ondonce Principle, it 
follows that the summation rules of the “ field-freo ” linos in tho form 
above given is linked up Avith normal coupling. Intor-oouibiiiation 
lines are then forbidden theoretically (cf. Note 7 (e)). If they actually 
occur Avith appreciable intensity in the spootrum tho summation 
rules must be stated more broadly. For this purpose avo imagine 
a definite electron configuration to be given and assume tho mutual 
action betAveen the quantum- vectors to be so small that all terms of 
this configuration form a group Avhich is separated by an approoinblo 
distance from other configurations. We may then, as an approxima- 
tion, disregard the mutual actions in the Fourier expression. If 
Ave noAV consider a combination of all levels of the first configuration 71 
Avith a second m Ave again obtain as before one and the same Fourioj' 
coefficient for all transitions between the two oonfigurations, bub 
now we have in general several levels, say nr. with the same J-valvio 
in one configuration. The total mimber of atoms in all IovoIh 
having a fixed J is, by an argument analogous to that used above, 
proportional to fj(2J + 1) and the total intensity of all tlie Unos tlmt 
start out from a fixed J is likeAvise proportional to + 1). 
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A simple example is given by the two-electron system in the 
transition {ad) {ap ) ; with approximately normal coupling {ap) 
gives the terms ®Paa,o> i ®I^ 8 . 2 , n TaWe 67 shows 

the possible lines and the intensity sums at the right-hand side 
and at the lower edge. In calculating the latter the weights of the 
middle rows had to be doubled ; the absolute value was chosen in 
such a way that the intensity of the strongest lino ® I-li® same 

value as in the table on p. 633. 
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Hence in general in the case of spectra of the second vortical coin mu 
we must take into consideration not only the triplet lines but also 
the intor-combinations and the singlet lines. An interesting in- 
ference may be drawn from the above scheme if we allow the in- 
tensities of the inter-combinations to decrease again to zero, as occurs 
aj)i)roximatoly for the lighter elements of this vertical column. Then 
there only remains, besides the combination whose intensity 

we know for this case from our earlier discussion, the singlet lino 
Comparison with the table on p. 633 shows that for this 
line the intensity 46 results (in our arbitrary measure relatively to 
the intensities of the triplet lines). In a similar way we may also 
compare the ratio of the intensities of various multixdicities with each 
other for other configurations, if the intor-combinations are weak. 

Our extended form of the summation rules holds, as its mode of 
derivation shows, for any arbitrary coupling ; only the restriction 
concerning the mutual position of the configuration must not bo lost 
sight of. The latter oondition is Avell fulfilled in the lower terms of 
the neon spectrum. I?or the combination 

2p®3p —>■ (2p®3s) 

some measurements by Dorgelo * are available. Wo use Pasolien’K 
notation for the terms (of. p. 472) and add the inner quantum 
number J in brackets. (2})®3s) gives the Posohon a -terms Sgll), SglO), 
5 , 1 ( 1 ) I 55 ( 2 ) ; (2p^3p) gives the p-terms Pi(0) to pio(I)> cl- ^1^® following 
table. In the spaces of the table we have the observed intensities, 
at the lower edge and on the right wc have first the observed intensity- 
sums of the vortical columns and the horizontal rows and then the sums 

* H. B. Porgolo, Physioa, 5, 00 (1025). 
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calculated according to the extended summation imles, wliore we have 
taken as the basis for the calculation observations mth the hiio 
(31 — sd21. For this reason its intensity has been bracketed in 
the case of the calculated values. Observation and theory agree 
well in their results.* 


Tablu 68 



pM pM 

P2(l)Ps(l)yb(l)Pio(l) 

Jh(^) 7J«(2) Pfl(2) 

Po(3) 

l ofis 


S3 (0) 


10-6 16 16 1 



42-6 

42-0 

^2 (1) 
54(1) 

14 0-1 

1 16 

17 19'6 2 2 

4 0-1 32-6 20 

31-5 20 6 

20-6 10 30-6 


1 260-7 

267-1 

51(2) 


9 3 10 20 

17-6 34 34 

100 

227-6 

214-3 


' 30'1 

“C ^ ' 

181-6 

218^0 

100 



wienie 

28-6 

171-4 

214-3 

(100) 




Our assumptions contain the implication that tho lines tliat aro 
compared together do not lie far apart. If this is not tho caso tho in- 
tensity ratios must be subjected to further oorreotions. In the lliftt 
place, we may no longer set the number of the atoms in a quantum 
state proportional to the statistical weight of tho state but wo miisti' 
in general, as on p. 613, take into account the dift’oronoo in tlio Bolt/i- 
mann factors, in accordance with tho equation 

N,- _ 

where — the number of atoms in tlio state, weight, Kf 

its energy, N the total number of atoms, If tho energies of tho 
initial level are uddely different this corrootion must obviously ho 
considered ; but it decreases with increasing temperature. On tho 
other hand, the second correction is independent of tlio tomjDoratiu'o. 
To find a basis for it we must go back a little way. Fourier analysis 
resolves the electronic motion into a superposition of indopondont 
individual vibrations, that is, of linear oscillators, whoso ajnxditurloa 
are given by the corresponding Fourier coeflioients, If wo wish to 
determine the intensity emitted by an individual vibration of tin's kind 
we must form, in accordance with equation (3) on p, 26, 

2 

emitted energy = ^ ^ , . ( 1 . 2 ) 


* CV. B. HarriBon ramavka in <i paper to appear in Phya. Ro\'. iilnit tlic J3orgc>lo 
values have not boon reduced by meana of tho factor (of. p. 630). Tlio rooROii 
that the above table neverthelees aatisfiee tho summation rule must bo that tbft 
reduction factors essentially compensate each other. ' 
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llio horizontal l)ar (Ichioton the time mean. In tlie case of the 
nHnuliitnr (he OiMplaeorntmt x from the position of rest is given by, 

;i; -- a sin cot. 

Then oquation (lli) becomes 

. 1 

('JTUtted energy . . . (IH) 

i5 C” 

In (LI) wt*. nnml) imagiiu'. (i to bt5 replaced by tlic Fourier eoefdciouts, 
I mi I of tlni elassioal frequenoy to 1= 27Ti> wo must imagine tho 

JroijutnHiy given by the quantum transition — a stox) ■which 

iH 01)11 Iu’iikmI l)y wave-meelianioH. Hence it follows that tho intensity 
of 11 lino iH proportional to the fourth pmvor of its froquonoy. Formorly 
\v»^ Ho(j Ihe probability of transition and hence the intensity directly 
jJi’oportiomil to the square of the Fourier eoerfioiout and inferred that 
if tho cooiVieienta were equal tho probahility of transition was the 
Hinm". Wo now nee tliat this is permissible only if tho froquonoies 
<»f all I i lies of tho eomhi nation in question are in snffioiently close 
npiroeineiit. In the general case wo must “ correct ” for equal fre- 
«Iiionoy 1\V meaiiK of the factor rh 

Wo must mention that tho xirolilom of tho intensity decrease 
of llu' lines within a scu'ies may be treated only by moans of wavo- 
m«nibtinu!H, and likewise tho problem of tho intensity, ratios of dif* 
fiM’ont Horms. 


§ 10. Resolution of Multiplot Terms. Hyperfine Structure 

ICroni the diHCUssion in ('lhaptor VI, § 5, wo see that the “ natural *’ 
lUdd.fi 'ce I'eaolutions of the inuLtiplet terms in tho case of one outer 
oleotran ariso aeoording bo the model from the magnetio intoraotinn 
(Ih), of. px"). iJ!ll and 337. Wo must now use this idea to draw quan* 
litativo oonoluHlons and wo shall do so at once for the general ease 
Ilf any arliitrary numher of outer elootrons. 

L<^t iiH ommltler, say, tho mutual aotion hotweoii the If and tho 

uf an individual oleotron. 

MMiiH mutual aotion arises because tho oleotron, being an eleotrio 
idmrgn, in its orbital motion gonerates a magnetio field H, wlnoh we 
may Kyinlmliso liy moans of the quantum number If of tho orbital 
intitioM. 'I’h(' Held ants on tho magnetio moment p, which is assigned 
fcn fclie spin moment of momentum of the electron (quantum number 
Mf ^), aiul causes a precession of Sf about If. 

Hy (Chapter Yl, S H, p lias tlie value of one magneton. We oh- 
viiniKly obtain as the eon trihu turn to tho total energy 

- (Hp) (1) 
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where the horizontal bar denotes that the time mean is to be taken. 

— > 

H is in the diroetion of the quantum -vector i!,. and may be set pro- 

portional to it, likewise ^ to tlie quantum-vector so that wo may 
write ( 1 ) in the form 

WikSi) = aiiliSi) ^ ai I I I Si \ cos (7^5,.). . . (2) 


The factor of proportionality i.s calculated in Note 12 and coincs 
out as 


+ iWi + 1) ’ 


( 3 ) 


where R denotes Rydberg’s number’ (in om~^), a the fino-.structm'o 
constant, the nuclear charge that acts on the electron in its 
orbit, which is assumed to ho liydrogondiko (for penetrating orbits 
a somewhat different expression ax)plics, of. Note 12), and is the 
princijjal quantum number of tlie electron. 

Resides the mutual actions {If, s^) there are clearly others hotwceii 
the li of the electron and the of the electron. In Note .12 
we show tliat these mutual actions may in general be negleotcd (that 
is, if the micloar charges are not too small). 

Hence we obtain altogether as the total energy of interaction 
(?, .9) of all the outer electrons (the closed shells make no contribution), 
by summing uja over terms of the form (2) : 

W(Z, s) = r = 'S.Oi My I I I cos (liSi). . . (4) 

i 

Wo have therefore now to calculate these time means. If wo 
assume the couxding to bo of the Riissell-Sanndors type the com- 

bine into L and the s/s to S. To calculate cos (^^Sy) it is simxilest to 

consider the Bjiherical triangles that are out out of the \mit sx^horo 

— > — >■ — > 

by the quantum vectors /y, L, 5y, iS. We obtain succossivoly : 

cos {IfL) cos («yL) + sin (^yL) sin (syL) cos a ; 

cos (LS) cos (5yS) 'h sin (L8) sin (syS) cos )3, 

where a is the angle at L in tlie spherioal triangle ^ySyL, and ^ the angle 
at S in tlie triangle SyL,S. 

In forming the time mean for the second equation the second 
term in the riglit-hand side droxw out bocanse the tlirce factors Ihiotuatj' 
indepoudontly of one another and because cos a = 0. In tho same 
’\vay in the first terra ^VG may replace the mean value of the xn’odnofc 


cos (fySy) = 
cos (,SyL) == 
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i'y I'lu' pruiludl. <ir llir lumn values. Kuueo wo have left) : eos"LI = 

»'»*H !f\i tK)S 

the help of the siaioiid ()C|uation wo iiiuvlly obtain 

eos (los 0{)s (.s^S) (!()s (LS), . . (5) 

w(^ may (unit the, ])ar over eos (LS) bociaiiso the, vectors L 
ikinl S pei'form a uniform i)i'(!(iessioii al)out one another, in which the 

> ♦ V 

iMirt (InS) is eonstant in time. From tlu', vector triangle L, S, J wo 
kihluin, if w(( tak(‘ into acaanint the “ wave-inoohanical correction,” 
tliiil- Ih, repluei' ,)a by ,)(,] .|. 1) and so forth : 


eos im • ■ ^ ^ -I- 1) - S(S -I- :i .) 

^ fs T 

I'rmn (•!), (o) and (d) it iinally follows that 


(0) 


'aM- l,)-;i,(L-|-l)hH(S-|-l) , 


2 

we have us(‘d th(( abbreviation 


(7) 


A j J j OOR COS fJs). 


. (8j 


Atmiirtling bt our viinv, then, tho resolution of a mnltiplot term is 
Mix'i'n Tiy (7) and (S) for normal ooipding. For, by (4), F ro])roaonts 
Ihi' t'lUM'gy of interaction (calcidatod from a v.erodovel) whioli would 
<«ori*c‘M|,)ond bi tiu! total energy vnllmil taking iiito aocorint tho intor- 
n«tHm energy (‘I). From equation (8) wo soo that the resolution 
frietcu* A (ha^H not deiamd on the inner quantum luimhor J. l^hivtlmr, 
it r«)lU)WH from (7) that the multiplet term L, 8 is regular, if A> 0. 
i Vm then positive and lias its groaWt valvie for tho greatest J which 
im|iiiiIh L 1“ S ; but siuco T represents an energy, tho greatest value 
nf V roprOHents tlu* greatest atomio energy, that is, the level which. 
IU*H liiglu'st above the groviiKhstato of tho atom ; thus, tho term 
\h rnuulnr, (Jonvorsoly A < 0 results in inverae terms. 

We lind the physical moaning of tiro “ zoro-lovols ” just mentioned 
iiH fitllows. Wo add J as a svilTix to the F aird multiply each Fj by 
I h(‘ quantum weigiit (2/)' • j- I ) of tho assooiatod Jdovel (of. tho previans 
■§. |j. o2!l) and sum rq) over all *T’s of the, term L, 8 : 

.1 'i 

HMU 1 

2 (ai I - nrj , , 5{2:(2 .j -I - i).T(j + 1) 

‘httirt 

.(L(b 1- 1) I 8(8T 1))2(2J -|0,))- 


( 0 ) 



543 Chapter YIII. The Complex Structure of the Series Terms 

as a simple calculation shows. The zero-level is l-lnis the eanlre <{f 
gravilif of the lerm (L, S), as was only to he expected. 

We may deduce still another result from (7). Tor this purpuso 
we form the difference of two T- values that belong to the quantnni 
numbers J and J — 1, but to the same L and 8 : 

A - r,_, = j{j(j + 1) - (J - i)j)A =-■ . A. , (jd) 

The intervals between neighbouring tem-levels are, in the CMse of 
norrml coupling, in the ratio of the greater of the two inner quankmi 
Clumbers lohich belong to the corresponding levels. This is Landd's 
Interval Rule.* According to our method of derivation it holds for 
regular terms equally well as for inverse terms. Wo shall, in fact, 
find both kinds of terms represented in the' following examploH. 

• Prom the enormous material available we fii’st give some oxainplos 
for odd multiplicities. In the first place, wo jnust mention the tripletw 
of the alkaline earths and of the Zn-Cd-Hg-series, in whioh tivo 
Interval Pule was first observed. Lot us consider the Ca-torinH 
which we used on p. 426 to illustrate the struoturo of multiple tw. 
The p-term gives 105-8 : 62-3 = 2 : 1-02 ; by (10) wo should oxpoot 
theoretically 2 : 1. The ;/-term gives 86-8 : 47d = 2 : 1-08 ; theoreti- 
cally it should ho 2 : 1 again. 

In the D-ternis d and d‘ we expect 3 ; 2 ; empirically 

21-7 : 13-9 3 : 1-94 for d, 

40-0 : 20-7 3 : 2-00 for d\ 


As other examples we give : a ^G-torm {3d’4p) of Po, for which 

Ar 54 : Ar 43 = 388-4 : 311-8 — 5 : 4-01 ; theoretically 5:4. 

Then the term of Po {gronnd-torm of the speotrinn) ; 

: Araa : Arai : Ar^o - 41G-0 : 288*2 ; 184-2 ; 90-0 

= 4 : 2*77 ; 1-77 ; 0*80 ; theoretically 4:3:2: I, 

system we may take the ’P-torm (3d'>4s4?>) 


Ar86:Ar54:Ar43:A,/82:Ar2i;Avio = 222-9 : 189-0 : 163-0 : 110-8 : 78*6 • mhii 
~ 6 : 6*08 : 4*12 : 3-14 ; 2*10 : 1*00 ; theoretically 0 : 6 ; 4 ; 3 : 2 : l; 


two inner quantum mimbera ’’ w« a greater of tho 
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tf I hr rvrii iituh ipliiMf H'H M r tiik«‘ 

HiiM'MMp) of V : Ad. 1 : Ai-i; • : At's Mfi-U : Ift?-? : 122'0 
II: !)'(!(> ; tjuuu'e'tieally 11 : !) : 7. 

«P(:h/«.|.4/i) ot Mu : Ap|| I : Avj ,5 -- 17:P7I : 120*1K - I) :,«-7() ; 
tlu!(iroti(!ally I) : 7. 

Wi* liilrnlioiuilly not alwayH oUoHon tlio inosb ftivovirablo 

in f*iih*r lo hIkiw tlnifc the Interval Hule often holds only 
pproNiiiintely, Idke onr tpialitative iutonHity rule, liowevor, ou 
I, -122 it is in iiuiny easen a valuable gnide for linding and hvter- 
li'ot hig jnidtiplofca, and, what is at leunt as important, it givea (in 
tirlitioii to tlio J^ooinan effect, the intennity of tlio linen, and so forth, 
tn iterion, partiindarly siinplo to a))ply, of' the vaUdily of the .UushpM- 
!ituiulvr» tumjdiny. 

/n h'nnn mlh vvrif wiilii mipamUonfi the Interval Hide is obeyed 
•rtH nnd less, an we may hchi in tlie spiustra on the riglit-band edge 
•f the piu‘io{lie Hystein (Inert gases, (!o, Ni and liomologutss) and in 
111 ' lowin’ horizontal rows of tlio periodic Hystem, For example, 
III' low »l ).tenu (lidHu) of the Ni-HpoeOrum lias instead of the theoretical 
ifctio II : 2 in reality (Hri-OO : 8:i5l’20 3 : 3*70 for Avaa : Avgi. In 

ho lower horizon tal rows Ba and Hg already show in many low tornm 
^yaLeinatie deviatioim from the Interval llvdo and the discrepanoieH 
•niiiillv lieeome gi’oati'i' as we puss towards the right in the period u; 
iVHlem in tlii'se Horles. In those oases the scliome ()f the normal 
■imitliuK clearly becomes invalidated; strictly speaking, there is no 
ill Igor fi physienl meaning in assigning S- and L- values to the terms. 
kVo are then dealing ivith transition stages between BusHoU-Saimdors 
unl (Ml-couiilinK. for wbicli it is indispensable to use M'avo-mcohamos. 
ii'urthenimre. wo must point out tliat the Interval Buie no longer bolds 
tn* the UahtpM cltmimlfi. 'I’lui reason for this is (hnerent from be lore . 
ni acieoimt of tho small niioloar ubarge tlie interactions 'vhieh avc may 
»ViiilioliHt» by also become appreeiable bere (cL p. HW). m 

u,..M.alo«H llrval ..t Olm «t Ho. HH an< 1»>'' ['H" ‘ “ 

if Be nmy also bo cxplainod in tins way, as Heisenberg has sliowi by 

Uo oaloulata tho {or tho toin. 

Himctra ami (Inds in Ho an invorBO term (order of soquoneo lun 
hohi'v <il.wai(lH : »l\, »{>„ «P,) with tho thoniotioal 
V ,, . A„ *> . H) in hi'i- ft partially inverted term (order of socimmeo 

H-:: ?"»l-„rwitu 'i h.to,J,al ,Jo : Av„ ^ 2 : B. 

it 11.1.1 1.00.. H,.K«<wU«l {<..• «o...o tlniot th.vt tho holuim »P.lo.in junt 

. (.t. w. V. i'i.y». iw., 88, im (11120) i a. 35, 11120 

Pr.ith NliL Aeii.l., Il,7:i2(l»2f}). 



544 Chapter VIII. The Complex Structure of the Series 

mentioned iniglit he inverted with a fiu* too small Ara^-j’esohil hii' ^ 
the exact measurement of the combination 2^^ — • 2T by llouslitd* 
which was carried out to test Heisenberg’s calculation, has hIuim-ii 
this view is correct. 

Hitherto wo have used equation (7) only to obtain informal*'**^ 
about the ratios of the resolutions; but it also gives tbo 
magnilude of the resolutions, if wo know the factor A. Wti «lo 
for the case of two electrons ;f the general case has Ixam trout*'** 
by Goudsinit.j: We give the essential parts of his treatment a [ill hi*’ 
later. 

We again assume normal coupling, so that equations (7) and 
liolcl. The cosine that occurs in (8) is obtained from the ti'iaiij-^^*’ 
of the vectors l^, L and Sj., s^, S, respectively : 


cos {IJj) = 


+ |L|^-|y^ 
m |L| 


kil® “b |S|® — 

““ = 2^1 IWf 


Corresponding equations hold for cos (ZaL), cos (#28). '.Palteti *' l^ 
together, we have [j by (8) and (11) : 


* 2i(^i "hi) "bitch'd' 11 — 5i(Si-|-l)-j-S(S-|-l) — 52(t92-l- 1 

2L(L-Wd ‘ 2S{S+1) ' ' ,^5 

I ?2(^2“bI)'bT{L-(-l)— i!i(Zi-j-l) S2(®2"bI)"bS(SH-l) — iSi(Si-[-l) 

2L(LT1) * 2S(S-1-1) 


Since ~ 5^ — I the second factors reduce in each case to J. 
over, we may use equation (12) in a more general sense, as (loudHH*i l' 
and Humphreys have shown {he. cit,). Tor if we may regard tin? ul«niJJ 
sohematically as composed of a “core ’’ and a “radiating el<'titrui» 
that is, if the additional electron does not change the coupling of l 
configuration that is already present and is known from tlm h|iuivI« 
spectra, we may substitute for a, the values of the spark Uu’iii *•»> 
whioh the arc term with the quantum numbers L, S is built and f**! 
l^, s^ the values of the “radiating electron.” 

We use equation (12) in order to explain the symmetrical stnnd/H**« 
(mentioned on p. 424) of the p^^'-groups of Mg and of its analt:>gtnii 
spark spectra A1 11 to 01 VI. The p-torm — in the systomatk) not-*!- 
tion (3^3p)^ P — has ~ 0, ^2 — I, <5i — Sg = J-, L = 1, S = 1 and giv<,:*4 
A ~ . I, where denotes the a-value of the 3p-eleotron. Tor tlK 

p'-term, whioh is (Bp'*)^?, we have = ^2 = i'be other (pmnlutii 
numbers being as before; further, we have — — by (11 >' 
since for equivalent electrons Z,^is the same, as well as iif, //. Kriiiia 
(12) it again folloAvs that A ~ a^, . From (7) we see clirccUy lhri-1 
on account of the equality of the A> values the T’s hocoino equiii ft»j 


* W. V. Houston, Phys. Pev., 29, 740 (1027), 
t Of. S. Goudsmit and 0, J. Humphreys, ibid., 31, 000 (1()28). 

I S. Goudsmit, ibid,, 31, 040 (1928). 

II Of, S. Goudsmit and C. J. Humphroys, /oc, cit. 
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luith It'i’niH ill oaeli ease wo arc dealing with the saino torui- 

oliunitduis Unit in, Itoeaimo J, Ij, H all coincide in value ; consoquenUy 
the two ‘VI.*4orjna have theoietically the same resolutions.* It has 
ali’t'iuly luam inontionod on p. 424 that this is also the ease experi- 
UK'iitnilv. 

l'h)i' tlio /”s there is a similar Permanence and Summation Law 
UH for tlm f/-vahu'H (ef. pp. 420 and 4i)9). To arrive at the Permanence 
Law lii'Ht we imagine the atom to bo subjected to a iveah magnetic 

Jh'Ul wim lc in tlu' sense that it does not appreciably disturb the coupling 

Ijofcw'cMin the vtmtors, The interaetion of the i!/s andsf’s then remains 
miporturlunl, and the magnetic Hold proclncos only a uniform preoes- 
aion of and hence of the whole veotor-framo about the axis of 
till! liold. 

'Plienoo it follows first that V retains the same value in the weak 
flohl tiM iir the llelddree case and hence, in particular, does not depend 
tin tlvn magnetic (puintinn number M, and, secondly, that the action 
of fcho imignotie lield consists only in superposing on the vmxiorturbed 
l^n'ui rcHolution a small resolution which arises from the precession 
Inontionod by correspondoneo considerations and is determined, as 
\v4< iilruudy know, by tlie Land6 {/-formula in the case of nonnal 
coupling (see § 0); Wo have used both results implicitly in § 6. In 
ilm irmso of normal coupling P has the value (7), otherwise the 
viilvin (4). 

H 01 Kio forth wo again assume noimal coupling and pass on to the 
luiMu nf the ulrong fidd The coupling (L, S) is then disturbed and 
tlm vnotors L, S take up tlioir positions in the magnetic field in- 

ilnpondontly of one another, oosTlS) in (G) is, however, no longer 
tmnHtrnvt) ; rather, wo obtain, from oonsidorations similar to those 
rvppliod above, from the spherical triangle of veotors L, {ii, II, 

cos (LS) = cos (LH) CO.S (SH) . . . (13) 


On 

H). 


ftoaonnt of 


cos (LH) - 


|L| 


(ft) and (13) that 


alrona 


and 008 (SH) 
MlMs . A. 


|S1 


it follows from 


. (1^0 


wlumo A is defined by (8) as before. 

'l.'ho following Pemanmee Law holds for P: the sum taken 

fwar all P's 0/ tern [L, 8) is independent of the field-slrengUi for a 
(Ixtul M. In symbols 

. (16) 


'^Pwealc 

.r 


XPslronu (M 


* h'irHl, ni'ovoil by R. A. Sawyer and C. J. Hnmplwoyfl. Pbys. Rgv„ 32, 682 

[ (Jfi also K. Hoeliovl, Zoila. f. Piiysih, 09» 736 (10.il). 

.. .1 -M iionnq>n 


t A. Lnmk', 19, 112 (1023), 
vcn:^. r.-“35 
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Wo may verify tliis law hi a way similar to that usiid in 
with the Pormaiionce ihaw of the r/. values in § 7 of the prost'nl' rlia|'^ 
But Avo shall Jioro only explain II le law (15) by inoanH of the huh o* * 
ample as wm used on p. 604,* namely the triplet B-torju. 

In Table 59 Ave give in the u 2 )por lialf for coUA’-enience tli(' /’ 
for the Avenk Held divided by A, according to equation (7), in l 
in order of M-vahies. They are all equal for a fixed *J (ef. nh'd 

Table f59. L == 2, S - 1 


M = 1 -\-R +2 -}-l 0 -1 -2 -3 1 


J - 3 

2 

1 

2 2 2 2 2 2 2 
-1 -1 -1 ~l -1 

-3 -3 -3 

1 

J 

^Woak field 
(normal (ioupling) 

sriA 

2 1 -2 -2 --2 1 2 


Ms = 1 

0 

-1 

21 0 ~2 

0 0 0 0 0 
-2-1012 

1 

J 

[strong field 
[ (normal eoupllng) 


In the middle roAV of the table Ave have the suras of these ./’/Am, wh'* ' 
belong to tlie same M. In the loAver half of the table avo have am it*** 
down, the values of FJA for a strong field, in accordanoe with (1'® 
arranged horizontally in order of M and veifiically in order nf * 
Ms- values. We see that the sum of those T/A’s taken over Mu 
with the value of the jniddle roAv in the case of each M,'. 

If Ave noAv apply the Permanence LaAv to fields of suiili H(r»’Mj.s*' 
that all coupIing.s, even those between the l/s and lienuim 
tnrbcd,t tlion (see Note 12) by subseqirently proceeding In 
Jimiting ease Avhore the field is zero Ave may derive a swumndutt 
that corresponds to the ^/-siimraation rule on p. 486. This nih* 
that in a giv&n electron configuration the sum over all P's (hat hrhri 
to Or fixed value of J is independent of the coupling. 

As Gouclsrait {he, cit.) lias slioAvn, the Permanence Law also giv tl 
ns a means of detorraiiiing the individual P’s at least for vquimlrM. 
electrons and pure Russell- Saunders coupling. Here we slmll giA? 
only his results. In the case of equivalent eleotrons all tiie a^‘n nr 
equal (of. p. 644) ; avo may therefore in this case express all T'w 
the ft of a single eleotron of the shell in question. Aoeordiug % 
Gouclsmit AVO obtain for the splitting-factors A and tlio total I'l'nohilii rj 
of the terms for equivalent p- and d-eleotrons the values given Ij' 
Table 60. 

* The -r-resolution that is boav to bo given for the strong flolcl Hii|ii.''rlni|HK^4 
itself aa n flno-struotiu'e in the Pnschon-Baok resolution there consideitMl. 

t Tho sum must then bo taken over all P’s that belong to n flxed M In ii givtiJy 

oleotron configuration. 



f lo. Resolution of Miiltiplct Terms. Hyper fine Structure 547 
'rAHLii 00, Normal (Coupling 



Ti'i'iim (witliout 
Sliittluls mid 
S-i'erms) 

lUiiioluUiiii 
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Resoliitioa 
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(f 

5!« 

•/j«, • ■ /r‘ 
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"P 
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la 
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la 

la 
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l.« 

l?,« 


3(1 

{\di 

i'O 


W 

— ia 
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3]) a[.) 


So. 


3!> 

ht 

ft 


»]) 

■\a 

la 


3H 

i’f,« 

; jo 


3(1 


Ua 


■ 3F -1- 3].^ 

.h« 

y^o 


3D 

— |*n« 

~A« 


“P H' ” 1 ’ 

So 

Ho 


siiinfclioli 

n 
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If fclui saino toi'iu oooiivs oeveral limes in one configuration, suok as 
blu) «l)-tomn in the coho of wc can specify only the sum of the A’a 
iinl of Hiu total I'csolutions : this is denoted by using the notation 
*l> I ' in tiui second column, The notation of the first column 
M inlHvivdcul to denote that, for oxainplo, the configuration d’’ gives the 
uiiiio A-values and total resolutions as hut with the reverse sign. 
J'lii) iiihle sliows that in gmtral z electrons that are 2 iresent in a shell 
having a flowed I give the same terns with the same resolutioyis as z electrons 
hul are zvanting in this shell except that the terms arc inverted in the 
case, if they were reg^dar in the former, and vice versa. It is 
.Hiisy to HCG in a goncrai way how this " gap law ” comes about. Ibis 
j,lvim US a precise formulation of the rule given on p. 451, that the 
Ltu'iiiH aro regular in the first half of a poiiod and inverted in t le 
■tC'iutHnl lialf. Actually most of the A’s in the first half of the periods are 
iiuHitivo according to Table 00; hut there are exceptions ; * the 
UvrniH and are, theoretically, inverted terms. This is 

iunilinnocl experimentally by the Ti Il-spoctrum in the case of 


♦ 'rjM> hivorfcocl torins of somo til kali -spectra (such ns C9-T.''-termB, oto.), which 
inoiitionod on 1). 451, do not como among those oxcoptions. They may 
.r uod acjording to a oommnnioation roeoivod frotn E, Imrim, on wave- 

n duS " I- partially, mvortod tonns that ocoasionally occur ui 


'I’linui’ianUnA gi'mmda, '.(!lw partially 
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In the midclle of the periods, whoi’o there are jiiat as many iiiiKHlng 
electrons as there are electrons present, tlie iiakndation gives zej-o 
resolutions. At anyrate we should expect thoortitieally unu.sually 
.small resolutions. Examples of this aro also to bo found in tho spectra. 

A no less surprising assertion of the table, which lias also heou 
confirmed experimentally in many cases, is that tho resolutions of tlio 
various terms of one configuration bear simple ratios to eaoli other. 
Thus the total resolutions of the terms should hear the ratio 7 : 8 
to one another. 


Hyperfine Structure 

It has been experimentally establisliod that many lines (and honae 
many terms) of a spectrum, after analysis into nudtiplots (i.e. tho 

“ fine ” struoture), still possess a narrow, and often eomidieatcd, 

“ hyperfine ” structure. As all three quantum mimhors L, 8, and J 
of the external electronio system of the atom have boon used to explain 
the multiplet struoture of the spectrum, it is necessary to enlist the 
aid of the nucleus to supply a now degree of freedom to account foi’ 
this further resolution. 

Erom the time of Bohr’s theory of the hydrogen speoti’um (see 

p. 92) it has been known that the mass of the nucleus is involved 

in the expression for Eydberg’s constant, so that tho isotopio con- 
stitution of the element was thought to be responsible for tlio hyporfino 
structure. Rydberg’s constant, for an atom with nuclear mass M, is 
given by 

Bk = b|(i + 0 

where g. denotes the rest mass of tlie electron. Hence as Rjt occurs 
as a multiplier in all the series formulas (of. p. 89) it is obvious that, 
on this simple theory, all the spectral lines of an element v'ith n isotopes 
should possess identical enfold structures, in vdiioh tl\o component 
due to the heaviest isotox^e lies on the side of highest frequency. 
Such a theory served to explain qualitatively the doublet strtiotvn'OH 
of certain lines in the spectrum of neon * (isotopes 20 and 22). Later 
observations on the arc spectra of H (isotopes 1 and 2), Li (6 and 7), 
Cl (86 and 37) and K (39 and 41) oan be similaidy oxxdained ; tho 
measured displacements, however, are usually greater than those ob- 
tained by calculation. It was obvio\is from tho first tliat siioh a theory 
was totally unable to exx^ain any of the other hypoi’fino struotiiroB, 
since, on the one hand, the effect should become immeasurably small 
for the heavier elements, and, on tlie other, tho various lilies of an 
element (e.g. Hg) are found to possess widely different structures, in 
legaid to number, relative intensity and arrangement of oomxionentH. 

* H. Hansen, Natvwviss., 16, 103 (1027). 
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A1h(» if fciio cliirei’(M\b compoucnts of a lino ai'(^«o from cUftWont isotopes, 
t ho /ooiniin ollicHits of bho compon(«it8 should bo mubiially indopenclent, 
as 1ms boon Ibimd for No alone. 

'riu'. ili'st Sbe.]» ill the unravelling of the problem was made by Paidi * 
wlm iwsi^iiuul a «iviantise(l nueleav spin, l^^-, to the nuolens. This rota- 

*j7r 

bion, IhiHiugh tlui associated magnetie moment, Ig{l), interacts with the 
lotal inonnmtum, *1, of the exttu'nal clcotronio system and produces, 
rxoi^pt when «) : : 0, a further subdivision of the individual multiplet 
lernis. |(’ tlui magnetic moment of , the nucleus be small compared 
w'ilh that ot blm (electron, then the now subdivision of the terms will 
lie Hiniill tiom pared witli that due to electron spin— the “ fine ” struoture. 
Act ually in a given speotrum tlio ratio (1 : 2000) of “ hyperfine ” 
to '* lino ” (i.o. multiplet) separation is of the same order as moioo- 

ft iif'fi'iin'’ 

In Odnseii lienee of the magnetic coupling hetween the nuclear 
wpin 1 and the total momentum J of the outer electrons, they will 
bulb jiriuiesH uniformly about their resultant F, i/n? total momeMlum 
«/ thv whole, atom.. This interaition hetween J, I and F is identical 
wilh tliat luvbwiHMi L, S and J, so we may take over the results (see 
jip. oim H (hu'ivial for the multiplot sojiarations simply by replacing 
Ij, K ami ,1, by ,1, 1 and If, respeetively. 'The possible values of F are 
tluM'etoro 

I X I- .1 I > F > I 1 . . . (lOrt) 

'I'here ai'o tbori'fore. 


HI' 


(2iJ h 1) . . . when iT < I\ 
(21 I- 1) . . . when J > X J 


(16i) 


liyjierllno levels eorresponding to the F-values allowed by (Ida). 
Tlie pcmaiblo bransitionB giving rise bo hyperfine Rtructuro components 
am Hubjoob to the soloetiou rules : 


Alf-T^lorO 

Avith :F 0 Xf 0 “ Ibrbiddon ’’ J ’ * 

By moans of considerations similar to those on jip. 640, 641 it is 
possiblo to show from our vector model that the intoraotion energy, 
W(l, J), hobwoon the nucleus and the outer electrons is of the form 

W(X,J).-.A(J).rX|.lJl.cos{XJ) 

|A(J)(F(F -1- X) - I(I -1- 1)- J(,X -f X)} ■ • ■ 


'I'lio problem is now to relate A(.)), which governs the magnitude 
of tlio hyperfine sejiarations, to tlie various constants oharacteristio 
4 if tho iiarbimiliu’ energy -level, to atomic eoiistants and to the nuclear 
magimtle moment. In the general ease, A(J) is bho resultant of the 

K \V. I’anli, NfUiUi'wiHK. , 12, 74 1 ( 1 1)24) . 
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action of a iitiinber of valency electrons — each indojiondontly coupled 
to the nuclear sj)in and thus contributing, in difl’eriug amounts, to tho 
total hyperfine separation of the term — .so we may write 

A(J) . . . (18a) 

where f{l, 5 , j) is a known * function of tlio vai'iou.s quantum mtmberH 
of the n'^ electron. The summation (18a) inqdioa a knowledge of 
the coupling involved in the multiplot structure of the Hjx^otrnm. 
In tho special case of two s-eleotrons, 

A(J) - + la-a. 

No exact calculation of the factors a„ (18a) ha.s yet heoir made, 
but Goudsrait f gives formulm, both for s- and “ non fi- ” oloctrous, 
which he considers suitable to give “ fair approximations for tlio 
nuclear magnetic moments.” The formuloe, whicli are too comjdioated 
to reproduce liere, would seem to bo reasonably acourato lor ponotrat- 
ing electrons, into which class tlie -electron must bo placed, '.riio 
general result is that wider structures are to bo expected for pciiotrating 
than for non-penetrating orbits. 

The separation between two hyperfine levels, I'' and (If 1), is 
given by the difference of two expressions (18), so 

S*' = [A(J)] X [(P + 1)] . . . (18*) 

TJie last equation shows that the Landed Interval Rnlo (p. 542) when 
expressed in terms of P instead of J, should hold for hyperfine S(ipara- 
tions. This has been very generally confirmed by experiment, and 
conversely tho application of the ride in cases of unknown nuclear 
moment often leads to a trustworthy value. Similarly, if 0110 again 
replaces L, S, and J by J, I and P respectively, the intensity formula) of 
pp. 527 et seq. are applicable. In all reported struoturos tho iutonsitios 
of tho various components are in good qualitative agreomont with 
theory. 

In order to show how analysis of the hyperfine structure of a 
spectrum leads to the value of the nuclear moment, wo will hriody 
consider the example of the Bi-I spectrum. TJio torm-aiialyais .t 
shows that a mnnbor of multiplet levels (defined by L, S and J) are 
still further subdivided. By the use of (16*), together with tlio fact 
tliat terms with J- values up to # have a (2J -j- l).foUl hyporiino 
structure, we see that I > The application of tlie interval rii lo (18*) 
to the term system so obtained shows that I must lie hotwoon d: and 5. 
TIxe Bi-I hyperfine structures are particularly suitable for Zooman 
effect measurements II which, in the liglit of the discussion in the 
next paragraph, point unambiguously to the value I = H. 


J S. Goudsmit and E. Back, Zs, f. Phys., 43, 321 (1927). 
II 13. Back and S. Goiidamifc, ibid., 47, 174 (1928). 
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On aooounli of the small separation of the hyperfine struoture coni- 
poiionta iti is possible with practical lielcl-strengths (up to 43,000 gauss) 
bo obtain a more or less complete Pascheii-Back effect ; for the case of 
l>lio (iOin|)lcito transformation Ave can easily calculate the line pattern 
to ho expected. I'he vectors I and J orient themselves, independently 
of oiui anotlujr, to tlio field H, Avith components Mi and Mj along the 
IT-dii'Ootion. (We uoav replace the M of the earlier discussion by 
JVr.f.) 'Tlvc total magnetic interaction, W, is then 


AV {M:i . g{l) -h Mj . g{S)]i'„,r.n ■ + A(J) . 1 1 1 . | J ] cos (I, J). (19) 

'!Th(A oxjAi'cssion in the square brackets arises from the interaction 
butAvcou the nuoleus and the field, on the one hand, and hetAveeii the 
ovitor olectrons and the field, on tlie other, normal 

ILiorontx frenuenov — ■, H, AAbere m is the electronic mass. We 
47r7nc 

may, ho^vevor, neglect the first term Avitbin the bracket compared 
'with tho second (as {/(I) : J 7 (J) ^ I : 2000). 

';Plio last term in (19) corresponds to the interaction (expressed 
ill (18)) betAVoen tho nuoleus and outer electrons, and, though small 
compared Avith that in {/(J), may not be neglected since it assumes 
different values corresponding to the various possible value.s of 
cAOrt (1.1) . By a metliod similar to that on p. G46, Ave obtain A(J) . MiMj 
for this term, and hence (19) becomes 

W = Mj . f/(J) . he -1- A(J) . MiMj . . (20) 


Ml may assume any of tho (21 + 1) values from — I to -b I, therefore 
oac 5 h Zooraan level heoomos subdivided into (21 + 1) levels. Tho 
Heloction and polarisation rules are as before, except that Mj, and Ms 
roplticed by Mj and Mi respectively, and in particular Mi may not 
C/hango in tho Paschon-Baok offeot, In consequence of (20) cacli 
55ooman. lino splits up into (21 + 1) components, i.e. one can deduce 
the nuclear momeni from the number of hyperfine ^ components of the 
Zeeman lines. In this manner Back and Goudsmit found the value 
■J 1 : for Bi, and at the same time proved definitely the existence 
of a magnetically coupled nuclear moment. Later Zeeman effect 
iiioasuromouts have been made to confirm the Amines of the nuclear 


jnoiuonts of T1 (I = and Re (I — |). 

fi.iio above tlieoi’y of nuclear moments explains completely tho 
oxpoi’hnontal results in the sxieotra of Bi, Br, La, Mn, I, Br, Cs, Na, 
Ro' Cu» Ga, As, V and Ta, and it is noteworthy that tho iiucloii 
«f *all those elements have odd mass-numbei:8. The theory fails, 
liovvovor, Avheiv applied to elements consisting of “ odd and even 
iHOtopcB. As Schfilov and Briiok* first shoAved for Cd, (isotopes . liO, 
112 ilib Iblj M.fi) tlm hyperfine structures in such elements can 


* H. Scluilov and H. Briiok, 'M. L Phys., 56, 201 (1920). 
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only be explained if the odd isotopes have nucleai’ momenta, Avhilo 
the even isotopes have I == 0 .* Hence the multiplot torms of tlui 
oven isotopes are not further subdivided into hyporfino lovela and no 
give rise to an intense unresolved component in tho midst of tlio 
hyperfine pattern due to the odd isotopes. This naturally made a 
consistent analysis, along the lines developed above, inrpossihUi, 
When this “foreign,” line, which falls in tJie optical “ oontro of 
gravity” of the hyperfine pattern of the odd isotoxJea, ia noglentod, 
it is found tliat the stnioture so obtained is in roniarkablo agrooinonfc 
with the requirements of tlie theory. A similar effect has boon roportctrl 
for Ba, and measurements of the Zeeman effect show that tlio oveii 
isotopes have no nuclear magnetic moments. 

When an element possesses two (or more) odd isotoxjos it is \mually 
found that the hyperfine patterns of both are identical and, in Iticfc, 
the analysis proceeds just as if there were only one odd isotope pres(Uifc 
{e.g, Br, Re, Cu, Tl, Cd, Ba and Sn). This means that, in all those 
cases, the odd isotopes have the same nuclear sjDins and magnetio 
moments. In the lines of Ga, Rb, Sb and Xe, howover, it is found 
that two complete hyperfine patterns, of different total breadths, 
exist independently, which shows that liero tho niioloi of tho odd 
isotopes have nuclear magnetic moments of difforont absolute mag- 
nitudes. In Ga the two patterns differ only in scale, but in the other 
elements mentioned the aiTangement of tho compononts is not tho 
same in both patterns, indicating that tho nuclear spins may also 
differ. In all these cases the oentres of gravity of tlio two kyporfino 
patterns fall together and also coinoido with the unrosolvod lino dvio 
to tho even isotopes, if such be present. 

In certain spectra (particularly tliose of the elomoiits H'g, Tl and 
Bb) many of the Ihio struotures do not fit into tho above Hchomo, 
The patterns due to the odd isotopes are still traceable to tho tie ti oil 
of nuclear moments, but the centres of gravity of tho two pattorim 
do not fall together. In addition, although duo to tho absonco of 
nuclear moments, tlie lines arising from tho even isotopes individually 
show no hyperfine structures, these unresolved lines no longer ooinoido 
as in the case of Gd, Ba, Sn, Sr, lir and Xo, but are now rooognisablo 
as a number of equidistant lines in the midst of tho hyporfino stmoturo. 
Tdie spacing of these lines is the same as tho separation of tho oontrcH 
of gravity of tiio odd isotopes and their relative intensities are always 
111 good agreement ivith Aston^s results. The line atriiofcuros which 
do not exhibit this “isotopic displacement effect” (and, in Hg and 
Pb, these form the majority) are much more simple and give the key 
to the analysis.! x « j 


* All that liyporfino atructure moftsurementa oan show is that fov ihn 

^ product I . j/(I) ia vanishingly small oompared with tho value for tho 
odd isotopes. It IS extremely probable, however, that I 0. 

-larSto Sohiil* " 



§ 10 . Kesolution ot Miiltipiet ierms. riyptiiimu r5uuL:iui,t: 
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Atomiu 

No. 



NucIriU' 

Nuclear 

Nlomoiit ' 

Mass NumOorM 

Spin 

MilKcoMc 

7x 



I 

Jtoiumit 

|. 

1 

j 

H 


urn 

1 (B) 

2'6 ^ 

2 

:ri.o 

4 

0 (B) 

— 

3 

Li 

1 s 

0 

0 I 


\ 7 

0 

3-29 / 

0 

C 

12 

0 (B) 


7 

N 

14 

1 (B) 


8 

0 

16 

0{B) 

— 

i) 


10 

i 

„ 

11 


23 

IV 

2>0 

13 


27 


2-1 

15 


31 

i(B) 


10 


32 

0 (B) 

__ 

17 


36 

0 (B) 

— 

10 

K 

30 

(B) 


23 

V 

61 


— 

26 

Mu 

66 

ft 

— 

27 

Co 

60 


— 

20 

Cu 

03 end 06 


2-6 

30 

Zii 

/flO, 08. 70 

0 

“ 1 


107 

■ft 

“ / 

31 

Gn 

Too 

171 

K 

n 

2-01 \ 
2-56 / 

33 

As 

76 

1 

0-0 

35 

Br 

70, 81 

ii 


36 

Kr 

/ 78, 80, 82, 84, 86 

0 

- > 

L 83 

5 or S 

— / 

37 

Rb 

/ 86 

187 

ft 

XT 

1) 

1- 3 1 

2- 7 J 

38 

Sr 

/ 86, 88 
\87 

6 

'-h 

0 1 

I'O / 

48 

Cd 

/no, 112, 114, 116 
llU. 113 

0 

■i 

t 

0-0 / 

40 

In 

116 

n 

6-4 

50 

Sn 

/no, 118, 120, 122, 124 

0 

0 1 

1H7, 110, 121 


0-0 / 

61 

Sb 

/121 

1123 

ft 

0 

A 

0 

2-7 1 

2-0 J 

63 

I 

127 

ii 

— 



1 ri24, 120, 128, 130, 132, 134, 130 

0 


64 

Xo 

N 120 

\ 

r 



il3l 


J 

66 

Cs 

133 

\ 


66 

Ba 

/130, 138 

1137 

0 

i! (?) 

0 1 

0-0 / 

67 

La 

139 

.7 

— 

60 

Pr 

141 

A 

0 

— 

73 

Tn 

181 

.7 

a 

— 

76 

Ro 

187, 189 

h 

Jj 

— 

70 

An 

107 

1-8 



ri08, 200, 202, 204 

(') 

^ 1 

80 

Hg 

■^100 


0-66 > 



(.201 



81 

T1 

203, 206 


1-8 

82 

:pb 

/204, 200, 208 

1 207 

0 

4 

1- 

04J0 / 

83 

Bi 

, 200 


0.80 


(B) indie ixtoa that tho nueloar momont ooneamod has beon dotormined Bololy 
fi’om moasnromonta in Band Spectra. 'J'lie unclear magnetic momenta are given 
in. terms of the " miclear magneton,” wliioh is 1/ 1838th part of tho Bohi* 
magneton. 
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The above conclusions regarding the occurrence of isotopic shifts 
in the heavy elements receive convincing support from ohsorvations 
made by Kopfermann,* who compared the lines omitted by uranium 
lead (Pbaoo) with those of ordinary lead (principally I’b2og, Pgov 
Pbaos)- The lines of uranium lead are single ancl.each was found to 
coincide ■with the component assigned to Pb206 hi the hyporfiruj 
structure of the corresponding line emitted by ordinary load. 

The nuclear spins and magnetic moments tlmt liavo hetm determined 
from hyperfino structure measurements are collected in Table (ilj 
which also contains data obtained from the study ()f alternating 
intensities in Band Spectra. In conclusion it should bo noted that 
the nuclear spins deduced from hyperfine structures arc snpportcfl 
by recent observations on tlio polarisation of resonance radiation in 
the ease of Cd and Hg. 


* H. Kopfermann, Zs, f. Pliys,, 76, 303 (1032), 



CHAPTER IX 


BAND SBECTEA * 


^ 1. Historical Preliminaries, Uniform View of the Deslandres and 

the B aimer Term 


T he first step towards ordering band ajicctra and representing 
tliem by formula} was taken by Hesiaiidres. The formula} 
which he obtained by considering a great mass of empirical 
(lata became the model of all later developments, just as Balmev’s 
formula became the arobetyiio of all series expressions. Both 
formula} were proposed in 1885. Schwarzschikl provided the fovin- 
clation on Avhich the Beslaiidres formula could be built up from the 
(inantum theory and the Bohr atom ; this foundation was contained 
i»r tlie same paper in which the Stark efieot was first explained 
(cf, p. 300). Sohwarzachild started from the idea proposed by K. 
Hjorrum to acoormt for the infra-red. absorption spectra, accord- 
ing to wbioli the various lines of the bands correspond to variou.s 
rotational states of the absorbing gas molecules. We are indebted 
to Heurlinger 'I for testing and. elaborating Sclnvarzschild’s theory 
by considering the empirical data. But his results received general 
notice only when Lenz |1 came to the same conclusions, partly going 
lioyond Heurlinger, by taking a more comprehensive theoretical point 
of view. Detailed papers by Kratzer ^ closed the first i)haso of the 

* Ab in tho jirovions ocUtion Mr, ICratzcr very kindly oo-opoi’afcocl in the account 
hero given, which is in no way intonclod to bo oxha\i8tivo, as tlio material which 
has aociimiilatod in tho moantinio would go far beyond bho limits of thifl book, 
Habhor, it does no more than sketch tho most important foaturos in tho historical 
tlovolopmonb of Band Theory from our present point of view. Detailed accounts 
nro given in : Atoms, Molecules and Quanta, by Euark and Uroy (McGraw-Hill, 
Now York, 1920), or in Vol. 21, Handbuch der Physik, by Mcoko (Springer, 1020). 
Of. also tl\o Eeporfc by R, S. MulHkeu in Eoviow of Modern I’hysics, 60, 606 
(1030); 3, 80 (1031); also Bandempektren auj Plxperhnenldlar Qrundlaga, by 
It. Eiiody (Fr. Viewog & Son, Brunswick, 1930). 
t Nornst Fostsohrlfb (1012), p. 00. 

j Heurlinger, Jmestigalions into the Structure of Band Spectra, Dissarta- 
tion, Lund, 1018 ; also, Arkiv. tor Matoinatik, Astron, och Fysik, 18 (1016) ; 
]?hyR. ZoitB., 80, 188 (1010); Zeits. f. wiBseiiHobaft, Photographic, 18, 241 
(1010). 

II W. 1(0117,, Vorh, i). D, Phys. Goa,, 81, 632 (1910), 

It Ann, d, Pbys„ 67, 127 (1022) ; 71, 72 (1023) ; Zoits. f. Phys., 3, 289 (1920) ; 
16, 353 (1923); 83, 208 (1024), Of. also Enzykl. d. Math. WIrr., 6, Part ll't, 
822 (1026)., 
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theory ; these papers dealt with the terms of diatomic moleovdes and 
their combmation. 

In the more recent phase of development the problem of the 
dependence of band structure oii the electron configuration bus beon 
.successfully attacked. Mecke and, j)articiilarly, Mulliken, wc.u’o able 
to apply the ideas of the miiltiplet theory of atoms to moleoules. 
The electron spin of the total molecule determines the Kinglet-, 
doublet- . . . character of the band lines. We have an Alternation 
Law for molecules exactly as for atoms, according as the ninnher <>f 
electrons in the molecule is even or odd. Besides tho ekuitrou sihn 
also the nuclear spin shows itself in the sequence of intonHitio.s of tlio 
hand lines. Huncl has set up general schemes for the coupling of the 
spin- and orbital moments of momentum with the lino eonncoting 
tho nuclei in the case of diatomic molecules (of. § 7). We nnvy asHOcinto 
ourselves with Mulliken in saying that the most important Hpectro- 
scopic problems no longer lie at the present time in tho I'oalm of atomic 
spectra but in that of molecular spectra. 

In view of the complexity of the data of observation it is not 
easy to get a provisional survey of bho ompirioal facts. W(' must 
therefore restrict ourselves to a few remarks concerning the nonuui- 
claturo chiefly and wo shall reserve the outstanding experimental rosnlts 
for later when we deal with their tlieoretical interpretation. 

Expressed generally, band spectra are charaoterisotl by tlio cIoho 
sequence of their lines and by the accumulation of the latter at tho 
so-called edges or heads of the bands. TJio name band spectra Inis its 
origin in the fact that when the dispersion of tho resolving apparatus 
is small they give the impression of continnou.sly tinted hands. 
Some of the bands are shaded off towards the red, some towards the 
violet end of the spectrum ; that is, some have edges 031 tlic I’od Hi<U> 
and some on the v/olet side (cf. tlie beginning of § 2 of Chapter 11). 

Band lines that seem to start out from the same edge are grouped 
together into a branch (Zweigf). Deslandres used tho Avord “ series ” 
instead of ” branches ” for hand lines. Associated branches form ono 
or more ‘partial bands (or single bands). The fact that tho partial 
bands overlap increases the difficulty of ordering and interpreting tho 
band spectra. The edges of the bands reovir in more or loss regular 
sequence. Among the hqnd edges we may distinguish, at .least in tho 
clearer oases, several groups of bands. So each group of bands unitoH 
a series of heads of bands to a higher single unit. Eig. 141 on pngci 672 
exhibits a group of this kind consisting of five band heads and tJio 
partial bands that start out from them towards the violet and tluit 
overlap. Tho various groups of bands, too, follow in regular soquenco 
and form & system of bands. Tho complete band configuration of a 
molecule consists not of one but in general of several systems of bandH. 

But the appearance of the bands, as here desoribed, is in some 
circumstanees distorted by the overlapping of the various groups ’ 



§ I, Historical Preliminaries 

til in iii\rti<!ularly to the so. called many lines spectra (cf, § 5). 

Urn ham In that liti in tins infra.red arc distingiiislied l,)y being particularly 
Nifiiple ; id tlicir case a single hand is observed alone and the over- 

f?**^^^*P*^ hf bands does not oceur. We shall therefore first 
<U'!n.l witK these spectra in § 2. 

Our first task is to obtain the ground factor of band emission, 
(dll' Doslandres term, theorctieally and to connect it with the ground 
fnotor of series emission, the Balmor term. 

Wo start out from Bjerrum and Bcliwaiisschild’s idea of the rotator 
ivuii do iu)t ooneontrate, as on page 81, on the single point-mass that 
vovolvoK at a fixed distance hut more generally on a rigid body which 
rotutes Erlxuit a principal axis, which may serve us achematically as a 
niolei'ulo, T.et its moment of inertia about the principal axis be called 
d and its angular velocity oj or As we know, the moment of 
nunnontum and the kinetic energy are 


M ~ J^CO) 


_ (Ja))a 
2 2J • 


Sinoo the angle of rotation f/> is a cyclic co-ordinate of the motion, the 
qiiantvini condition for this rotator runs, analogously to equation (18) 
on pages 82, 

27tM = mh (m integral). 


Hence it follows that 


Jtu ~ 


mh 

2tt ‘ 






0 ) 


We now distinguish between’ two cases. 

I. The moment of inertia has a principal comxronent Jq, wliich is 
iudoxienclent of the rotation and is only inappreciably affected by the 
rotatioii (oxamx)lo ; the eartli and its flattening or a molecule that 
rotates about a principal axis), 

II. 'J.’he moment of inertia is jiroduced by the rotation itself and 
vanishos when the rotation vanishes (example : a centrifugal governor 
or the Bohr model of the hydrogen atom). 

In (laso I wo have for the quantum state 


J == Jo + AJ,, {AJ,„ < J„) . . . (2) 

In < 'ase I,I wo have in particular, for the hydrogen model 

Jm = . . . . (3) 

whei’O fj, denotes t^e electronic mass, a,„ and the radius of the 
or the first Bohr oirele. 

If wo substitute the values (2) and (3) in (1) then in Case I an 
energy -value results which is essentially pro 2 )ortional to (that is, 
if we nogldot AJ,„) : 




kin 
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wliereas in Case II the of the numerator caiicelH out with tlio 
denominator and we obtain an exju’cssion whieli is invemdij imoijor- 
tional to 


JiZ 1 


By dividing by h we pass from the energy to the “ term.” In this 
way we obtain in Case I tlie Deslondrea ierm : 

^ = 8^ W 

and in Case II the Bahner term : 


R p h 27rVe^ 

m^’ ” 87r>a3 ^ 


(r>) 


The second form of the value R follows directly from the first bj' 
equation (7) on page 86, 

Concerning the Balmer term we have yet to add that in tho above 
calculation we have taken into account only the hinelic energy of tlio 
rotator ; if we now add the jiotential energy, on.ly the sign of the 
term becomes changed (of. Note 3). 

In the case of the Deslandres term, liowover, a wave-meelianical 
correction has yet to be applied. As already remarked on ])Ugo 82 
wave -meoh allies leads in the case of the rotator in space to half-integral 
and not integral quantising of the moment of moinoutum. Aeeoid- 
ingly we set 

w==i + i, I) -I- i 


and nrite for the Deslandres term 

B(i + 1)2 

and Bj{j 4- 1) 

respectively. In each case we have 


(OJ 

((In) 


B = 


h 


In (6a) we have omitted the constant term B/4, since if wo nssiime 
J to be fixed this term would cancel out when we form the term 
differences. We have also to remai'lc tliat the expression (On) is in fact 
the primary form, precisely as in formulating the Zeeman oifoct in the 
preceding chapter, in so far as we are concerned with the jiuro rotator, 
If oscillations are taken into account at the same time {§ 2) the oxpro.s- 
sion (6) is the natural one. 

Hence we may regard the Deslandres term as just as fundamental 
as the Balmer term, the first appljnng to systems with an initial moment 
of inertia (molecules), the latter to systems without a inomont of i nertia 
originally (atoms). 
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§ S, Infra-rod Absorption Bands. Rotation and Rotation-Vibration 

Spectra 

-Lot the system considered in the preceding section be a diatomic 
'inoh.tmU., for example, Hg, IdOl, Ng, and so forth. Let it consist of two 
pcHnfc-liho nncloi siii’i'onnded by electronic systems that are negligible 
lo.j^ni’ris distribution of mass. The line which connects the nuclei 
iH a x)rincipal axis of the system {ams of the figure) and so, indeed, is 
wyory axis perpendicular to the latter {equatorial axis). It was an axis 
tlio latter type that wo meant when we s^Joko in the previous section 
rotations about a principal axis of the rigid system. The moment 
■fj-f inertia J refers to it. But the axis of the figure has a moment of 
inertia that is practically zero j rotations about this axis do not come 
into consideration for purposes of q^uantising (of. Note 3), 

When wo treated the system as rigid on page 667 this was only 
^H>P*-’«xlmatoly correct. Although the nuclei have a position of 
CHxiiililiriuin on the axis of the figure they may move away from it 
niKlcr the influence of their mutual repulsions and the attractions 
<lvio to the electrons in the case of disturbances from the position of 
t'iCinilibriiun, collisions, energy-absorption and so forth. They then 
tjxeoute vibrations about this position of equilibrium. We assume 
tluvt the vibrations occur in the direction of the axis of the figure. In 
sense every molecule represents not only a rotator but also an 
oscillator. If the vibrations are infinitely small, wo have a liarmonic 
oscillator ; let its frequency bo Vq. If the vibrations are regarded 
Its iinite, that is, if the nuclei move away from the immediate vicinity 
<if thoir position of equilibrium to neighbouring parts of the field, 
bliun tiieir mutual bond varies with the value of the amplitude. The 
oscillator is tlion anharmoivic and, indeed, apiireciahly anharinonic 
because the quantised oscillation already has fairly considerable 
amplitudes. 

Wo know from the specific heat of gases that the rotational degrees 
of freedom (and also the translational degrees of freedom) are in full 
action at normal temperatures but that the vibrational degrees of 
freedom do not make themselves observed in the case of the simpler 
XSases suoli as Ng, Og, HCl and so forth, Prom this we conclude that 
tlio rotational component of the motion is always present to a con- 
Hidorable degree but that the vibration component is often not excited 
into action, and occurs only when energy is absorbed. 

Por tho present we assume our oscillator to be harmonic. Purtlrer, 
wo make tho general remark that the important feature for spectro- 
Hcopio questions is not the actual presence of a vibration but rather 
blio change in tho state of rotatioir. In the theoretical treatment 
wo adopt the standiioint of the emission process. The application of 
tho argument to tho abscrrpiion process is then immediately given. 
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Let / bo an arbitrary and j a fixed quantum munbor of I'otatioii, 
Let / charactcriHO tho initial state and j the iliial sfcivti^ of the rotation 
in the emissive process. Let us first consider exohisivoly the energy 
of rotation, that is, let us assume that any vibrations tliat happen to 
occur simultaneously do not change their state ; thou wo obtain from 
Bohr’s liypothesis {hv — difference of the energies) and from tho 
formula for the Deslandres term, equ. (C) or (Ort) of tho preceding 
section ; 

v = B(/(/ + l)~j(j + l)) . . . (1) 

Wc call the wave-numbers v given by tins formula tho pure rolaliou 
speclmm. 

More generally we shall assume that tho ohange of tho rotational 
energy is associated with a change of configuration of tho inolecide, 
no matter whether it consists in a rearrangement of tho oloobrons, nn 
Schwarzschild had already assumed when dealing with visible speotra,, 
or in a sudden change in the oscillatory state, as wo must now assmno 
for the infra-red spectra, or, finally, as wo sliall assiiino later, in tho 
simultaneous occurrence of both processes. 

Like the rotations the oscillations arc divided into quanta j 
namely, as a first approximation into energy-elements hv^ ns in tlio 
case of the harmonic oscillator. After what has just been said abont 
the thermodynamical behaviour of gases, only the smallest vahion 
0 or 1 come into consideration for the oscillation quantum at normal 
temperatures, whereas any arbitrary values are availablo for tho 
rotational quantum. Let v' be the quantum number * of tho initial 
■oscillation, v that of tho final oscillation, Tho energy difi’orenco thou 
amounts to 

h{v'~v)va 

and the contribution of this transition to the wave-miinber is 


By superposing this amount on the amount (1) of tlie rotation wc 
obtain 

’^==(«'“^)»’o + B(/(/ + l)~j(j-f 1)) . . (2j 

We call the possible waves given by this formula the rotation^vibralion 
spectrum. 

But tlie transition /->j (quantum transition of several unite) 
oontradicts the selection prinoiple (cf. Note 7), according to which the 
ohange in the rotation quantum number must equal Hr .1 : wo sliall 
take into account later the fact that in some oiroumstances tho quantiiin 
ohange 0 is also permissible. For the oscillation quantum number wo 


♦Following Mnlliken we adopt fche symbol v for tho " vibration quantum.” 
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hJiuU altii) lirsl csoiisidtu' only tlio quantum cluinge ± 1, which corre- 
Hponds to a rigorously harmonic oscillator, We therefore write 

,j' =^j-}:lM\([v'r=v±] . . . (3) 

iviul obtain from (1) with j' = j 1 

j' = 2B{ j + 1) . . 

tiixd from (2) witli v' — v — I and f = j -p i or j' == j 

ho ■!“ 2B( J -f 1), for f = i + 1\ 

\vo 2Bj, for j' -I J ■ 


. (4) 

- ] 

. (5) 


d.Mio following remarks must be added. In the ease of the rotation 
H[>i!oti.’um (4) the assumption j' = j — I would lead to negative wave- 
iiiimbors ; such wave-numbers belong to absorption processes and 
fclici'oforo drop out hero whore we are taking the standpoint of emission 
lone. Consequently wo had only to take into account in (4) the 
yjtWHibility j' — j 1 for the change in the rotation quantum nnmber. 
du the same way in the case of the rotation-vibration 8j)eotTum (5) 
the assumption v' ~ v ~ I would yield negative wave-mim])ers. For 
ill general the value of Vq predominates oonsiderably over that of B. 

ll.'he common content of equations (4) and (5) consists in the cir- 
c’lnmatanco that they ro]3resent equidistant sequences of lines having 
the constant wave-number difference 


|AiM = 2B = 


4^aj 


(G) 


Tn the rotation spectra (4) wo have one such system, in the rotation - 
vUiration spootra wo have two systems, one “positive” and one 
negative branch.” 

'IMio first lino of the positive branch corresponds to the transition 
1 -> 0, that is, j 0, and is therefore, on account of the first row of 
(b), given by v — H- 2B ; the first line of the negative branch belongs 
•to the transition 0 1, and thus corresponds to j = 1 and hence, on 

account of the second row of (6), gives v = V(, — 2B. The “ zero 
lino ” r = vq, that is, the central line between the first line of the 
jiositivo branch and the first line of the negative branch is not 
I'oprosentod. 

AVe have examples of both kinds of bands in the iiifra-red absorption 
Hjicctra (also observed os omission spectra by Paschen*). Pure 
7'OlciUon spectra have been observed in water- vapour by Bubens "j* and. 
:i5va V. Bahr.J The measurement of the HCl-bands under high 
dispersion by M. Czerny |1 is particularly instructive. Rotatioii- 
vibration spectra, resolved into lines, have been investigated with 


* Ami. d. Phya., 63, 336 (1894). t Borlinor Ber., 1913, p. 313. 

1 Voi'li, d. D. Phys, Qos., 15, 731 and 1160 (1913). 
iiZoits. f. Physik, 34, 227 (1926). 

VOL. T. — 36 
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great ])i’eciaion in the laboratory of Ann Arbor University By the 
methods devised by llaiidall. The first im])ortant reanltH ^ '\vt?r(f 
obtained by Imes * for HF, IICI, HBr. 'I'lio rotation speetru lie in the 
far infra-red at ajjproxiniatoly 100 /a (the last inoasuroinonts by iiubons 
go as far as 132 /a), the rotation-vibration spectra lie in the nearer 
infra-red (at several jx). 

Between the rotation spectra and the rotation-vibration spectra 
of the same molecule there is a relationship which was anticipated by 
Bjerrum and proved to exist by Encken ; the vibration difFei'oncc.s 
Av of successive lines are essentially equal in the two spootrn. By 
equation (6) this denotes theoretically that the moments of iiuu’tifi 
of the molecules do not markedly differ from ono another in the 
two states. 

Bjennim’s original interprotsition of the infra-red bands, wliich 
preceded Bohr’s theory, was of course different. 

Bjerrum quantised not only the moment of momentum but also 



Fig. 137. — Rotafcion-vibrabion spootrum of HCl photographed by Imofl with 
a refleotion grating of high resolving power. The percentage abaoi'iitiou 
is plotted as ordinate, the angle of dispersion ns abscissa. Tlio inidtllo of 
the band (the gap in tlio row of peaks) oorrosponds to Aq == 3’40. 


the energy of the rotating moleoulo ; furthermore, ho assumed tlu» 
absorption frequencies to be equal to the mcclianical frequeneios ; 
that is, he did not determine them from Bohr’s frequency condition. 
In this way he obtained as the vibration difference of neighbouring 
rotation states 


A — 

2n^r ' 


( 7 ) 


that is, twice our value (6) ; the same difference, involving the factor 
2, is already familiar to ns from page 82 whore wo oompared the 
quantising of the rotator with that of the osoillator. 

To pass on to the more detailed questions we consider Eig. 137, 
which is due to Imes (?oc. cit,), and the diagram, Eig. 138, which goes 
with it. The gap in the succession of peaks in Eig. 137, the so-called 


*Imea, Astrophya. Joiirn., 60, 261 (1919). Further inoasuromontB with the 
same apparatus made by Colby and Meyer are recorded in Asfcrophys. Jourii,, 
53, 300 (1921), and by Colby, Mej'er and Bronk, ibid., 67, 7 (1023). 
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zovo-liuo, HtrikoH the oyo at 01100. Not onlj^ in tliero a peak luissing 
hero liut the intoiiHity of tlic (M)ntimioiiK liaokground and the hI'/.o of the 
peaks ai‘e charly gron2ml anmnd Ihis gap, 'J'his i>s to be uiidoratood as 
follows: the froqiioncy of the different rotationah states depends, in 
aceordanee with the Maxwell- Boltzmann distribution law, on the 
(piautum number;/, and the intensity of the absorption lines is propor- 
tional to the frequency of the initial state in question, Equal distances 
in the spectrum to the right and left of the zero line correspond to 
equal * values of j and hence exhibit absorption lines of approximately 
equal intensity. I’he change of intensity and the dependence of the 
intensity on the temperature {displaceniont of the two intensity 
maxima outwards being proportional to the square root of the absolute 
temperature, of. Colby and Meyer, loc, cit.) correspond, apparently, 
perfectly with the Maxwell-Bo Itzmann law. 

On account of the presence of the intensity minimum in the centre 
the rotation- vibration spectra were oallod " double bands,’’ before they 
were siiceossfully resolved, to distinguish them from the simple hands 
of rotation spectra, which exhibit no such gap. 


M l- 

3->2 2->l l->0 Vo 0->l l->2 2->3 

Ida. 138. —Relation of tho linos to tho ti'ansi lions j -> j i 1 for abi^oi'ption ; 
for omission tho transition arrows aro to ho rovorsod. Tlio gaj^) at i>o donotos 
that nogative vahioa of j aro forhiddon. 

Tho explanation of tlie gap in Eig. 138 is given directly by the 
wave-mechanical expression for the Beslandres term (eqns. (0) and (0«) 
of the xireoeding section), but give rise to considerable dif[ioiiltie,s from 
the ]ioint of view of tho older quantum theory {eqn. (4) of i;ho preceding 
section with an integral m). In the previous Gorman edition of this 
book equation (4) was used with half -integral values of m, and this 
agrees with the transition to equation (0), as we see from the conclud- 
ing remarks of § 1. Hero, as everywhere else, the hewer quantum 
theory loads without ai'bitrary assumptions to the hypothesis demanded 
by experimental results, ^]ho as8umx>tion (6) is confirmed most directly 
by the rotation bands of Czerny (see above), who could successfully 
i“eproscnt tho results of measurement only by a formula of tho form 
of equation (4), with integral values for j (half -integral m, as Czerny 
remarks). 

The equidistance between tho successive band lines, which is 

* Moi’o_ accurately, in absorption tbo n‘’‘ lino of tho posltivo brnucli donotos 
tho transiliion n ~ 1 ??, tho lino of tho nogativo brnnoh donotos tho tran- 

sition n-> n — 1, of. Fig, 138 and § 7B, wliovo tho abovo data aro exproHse<l inoro 
procisoly. 
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oxpi'es«ed l)y tupiation (0), is only iinporfeet, m wo moo from Kig. VXl ; 
actually there is a definite change^ namely a decrouMo of the diMtaneo 
Av in the direction of short waves. According to 'Kvat'/ei',* tlio roaxon 
is as follows : whereas hitherto we simply .superposed rotation and. 
oscillation on one another they actually exert a mutual influence on 
one another. In consequence of the oscillation, tho moment of inertia 
J of the molecule is no longer constant l)\it variable. Its nunin vnlim 
is different from the original J when tliore is no osoillation. .In eonsu- 
quence of tlie rotation, on the other hand, the ]io8ition of equilibriuin 
of the nuclei, and hence also — in tho case of tiro anharmonic oscillator-— 
tile strength of the bond becomes changed. 

Let denote the energy of the molecule which beloug.s to tho 
rotation quantum j and the oscillation quantum v, and lot Wov (iorro- 
spondingly denote the energy of the rotationloss molecule, the oscilla- 
tion quantum being v. In the harmonic case we have (p. HO, 

(136)) 

Wo„ = {V + m^o- 

In the anharmonic case we have, instead, an expansion of tho fnrtu 

w„ = (v + - x(,v + i) -I- . . . ) . . («) 

wliich advances in powers of x(v + ^). Tito amatl con.atant at (lojtontlB 

on the law governing tlie anharmonic bond. 

On the other hand, the formula for runs : 

W,. = W„. - AU + i«i> + i) + g^(( j + i)* -(■ . . .) ■ (0) 

The last term is the rotational energy, and corresponds to tho IleslandroM 
term. The dots in the braeket indicate that if wo take into aceouub 
centrifugal effects additional terms become added that apparently 
alter the moment of inertia J (cf. § 1, eqn. (2), where tho corrosxionding 
change is indicated by AJ^). Tlie term immediately before tho lu«t 
expresses the interaction between rotation and osoillation. U.’ho oc:>- 
effleient a contains the moment of inertia J, and the vibration numlior 
Vq. We must leave the derivation of (9) to Vol. IT. In Note IB wo 
give tile necessary preliminaries for the proof. 

Tlie explanation of the variation in tho distances botweon tiio poalcH 
of the absorption bands is now easy to give with the help of equation 
(9). We must note that by pp. 660 and 660 tho initial value of v inuHt 
be taken equal to zero in the absorption process. If wo roju'osont tlio 
same process as before as an emission process, we must sot tho Jhtiivl 
value of V in it equal to zero and the initial value equal to v. In tho 
difference between the initial and the final state we obtain from (B). 

* A. Kratzer, loc. cii., Zeits. f, Physik (1020), Wo give Kratzor'a roBult with 
tho ohonges that roavilt from tlio application of wavo-moolmnioa, 



§ 2. Infra-red Absorption Bands 565 


if wo write down only the terms that depend on j and use the eai'lior 
value of B, equation (4), p. 658 : 


j-|-l]+2B[(j+l)+ . . .], 

•'-’j'"'* ■ ■ •] 

Monee- we have for the distanoc between successive jieaks ; 

Ae 2B[1 

Av 2B[:i f . . . ] + 42jv 


( 10 ) 


a[2( j d- 1)1; H- 1]. positive branoh\ ,, 
.14- (vr‘2b> — - 1], negative brancli J ' 


'.riio constant distaiice | Av \ caloulatcd in (0) is thus, on the one hand, 
an indicated by the In'Rckcts [1 -\- . . . ], slightly changed by the 
(unitrifngal actions of the rotation, and, on the other hand, and princip- 
ally, is systcunatically dwiinislml by the interactioji between oseillatioii 
niul rotation in the positive hranch as j increases, but increased in the 
nogativ(< branch. It is just the latter that is shown in Big. 137. 

’Wliereas by equation (3) only changes of the oscillation qiiaiituin 
by 1 was jiossihle for the harmonic oscillator, any arbitrary changes ^ 0 
iir<? |)ortniHsible for the anharmonic oseillaior at present in question, 
iu>rrosponding to its overtone vibrations. Hence, it follows that in 
(uiuation (6) the first term on the right-hand side is in general to be 
replaced by 

rot)(l - (V + l).i: -I- . . . . . • (11) 


that is, for v — 1, 2, 3 . . .by 


Vo(I 2a5), 2ro(l — S.'u), 3v(,(l ~ 4a:) ... 

Wo infer this directly from equation (8) by assuming for the final 
wtato of the emission process (initial state of the absorption process) 
V ~ 0 and for the initial state of the aamo process v = 1, 2, 3, . . . 
Ri’oin (11) wo see two things ; 1. Besides the “ ground bands ” hitherto 
oonsidored, whioh also occur in the harmonic osoillator there aio 
“ overtone bands !’ of approximately twice, three times, . . . the wavo- 
11 umber of the centre of the band. 2. Those wave-numbers are not 
oxaotly in the ratio 1 ; 2 : 3 . . . , hut are out of tunc according to 
tlio value of the quantity x. 

Mandoi'sloot (Bissortation, Amsterdam, 1914) appears to have been 
bho first to look aucoessfully for such overtone bands (in the case of 
CO). Next Bi-insmado and Kemble * must bo mentioned, who estab- 
lished the presence of an overtone band in measuremonts made by them 
with HOI. Hettnor t has given a comprehensive tabulation of his own 
aiul other ineasnroinonbi of infra-red bands which have now in part 
Been resolved into line,s. We supplement them by results given by 
tllonieiiH Heliilfei- and Mivx '.rhonnis.:|: The following mmibors denote 


* J'. I.b llinuBmado ami 13. C. Komblo, 
t Zoita. f. XMiysik, 1, 361 (11120), 


Pi’oc. Net. Ao., 3, 420 (1017). 
} Ibid., 18, 330 (1023). 
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iMi* 84’'fi'l (Vm’lp " ^**’"**^' nvuluitiM.it \V, i'oUiy. 

t K. W, l(no)niw, .AMlrophyM, Jnmtt,. 88, UlM (lUilin. 

I A. Kitazin*, XmIIk, f. J'hyiilk, 8, KHi (Ilian ). 
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Clgg, cori’esponding to the ratio 1 : 3 in which Clg^ and CI35 occur quanti- 
a ivo y (0 . p. 41). Moyer and Lewin were also successful in proving 
tho isotopic oflect unambiguously in the ground-band at A = 346 u, 
whereas It is not yot visible in Fig. 137, which was taken with a 
wider slit. 

'J.’ho (UlTerenco between tlie two nuoloar vibrations is obtained thco- 
letu.ally as follows, ihe formula for calculating tho proper frequencies 


runs : 




Hero / is tho tightness of the binding, which is the same for both types 
of chlorine, and n denotes, as in equation (3) on p. 91, the “ re- 
sultant ” mass of hi and 01, thus : 


^ 36’ 37' 

If ive use hvjv to denote the relative difference between the vibration 
frequencies of hlClgg and hlOlg,, and SA/A to denote correspondingly 
the I'elativo v^avo-longth difference, we obtain 

81^ _ 1/1 1\_ 1. 

V 2V36 37; ~ 1296’ 

'.riius 

8A - ^A -= - . 10-^ om. = - 13‘6A. . (12) 


't’ho nogativo sign denotes that tho lines of Olgg have the shorter wave- 
length, that is, that tho peaks corresponding to Gig? are superposed on 
them on tho longer tvave side ; this agrees with Fig. 139. The value of 
8 A in (12) likewise agrees with the results of experiment in order of 
magnitude.* Wo have already referred on p. 142 to this beautiful 
spootrosoopic confirmation of Aston’s observations of isotoiies.f 

Whereas wo have hitherto considered only v = 0, as the initial state 
in the absorption pi'ocess, with rising temperature an increasing number 
of molecules will bo in tho state 1; — 1. Accordingly, an absorption. 
Irand can then occur that corresponds to the transition 1 -5- 2 in tho 
oscillation quantum number. One such hand has actually been 

* In I’hys. Ilov., 34 , B3 (1929), Colby gives nu exact formula for tho moasuro- 
monts of Moyor aiicl Lowin. It is there shown that tho isotope offeob comes out 
noli only in. liho osoillation iiovm of tho bantls hut also in the rotation terra (on 
(U!i!Ouiit of tho (lifTorent inoinonts of inertia of the isotopo.s). 

t K. H. MulliUon [Nature, 118, ‘123, 489 (1924)] has (lesoribocl isotope ofTocti 
in no, SiN aiul tho so-eallocl Gu-hands, and has drawn infovoneos from them about 
blio caj'i'iors of those Imnds. Of. also tho more recent papers by Bivgo, Mullikon 
and their pupils on isotopy in band spectra, inpartioular in 0, N, C (Phys. Rev., 
1020-31). 
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observed ; * it can be calculated beforehand from tho absorption 
bands 0 1 and 0 -> 2 by simple combination. 

Lastly, we inquire in what other gases besides the halogen acids 
we may expect infra-red absorption bands that may bo resolved into 
individual series by the means nowadays at our disposal. .By equation 
(6) this is a question of the moment of inertia. Only if J is suflioiently 
small does A v become sufficiently great. In HCl tlio centre of gravity 
lies very close to the heavy atom Cl ; hence J becomes ossontially equal 
to where I denotes the distance between .B and 01. .lionco we 
see immediately ; in order that a sufficiently small J should occur Uie 
molecule must contain only H-aioms besides the alojns that lie next to 
the axis. This condition is fulfilled, for example, in CH4 and NHg. 
Actually, resolvable bands have been found in these two molecules 
that show themselves to he particularly simple ; in CH4 they wore 
found by Cooley f and in NH3 by Schiorkolk,J and Barker.|| The 
simplicity is no doubt due to the fact that the H-atoms are arranged 
symmetrically about the lieavy atom. The next molecule of tliis 
series, which would be the bridge to HF, is B^O. But in HgO the 
infra-red absorption bands are considerably confused. Honoo wo must 
infer that tlio two H-atoms do not lie diametrically with respect to the 
0-atom, as is also to be assumed from chemical data, so that wo are 
here dealing with a triangular configuration which gives rise to three 
different moments of inertia. 

§ 3. Visible Bands. Significance of the Head of the Band 

To transfer our attention to the visible region wo must add to tlio 
two transitions in the rotation and oscillation an electronic transition 
as a third factor, that is, wc must add a change in the struoturo of the 
atoms or ions that constitute tlie molecule. Tlie simultaneous ocour- 
rence of these three partial processes is demanded by the Corrospondonco 
Principle (cf. Note 7 (g)), at least for a non-polar molecule such a.s Ng. 

Hence, in the initial and in the final state wo are now dealing in a 
certain sense with different moleoules, wliioh differ by just the required 
change of configuration of their component parts. The result is tliat all 
constants that depend on the details of the molecular struoturo, in 
particular the moment of inertia J and fundamental frequency of the 
nuclear vibration become different in the initial and the final state. 
We denote the values (analogously to j and v on j). 660 ) by J', J, 
v'o, I'o* and so forth. 

We first consider the rotation component, and proceed to obtain 
from it an understanding of the structure of a partial band in tire 

* Moyer and Bronk, loo, oit., and also Colby, Astrophys, Journ., 

68, ,S03 (1923), who ovon at that tlmo conclndocl that thoro must bo " half-intiOffral ” 
values of J from tho combination-relation. 

tPbya. Rev., 21; 376 (1923). | Zeita. f. Physik, 29, 277 (lOgd), 

llPhys. Rev., 88, 68i (1029), * ' ' 
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visible region. Thus we form the difference of the Deslandres term, 
equation (6) in § 1, for the initial state (/, J') and the ffnal state ( j, J) : 

Ho' + Mj + I? .. 

8772 j • • ’ ‘ 

and also add the contributions that result from the oscillation transition 
and tile change of conffguration in the oleotronio structure. Let v^i bo 
the contribution by the eleetronio transition, the contribution by 
the oacillation transition, wliioh we called [d' — v)eo under the simpler 
conditions at the heginning of the preceding section. 

We distinguish the throe cases (tlio nomenclature is that of 
Hourlingor) : 

j' =: j -|- 1 . , . E-branoh,'] 

— 1 . . . P-.hranoh,|- . . . (In) 

j' = j . , . Q.brancli.J 

In Note 7 (<7) ive prove that the tliird ease must be added to the two finst 
cases alone considered in the preceding section when an electronic 
transition ooours simultaneously. ]l'rom (1) wo obtain 

il r := A + 2B( j H- 1) + (1( j 4- l)^ . . (2) 

P V = A - 2Bj + Cf, (3) 

Q v = A-hCj4-Q?’2 (4) 

The constants A, B, 0 have the following significanoe : 

A = + V,, + iC, 2B = -I- i). C _ 1), (5, 

For J' ~ J (no oleotronio transition, case of the preceding section). 
0 becomes equal to 0, B' = B — hj^Tr^S. The equations (2) and (3), 
as should bo, then become transformed into the equations (6) of the 
preceding section, whereas equation (4) loses its meaning. 

In Fig. 140 we have drawn the three parabolas (2), (3) (4) ; j is 
plotted on the axis of ordinates, v on the axis of abscissre, Tin's kind 
of graphical representation apxiears to have beon first used by Forti’at.* 
The parabolas are drawn continuously as far as tlio axis of absoissoe 
j ~ 0, and thence onwards partially dotted. Tlie E-branoh intersects 
the horiaontal j =— 1 at the point r = A ; at the same point of axis 
of absoissoe the P-branoh and the Q-branoli intersect the horiKontal 
lino j = 0. We project the points of intersection of tlio parabola of 
tlie P-branoh with the horizontals j ==: 1, 2, . . .011 the axis of absoissoe. 
In tills way wo obtain in the lower strij) of the figui'e the observable 
nrrangoment of the band lines v of tlio P -branch . The lines tluit arise 

* K. Fortvat, Thtses (PtvriB, 1914), p, lOi), Cf. also G. Higgn, Ih'oc. Hoy, .Soo. 
64,200 (1893). ’ 
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from the Q- and tlie B -branch and that would intorxjoso thoinselves 
between the lines of the P-branch have been omitted for the sake of 
clearness. 

In onr figure it has been assumed that 0 > 0, that is, by equation (5) 
tliat J' < J. Hence in the P-branoh a band head appears ; the band 
is “ shaded off towards the red end.” In the converse case (J < 0, 
J' > J, the band liead arises in the R-bands, because in the aiialyfcicsal 
I’Gin'esentation of equations (2) to (4) in this case it is the B -band and 



Fig. 140. — The pambolnB (2), (3), (4) of tho P-, Q- and ll-branohos for C > ()• 
Tlie points of intorsootion of tho P-branoh parabola witli tho liorisiontal 
linos J = 1, 2, 3 , . . are projootod on tho v-axis, and give diroofcly tho 
positions of tho lines of tho band. The linos of tho Q- and R-branolioB 
could bo obtained similarly. 

not tho P-band that exhibits a varying sign in the terms involving J. 
For small values of j -\- 1 the X) 0 sitive linear term first predominates 
and is compensated by tho negative quadratic terms only when j “h 1 
has rather great values ; the corresponding parabola first runs towards 
greater r’s and later bonds round to smaller r’s. In thi.s case the band 
i.s shaded off “ towards the violet.” * 

* H. Liulloff draws conclusions about tho conatituLion of tlio associutod inolo- 
culo from this contradictory behaviour. Naturwiss., 14, 031 (1026) ! 16. 401) 

/ 7 r\(\n\ 
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Wo calculate the position of the band head by (2) or (4) {j being 
irontod toini)Oi’arily as a continuous variable) from the condition 

i 5 + cj = 0 . . . 0 > 0 1 

^2dj [ B + C(j + 1) = 0 . , . C < of ^ 

■ 

_ vrcspectivoly = the nearest integer . (7) 


'^llhc band head is not, like the limit of the line -series, a iiatural point 
of accninulathm, but in a certain sense an accidental point. The 
circumatanco that the band lines run partly towards tlie band head and 
partly away from it apparently disturbs the regularitj’' of the sequence 
of the lines. T'o J. N. 'Thiele goes the credit of having pointed out the 
view that the band head is an acciimnlation of lines that is con- 
ditioned fcj/ the scale of the v^s and is rather accidental 

'Po bo able to draw inferences from the exju’essions (2) to (4) for the 
band about the properties of the emitting molecule it is essential to 
count the position number j of the baud lines correctly, If we ■were 
to displace the zero -point of the counting we should change the signifi- 
cance of the constants A and B in (6), The position number j must 
not be calculated from the band head, as was done by Heslandrcs ; 
rather, it advances continuously as it approaches the band head and 
also subsequently when it moves away from it, since this corresponds 
to the circumatanco that the band head denotes no real singularity of 
the band law. , 

'J'o ai'J’i^m at a imt\u'al way of counting j when a partial band is 
ompirically given wo revert to Fig. 137 of tbe infra-red bands. In 
this case the striking dip in the course of the intensity found the 
))onndai‘y between the positive and tlie negative branch, the R- and 
tlio I?-branoh in our present notation, and served as the starting-point 
for counting. Wo may show that even in the case of the visible bands 
tlioro is a similar clip in the intensity distribution ; it is likewise de- 
cisive for the numbering. The intensity of the line to he expected at 
this point is zero ,* ou both sides of it the intensity first itioreasos ancl 
then cleoreasGs, likewise agreement with Fig. 137 and the explanation 
there given according to the Maxwoll-Boltzmann law. If we number 
tlie linos from the zero lino the intensities of lines bearing the same 
number become equal in the R- and the P-hranoh. But in the scale 
of the r’s this symmetry becomes more or less unrecognisable. The 
thickness of the lines in the lower row of Fig. 140 indicates the iricreaso 
and decrease of the intensity of the lines. As a result of the ciioum- 
staiujo tluit in our cUagram as well ns in many real cases one of the two 
intensity maxima come to lie near the band head, wo find^^that^ this 
often appears emphasised in the total spectrum as a strong ftutmg 
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{hannelienmg). But tliis oircumstanco is accidental and, moreover, 
■depends on the temperature. 

The qualitative intensity criterion hei’e developed for the nuinhtu’ing 
of the lines, that is, for coimting j, is due to Heurlinger, loc. cil. Jfr't 
derives another criterion from a discovery of .Fortrat {he. cit,) : in the 
regular progression of baud lines disturbances, anomalies of tlio vibra- 
tion number, occur, and, indeed, in pairs. Heurlinger was then able 
to show that in his choice of the current number opposite current 
, numbers must be allocated to the disturbed linos. Bence in addition 
to the intensity criterion we also have an equivalent disturhance crilerinn 
for the choice of the current number.* Moreover, this eritorion l(!(l 
of necessity to the half-integral numbering (in the older notation 

— j i) of the rotation quantum number oven before wav(‘. 
mechanics, 

The classical example of the theory of bands is given by tlm so-called 
cyanogen bands. Their lines consist of very close doublets that arci 
separated only for the higher values of j. Their ( 3 entrea of gravity 



S88i ■ 3872 3802 38&0 3850 


Fig. 141. — Tho cyanogen band A = 3884 of tlio cnvbon are. Al; tlio odgcH Mio 
linos that are no longer resolved appear as eonthuious bands, Tnlion in 
the second ordei' of a largo cononvo grating. 


obey the band laws (2) and (4) paiticularly well, and a simplifying 
circumstance is that here the Q-branch, eqn. (3), is not present at all. 
Heurlinger has subjected them to a new exact study and, in part, now 
measurement. In several of tliese bands there are approximately 
one hundred lines ; for example, in one partial liand of the group 
A = 4216 lines up to j = + 97 have been measured by Honrlinger ; 
tlie whole complex of lines is arranged in systematic order. 

Rimge and Grotrian f ascribed the cyanogen bands, in spite of their 
names, to the Na-molecnle. The majority of the other observers 
established that the presence of C-atoms is necessai'y to produce the 


* In atomic speotra, too, thoro aro similar distui'baneos at doflnito poiiitH of 
an otlierwiso regular series, in such a way that the resolutions of tho aorios-tonns 
suddenly increase anomalously and afterwards resnmo normal values again [of, 
jjp. 689 seQ. of the 4th German edition of this book, and E. Schvfldingor, Ann. 
d, Physik, 77, 43 (1926)]. Tho reason in both cases is probably to bo found in 
a resonance with other quantum frequencies of tlio atom or molecule. 

+ Phys. Zoits., 16, 646 (19ht). 

i Cf,, for example, G. Holst and lil. Ostorhiua, Proe. Amatordam Acad., 23, 727 
S 270 (1923) J l\, T, Bilge, Phys. Rev., 
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cyiinogi’n Imiids iind Uiiil. the eai'i’ier of the cyanogen hands condensea 
ub a far higlu'i* teiniieraUu'c than Ng. Wo shall therefore regard the 
inolcenlo (IN as the carrier of the cyanogen bands. 

Onr Fig. 141 represents the group of five band heads already men- 
tioned on p. 550. The one furthest on the long wave side has the 
wave-length A UHK4, 1 ’ho second head lies at A = 3872, the third 
at A 3802, and so forth. The partial baud belonging to each head 
ro 8 olv(is itself into a I*- and an It-hranch. Heurlinger has determined 
the zero-lines belonging to the three band heads mentioned, and has 
eahadated the (lonstants B and G. The result is (if we use the more 
exact mnmu’ieal values), 

2B 3-843 cm.“', 0 = 0-73 . lO-® cm.-i. 

*ThviH G is essentially less than B. '.!?his is to he expected by equation (5), 
ninee 

u 1 1 ^ 

JL> r-.' -p V/ — j, 


tliat is, since G must bo small compared with B, as it is l^he difference 
hetweeu two (Quantities that lu-osuinably differ hut little from one 

anotlun*. _ 

A furtluu’ test of the theory is given by the absolute value of B, 
By assuming •! and .1' as almost ccQual, wo oaloulate from the given value 
2B 3*843, and from oiiuatiou (5) a moan value J (the factor c must be 
ineUuled on account of the transition from vibration-numbers per 
second to wave-numbers ])or second) : 


A 


0*65 . 10-2’ 


144 . 10“2® gm. om.^ 


(8) 


"" STr^cll 12712 , 3 . 8 .Q 3 . IQIO 
On the other hand, without introdnoing an apineciable error, we may 
write .1 -- 2 13 . mn . ^ 2 , whore I denotes half the distance between the 
two atoms G and N and 13mjt. the moan of their masses. Hence we 
obtain 




2 . 13 . 1*05 . 10-24 


21 = I'lO . 10-2 cm. 


Wo tliu» areivo at the woU.kno^™ ordoo o£ 

(|ua.ntities. The bands * of KiN.^as is to bo expected, show a oomplo ■ 

™ nT wtod t 

W. 1 . 011 /, t in pliotogcaplM ot iodine fluorcaocnoe taken by B. W^Woo 4 
Wood illuminatod iodine vapour at a low piraauro ^ ™ 

Hg-line Mill (tiindamontal term o£ the sharp subordmato ^ 

iodine molemdo, by alisorbing the onergy-quantum hv m question, 

*B. S. Mullikon, Nature. 110. f'J flfllSb 

t Pbya Siolts., 81. 01)1 (1020). t Hn'- 2'’'' (“**'• 
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become, s transferred to an excited state. Ttiia helonfjjs to ti <piito 
cleiinite value of the rotation qnantuni j. ^.I'lie iodine niol('(ndn ns- 
oniits the absorbed energy, by pas.sing from the excited state into one 
oI less energy. But the selection princiide * allows only tlu) transition 
y — 1 and y -^y -|- 1 (the oscillation quantum and the electron con- 
figuration being changed simnltaneonsly) . Hence tlic rc-eniissioii take,s 
place ns a doiiblet oi', in consideration of tlie fact that in an nn harmonic 
oscillator the oscillation quantmn is capable of any arbiti'ary trail sitions, 
as a system of doublets that are scattered over the sjieotrnin. Wood 
observed about twenty such doublets, As pointed out by Lon/,, each 
of them pi’oclaims in a very delightful way the ruling of the soloction 
principle for tlie rotation quantum ; each shows us the way in which 
a partial band originates from two of its members. If, on the other 
hand, we make the iodine molecules collide with each other very 
frequently (at higher pressure) or with other atoms (by using an 
admixture of inert gases) in the interval between nbsorjition and 
re -emission f then other values of the rotation quail turn j are also 
produced. Every doublet then couples itself to a more extended 
partial band ; in these ch'cumstances, Wood’s fluorosconco idiotographs 
approach the ordinary band type, 


§ 4. Law of Band Edges and Band Systems 

Hitherto we have spoken only of the coelhcionts B and CJ of the 
band formula, wliicli contain the influence of tlie rotations. H’o cxjjlain 
still further the general arrangement of the hand systems, we must 
deal with the coefficient A, which contains the infliienco of the osoillation 
and the electronic transitions. 

We are interested first of all with the oscillation contribution 
which we must analyse by equation (8) of § 2 ; lot the oleotronie eoutri- 
bntioii he compreliended again in tlie symbol v^i and remain nnanaly.sed. 
l-hiis we assume that the o.scillation quantum leaps from 'v' to v. In 
this transition the coefficients and of equation (8), § 2, ohango, say, 
fi’om /q, to .r. The application of Bohr’s froqnonoy conditio]! to 
(8) then gives : 


Vosn—i'tf +^)^’'o(I— >^’'(^’*4-1)+ • . •)— (^^4'-i-)ro(] — a’(t;-h|) H- . . . ) 1 

=-(« Vo)--{(«'+i)Voa;'-(r44)2.>,^^ -I- . . J (H 

We must insert this value of in the ooeffloient A, eqn. (fi) of the 
pieceding section. According to the values of v and v' wo thus obtain 
a doiible manifold of A- values whioh define the Mro lines of a doiiblp 
infinite system of pnrtial bands ^ the so-called ‘‘ band system.” 

We consider the second row of equation (1) more olosoly. Its 


oori'OBponds to tho Q-branoh, doos not ooenr 

11 t adopting tliis view of tho process LonzJ sees a possibility of oatiinntiiKf 
tlio time of stay ” (Vcmeilzoit) of tho L-moloouio in its oxoitod stnto. 
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individual tiu’ins arc arranged in order of magnitude. IMie first term is 
the prineipal one. It deiionds only on the quantum Iransition v' — v. 
M’ho Hoeond term is small com pared with tlu) (inst, since the change 
r'o — Vq is a small quantity and depends on the absolute value of tlie 
quantum number v. The third term is in general still smaller, since 
the coefficients x and a-' are individually small (of. p. fiG4, and Note El). 

The principal term has different values for the quantum trausitiou 
0 or the qmintmn transition I (“ fundamental vibration ”) or 2 (” first 
harmonic ”), and so forth. By keeping tlio principal term fixed (that 
is, the quantum transition) and varying the value of v, wo obtain a 
fiingly injbiite seqiienca of partial bands, and so forth, or zero lines, 
wliich belong more closely together among themselves, and are neigh- 
bours within the band system ; wo call them a band group, T'ho 
separate individuals of the Imnd group are distinguished by the second 
and third terms of equation (1). 

Fig. 142 is concerned with the system of cyanogen bands. It 
shows four group.s, which, from left to riglit, corresxmnd to the 


4000 


4400 


4200 


4000 


3800 


3000 



kiG. 142. — Tho hand groups — 2 to Aw =-|- 1 of fcho oyanogon batids. 
Tho linos in tho figure) aro tho edges of tho partial bands, whioh togofchor 
constitute tbo individual band groups in question. 


quantum transitions v' — v ~ Aw — — 2, — I, 0, -h 1. The group 
Aw — 0 at A 3884 is already known to us from Fig. 141. It embraces 
five band heads, for whioh, from loft to right, w is equal to 0, 1, 2, 3, 4. 
Thus these five band heads belong (on account of Aw = 0) successively 
to tho " quantum transitions ” 


0 0, I ->• 1, 2 2j 3 ->• 3, 4 -> 4. 

Tho zero line v = oorrosponds (of. Fig. 140) to tho value 
/ v„ ” A = I'aso + I'fll H' ('JM. 

and bonce arises from the llrst lino of (1) if wo add on both sides 
d- 0/4, 

v„ - -I- 0/4 + iv' d- i)r'o(l - -1- id H- . . . ll 2 .. 

”(i'd-i)»^oO.-f«(«d-^)d-. . .) J ‘ 

In tliia equation wo have already essentially derived Deslandres’ 
“Law of Band Edges,” which is a quadratic law in w and. w'. Oon- 
oorning its name, wo must mention that tho law accuratoly represents 
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noli the positioji of the hand edges or of tlie hand, iioiula, hub of tlio 
corresponding zero lines, Avlioac importanee in bho soli oi no of bands 
had escaped Beslandres’ attention. 

Table 63 * .shows how accurately equation (2) roprcsont.s the po.sition 
of the zero lines in the “ cyanogen bands.” Tlie horizontal rows in it 
denote the same initial quantum the vertical I’O’Ws tlie saino final 
quantum v. Hence the diagonal row corresponds to the ((uantuin 
transition v' -i- v, and represents the group Av =« 0 of Fig. 142 ; tho 
parallels to the diagonal towards the right upwards correspond to tho 
groups Av = — 1, At> — — 2, and towards the left bolow, to Aw 1. 
Tiie five available constants of the law (2), namely J'oi d" 0/d, vq, r'o, 
X, X* have been chosen in such a way that, in particular in tlio first 
horizontal row of the table, where the empirical data are most exact, 
the agreement with the measured zero lines is perfect. Tho deviations 
in the other rows remain very small. 


Table 03 



8 = 0 

1 

2 

. a 

v' = 0 1 

(3884) 

(4216) 

(4000) 


26,707-83 

26,707-83 

23,766-44 

23,766-44 

(3872) 

21,739'fi4 

21,739*56 

— 

1 { 

(3690) 

^h07) 

(-1678) 

27,921-3 

26,879-0 

23,803-0 

21,873-4 

„ 1 

27,92^38 

26,878-90 

(3680) 

23, 803*10 
(3802) 

21,873-71 

(4181) 

^ 1 

— 

27,062-7 

26,946-5 ' 

23,050-f) 



27,002-04 

26,940*16 

23,950-70 


lat lino : Wave-longth of tho oclgo. 

2ikI ,, WftvO'length of tho oinpii'icnl zoro lino. 
3i’cl „ Wnve-leiigth of tho caloulntorl zero lino. 


The values of shown in Table 63 at the same time give the values 
of the coefficient A for the cyanogen band system. In addition, wo 
show in Table 64 tlie values B and C of the same system . Tho mothocl 
of arrangement is the same as in the preceding table. Thm mnnbers 
that belong to the same group are in an oblique row sloping towards 
Wie left or towards tlie right : corresponding to tho group Aw 0 of 

Fig. 142, for example, we have the numbers i 

2B= 3-843 ; 3-804; 3-764; 

1000 = 6-73; G-S.*! ; 6-99. 


^ to all 

teiras of tbs and the remaining groups. But still more ; tlio yaluo 
of B 18 appreciably the same in the whole system, that of 0 varies 


* A. Kratzor, Ann. cl, Phys,, 67, 127 (1022). 
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Table 0‘i 



1) « 

0 

1 1 

2 i 

0 


m 

100 c. 

2B. 

1 100 C. 

2B, 

100 C. 

2 0. 

100 C. 

v' ~= 0 

3-S4:i 

(i-73 

3-«2fi 

8-63 

3-807 

10-33 




1 

3-822 

-i-ar. 

3-80-J 

0-36 

3-780 

8-15 

3-708 

l)-90 

2 

— 

1 

3-7 82 

4-H> 1 

3-704 1 

5-00 

3-740 1 

7-74 


m\ioh move. This, too, may bo undoi'stood from equation (fi) on page 
i)6{). (i, being tlio difference of the rooiprocal moments of inertia J' 

and J with respeot to changes of form of the molecule in passing 
from the initial to the final state, is much more susceptible than B. 

We now need only to connect the law (2) for the zero lines with the 
law for the individual partial band (ec|ns. (2), (3), (4) of tho preceding 
seetion), in order to arrive at tho com2)lele law governing the lines of the 
lohole band system. In aooordanco with equation (5) in § 3 wo divide 
tho value of 2B into the amount of tho initial and tho final term, 
M'bioh we call B' and B ; in B' and B wo at tho same time take into 
account tho interaction botwoeii tho iiiitial and the final term, which 
is reproaonted by tiio cooflioiont a in eqiiatlon (9) of i)ago 564, so that 
B' and B become depondont on v' and u, so that we find it bettor 
to write B('m') and B('i>) instond. of B' and B *, C is now equal to 
B(u') — B('y). By collecting together tho terms in B{u) and B(u') wo 
then got 


It 

P 

Q 


V - Hv, V') ~ B(«j)i(i + 1) -h B(u')(i d- i)(i d- 2) -1- . . .] 

V = A{v, v') ~ 3{v)j{j -h 1) -h B(v') — 1) “b • • • / 

V A(u, V') 3{v)jU + 1) -b W)3U -b 1) H- . . . J 


(3) 


Hero 

B(v) = - «(« + i). =. g^, - ct'(®' + i), ' 

A[v. v') = + 1C + (»' + i)K'„(l - »'(!>' -I- i) + . . .) 

~ (« -b i) t'o(I “ a-dv d“ i) -!“••• 


Our law (3) thus contains three quantum numbers j, v, v' and nine 
dis])oaablo constants : 

^0, V QJ ill, 3J , J, J ) &,f ff, y 

of which tho quantity v^i may yet bo resolved into its torm-differonco, 
that is, into tho amount of tho initial and the final state. With the 
help of these formnlpo and constants wo may represent over 1000 
lines in the system of oyanogon bands, for example, In tho case of 
greater values of j wo niust, however, also take into account the higbeir 
powers of j denoted by . . . in (3) if wo wish to achieve mimorical 
von. I. — 37 
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agreement ; those powers in tlie first iilaco take ac<30unt of the eliange 
ill fclie moment of inertia (of. p. 6G4.). 

But wo have not j'ot liiiished with sotting up the law (H) for the 
general system. One and tJio same inolcoule may Imve several liand 
systems, since its electronic frequency may assume several difTorent 
values ; these band systems may lie in quite .soparnto spectral regions, 
like the violet and tlie red cyanogen bands. Wo are led to sunn iso 
that the different values of may arrange theniselvea similarly to 
the manner in whicli the different electronic transitions arrange them- 
selves in tlie line series of the atoms, although wo are horo dealing 
not with atoms but with the more complicated electronic systoms of 
molecules. The band systems that arc arranged together into scries 
in this way may ho called " system series.” We .shall hoooino ac- 
quainted with some examples of them in the next section. 


§ 5. Many-Lines Spectra 

We have already mentioned on laage 76 the band spootruni of 
hydrogen, the so-called many-lines spootruin. It is only tho groat 
number of these lines and not their arrangement that I'ocalls thci hand 
character. The band heads are absent altogether. ^I’lu! li’uloJior * 
bands have been known longest of all, one in the red and one in tho 
green, both having only a few lines ; four bands disoovorod by Croze 
have about 12 lines each.f Tho sequence of lines in tho jmrtial 
bands is so widely separated that the lines no longer a])poar at first 
sight to belong together. Merton f has tested these linos as regards 
their behaviour Avith varying pressure, temporatiiro, adniixtviro of 
helium and so forth. 

We shall show that this general character follows naturally from tho 
small value of the moment of inertia of tho hydrogen niolocnilo and (its 
as a limiting case into the general theory of band spectiu. 

In equation ( 6 ), § 2, Ave saAV that the distance of neighbouring 
band lines is 

Ar = 2B = ^ . . . . ( 1 ) 

In the case of tho cyanogen bands (cf. Table 04) 2B = A^ Ihft om.-^ 
corresponding to a value AA = O-G A. In the ultra- violot ahsorjrtion 
bands of analysed by Hopfield || tho distance betAveon the linos 


* The Fulohor bands have been extoncled by E. Gobroko niul E. Lau, Horlinor 
Sitzuiigsber, 1922, p, 463, and 1023^ p, 242 ; a third band ooiisistinir of six inombors 
.^*^0 Wue region. Coneorning tho grouping of tlioso bandfl, of, 
G. H. Dioko, Amsterd. Akad., 38, 390 (1924). 

tpie two Euloher sorios bavo bean rocognisod ns assoolatod P- and 'll - 
branohes and have been supplomonted by a Q-branoh. Proc. of tho Phvsloo. 
Mathem. Soo. of Japan, 6, 9 (1922), ^ 

I Proc. Roy. Soo., 1922, p. 388. Cf. also tho similarly divoctod invostigation 
by Riraura and Nakamura, Japanese Journ. of Phys., 1, 86 (1922). 

IS G, H. Dioko and J, J, Hopfield, Proc. Nab. Ac. Wasli,, 80, 400 (1927). 



§ 5- Many~Lincs Spectra 579 

corvosponds to fclio valiio Ar 100 oni.-^ Tho distance Ar between 
tlie lines is tluis twenty-live times as great here as in the case of cyanogen 
!)aiuls. lly eq\iation (1) it would follow from tins (more exact data arc 
given later) tliat the moment of inertia of hydrogen would be twenty- 
five times as small as in the ease of the carrier of tlie oyanogen bands. 

Tire value of tlie moment of inertia of the hydrogen molocnle 
obtained in this way need not be the only one. Rather, wo must 
])ictiire to our.selves that the Hg-molecule is capable of very many 
different states and may thus also have different moments of inertia.* 
The estimate given above corresponds to tho ground-state of the 
moloculo (absoi’xition bands !). 

The small value of J explains immediately why there are only a 
few Une.s of observable intensity in each jiartial band. 

Lot us recall the fact, first discovered by Eucken, that at low tem- 
peratures (below 200 ° absolute) tho rotation of tho Ha-molecule dies 
down more and more and tliat the hydrogen appi'oaches more and 
more closely to tho monatomic gases in its thermal behaviour. The 
reason is, generally speaking, to be found in the Boltzmann factor 
(of. p, 663 ). If we insert for tho kinetic energy of the rotator its value 
from equation (1) or (Oa), § 1, we obtain, except for a weight factor, 

..... ( 2 ) 
'riio product JT is the decisive factor. The smaller JT, the less tho 
probability for a definite rotation- quantum j. At very low temper- 
atures ail values of j except the .smallest, namely j 0, become sup- 
pressed statistically ; tliis is what Nornst predicted theoretically 
and what Eucken proved experimentally. But oven at moderate 
and higher temxievatures the jiroduct JT for hydrogen is, on account 
of its small value lor J, much smaller than in the case of otlier gases. 
For this reason in tho case of hydrogen greater values of j are statisti- 
cally suppressed oven at liiglioi,' tom^ioratures. 

Numerically we find tliat if J is twonty-five times smaller in. Hg 
than in ON we must also make j{j -h 1 ) twenty-five times smaller, to 
make the weakening due to the Boltzmann factor Icecq) within the 
same limits as in ON. Whereas the cyanogen bands liad partial 
bands of about 1.00 lines tho partial bands in the many-Unes siiectrum 
of Hg will consist roughly of only 20 lines. 

This explains tho general ciiaraoter of hydrogen bands : sequences 
of lines in small numbers with wide distances between tho linos, in a 
certain sense, torsos of normally clevelojied bands. In those ciroum- 
stances there can bo no question of tho groujiing together of these lines 
into band heads. If many such short sequences of lines ovorlaii wo 

* Xi. T. Birgo [Bi'oo. Nat. Ao. Wosh,, 14 , 12 (l.H28)l, and 0. W, Tiiahavdson and 
K. ’Dns [X?i’oci. Roy. Soc., A, ljJ3, 088 (I02i))] give mmiovical valuoH for tho moments 
of inertia and tho otiior oliaraotorisdci oonativntu of tho llj-molooulo in clifl'oronb 
states. 
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obtain tho impression of the inany-lincs .spectrum, a confused mass of 
lines witboiii flu tings and without apjiarent rogularitie.s. 

-As regards details the following results have boon found. Lyman * 
and Werner ])roved the existoiioe of two hand systems in, the idtra- 
violot, having a different initial state but the same final state of tho 
electronic configuration. This final state is at tho same time the 
normal state of the liydrogen molecule. Until we introdnee the sys- 
tematic band notation, ■which must be postponed till § 7, we shall call 
it the 1 ^>S -state ; this is in harmony with the symbol given to the 
ground-state of He {Hg is, lilce Ho, a two -electron system). Precisely 
as in Ho there are not only singlet but also triplet terms, the 1 
torm, however, being absent; this term would not lead to moleoulo 
formation, '.rho initial state of the Lyman bands belongs to the singlet 
system ; let it be denoted by 2 ^S. fldie initial state of the Werner 
bands is tho 2 ’P-term in the singlet system. The bands of the 
ordinary in any -lines spectrum in the visible arise if we oonibine tho 
more highly excited term steps with the terms 2 2 ^P wliioh are known 

from the idtra-violct bands. In addition there are combinations of 
higher triirlet terms 3 '•P, 4 ^p, 13 ap tmd so forth with tlio lowest triplet 
term 2 . The electron transitions that then result follow tho analogous 

electron transitions of tho Balmoi.’ lines omitted by the atom and arc 
denoted by the same letters cc, y, 8 . . . . Cf. the scheme of levels 
in Fig. 143, which has been taken from a pax^er by Kioliardson.:); 
Inten.sivo work by yarious researchers, Witmer, iDioko and Hopfield 
(in the ultra-violet region), Mooke and Finkclnbiii’g, Richardson and 
many of his pupils, Weizcl and Fuchtbauer {in the visible region), 
has made it possible to trace tho majority of tho strong lines back to 
definite electronio, oscillation and rotatioji states, and hence to divide 
nj) the apparently confused mass of lines definitely into short individual 
bands (P-, Q- and R-branche.s). Consequently wo may now also deter- 
mine the moment of inertia in the manner mentioned at the beginning 
(the correction term a. being taken into account, of. p, 664) and thence 
also the distance 21 between the nuclei. Wo obtain for the ground 

state II J = 4*67 . 10“^^ gm, cm. 2 , % — 0*75 . lO”® cm. ; 

for tho excited states we find greater values for J and 21, as is to 
be exxaeotecl. 

In finding tho interpretation of the experiments on eleotronic 
oollisions and in ax)X)lying it to the Ha-moleoiile a x)olnt of view has 
become important which deals with tho variable distance 21 between 
the two H-iiuclei. The true exxdanatioii of tho figure used in this 

*Tlv. Lyman, Astropliys. Journ., 60, 1 (1924). 

t S, Worner, Pi'oo. JRoy. Soo., 113, 107 (1020). 

\md., 126, 487 (1030). 

!jT. Hori, Zoita. f, Pliysilc, 44, 834, 1927 j of. also E. 0, Komblo and V. 
Guiilomin, I’roc. Nat. Acad., 14, 782 (1928). 
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eiiKo eaniiot bo given until we come to \vave*nieclianicB ; it forms the 
OMsential content of an important x>aper by Heitlor and London * on 
bli<:Mmnstitution of the Hg-moleciilo. 

Ihe lowest ourvo in Fig, 144 represents tlio energy in tlie state 
1 '»S for a variable nuclear distance 21. Its lowest value corresponds 
to th(^ stable gronnd-stato with 21 0'7o . 10-8 om. {cf. above). The 

higluM' curves denote oxoited states, for example, 2 2 . . . . 



Fro. 143. — Tlio most important tonns of Hj (acoording to Riohai’claon). The 
lottora A, B, oc, y rofor to tho old band notation. Intor-combinations 
botwoan trip lota and ainglots ai'o nob known (of. § 7, AiJ ~ 0). Tho gi'ounrl 
t(U'in lioB far bolow tho romaining torma, ho that its diatnnoo from thorn could 
not bo shown to sohlo. 

fPho energy curve for the ground>stato of the Ha-ion is also shown at 
the upper end of tho figure, It is to bo observed that tho lowest 
points of the dilTereut energy stops Ho at difTei'ent vahms of the 
abMoisHin. Hence it follows (hat if we excite tlie Ha-molecule in tlio 
ground-state, eitlver by eleetronie ctjllisions or by collisions witli photons 

♦ XoitH. f. Physik, 44, dBR (11)27) { of. also Y, Bngiura, ibid,, 46, 484 (1027), 
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(that is, by the absorption of light), we do not arrive at a state of oqitilib- 
rinin bnt at a higher point of the energy curve, from whicli a vibration 
of the nuclear distance sets in about the lowest point of tlio energy 
curve in question, tliat is, about the equilibrium value of 21. Wo 
thus at the same time excite a higher electronic state simidtanoously 
with an oscillation .state. In the figure tire quantised oscillation states 
aro indicated by horizontal straiglit lines ; these indicate the region 



l^ia. 144. — Potential eurvos of certain Hj torms (from Rnarlc and Uroy). Tlio 
lowest ourvo 1 corresponds to the ground term 1 ; above the koi’o- 

levol aro sir own oscillation -levels in tlio potential trough, just ns with tho 
higher stable terms. D = dissociation potential of two unoxoitod H atoms, 
1 likowiso belongs to tho configuration 1 s* and provides tho x'opulsion 
between tho two H atoms, The curves 2 and 2 ^P havo tho configuration 
ls2jx (cf. Fig. 143). At tho very top tho ground- state of Ha+, 1 is shown. 

within which the nuclear distance 21 varies. The fact that tho region 
is delimited just by the energy curve is connected with the ciro urn stance 
that each point where the oscillation reverses the potential energy has 
the .same value. 

lu 'Fig. 144 we liavo drawn the excitation arrow in a direction 
exactly vertioally upwards. This is based on the assumption tliat 
the gravitational system of the nuclei has no time in its collision 
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with the light electron or the still lighter photon, to alter its nuclear 
distance or its nuclear velocities. This explanation is clue to J. Franck * 
and has boon worked out further by E. U. Condon. f 

Tlio same conditions as in excitation also obtain in the case of 
ionisation. Hero, too, we obtain, as shown in the liguro, not the 
equilibrium state of the Ha'^-ion but a higher oscillation state. This 
confirms our remark on page 377 that “ the electron collision experimei\tf^ 
in tlio case of Hg and of molecules generally give by no moans sucli 
sharp and unambiguous results as in the case of atoms.” The value 
of the ionisation potential, 13' 34 volts, given in the same part of the 
text has now also been included in the figure and its precise mean- 
ing olucidated. Likewise the moaning of the dissociation-potential, 
;D =5 4*34 volts, is clear from the figure. 

Wo have an instructive intermediate stage between tlie many- 
lines s})ectrum of hydrogen and the ordinary band spectra, namely 
the manij-linas sppxtrum of helkm. It was discovered by Goldstein I 
and W. E. Curtis || and measured for the first time by A. Eowler.^[ 
Several oharaotoristic parts of it have been studied by Curtis,** 
Woizolfi* and others. Whereas in tho many -linos spectrum of 
hydrogen the band character was found to have disaxipeared entirely, 
in this helium spectrum it can still he recognised but by no means so 
strikingly as in tho case of, say, tho cyanogen bands. Tho sequences 
of lines are x^artly without a hand head and partly with a band liead. 
Tile maximum number of lines is 11, tho distance between the lines 
in tho neiglibourhood of the zero lino is of tho order of magnitude 
Ar =s 30. By (1) tho moment of inertia that would result would 
then bo 

,T = 1-8 . 

tliat is, about four times greater than for Hg. 1 'his number expresses 
tho intermediato position of our spectrum with respect to tlio hydrogen 
many-liiios spectrum and tho true band spectra . 

What are we to assume tho “ moment of inertia ” of helium stands 
for ? It can only refer to the moment of inertia of a transitory ” Ho- 
mo locale.” For a molecule of; this kind to arise at least one of the 
atoms must he excited. Wave- mooli anioal oonsidorations taken in 
conjunotion with tho discussion of tho band sxiootrum show that one 
of the two Ho-atoms is in tho ground- state and tho other in an excited 
state. 

Tho excitation conditions for H, and !H'o arc oppositely directed. 

* Of. T''ran(!lc aiul Jordan, Anrognng von QuankoiiRpriingon duroh StOssoi 
1 ). 2r)2. iSiH'ingor, liorlin, 1020, 

I PhvH. ,Rov., 88, 11K2 (1020). 1 Vmh. d. D, Vhyu, Qos., 16, ‘102 (1013). 

II Proti. Roy, Son.. 89, MO (1013). \\ Ibid., 91, 208 (lOlH). 

+ >•< IbuL, 388 (1022) ; 103, 31B (1023). 

tt f. Rliysik, 68, 107 and 727 (1020). 
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111 H tlie mauy-lines spectrum is produced more easily (at lower poten- 
tials) than the Balmer spectrum ; in the case of Ho, however, the inany- 
lines spectrum requires higher excitation than the ordinary spectral 
series. This is quite compatible witli the above viow, according to 
which a preliminary condition for the production of the Hoa-nioloculo 
is that one of the Ho-atoins be considerably “ loosened.” 

Visually the structure of the He maiiy-Iines speotriun appears to 
be subdivided into fairly largo units, groups and systems. Fowler 
succeeded in isolating within those larger units suoh series as satisliod 
a quantitative series formula in the manner of Rydberg, a formula in 
which the Rydberg number R occurs directly. This l^ho 

” system series ” of which we spoke at the end of the preceding section. 
We are thus concerned with energy steps of the electronic configuration 
in the Heg-moleoule ; in our general system formula! (3) and (4) of tho 
preceding section they occur in the term v^i. 

§ 6. Gyroscopic Motion of Molecules 

The assumiition we have hitherto made that tho molecule rotates 
about a fixed axis is very special and pcrinissiblo only if tho axi.s. of 
rotation coincides with a principal axis of tho mass distrilnition . '.I'ho 
general motion of tho molecule is not the rotation but tho {fyroacopic 
{top) motion. It is iiqual to distinguish tho symmetrical and tho 
unsymmotrical top, according as the ellipsoid of inertia of tho mass 
distribution is an ellipsoid of rotation or a tri-axial ellipsoid, '^riio 
diatomic molecule (Hg, HCl and so forth) represents a symmetrical 
top and one that has a very special mass distribution : the moment 
of inertia K about tho line connecting tho nuclei (axis of tho figure, 
of. the beginning of § 2) is vanishingly small compared with tho moment 
of inertia J about the axes j)erpendicular to it (“.equatorial axes ”), 
namely, small in tho ratio electron mass to nncloar mass. On the other 
hand, tho tri- and multi-atomic molecules are as a rule (for oxam])lo 
in tho case of HjO) represented soliematioally by an unsymmetrical 
top (unless, as in the case of COg, the throe atoms lio in one straight 
line). Whereas the general motion of the symmetrical tops under 
no forces is a regular precession, the general motion of tho iinsymmotrioal 
top is called a Poinsot motion ; the latter cannot bo ropresontod by 
elementary formula! but only by olUptio integrals. In tho case of the 
“ spherical top ” * tho general motion under jio forces morgos into 
simple rotation. 

We next consider a symmetrical top in which the moment of inertia 
K about the axis of the figure is not, indeed, vanishingly small but 
nevertheless small compared with the equatorial moment of inertia J. 

* This case is presumably realised in tho enso of CI-I., in tho ground-state 
(tetrahedral structiuo) ; this would explain the particularly simple infra-red 
spectrum mentioned on p. B68. • * 
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If we denote the momentum about the axis of the figure by N and the 
total moment of momentum by M, the component of the moment of 
momentum that is left for the equatorial plane is V | M and 

the associated amounts of kinetic energy are 

. (1) .nd 


2K 


2J 


( 2 ) 


Lot us make the quantum assumption * 

. (3) and [M P = j(j + (4) 


whore and j are the corresponding quantum numbers, To oxoito 
the I’otation about the axis of the figure or the equatorial axis, respec- 
tively, we therefore require the amounts of energy : 


Stt^K 


(6) and 


(j(j + 1) 

87t2J 


( 0 ) 


On account of the ratio assumed for !rC/J the former amount is very mucli 
greater tlian the latter, if and j are of the same ordoi,' of magnitvxde. 
Simultaneously with the energy also tho angular velocity about the 
axis of tbo figure becomes very groat. It is only when tho excitation 
is very high, that is, at very high temperature, that a rotation about 
the axis of the figure should bo able to take place, and oven then only 
in comparatively small values of jj,. At moderate temperatures no 
rotation about tho axis of the figure takes jfiaoe. The molecule does 
not then function as a top but as a simple rotator about an equatorial 
axis ; there is no doubt that Ave are allowed to assume tlio diatomic 
molecules (K 0) as such, 

Tho method of deduction is precisely the same as in the preceding 
section for the hydrogen molooulo. There it was the small value of J 
in the Boltzmann factor which made tho rotations of, tho hydrogen 
molocnlo die away ; here it is the small value of 'K which in particular 
suppresses tho rotations about the axis of tho flgvire or restricts it to 
small values of What is o.ssontial in both oases is the disoroto nature 
of tho quantum number and tho finite height of tlie first energy stop ; 
if the possible states wore continuously distributed, this deduction 
would not hold. 

The total kinetic energy of the molecule of rotational symmetry is, 
by (6) and (G), 


= 


jU "h 

Brr^J 




1 i\ 
vk j; 


( 7 ) 


For jo = 0 it morgoa, of course, into the expression for a pure rotation 
(cf. eqn. (Ga) of § I). There is an important application of equation ( 7 ) 
in tho beautiful researches by Victor Ifenri on the alisorption spectrum 


(lifforont treatmont of N and 'M in inulifli'd by \vavc-inophani(t8, of. 
Oh. VI, p. 833. 
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of formal dehyde,* H . CO OH. Henri oalla this moleonle the Y -mol * » 1 * ' • 1* ' 
attributing to it the structure indicated in Fig. 146 Avliich lutH 1»* 
deduced from the band spectra. In this form the model is, Ht-fi*** 
speaking, an unsyni metrical top.” One of the principal ax(^H I vit 
thi’ough 00, a second is jierpendicular I** 
piano of the diagram, the third lies in th* ' j » 1 ***** * 
of the diagram parallel to the line eon Ji**** 
tlie H-atoms. But the mass of tli<> f 
H-atoms is very small compared with th*' 
of the otlier two atoms. The mass distrl l>'< *’* 

is only slightly changed if Ave allou' tl it* I 'v\” * * 
H-atoms to rotate about the axis (X* 
distx’ibute its mass uniformly over the <fi i-t^i * ^ 
orbit. In this way Ave replace Fig. 146 !**>' <1*** 
simplified model of a symmetrical top, ivi n I 'vx ** 
shall use equation (7) in our caloulatioiiH. I I * * 
the moment of inertia K about the axiH * »f’ ***** 
figure 00, Avliich arises only from the two H-atoma, is small com | *** ® 

with the moment of inertia J about the equatorial axes, avI i i < ‘ I » * ^ 

essentially defcerrained by the 0- and tlio 0-atoni 

K<J ..... . 



Fia, 146, — Sohomo of 
tho “ Y-mol 0 ciiIe ” 
H 3 CO. Dimonsions 
in Angstrbra units : 
CO = I'Ot), CH = 
1-3, HH 1-38. 


From (7) it folloAvs that if Ave alloAv j to change avo obtain a band strii*'fi** * 

of ordinary dimensions, of tho same order of magnitude as, for t^xivm f * i .. 
ill the ON bands, such that Ar becomes inversely proportional Irt* * li*- 
great moment of inertia J. If Ave alloAv to change avo obtain iv m 1 > • * 1 1 
wider structure, of the same order of magnitude as in tho hyt I i*f >|4»* 1 • 
many-Iines 8i>ectrum, such that Av is inversely proportional to tjiii h. 1 1 * i I 
moment of inertia IC. Wo thus expect a system of relatively ”\vii 
separated band linos, corresponding to the quantum number < *f I i ***■ 
proper moment of momentum {Bigmim'puls) about the axis t>C I !»•» 
figure, Avhioh has superposed on itself a rauoh narrower lino « 

corresponding to the quantum number j of the total moment of in out t ^ • 1 - 
turn. Both sequences of lines consist not only of P- and B»-brfiin-f1 
(io jo ± i ^ j ± I)j but also of Q-branches {j^ j J ) , 1 % t tt I 
the latter indicate, by pp. 668 and 669, and Note 7 {g), that the mot I f * I i w 
non-rigid (excited moments of inertia J', K' instead of the original » J , K | , 
This whole line-structure noAv repeats itself more than ton l.i 
in the region between A — 3600 and A = 2600 A. (corresponding to 1 1 «»'» 
various oscillation states of tho model), every P-, Q- and 
again being developed as a triplet (P, P', P", and so forth, pnrtlo.i ilrt i-| 
in tho more separated sequences of lines ; tho narrow ones oain ic sf . 
resolved). Tlonri particularly emplia,sises a fimdamontal obntijyro in 


* C'ompi-ohonaivo accounl is coataiaocl in Zoits. f. PliysiU, 49, 774 (I I 

Koni'i and Svond Aago Schou. 
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tlio appearance of the bands as the oscillation increases (increasing 
vibration number v) which expresses itself in a blurring of the band 
lines and is interpreted as “ pre-dissociation d’ We have not space, 
however, to enter into ibis question any more than into the deter- 
mination of the works of dissociation from l)and spectra by the 
method of J. B'ranck, 

Since after their introduction into the equations (1) to (41 N and jo 
are respectively components of M or j, it follows that 

,?o 

]?rom this we conclude that in the case of a gyroscopic molecule with 
jo > 0 not only will the zero lino be missing in the band numbered accord- 
ing to j, as in our Fig. 140, but that on both aides of the zero line other 
adjacent lines must also be missing, Lonz * was the first to enunciate 
this conclusion. Heurlingor pointed it out in his dissertation in the 
case of certain band sjDcctva of rather complicated carriers, and !Rungo f 
showed that several band lines adjacent to the zero position were 
missing in certain Oa-hands. 

§ 7. Multiplet Structure of Band Spectra 

In tho preceding sections of the present chapter we studied the 
influence of the rotation and the osoillation of tho nuclei, but did not 
analyse tho electron term in detail. It is to bo oxj^ooted that this 
will exhibit a finer subdivision that arises from tho compo.sition of tho 
orbital and tho spin moments of momontum. We shall now investi- 
gate this structure and shall restr’ict our attention to diatomic molecules. 

A. The System of Quantum Numbers and Term Notation 

We may imagine tho molcoulo to bo formed by allowing the two 
atomic nuoloi to ooinoido in the first place ; we may then oonsider the 
field that acts on tho radiating electron {Leuchiehldron) to be centrally 
symmetrical for diagrammatic purposes (c£. Oh. VIII, § 2). If wo 
now allow tlie nuclei to move apart until they have reached their 
position of equilibrium, tho elfoctive field cloarly becomes axially 
symmetrical about the line connecting tho nuoloi, Wo may imagiuo 
tliis resultant field, as arising from the original central field (in tiio case of 
unitod nuoloi), and of a superposed axially symmetrical oloctrioal field, 
Tho latter must usually ho assumed to be very strong if wo are to be 
able to roprosont the true conditions in tho molecule.^: 

'l.'he electric field acts on tho orbital motions of tho electrons, that 
is, on tho mojnent of momontum Z, which wo may asevihe to the elec- 
trons in the central (iekl (without the sui)or])osed axial field). Tho 

* In tlio pajHir qiioleil in § 1. 

t Zooman J iibiloo Nnmbov, Physioa, 1, 25't (11)21), 

i F, Hvmd lins OHtimated Iho Hold al JO’ lo in’* voltB/cm. (Zoits. T. I’liyaiU, 86, 
6(11 (1920)). 
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result is that the resultant L of all the vectors I orientates itseU with 
respect to the field ; * the projection of L on the axis of the field, that 
is, on the straight line connecting the nuclei, remains constant as a 
first approximation ; we call it Ml. . It has the values Ml == — Ij, 
— (L — 1), . . . + L. All this is analogous to the behaviour of the 
atom in the magnetic field- The interaction between L and tho total 
spin moment of momentum S is small compared with the internctiou 
just considered (L, field). For {L, S) gives resolutions of the order of the 
distances between the multiplet lines in the atoms i the (Xi» field) - 
resolutions are in general much greater, (L. S) com os into considera- 
tion only in the next approximation. Here S will orientate itself with 
respect to the magnetic field ; but on account of the very rapid pre- 
cession of L about the line connecting the nuclei, wo find that for S 
only the component of L parallel to this line becomes appreciable, that 
is, S orientates itself with respect to the molecular axis, and in such a 
way that the projection Ms of S on this axis assumes tho values — S, 
_ (g — 1 ), , , . g. Xet the total projection of h and S on the molo- 
oiilar axis bo M, where M = Ml -p Mg. 

The interaction (L, field) makes a contribution of tho form F(Ml) 
to the total energy of the molecule, the interaotion (I,i, S), as in the 
strong magnetic field (cf . p. 646, eqn. (14)) makes a contribution AMlMs» 
or, in all, 

W = F(Ml) + AMlMs .... (I) 
The function F(Ml) is symmetrical in Ml. so that we have f 
■ F(Ml) = F(-Ml). 

Hence W remains unchanged if we reverse the signs of both Ml and Ms ; 
at the same time M becomes changed into — M. 

In place of the quantum number Ml. wo here introduce the usual 
symbol A, and we are to have /I = | Ml |. To a first approximation, 
if A is neglected, W is determined hy A alone. The terms with A >= 0 
are called ii^-terms, those with /I =? 1 , 2 . . . are correspondingly 
called 77, A, . . . terms. To the next approximation, in which A is 
taken into account, Ms also becomes of importance . We write Ms= 
where 27 is to be positive if Ml and Mg have the same sign, otherwise 
negative. 

Tho oloctrio field is often stronger than tho mutuai action of tho Vb among 
theinBeivos, go that there is no sense in speaking of a resultant L of the Ps. The 
total projection of all tho i’s on the straight line connecting tho nuclei, howover, 
then always remains constant {<== M^,). 

t Proof s tho flold is axially symmetrical, so tho pianos through tho axis of 
tho field are planes of symmetry of the motion. If wo dosoribo n plane through 
tho axis of the field and through the rotation vector L, tho motion which corre- 
sponds to tho 2}Osition of the rotation vector I, with tho projection Mu, hooomoa 
transformed whon reflected at this piano into tho motion which corresponds to 
the position of tlio rotation vector L with the projection — Mj,. Tims the energy 
Is of equal amount in both cases, Hence tho term L resolves into only L 4- 1 
different energy-levels M,, through the notion of the Hold if wo disregard the terra 
AMi,Ms in (1). 
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• I". 'H purtioular, A 0 the intc'i'iuition (L, S) vanialioH, and S Iuih 
ill) lueauH of taking U|) (U‘Hnlt(^ [)OHiti()ns ; tlie ([uantuin muut)cu‘a Z" and 
M tluai loKti tlieii’ meaning. 

As an 11 lustration, Ave give in Table ()5 the quantum junnbers for 
fclie <iasn L I, {S ij. In the last (jolunin wo have the terin-aymbol, 
with the upper index 2S j- I, which spooilies the " nudtiplioity,” and 
Avith the. lower index A -■!- Z, It is clear that avo hero need different 
Hy ni hols only for terms Avlnidi are different in energy. In the column 
hehire tluj last Ave have the number O — \ A S \ , 

'!'h(U'(^ is an “ ICxehange IjaAV for molecules precisely as for atoms. 
An evcm number of electrons (integral S) gives odd multiplicity ; an odd 
luimbtu' of (deetrons (lialC-integral W) is the condition for even multi- 
pi ie ity. d'liat is Avliy avc Inwc singlet and triplets in Hg but doublets 
ill ON. 
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T’he resolution of “ multiplet ” terms is obtained from (I) if Ave keoj) 
A fixed, and allow Z to vary. First Ave can put (1) Avitliout ambiguity 
of sign into the form 

W - F(/l) H- A/IZ . . , . (1«) 

Imt since Z changes by Az f imssing from one level to another (cf, 
a lso Table 06), avc find that in tlie jnoleoulo terms all redokiUona beliveen 
ftmcmHlve levels are equal and of the same order of magnitude as the 
atomic resolutions, heeauso A arises in both eases from the magnetic 
intm'action (L, 8). 

The total energy of tlie molecule is composed noAV of the, following 
components : the greatest contribution is made by the energy ol the 
nleotrons in their orbit {?i, i!). This is followed by tlio energy of the 
nuckair oseillation and tlien the lino resolution of the multiplot- terms 
just descrllied. The contribution of tbe rotation rocpiires closer 
attention. 

* give only the normal grading of the orclcra of inagnitudo j in many 
molctmli-'H ibe flats rosolutioti iw grotvlor llian dw oscillation rosolution, Wc do 
not onlor into Hutsli dotailH. 
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Tho v(!(!fcor of its inomoiit of moment inn which atniidH |)crp< 5 n- 
rlieulaiiy on tlio nioleciihir axis and which wo sluill now call 0 will 
snpplonioiit itself hy mentis of the moment of momentum Q about 
the mohjoular axis to form a rosuitant of tlie total moment of momentum 
which we shall suppose to be demoted by its quantum uumber ,T. 
J is constant in magnitude and direction and has the values Q, Q -I- 
H- 2, . , which are intogml or half -integral according as tS is integral 

or half -integral, that is, according ns the number of electrons in the 
molecule is even or odd. From quantum-mechanical considerations 
we have for J : |Jp = J(.T -j- 1) (of. p. 333). Following Hund * wo call 
the case of the coupling of the vectors which lias hero been described 
and which occurs most commonly, the case a ; Hund was the iir.st to 

Fig. 140. — ^Multiplofc strucfcui’O in 
band spectra. Combination 
of two ^TT-torins <liff«ring 
somowbat in thoiv configum- 
tions. Faoh of tlio two 
^77-torms is subtlivMod into 
oscillation levels {v =0, 1, 

2 , . and each oscillation 
level is double, eorrosjionding 
to 13 = -J, in which tho 

doublet nature of tho terms 
manifests itself. In conso- 
cpioneo of this, tho oscilla- 
tion bunds {below) arc also 
doubled. Tlio relation to tho 
transitions drawn above thorn 
is indicated diagrammatically 
by similar positions in tho 
frequency scale, ^i'ho division 
into rotation levels has been 
omitted, Fach of the levels 
shown should again bo split 
up into many diseroto lovtOs 
{J ^ 13). 

investigate the various coses of coupling theoretically. Tlio typical 
appearance of the band in this case is illustrated by tho Fig. 14(1. 
It represents tho combination of two ^/J-torms. For each of the two 
there is a series of oscillation levels (quantum number v), each of whioii 
further exhibits a fine re, solution into two levels, corresponding to the 
character f of **77. Finally each of these two levels is to be imagined 
as again resolved into close levels that are to be numbered according 
to This last structure has not been given in tho l^iguro. At tlio 

* P. Hund, Zoits. f. Phyaik, 38, 057 (1920). 

t By setting up a table similar to Table 05 it is easy to veiify that ^TJ-torinB 
always consist of the two lovols ®77p that is, /3 = f and 

1 Tho J of the molociilos corrosponda to tho J of tho atoms only in so far as 
it reproaents tho total momoiifcum. For tho rest, tho J of tho atoms is roprosontod 
by the Q of tho molooulos. 
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]o-\voi’ edge wo see roproaontod fliagmminaticaUy the lino Hpocfcruui 
tluit results from the cojnbiiiation of the two Hl-ionm. Here, too, 
tlio Hulidivision arising from (T-transitions is not shown in iho Figure. 

Jf S 0 and yl = 0 ('i?'terms) J reduces to tlu5 moment of 
inomcmtum of the niiolear rotation, which we called j earlier (§ 1 and 
■fclur subsequent sections). Tlie total energy then consists only of the 
contribution of the electronic motion (?^, 1) of the oscillation and of 
•the rotation, A multiplet structure does not ooeur because ^^7 'terms 
tu’o simple, ’^l.’his scheme of the ntolecule would correspond to the 
consultwations of 'the preceding section, The case H = 0, S > 0 
doimnids s])eeial consideration, wliich wc shall, however, suppress 
hero. 

Lastly, the J-lovels may also resolve into two components. In 
cfjiiation (1) wu showed that the energies + Ml and ~ Ml coincide (for 
41 il.xed Z') ; every state with /I > 0, 2", J (of. Fig. 140) consocpiently 

lias tlm statistical weight 2. T’ho rotation of the micloi causes these 
states to Ixi resolved into two levels, which are in general very close 
together. They form a so-called /[-doublet. Only the terms A = 0 
do not resolve, conuspon cling to the oirouiii stance that here the states 
have only the weight 1 : Mi, can only = 0. 

Besides the ease a otlior schemes of coupling are conceivable, 
according to the order of magnitude of the interactions in the 
anolooulo ; cf. the |)apcr by Hvmcl and the specialised literature quoted 
on page fid 5. 

- B, Intensities of Band Lines 

The soJedion rules for our molecular model may bo road off from 
the kinomatical charaotor of the vector motions. For Ml, Ms wo have, 
as in till) case of a strong magnetic field, that AMi, == 0, d: L — 0, 
or, written in terms of A and H* : A/1 = 0, i L = 0. The 
aclootion rules of the atomic spectra for L and also those for I in tho 
case of a very strong intra-molecular field are then no longer valid, 
analogously to tho Stark olToot for atoms (cf. Oh. VI, § 1, p. 290, and 
Oh. Vn, § 2, p, 1108). For tiro total inoment of momentum J wo 
Tiavo, of course, that AJ = 0, dh !• Tho transitions J -> J form, in 
analogy with their earlier bolmvioiir, tho Q-branoh, J J -|- 1 tho 
J?-branoh, and J —)»• J — I tlie B -branch. Lastly, m the case of 
Tnolooules there is an exact analogy with Laporte’s rule for ato'nic 
Hpoctra : tho terms may be divided into two classes in siioli a way 
that only terms of the one class may combine with terms of the 
other class. Tho /I- doublet levels before -mentioned liave tho property 


* Wti iniiy onfiily csotiviiKJii oiirsolvos (hat thoso two formulations ni'o 
alorit. To malfo tho solootion rules moro precise wo must noto that! U 
A =« (J for ono of tlio two coinbining states or for both, thou S fosos its monnmg 5 
ratbor wo have A/1 « 0, i 1 . (2) ls> 0 occurs (os in atomic spootro AS > 0) only 
/or groat (L, S).rosohitiona, that is for heavy atoms in tlio moleculo. 
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that one levol always belongs to the one class and the other lo the 
other class. That is why tlic ooinbl nation of two /l-donbhits, .1 , .1 , 
loads always ami only to two band lines. 

As at the end of the preceding sootion the restriotion .1 S; W (tlnwo 
written as j ^ ^q) causes the absence of certain l)and linos around^tlie 
“ Kero line ” (NulUnie). Let ns consider, say, the combi nation, 
1/7 ‘il. Here yl = 1, = 0, 13 — 1 in both terms, d'lms in^ both 
terms J ha.s the possible values 1, 2, 3 . . . i J “ 0 is misHing.^ (/onse- 
quently the first lines 0 — > 1 and I 0, respectively, are mis sing in 
the P-hranoh and the R-braiich. In the combination -> V/7 tlu! 
first line would be missing in both the Q- and the It-brantsh ; in tli(' 
P-branch the first two linos would be missing. 

por the iTitensities of the lines similar summation rules * hold 
as for the atoms. The sum of tlio intensities of all the lines that 
start out from a fixed initial levol is proportional to the statistical 
weight of this level ; the same applies milatis mutandis for a fixed 
final level. The intensities of the individual band lines may be rcjire- 
sented by formulas which were first derived from correspoudoiuse 
consideration by Houl and London, f Wo give them without proof. 
Let nh J' be the quantum numbers of the initial state, fi", d'* those 
of the final state. In the formula wo must always insert tlie greater 
of the two quantum numbers J', J" and O', 0," for J, 0. 


(1) = n'h J' J" : I 

J' = J" ± 1 : 1 

(2) fi'- a" il,J' = J": 

J' = T' q: 1 : I ^ 


{2J -b 1)0“ 

J(J + 1) ' 

J ’ 

(2J-I- 1)(J+ 0)(J- O T- 1) 
2J(J H- 1) 

(J + n){Jd- o - I) 

2J 

(J - 0)(J-^ ft -h I) 

2J 


rO 


The intensity suras in each ease show proportionality with 2J H- 1. 
if J denotes the quantum number of the fixed level. Aotually, the 
statistical weight of each J-level is given by the 2J -|- 1. jmssiblo positions 
of the total moment of momentum J in the magnotio field, prooisoly 
as in the ease of the atom 4 In the notation of page 627 the first row 


* Fii-at appliod to band spoofcm by R, H, Rowlor, fliil. Mag., 49, 1872 (1925), 
and Gr. H, Dieko, Zoits, f. Pliysik, 33, 101 (1025). 

t H. H6nl and F. London, Zoita. f. Phyaik, 33, 803 (1026). 
j ITore we must note tlipifc in tho oaao yl > 0 ovory Jdovol (without a flokl) 
is resolved into two levola (c£, p. 601, /I-doublofc), ao that tho afcatistlenl weight 
amounts to 2(2J + 1), Every band lino then femna a A-doiiblot o£ lliiofl whioh 
are o£ equal intonaity ; tho intensity of oaoh individual ia to bo oaloulatod from 
tho above fornuilro, 
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in (1) anil the Kecoucl row in (2) denote “ parallel transitions,” the third 
ill (2) anti-purallel ” transitions, the others “ indifferent ” transitions. 
.Lliis expresses itself in the magnitude of the intensities in question. 

In the intensity of the hand lines an important part is also jilayed. 
by the Boltzmann factor (of. Ch, VIII, § 9, p. 638). Hence we 
must also multiply the values given above by the factor 

to arrive at intensities that are comparable with those obtained by 
experiment. For 13 we must substitute the energy of the initial state 
in each case, that is, in the case of emission the higher of the two 
combining levels, in tlio ease of absorption the lower. If we consider 
the lines of a rotation band, whore we keep the electronic transition 
and the oscillation constant, E is given by the formula (6a) on page 668 : 

E = const. H- BJ(J -h 1) . . . (3) 


For example, for ^2 —>• ’2^-bands (no moment of momentum about the 
molooular axis, so tliat wo may write O ~ 0) we obtain in emission 
from (2) and (3), * 


'P-branch J — >• J -f- 1, I /^ ( J 4- 
H-branch J J ^ 1 , I Je -- mr 


Lines which, if counted from the zero line, have the same number in 
the P-branoh and the ll-branch (of. Fig. 138, p. 663), have a J which 
is greater by unity in the Il-branch than in the P-branch. It then 
follows from (4) that linos that corrosiiond to one another in this way 
liavo the same intensity in both branches, if the Boltzmann factor 
makes no essential difference. This has already been mentioned on 
])ago 603. If the Boltzmann factor does exert an appreciable inihienoe 
the linos of tho P-branoh are stronger in omission than the correspond- 
ing linos of tho same number in the B-branolv. In absorption this 
relationshixj would become inverted. These assertions are confirmed 
by experiment. 

Tlio question of the distribution of intensity for tho transitions 
that arise from oscillation has boon dismissed by Condon. f 

If tlio two nuoloi of tho diatomio molecule are exactly similar and 
if tho nuclear spin vanishes, alternate linos droj) out in the bands, 
as Heisenberg J lias shown from wavo-mcchanical considerations, 
'.riio absonoo of these linos has been confirmed experimentally in the 
Hjicotra of H 02 ) (Cj2)2i (^ 10 ) 2 * (^ 02)2 i thus the, atottis HGj C'i 2 ( ^32 

have no spin. If the niiolear sxiin is not equal to zero tho linos exhibit 
a cliaraotoristic ohaiige of intensity, overjjf alternate line being weaker 
tlian the normal line ; from the experimental intensity-ratio of 


* '.rho Q-brnnch vanishos on ocoouiit o£ =0. 
t E. U. Coiulon, Phye. Rov., 88, 1182 (1926). 

X W. Hoineiiboi'g, Zoita. f. ]?hysnc, 41, 239 (1027). 


von. I. — 38 
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neighbouring aaaooiated linos wo may again draw conclusions ahovit 
the magiiituclo of the nticlear sjjin. We made a brief alliiKion to thiH 
mofchod of determining the niicloar moment of moinentiim on page 
664. Oil the other hand, inoleoulos tliat consist of two uotoj^tes of the 
same element, such as Clas CI37, or Oio O^g, do not exhibit, either experi- 
mentally or theoretically, anomalies in intensity. For further detailH 
about the s]}ectra of molecule.^ consisting of similar atoms wo refen.’ 
to the literature quoted on page 666. 

C. Zeeman Effect of Band Lines 

Zeeman * himself looked unsuccessfully for a magnotio influoiioo 
on band lines ; likewise Becquerol and Deslandres.f It is only fairly 
recently that an efieot could be shown to ooour in the bands of Og, 
OH and so forth. The resolutions in the neighbourhood of a zero lino 
of a band Avero nearly of the order of magnitude of the normal Zeeman 
resolutions and decreased with inoreasing distance of the band linos 
from the zero line. Many bands were altogetlier insensitive to 
magnetic influences, and exhibited a quadratic effeot only at greater 
magnetic intensities ; very often only a diffuse widening was observable, 
and so forth. 

For the ease of the coupling a the theoretical Zeeman effeot may 
easily be given in a manner analogous to that for atoms. J 

I). Electronic Configuration of Molecules 

The problem of the allocation of molecular terms to certain eleo- 
tronio configurations may be treated similarly to that used for atoms. 
We suppose the interaction between the electrons to be sinall so that 
the electrons in the atom may be characterised by the quantum numbers 
n, I, In the molecule the numbering according to n and A (= absolute 
value of the projection of I on the line connecting the nuclei, — 0, 1, 
2, . . , 1) will have a physical meaning in tlio ease whore the mioloi lio 
olose together. Wo distinguish betAveencr-, tt-, S- . . . electrons, accord- 
ing as A = 0, 1, 2, ... . By p. 691 every state A = 0 has the weight 1 
and hence is not degenerate j the states A > 0 are, hoAvovor, singly 
degenerate and have the weight 2. The electron spin doubles each 
of the states for oaoh electron. It folloAvs from Pauli’s Exclusion 
Principle (that each state may only bo associated Avith one electron) 
that for a fixed n, I there are 2 a-eleotrons, 4 7r-eleotrons, 4: 
S- electrons, and so forth. The arrangement of the electrons is then 

^P. Zeeman, Astropliya. Joufn., 5, 332 (1807) j Mag., 43, 228 (1897). 

+ H. Beoquoi’ol and H. DoslanclroB, Comntos Benclus, 126, 907, and 137, 18 
(1898). 

f Aocoi’ding to J, H. van Vleck, Phys. Rev., 38, 980 (1026) 5 D. M. Dennison, 
ibid,, 88 , 318 (1020). . ExpeTimentally investigated by E. C. Kemble, R, S. 
Mulliken and F. H. Crawford, ibid,, 30, 438 (1027). 
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eharaotoriHcd, Ha3^ by {Lso-^, 2.?a2, 2pa2, 2^77'*, The •symbols 

Lv, 2«, . . . refer tt) the ??., /-values of the ehictrous. Hliolls with o-^j^rr'S 
HO forth aiH? (!oni])letti ; taken alone, tlioy give /I ~= 0 and a vanish- 
jug eJeeti’on spin S. Our arrangement { } belongs to a molooulo having 
11 electrons, of "whioh 10 have been domiciled in closed shells. 
In general wo obtain the resultant terms most rapidly by adding 
ijuantiun nuinbcn’s vectorially exactly as in the case of the atom. 
'!l’h(! al)ove example would give a ^iZ-torm ; the inner shelta witli 1.?, 
2.^, 2^1 eontributo notlung to A and S ; the 3.9-eleotron give.s S — i 
and A ---■ A “= 0. Using a inetliod copied from Bohr’s theory of the 
periodic system of the atoms Hand * made qualitative statements 
ahout the term-soheino of molecules, 


* Of, lOi'gobniHHD (]<)!' oxaklon NivtunvisH., 8, IfiO ol- »oq- Springer, 



ADDENDUM * 


A BRIEF reforoiico may bo nuulo to some recent advanQ<J« 
•wliicli liavo been made in the iatcrval between the appearauoo 
of the last German edition, of the present book and the now 
English edition. 

A groat deal of effort has been expended in receirt years to dofcen- 
mine whether cosmic radiation is wholly nndulatory or wholly oor- 
pusciilar in oharaoter or whetlior it is composed of a mixture of both 
types of rays. A historical summary of the earliest work on cosmio 
rays has been given by Wigand f who describes the early balloon flighfcK 
arranged by Gockel, Hess and Kolhdrster between December, 1900 
and 1913, It was Hess who first recognised that there was a hai'd 
ty]3e of radiation which was to be distinguished from the y-radiation 
emitted by radioactive material in the earth’s oru.st. Measuromonta 
at increasing heights from the ground showed that whereas the y- 
radiation from the earth decreased in intensity dui'ing ascent the 
“ cosmic ” radiation increased in intensity. In recent years many 
measurements have been made at great heights in manned balloons 
(Piccard and Kipfer) and unmanned sounding balloons (sent up by 
Begenor to a maxiimim height of 17 miles) to determine whether 
these highly penetrating ultra-y-rays were produced in the strato- 
sphere or in outer space. At the present time tlie evidence seeinn 
rather in favour of a cosmic origin for these rays. Moasiiremonts tjf 
the decrease of intensity of cosmic rays at various depths in snow-foci 
lakes (Millikan ; also by Rcgener in .Lake Constance) have also been 
carried out in order to isolate the hardest components of the radiation 
and to* determine their absorption coeffloient (by applying the Klein - 
Nishina formula). The results suggest that a part of cosmic radiation 
is eleotromagnotio in character. J Rogener’s measurements indie at o 
that the ionisation oiirve of cosmic rays approaches a maximum at 
the highest parts of the atmosphere hitherto explored. 

The investigations into the nature of the rays are complicated 
by the secondary and probably also tertiary rays which arc produood 
by the passage of the rays through tho atmosphere. It seems to be 
definitely established that a considerable portion (perhaps 80 per 
cent.) of the cosmic rays that arc detected at the earth’s surface aro 
corpusoiilar in character, although it is too early to state with oortainhy 
whether they are members of tho jprimary stream of cosmic rays 
Doming from outoi' sjjaco or whether they are secondary rays prodxiotjd 
in tho upper or lower air. The intensity of cosmic rays, whether 

* Added by tho translator, 

t Phya. Zeits., 26, 44C (1024). Soo also Hofmann, Phys. Zoits,, 38, G33-G02 
(1932), which contains 307 roforencos, 
fPogonor, Nature, 132, 698 (1933), 

696 
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undulafcory or corpuHoular, is measured by their ionising power. Up 
to 1928 an ordinary ionisation chamber had alono been n.sed to 
measure the intensity. A considerable improvement was effected 
when Geiger and Miillor * invented their tubular counter for the 
expro.ss purpose of recording the arrival of individual corpuscles or 
photons, A third method, introduced by Skobel'/.yn, involved the 
use of the Wilson cloud chamber, in which the track of ions caused 
bj^ the passage of a cosmic ray corpuscle, or, iiidirootly, by a cosmic 
ray photon, could bo pliotographed. The appearance of the tracks 
(iiuibles conclusions to bo drawn about the nature of the ionising 
agent. By applying magnetic fields up to 20,000 gauss to the ionising 
particles it is possiWo to determine their velocity and cluirgo.f TIio 
interesting fact emerges from those experiments that some of the tracks 
arc found to be duo to electrons moving at a speed only a little 
less than that of light (corresponding to a volt-volooity of the order 
of 10‘“) whereas other tracks that are equally curved in the opposite 
direction to that of the electrons had nooes.sarily to be ascribed to 
particles' having a mass of the same order as that of the electron but 
carrying an opposite charge. In other words, the long-songht-aftor 
positive eieotron (or 2 )osUron, as it is now oallod) first disclosed its 
existence in experiments performed with cosmic ray.s. It suggested 
itself to various workers % that positive electrons might also be pro- 
duced by the interaction of radiations excited in beryllium (y-rays 
and neutrons, see p. 698) and matter. Observations of the ionising 
power of the resultant radiation in tlio gas in the expansion ohambor 
and loss of energy in an iutorposed metal plate were found to justify 
the assumption that the mass and magnitude of the charge of the 
positive particle omitted arc tlio same as for the negative electron. 
Later experiments confirmed tliat y-radiations from a thorium active 
deposit (the strongest compoJioiit being a ray of hv 2*(12 x 10®) 
can also produce positrons when tlioy are made to impinge on a load 
target. Curio ami Joliot liavo shown that when positive and negative 
olootrons are produced by the impact of y-rays from different sources 
on various metals (Al, Cii, Pb, U), the ratio of the yield of positrons 
to that of electrons increases with the energy of the y- quantum and 
witli the atomic weight of the substance. In some casos an eieotron 
originates simultaneously with a positron, a fact wliioh has led to the 
])roposal that the two corpusoles wore not originally pi’o.sont in the 
target but wore- created from tlio inoidont y-radiation (energy of 
radiation corresponding to | million electron-volts would bo necessary 
to create an electron and tlio same ambunt to create a positron). Tins 
tlioory, iiowovor, has yet to be confirmed). j| 

Purthor light has boon shed on tlio nature of certain oompononts of 
cosmic rays by the results of investigations into the possible variation 

* PhyB. ZoitB., S9, 8i») (11)28). 

t AmlorHou, I’liys. Rov., 41, <IOfi (ll)?12); Rhiokotb aiitL Ocdhialini, Proo. 
Roy. Hoc., 189, 090 (l«:)!)): Kuti/o, ZoitB. f. Physik, 79, 203 (11)32). 

C'luulwi<3k, Rtiickotli and Octchialiiu, Nature, 131, '1.73 (1033) ; Mcitnor and 
Pliilip, NaturwiBH., 21, 280 ami ‘108 (1033) ; Cnrio and Joliuli, CoiuploH RonduB, 
198, 1106 (1033). 

II Por furbhor dototlB soo Rotlio, Das Neutron uud das Positron, Natuv'VisSi 21, 
826.831 (1088). 
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of the intensity of cosmic rays with latitude.* In one group of 
experiments curves connecting the intensity with Intituclo at 00 
repre.sentative places on the earth’s surface wore obtainorl. Thcao 
not only show a rapid increase of intensit}' with altitude hut also 
greater intensity at each altitude for higher latitude.^ than for thoso 
near the equator. The variation observed follows blio geomagnotio 
latitude rather more closely tlian the geographic latitiirlc. I'ho varia- 
tion over a range of 40° on either side of the equator amounts to 1 2 
or 14 per cent, at sea-level. This “ latitude olTect ” of cosmic ray.s 
indicates that a certain fraction of the primai\y cosmic rays (ionsists 
of corpuscles which are deflected from equatorial rogion.s by the ox- 
tensive if weak magnetic field of the earth. This is analogous to tlio 
deflection of the streams of charged particles from the sun which woivs 
assumed by Birheland in order to account for the occurronoo of the 
Northern Lights. The theory of the motion of suoli atreams of (ihargral 
particles in a heterogeneous magnetic field has been worked out liy 
Stormer.f 

Summaries of the present position regarding our knowledge of 
cosmic rays have been given by Blackett, Begener and IColhor.st()r.:[; 

In the realm of nuclear phy,siGS rapid and valuable progress is also 
to bo recorded. In 1931 Bothe and Becker observed certain nnonialioH 
in y-radiation whicli was emitted by light elements after bombard- 
ment by a-partioles (cf. Butherford’s first disintegration exporiinonl;, 
p. 166). These anomalies were confirmed by Curie and iTohot as avoU 
as by Chadwick. It was Chadwick, however, who first rcoogruHeul 
that a new type of neutral particle appeared whcji, say, beryllium was 
bombarded by a-partiolos thus : 


Be^** + Hcg^ Cg^® -h 

where the iipper indices denote ax^ proximate atomic weights and bh« 
lower intfices the atomic numbers (or net nuclear obtirgos), This 
new particle called the *’ neutron ” and denoted by fi in our nucloar 
equation is regarded by Chadwick as consisting of a proton and olootroii 
in Very close association ; its mass is approximately 1 and its atoinio 
number zero. Neutrons are characterised by their groat peiiotratiug 
power. Dee has shown that the primary ionisation along the track 
of a neutron is less than 1 pair of ions per 3 metros length of path . 
Massey has calculated that it may be as low as 1 pair of ions x^or 10® kni. 
Whereas tlie proton dissipates its energy almost entirely in collisiona 
with electrons, the neutron loses its kinetic energy in collisions with 
nuclei. The actual yield of neutrons in the case of boryllium is about 
30_ neutrons for every million a-partioles of polonium which fall on a 
thick layer of beryllium. 

It has been suggested by Curie and Joliot that the proton, hitherto 
considered an elementary particle, is composed of a neutron and a 
positron held in close union. Although this assumption has the 
advantage of explaining difficulties that occur in cortain nucloar 


* Seo report by A. H. Compton. Phys. Rov., 43, 387-403 (1933). 
t Handbuch der Kosmischer Phyaik, Vol, I. ' 
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loaofcions Iho gonoral view is that tlio n&iitron is tlio composite element 
01 sfcruoturo and tliafc the proton is a real unit.* 

Another landmark in nuclear physics was reached in 1932 when 
(...ockerott and Walton f devised an apparatus capable of producing 
protons having energies of 700 kilovolts. With those protons they 
bombarded Li, .B and F ; the process was accompanied in each instance 
by the ejection of an a-particle, for example, 

Li^? -h Hii -> 2Ho/. 

The neutrons themselves have been used in their turn to ofiect 
nuclear changes. Feather J has shown that when nitrogen nuclei 
ai’o bombai'ded by neutrons a-particlos are ejected and nuclei of tho 
boron isotope 11 are formed : 

y -I- -> IVH- Hc^o. 

l.bis translormation is reversible, since it has been found that whoir 
nuclei ()i tho boron i.sotope of atomic number 11 are bombarded by 
a-i)articlos neutrons are produced together with nuclei of nitrogen, 
'.rranslormations of this typo allow tho mass defect of tho neiitron to 
b(' calculated ; its value comes out as about ’0011, which corresponds 
to an energy of slightly more than a million electron-volts {about 
I’O . ]0~" erg). This binding energy is consistent with Clnuhvick’s 
vhnv tliat the neutron consists of tho proton and electron as olomontary 
constituents. 

I’he discovery of tho neutron has given rise to now theories concorn- 
ing tho oompoaition of the nucleus. The most fruitful appears to bo 
that suggested by lIoiaonborg,|| according to which the nucleus is 
(Composed of protons and neutrons but no free electrons ; when two 
non trons and two protons form a close bond wc have tho a-particlo (some - 
times called hdion), which is a particularly stable configuration. The 
addition of one or more neutrons to a nucleus gives rise to one or 
more isotopes, certain conditions of stability determining the number 
of possible isotopes in any given case. The mass-dofoct gives informa- 
tion about tho degree of stability of bbo nucleus. In tho case of 
a-iiartioles the packing fraction (= energy equivalent of tho mass 
defect) amounts to 28 . 10® electron-volts, which is very considcralilo 
in comparison with tho energy differences that ordinarily occur in 
nuclear processes. This tends to confirm tho view that the a-])ai’tiolG 
is itself a sort of intermediate element of structure of nuclei, T1 k 5 
stability of the a-partiolo exceeds that of the neutron, as may bo seen 
Ivy comparing their mass-dofoots. For further remarks on those 
(piestions tlio reader is roferrod bo Bock {loc. cU.). 

'I’he last important advance to bo recorded is tho disoovory of 
blie heavy hydrogen isotope. With oxygon (isotope 16) as tho standard 
Oho atomic weight of hydrogen, as deduced from Aston’s roHidtK 

* An ndinirablo accounfc of tlio proporfcioa of noutrone is given in Chadwick’s 
Ihikorian loofcuro, I'l-ois Roy. Son., 148, 1 (ll).'13). liotlio’s ancounb {loo. ciL) i» 
sliglidy I non) rnonnt. 

t I’nx! liny. Son,, 136, flU) (15)32), 

i JhiO., 136, 701! (11)32). A list of 22 nuoloiir reactions, inoluding many dvio 
bo imutrou bonibardmnnt, is given by Bock in Marx, Hcmdbmh cler liadiotogio, 
Vol. VI, Part I, p. 380. 
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(obtaiiiod ■with a mass apootrograxdj) comes oiil; a-fc 1-00778. Ohomical 
dofcoi-riiinations lead to a slightly highei- value. This fact led Birgo 
and Monzel to suggest that tho disorepancy was probably due to fcho 
existenco of aii isotope of liydrogeii of mass 2 and nuclear cliargo 1 . 
This conjecture was confirmed experimentally by Urey, Briokwoddo, 
and Murphy.* They distilled six litres of liquid hydrogen in tho 
neighbourhood of tho triple point under a pressure of a few millimotrort 
of mercury and obtained a small fraction (few cubic oentimetroa) 
whicli contained the heavy hydrogen isotope in the proportion of 1 : COO . 
Tho existence of this isotope was also confirmed by tlioso authors 
in tho first satellite which accompanied each of tho spectral linoH 
Ha, HjS, Hy, HS of tho mixed hydrogen. These speotral results woro 
accurately confirmed by Bleaknoy f and Bainbridge,:[: who used tho 
mass spectrograph. Methods of preparing “ heavy ” water, that in, 
water composed of the Ixeavy hydrogen isotope combined with oxygon , 
are briefly described in Nature (Oct., 1933, p. 636), where numorons 
referoncos are given. Since tlx ere are two isotopes of hydrogen anti 
throe isotopes of oxygen there are six possible typos of pure water ; 
if wo take nuclear spin iixto account, as expressed in the existence of 
para- and ortho-hydrogen molecules, this number becomes doubled, 
Tho name deuton (or doutoron) has been given by some writers to th o 
ionised heavy hydrogen isotope, that is, to the nucleus of Ixoavy hydrogoji* 
which, according to Heisenberg’s theory, consists of a xioutroii and n, 
proton held in close union. Other terms (used ohiofly in American 
publications) are : protium gas, namely hydi-ogon molecules consist- 
ing of nuclei composed of two protons ; protium'deuierium gas, namely, 
hydrogen molecules consisting of one proton and one deuton ; and lastly, 
deuterium gas, each molecule of whicli has a nucleus composed of two 
deutons. Apart from the intex^est attaching to tho general physical 
and chemieal properties of the new heavy liydrogon gas and its com- 
pounds (for example, heavy water ”), important information abotih 
nuolei in general may be gained by using tho deuton as a now sub- 
atomio projectile. Thus Hutherford and Oliplxant || have used nucloi 
of tho heavy hydrogen isotope to bombard lithium, olxtaining a -par- 
ticles and neutrons as follows : 

Lig^-f + V. 

In addition to investigating the oonstitution and stability of tho 
various atomio nuclei, it is important to ascertain tho various stationary 
states (a -ray energy-levels) of each nuoleus. A study of tho ^-rays 
ejected photo-oleotrically under the action of primary y-rays appears 
to promise the best results in this field, which is being actively explorofl 
by Ellis T| and his coUaboratora. 

Not the least interesting feature of these faaohxating rosearohoa 
is the way in which complementary and confirmatory results are olx- 
tained in the two extremes, the smallest regions of space (the interior 
of the atom) and the moat distant parts of space where we suppose 
cosmic i-aya to be formed in regions of vast extent, 

* Phys. Rovm 89, IQtl, and 40, I (1932). t 41, 32 (1932). 

} Ibid., 40, 130 aixd 4S. 1 (1932). |( Proc. Roy. Soc., A, 141, 722 (1033). 

]] See, for exnmplo, C. D. Ellis, " /S-rays and y-rays," Real© Academia Italia. 



MATHEMATICAL APPENDIX 

1. Scattering by Bound Electrons 


I F the olectroiiH of the radiator arc not asaiiniod to lio freo but 
bound to tho position of rest a: — 0 by a restoring force — fiv, wo 
obtain instead of equation (5) on p. 30, if we take tlie a;-axi8 as 
tJie direction of motion, 

wia) + /a; — fiE^ (1) 

To integrate we must now resolve E,, and x spootrally. Let 

E^ = 

(continuous sjieetrum). 

Also, let ,yj^ = Wff bo tlio proper frequency of the elnstio nnnneotion. 


Wo assume that it lies, say, in the ultra-violet Selunnann region, 
then follows from (1) that 




.2^ = — 


-E, = 

m ’ 


mj 


sEe’*'*' dw, 


?) == fi == 






> 


It 


(ii) 


as given in equation (6), p. 30. 

To arrive at a scattering formula wliich is also comparable with 
the results of experiment in the visible region it is best to proceed as 
follows. We restrict ourselves to monochromatio light of frequency 
o) = 27rc/A ; the following relation tlroii holds quite indopendently of 
the value of the frequency : 

t) = — . . . (3) 


Lot the incident piano wave of direction OP in Fig. 147 l)o assumed 
to bo unpolarised. Wo consider a definite direotion PQ, starting 
from P, of the aoattorod radiation (P is the scattering partiolo, Q 
the point of observation, the longtli of PQ — r) and divide the inoidont 
wave into two eonii)ononts PI and P2, tlie former being perpend ion lar 
to the plane OPQ, the otlior in tins ])lane perpendicular to OP. fi’bo 
former PI forms tlio angle 0 ~ v 12 witii r, the other P2 tiie angle 
0 ~ IT f 2 -)- (jji whore 0 denotes the angle OPQ between the incident and 
the soattoved ray. 

001 
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If we substitiito (3) in equation (2) on p, 24 and proceed to fcako 
the average valuo over the time, we obtain 

^ 2 ■ 

.For the component 1^1 we have 0 = ■7r/2, sin 0=1; for the oom- 
poiient P2 we have 0 = 77/2 + sin 0 = cos Hence wo obtain as 
the sum for both components 


s = 




( 4 ) 


wliich represents the effect of a single scattering particle. 

Under the ordinary conditions of optics the electrons that belong 
to the same molecule vibrate coharently ; hence 
il is not Iheir radiant energy S but their ampli- 
tude i that superposes itself, Hence we havo in 
(4) instead of (e^)^ the term (Se^)2, if 'wo pass 
on to the whole molecule and take S to stand 
for the summation over all electrons of the 
individual molecule. On the otlior hand, tlio 
electrons that belong to different molecidca 
vibrate non^coherently, so that in summing 
over different molecules "we must superpose on 
one another not the amplitudes but the enorgies. 
Ill this way we obtain for tlio radiation scat- 
tered by unit volume 





Si- 


47r'^c 1 + oos^ eji 




(B) 


A''r2 2 

when we wu'ite a» = 27 rc/A, 

The symbol S denotes the summation over all molecules of tlio 
unit volume ; is thus the electric moment per unit volume, and 

by the definition of the index of refraction n in a sufficiently rarefied 
gas wliich is traversed by a light-wave of electrical amplitude E tliiH 

^E. (In a dense gas or a liquid of density 


is equal to 


477 


occurs in place of — H) From 2Se^ — 


+ 2 

E it follows that 


where L denotes Losclimidt’s number for unit volume. 

Hence from (5), 

B _ '^0 -f COS® (f, (w® — 1)® 

Si - g . 

By equation (2) on p, 24 tlie time-mean of the incident energy is, 
if we calculate the sum lor the two directions of polarisation, 
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Hence 

Sj _ TT® 1 + cos^ ^ {n^ — 1)^ 

2 -Tr~‘ 

Equation (0) is identical with Ilayleiglds formula for the intensity of 
the scattered light from the sky. Tlio factor l/A*^ explains the pro- 
domiiianoo of the short waves in the scattered light, that is, tiro blue 
colour of the sky, and the predominance of long Avave-longths in the 
transmitted light, that is, the red colour of the setting sun. Tlio for- 
mula may serve to determine Loschmidt’s number. Observations 
on Peak Teneriff * gave 

L'= 2-8Q . lOifl 

whereas Planck obtains from the tlieory of radiation 

L = 2-70 . IQio. 

I’he above disoussion, taken from optics, is appropriate for 2 >ointing 
out the limits rvithin which the equations (4) to (10) on i)p. 30 and 3l 
are alone valid. Eor optical imr|roses we Avoro able to sujreriroae in 
the case of the oleotrotrs of one molecule not its radiation (intensity) 
but rather its iield (amirlitude). The interest in the earlier calculation 
in the X-ray region consisted in the fact that it gave us the total number 
Z of the electrons of an atom ; tliis was possible because in that case 
the inimi3ilp)oi these Z electrons became supeiqjosod. In the optical 
case the Avave -length is great compared Avitli the inner molecular 
electrons and that is Avhy these electrons vibrato oolierontly. In the 
X-ray region the Avave -lengths must bo small if avg Avish to oalciilato 
Avith the complete non-coherence of the Avaves, that is, Avith the sujior- 
liosition of tlio intensities. Hence our method of calculation applies 
only to anjjicienily hard X-rays. 

For softer rays there is a conically limited region in the noighbour- 
liood of the jirimary ray, in Avhioh interferences, that is, superjiositiou 
of the miiilUudeSy occur. Bebye has investigated tliis tbcorotioally 
and oxiieriinentaliy.t 

In contrast with this our calculations of jip- 30 and 31 slioukl 
hold for sufficiently liarcl rays, particularly those dealing Avitli the mass- 
absorption coefficient sjp, according to AAdiioh the value 0*2 (oqn. (12) 
on j), 31) should hold for all elements. It is found, hoAvover, strangely 
enough that it is just in the case of very short Avavo- lengths, those of 
y-rays, that deviations from the classical valuo 0-2 occur. 

For Kohlraiisoh j: found in the case of y-radiation from a Badium 
in’oimration that the total Avoakoning ooeffleiont (true ahsorjition 
eoofficiont -[- scattering coefficient) has a value loss than 0'2. Bub 
according to Biuhtmyer H there is no sign of a value less than tliat gmm 
by classical theory in the case of the hardest X-rays of A about 0*1 A. 
Hence the transition to smaller A'aluos oeeurs only at wave-lengths of 
the order of magnitude of tlie Avave-lengbh A — 0'024 A (of. p. 47) 

+ Cr. Donibcr, Ann. d. I'hvw., 49, ()()[) (lU 10). 

t Ami. tl. Hiya., 43, 40 (1014). 

t K. W. Kohlraiiaoh, Wion, Bor., 138, 441, OHO, HH7 (1017). 

II Pliye. Bov., 18, 13 (1031). 
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wliicli ia decisive iii the Compton elfeot, and this is a inanifoatutiou 
of the double naturo of light (light quantum and light wave) wlihdi 
expresses itself in the Compton effect . Hence the question may he 
tuoated quantitatively only by means of the methods of ■\vave.niocIuin{(^K* 
(^vith Dirac’s elaboration of it). 


2 , Proof of the Invariance of Hamilton’s Equations for Arbitrary 
Transformations of Co-ordinates. Contact Transformations 


From Hewton’s foimdations of mechanics we inferred on j)p. 77 and 
78 the validity of Hamilton’s equations ; 

}iq,; 2b. ^ ‘ \ i 

where wo used I’eotangular co-ordinates q^. ~ a;, y, z for an individiml 
point-mass and assumed that the potential energy depended only on 
the But, as already remarked on p, 78, what holds for owe 

poini- 7 nass also holds for a system of point-masses between whioli (toii- 
servative forces aot, The equations (1) hold for each of them if w»» 
take qif to stand oonsecutively for the rectangular co-ordinates of (^iioh 
individual point of the system. We now show that the form of tlio 
equations (1) remain preserved also if wo introduce by means of uiiy 
arbitrary “ point -transforrnation ” (one that does not, however, (!on- 
tain the time) the new imsition coordinates 

Q/. = A (!7i» ffa • ■ •) . . > . (‘i) 


instead of the reotaiigular co-ordinates, 

To show this wo consider the </;j.’s to be calculated from (2) as fiiiio- 
tions of the Q^’s. The derived in tins way by differentiating Avjth 
restiect to t become linear functions of the with cocfficientH tiiat 
depend on the Q^’s. The kinetic energy expressed in tho I'eotangular 
co-ordinates of velocity q^ is a homogeneous quadratic function of 
tho Qk's, We called it ^f.{n iu (^). If wo now 'insert tho values of 
the <7//s exjwessed in terras of the Q;;.’s and Q^-’s, we obtain a homogono- 
OU8 quadratic function of tho with coefficients that depend on 
the Qt’s. We call this (<^ 7 ^, Q^) and have by definition 

(Qa> Qa:) — (A)' ■ ' • {*1) 

From the homogeneity of tJie expressions it follo^vs that 






e'fc> 


%Un = 


Precisely as in the equations (I) was defined by differentiating 
so we now define P^. by the convention (cf. also Cliaii. 11, § 6, t). ImI, 
eqn. (0)) : 


Pa: 




Mn 




. (^i) 


* 0, Klein and Y, Nishina, Zeits. f, Physik, 60, 863 (1928) ; Nature, 100, 308 
(1028). 
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Wo tlien havo 

. . { 5 } 

and conolndo from (8) 

k^k ~ ^IhAk' * . . . ({$) 

oqimtion may sorvo to dofmo tlio P^.’s iimtoatl of (4). Por by 
dilforontiatiiig (2) witl), rospocit to I oalonlating as a linear function 
of the Q,/,s, Hubatituting in (0) and comparing tlio coolTicionts of 
Qfc on both^ sides we obtain tlio P^^.’s as linear functiojis of tiio p;i/s 
with cocfiloicnis that depend on the Q;j.’s. 

if wo reverse tho last relationships and substitute the expressions 
for tlie 'Pk i^iid tho values of tlie obtained from (2) in the Trlamih 
tonian finietion Pi <?), we obtain tlie expression for Hamilton ’b 
function in tlie eo -ordinates P, Q ; we call it H (P, Q) and have by 
donnition 

H(P,, Qk) - H(p„ ?,). . . . . (7) 

Ovir assertion now implies tliat for tho quantities Pj;., Q;^., H(P, Q) so 
deiined the Hamiltonian equations again hold : 

^ /Q^ 

dt ' bPfc’ dt ~ 1%' * ' * 

To make the proof capable of being generalised as far as possible 
wo apply tho method of tho calonlus of variations. Although we have 
nothing now to say about this oaloulus wo shall ejiitoniiso the essential 
features liore for tho convonionco of the reader. Wo first imagine the 
dilforential equations (1) of point mechanics to bo compressed Into the 
form of d’Alomhei’t’s principle : 

= f .... (D) 

0 J n 

of. Chap. TI, § 0, p. 98, ocpi. (4). But, as proved on pp. 08, 09, this 
equation holcla for arbitrary oo-ordinates and momenta and may tliore- 
foro be written in tho form 

r = f where t ^ == Liq^, f/,,). (10) 

lo Jo 

As shown in p. 98 we obtain 'Hamilton's Principle from tliis equa- 
tion. This principle is commonly used to derive tlie general Lagrange 
equations, wlicro L is then regarded as a function of the Q/s and Q’s* 
Wo shall use it here to arrive at tho Hamiltonian equations for gonoi-al 
co-oi’dinate.s Q;^ wid momenta P;^. Prom tho dolihltion of L and pi 

L " Efti)! ^voii I-^' ~ ■'I" 

it follows, in view of (fi), that 

r.(Q, (i) = ata - H(P, Q), 


(M) 
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We nitay therefore also wite Hamilton’s Principle in the form 

S [ '[H(P, Q) - I* - 0 • • .(12) 

J 0 


and may further choose the Q^’s, P;^,’s as those qiianlUios with TPfipect 
to which we. 'perform variation. Prom (12) we obtain 



&)siVT + 2j'||s«*8r~ 

A 



O. 


If we integrate tlie last integral by parts, taking into aoeoimi that 
at the limits we iniist have SQ^;, = 0, we transform tho last equation 
into 

. CIS) 

k k 


We must now bear in mind that the SP’s and the SCJ’a are not iiulo 
pendent but are connected by the equation 


p 




{Ida) 


It is therefore not permissible to set the coeffloionts of ftinl 
SQjt in (13) individually equal to zero. But wo may show that tho 
factor of SPft in (13) vanishes on account of (13fl). Por if we vary (11) 
with respect to one of the quantities P^;, while keeping Q;. aiicl. tlio 
remaining P;. fixed, we obtain 



On account of (ISa) the left-hand side cancels out witli the niithllo 
term of the right-hand side. Hence wo deduce from (14) 


6 


(hia) 


If we now return to (13) we obtain, since tlie SQ//s arc indepoiidont 
of each other, ^ 


p _ 

r?r 




(Ub) 


The ijivanance of Hamillon's equations with respect to arbilraru qioinl 

-f, consequence of their derivation from, tha 
{modxjied) SainiUoxnan Principle. 

U we glance l)aolc over tho nboye proof we see that we assumed 

eouSwRr’bwrr'Ti? result, namely , 

equation (8). In (6) and (7) we assumed tliat 

^1*1,4 = and H = H. 



2. PnK)f of tlie Invariance of Hainilton’a Equations fjoy 

Hill, (i) lie al)]o to wi'ito down tIaniilton’H Prinomle in tlio form (12) 
It. JK on iy iKMiCHHivry to postiilato inn tend of thin that 

^ . • (ifi) 

lloi't' I' donotisH {uiar hi traiy function, for oxainplo, of tho ai'jifuinonts 7 ;, 
(j/, and I ; if is Its conijiloto din’orontial coolficiont witli roH] 30 (!t to 1. 
Aotiiaiiy tho adtlitional term that oooui'm on (13) on aceoiiiit of drojin 
**r^ ''i'a ** intogratn with ruHpoot to r ninco it rcducCH to tlio values 
of (ill at tlio liinits v'iiioh ffir thoir paid vaiiisli, just like 8 </, 8 Q, 

In oin* spooial point-transformation (2) wo uloaiiy liad If — 0. Bnt 
imuih ninro /fonoml transformations of tlio following form uro conipatiblo 
witli tfio oq nation (Ifi) ; 

^1^/; " Pi, 1 ) ; l\ ihidi, 0> II’ ^ Qo 0- (l^i) 

'I his niothod of writing F exprossos that, as already remark od, wo 
nuiy lionvonitmtly regard q, Q and I as variahlos of if'fif, inatoad, avo 
had iflioHo q, p, 1 , as onr argunumts as in tlio first oqiiation (1(1), avo 
H linnld hav(i liooii alilo to oalonlato p,- from tlio lirat equation (10) and 
to Hiihstituto it in If). Tho ehoioo of q, Q, t as iiulopondont variables 
niakoH it oasior to spooify tlio oonditions which arc imjiosod on the 
transformations (Hi) throiigli tho. prosonoo of (15). Idiis ohoico is, 
howoym*, possihlo only if tlioro is no analytical rolationfiliip betwooii 
tho 1 / s, Q/h and I ; it hooonios iinpossihle if, as at tho beginning of 
this Hootion, oqnations of the form (2) hokl. 

Wo arrango equation (15) aeoording to tho difforonbials of the in- 
liiqxmdoiit variahlos, call di the difl'oreatinl of t and indioato by moans 
nf 8 those dilTorontiations with rospeofc to q and Q in wlileh / Ih not 
Hiihjootod to variation. Accordingly ivo sot 

¥(U ^~dl -h s:if, 

VO 

niid write (J5) 

(1 f ■ - It ^-)<« -I- XpAi.- - SIVSQi. - SF r-= 0. . (17) 

'i‘o Hpooify our ti'ansformation (10) wo now doniaiid tliat this condition 
Hlmll 1 )o fiilllllod for (fll virtual changes Bq, 8Q„ tU. On account of 
tfu' indopojulonco of tho variables /, q, Q (17) may be Hoparatml into 
two groups of postulates, win oh tho transformations (.1(1) ni list Hiitisfy : 

.... (17n.) 

2})A - SI-W.* -I- 8F. ■ . . (17*) 


I 'Jij nation (17/;) si lows dirootly, if wo vary only one of the quaritilicH 

^lud. 


Pk 


h-Tf 


P/,. 




(17rd 


hold. Ill the jiartioiilar ease where the additional f,i motion '.K is cboson 
ns iiH]o|)Ciidont of I tlio equation (17u) I'ciliioos to the earlier equation 



6 o8 Mathematical Appendix 

(7), Equation (17ii) is, hoAvever, more genenil also in this than 
equation (6) since here tlie toriii SF is also jn’csent. 

The equations (IG) cvidontly do not represcJit a “ point trails hu'ina- 
tion,” since as they no longer, like (2), oonneot the point- anti position- 
co-ordinates, Qf, Q with each other but with the monientiim oo->vnlinaU‘K 
p, P, Since, moreover, in such a general transform iition the im>idianuuvl 
significance of the momentum co-ordinates becomes bhin'tal it in Uetttir 
to call the pairs of variables <7, on the one hand, and Q„ P, 011 tlu^ othm*, 
canonical variables, P is canonically conjitgale to Q, likewise p to q. 
The general transformation of canonical variables, whieli is thus vo- 
strioted only by the existence of the condition (17), is called a ('murMcal 
iransfoi-maiion. We shall diaenss at the conoluaion of this stuitioii ti> 
what extent the term contact Iransfo^maiion may be used synouyiuousiy 
with this term. In the most general cose, namely when tli(» fuii'etinii 
E depends on t, the canonical transformation connects iogotlnu' not 
only the quantities <p with Q, P but rather the quautitieH </, ya H 

with Q, P, S. 

In certain ciroumstances it is convenient to use as oiir Imsiu instead 
of O', Q, t the quantities <y, P, t as independent variables, for {sxani])l(', 
in the case above excluded, where there is an analytical i'eiationslu]i 
between the q’s, Q’s and t. It is easy to rewrite equation (15) in huoIi 
a form that it becomes adapted to this poinfi of viinv, It is only iumjch- 
sary to add on the’ right-hand side with a ijositivo and a 

negative sign, and to consider instead of F the “ modified ” fnnctkm 


E*-P + i?P,Q, (18) 

Equation (15) then assumes the form 


H - = H + . . (lb) 

Prom it we obtain as analgous expressions to the cqiiatifins (17a, h), 
if we now treat t, q and P as independent variables : 


H == H d- 






(IDa) 

(U)h) 


Prom this point of view we obtain the quantities p, Q tliat arc “ uiui- 
onicaUy conjugate ” to the independent variables q, 1? by means of the 
formulee 


Pk 


(lllfj) 


n - 

-bqk' bPfe ■ 

that are analogous to (17c). 

The expression “ modified fimotion ” E* is intondocl to serve as 
a reminder of. the process that is commonly used in dyniiinios and tlior- 
modynamics in changing the independent variable, a process -wlrloli is 
in its abstract form due to Legendre and is called a Leaendre Iranw- 
formakon. ^ 

It now only remains to give a reason for the term “ eon tact trans- 
formation. 

Lot „s oonaklei' a "sirfaoo” ^ 5,, , , , j,, 
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tIinieiiHional space by iiiterpi’eting q-^, . , . as reotaiignlar point 
“ piano ” and perpendicular to it. Tlio rpuintitics 


tjo.ordinates in a 


fl: 




tilinn rlotonnine the ])(wition of the tangential piano at the f 
a nd may theiHiforo ix' eallod “ planG*co-orclinatos.” The 1 
“ eoiulit’ion of unified position” {}Mingu7ig der vereinigh 
hohls l)etweon tlio point- and piane-cio-ordinatos : 

/ 

da = 


.surfac?o ■■9 
following 
vereinigteii 


(20) 


Let ua inti’odnoo new eo- ordinates Qf,,., Pj, by means of tho equations 
(10), hut to make possible a simple geometrioal iiitorprotation let vis 
Hiipposo that the fmietioiis / and g are indeponclont of t. Expressing 
tho in terms of Q/ and by moans of equations (16) we form 
,«r(q) S(l?, Q) and demand that tlie now configuration S should also 

jr<3])reHont a .surface, that is, that it should bo touched by tlie planes given 
by at the points determined by Q. As a consequonoo of (20) we must 

thou Juwe , 

dH=:i;P,rfQ„ .... (20«) 

tlmt is, if p denotes an arbitrary fimotioji of tho <7, p, «’s or Q, P, H’s, 
rfS - m\dq„ p{d 8 ~ ‘ . (21 ) 

'Phis is the condition winch must bo fnlfillcd if wo aro to be able to call 
our transformation (10) a contact iranafomalion in the geometrical acym. 

iVlthough tho condition (21) looks difloront from (17)--in (17) the 
ffi-otor p is ahsont, and, on the other hand, the term in di wltioh is 
tihsent in (21), is present in (17)— •both conditions aro matlmmlicmlif 
f'.quivahnL 'I'he diiTorencos may ho oliminatetl formally. 'We may 
revgavd the most general oanonioal transformation of a jn'obloin of 
f ilogroes of freedoni as a ooiitaot transformation in space of / -}- 1 
cHnumsions, In tlio same way we may regard tho most genorid oon- 
fcitcfc transformation in space of / dimensions as a oanonical transforma- 
thin of a problem of / -j- 1 flogroos of freedom. 

3« Couocriiing tho Ratio of the Kinetic to the Potential Energy in the 

Coulomb Field 

At tlio close of liis llrst paper in Phil. Mag.,* Bohr makes tlio follow- 

iiii2! statemont ! , , , ... 1. 

'' In every system of nuolci at rest and electrons that move m emokw 

-with volooitios which aro small compared with c tho kinotio energy ih, 
tsxcoiit in tho sign, ctjual to lialf tho potential energy. 

We shall show that this tlmorom applies muoli vnore -widely : it 
1 r olds not only for oiroular orbits but also for arbitrary formn of motion, 
i ll which (for Varying kinotio and potential energy) tho ti mo-moan va nos 
oP both onorgios have to take tlio places of tho energy values thorn so Ives 

* Vol. 20, p. 24 (101.')). 


voii. I. — 80 
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ill tlie eniiuciation of the theorem. It also remains valid except for 
a small change if we allow any arbitrary central force to act in jiJueo 
of Coulomb’s law of force.* It is not necessary nor even oonveiiionD 
in the sequel to assume the nuoloi at rest. 

We take as our basis rectilinear co-ordinates a’, •//, z which we din- 
tinguish by affixing numbers for the electrons and nuclei and dtmote 
by g'j ’ • • Qf- Let iij . . . ^ 1 / be the corresponding momenta, '.riion 
the kinetic energy of our system of nuclei and electrons can, by equation 
(5) of the preceding note, be put into the form 

• • . • ( 1 ) 

k 


Let the potential energy be a homogeneous function of degree n -\- 1 , 
of the co-ordinates g*. This is the case, for example, if central forces 
proportional to r” act between the iioint-massos of the system, that is, 
between the f'* and j'* point-mass (no matter wJiether it be nucleus 
or electron), a force acts in the line connecting both, its amount being 
Oifij (n is the same throughout but C may under certain oiroumstaii^iea 
change from point-pair to point-pair). Then we get (of. eqn. (11) on 


®3)0{ 


1 ^ 
n -H 14 * 




We next form 


(ii) 


d 

dl 


J,Pkqk = 


( 3 ) 


and take the mean value in time, which we denote by a horizontal bar. 
It the motion is periodic or at all .stable in the sense that the position 
ot the ponit-niftsses does not systematically deviate from ite initial 
eonhguration to an extent that increases indefinitely with the time, tbo 
time-mean on the left-hand side of (3) becomes equal to zero. Thus 


'Znqk = “ 'ZPkSk .... ( 4 ) 

must hold. By (1) and (2) tliis means that 


E 


'^kin 




"jJOi. 


• • . (6) 

vilSd ifuta^eSnded 

= . . . . (0) 

aMal^fSon! 


®“*- 1 » 18 , P. 108 . 

.Coulomb’s, acts. This oxtonsinn which nny central foreo, not moroly 

Dynaraik, p. 22 . already oocurs in Jacobi, Vorloaungon flbw 
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4. Infcogration with tho Holii o£ CoiudIox Variables 

It- Ih w('I 1 known that tlio motliod of coinplox vamihlos has tho 
Ji< I vaiitugi^ t)f liiiiihling us to (waluatc! intograJs over a closed path of 
iiuogmhiou without tJio use of special devices. i\.s stated on p. KKi it 
•H ■ntiiiuitoly coimoetcd with tho problems of tiie oiiantum theory. 

(d) 'riio integral 

■ • • u) 

n^H|[Htituto.^ the natural i)nsis for tho treatment of the radial guantnin 
o(HMlitiori (h <‘(5 also pp. 111 . and The constants A, B and C have 

Momewliat <linertint meaning in the relativisticj and non-rolativistie 
cMiHCH. Jn the diagram of |fig. 148 wo take them so that tho branch 
poinlu. of tlio integrand — wo call and tho periliolion and tho 
npiiolujii clisfcauco on p. 11 1 - --have real positive values, Tho path of 
iiitogiruUcni originally mu frenu to and hack again to 
|‘i . p. - 1 . 11 , ami, as sliov'n in I.i'jg. 148 , it is drawn out into a closed curve 
m hlitv (jomplex r-phiiie. This is possible bcoausc there are certainly 
no Hingularities in the immediate neighbourhood of the initially real 
piit U of iiitegratioju The ?'-plano is to be imagined slit between 
njifl ixipresonts the 

nppor shoot of a two-slieeted 
liicnnann surface. Oji ae- 
ooimfc of tho positive char- 
iiotoi’ of tlu 5 pJiase-integrals 
tlio Higu of the H(iuai'e root is 
f'o ho fcakoii as jumlive. if dr 
is ponitivo (lower edg(^ of tho 
slit), iukI npxintive. if dr is 

(iipiKM' edge of the slit). Hence it follows immediately tliafc 
tho Hipiare root outside the .slit on the real axis of tho r-plane is 
hoing po.vfh'ac and imaginary for r > and negaihm and 
imaginary for () < r < as is likewise indicated in th(» lignro. Wo 
Ht»o thin if wo start from tho positive or negative side of the brandling 
slit iiiui make half a revolution around tlie branch-points r == or 

^ ^ twin* , 1 . 

Wi' ciojifciniKi the process of extending tho path of integration and 
tMinli'aot it around the poles of tlio integrand. These are the point.s 

r 0 and r -- oo. 



r B CO 


j!\t tlio ptdiit r •- = 0 , i) behaves like 



1 1 . 

I ■‘h d~ 



Thi^ intogration is to lie taken, as the liguro shows, in tlio clookwiso 
din.H 45 on tvud the first momher of tlie series thoroforo gives the value 


* To iiivoHUgate the hehuvioiu' of ti fuimfciou ufc innnifcy wo miiab, ns wo know, 
jn'oioefc tlio iioiiib iit iiifliuty into finite rogioim. This is doiio by uusiiis »£ the 
iraiiiHroriiinl'ioii » - l/r, in tho notutiou usod in i-ho text. 
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~ 2ni ; the subsequent terms, howcA'’er, vanish in tlu) procoss of in- 
tegration. Hence the contribution of the point r = 0 in, all in all, 

- 27TiVG (2) 

The point at infinity is indicated in the figure in the I’uiito region. 
We .set 

1 , (Is 

and obtain from (1) 

J = - [v'A + 2Bs + Ca“^ 

=- vi|(iH-|s+, . ,y^. 

The residue of this integral for the point .s = 0 is determined solely 
by the term in 5 “ ^ this term has the coefficient 

B 

a/ a’ 

Hence the contribution of the point at infinity hecnnios (of. tho 
sense of travei'se in the figure) 

+ .... (2rt) 

From the sum of (2) and {2a) wo obtain as the value of J 

J = - 2«(Vc - , . , (3) 


We add a supplementary remark about the sign of VO. 
was defined as the residue of the expression 


'4 




Bi (2) Va 


for r — 0, This expression is, as has already been indicated in tho 
figure, imaginary and negative in the neighbourhood of the /.oro- 
point when r is real and positive. For this reason VO must also bo 
reckoned as imaginary and negative in (3). We infer corrG.spondingly 
that VA is imaginary but positive. 

(6) We add a correction term Dr under tho root sign of the intogral 
J. We call the resulting integral 

^ ~ ^ + A)r dr, . . , (4) 

The position of the branch-point is not essentially altered by tho 
correction term. Hence we may take over Fig. 148 with ita clGter- 
minations of the sign and patli of integration. 

To be able to perform the integration wo aliall expand tho root fn 
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power series after tlio correction term. For this jjurpose it is necessary 
to cloforin the patli of integration in. given cases in such a Avay that 
tho exi)ansion is possible along its whole course. If D is sufTioiently 
small this is always possible, Any now branch -2)oints that may bo- 
coino arlded owing to the correction term must bo circumvented by 
tho (lofornKMl 2)ath of integration. If we now perform the integration 
term by^ tei’ni we may ])rocced Avitli tho 2)ath of integration for overy 
term as in Fig. 148, since in the individual term only tho branch section 
f’min -■> »vnd tllO polcS V = 0 aild ?' = CO occur. 

I.Iio iirst term that results is tho earlier integral J. Wc call tho 
integral of the second term K.^ 

K = .)+|k. , . . . (5) 

by sotting 



rdr 


A 


2B , 0 



r'^dr 

Vo + 2Br 


. m 


Hero wo aro eoneerned only with tho ]ioint r =■-- oo as now tho intc- 
graiul is regular at tJie jioint r 0. Wo introduco the now variable 
of integration .v 1/?' and have 


K, 




Jiy expanding in a power sories as far as wo obtain 


T- X fh B , /2B2 
I'-i - } a“ (2 A® 




and by oontrauting tho patli of integration about ~ 0, 

^ "" VitV2A2 2AA 

Accordingly wo obtain from (5), in viow of (8), 


(V) 

(H) 


Wo shall apply this in tho theory of the Htarlc offoot. 

(c) Wo shall also roquiro (in the quadratio »Stark olfoet) tlio Hccond 
tci’in ill the expansion of tho integral (4) in powers of JX Tins scoonci 
term is 


;iv 


L 


& 


(H) 


Ah in {b) tho zero-point makes no oontribvition. 
form to infinity and obtain 



1 . 2|,, - 



'Hence wo trans- 


. 1 , 


. ( 10 ) 
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Expaiicliiig by means of tlie multinomial theorojii avo easily olJtaiii 
ns the factor of in tlie numerator (tlie second and tliird XJOAver oi 
the multinomial cx];)ansion also contribute) : 

15 BC 36 _ 6 1^/op „ 7]i'\ 

'2U 2A^~'2AA AJ' 

By forming tlie residue at the point 5 = 0 (factor — 27rf) wtJ tlioroftn’o 
obtain for L 


(11) 


and as the contribution of the term ( 0 ), Avhich is quadratic in Ih 
the integral (4), 


2iTi 


^ 12-7.30 - 7 


16 A -i V 


B2\ 

AJ’ 


( 12 ) 


TJie formula ( 8 ) ivlieii corrected by the amount of this term tlu'refoi'o 
runs : 

6 D8B/.,B2 


K = - 2«{vo -ys - - re ir i'x- /■ 


(d) AVe next consider (for the qnirpose of the theory of Hpeutrn 
unlike that of liydrogen) tlie integral 


ri = ‘j)V^ + f + r> + ^*'' 


(,M) 


We again expand according to the correction term. If u'O rcitniii 
only the first pmver of Dj, tlie exiiansion runs : 


.l>i 


Vi+f+S+S-V^+?+S+(*+?+§j 

With the integration anticipated in (14) it give.s 

Ji = J + y‘J., Ja = (j ) (a + ^ . (1C) 

Jg behaves regularly at the point r=co. For if wo sot 5=1 fr as nbovo, 
we obtain 




sds 


VA + 2B5 -H 053' 
At the point r = 0 we then liave 


d- 2ni;.^, 

ovo 


j 


(lOrt) 
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Hence in virtue of (3) wo obtain from (15) 

B BDi \ 


Ji 


Kvd-^- 


VA 2 CVCA 


6 is 


(16) 


(e) In .Tj wo add a second correction tor in having tlie small factor 
Bg, which is to bo of the same order of magnitude as and consider 


Ja — sj. 


Ad- 2 ^- 1 - 2 
' r 


(17) 


.Fig, 148 again applies in respect of path of integration and sign. 

We now expand, caneelling all iiov^ors that are higlior than Bi, 
and 




A I 2? I ^ -21 4 - 2 ? - Ja 4 - 2 ^ I 2 
^ ^ r ' "r " t* “I" ^.3 




and obtain 


Bi, , Da, D,A 


Jjj =: ,j -|- -^da -|- “2^'^! 

,B . C\~idr 

r< 






B , 0\-'idr 


J, = |(a -I- 2- -I- 1^) 


4.(3 • 


(18) 

(in) 

( 20 ) 


In oalonlating J 4 and dg wo need again consider only the point r " 0 
since the point r — co again behaves regularly liero. Tbonoo wo find 


and, further, 


... _ ^rri /A 

“ “ bVSvo “ 


With the values of tl and Jg from (3) and (15n) this causes (18) to 
bocome 

.r _ B 1 B 3 DgB , 15 D^^Bn 

Jo - iTT^I Vo - - 2 oVgV^^^ 2 0 8' (> j 

1 _A / 3 / 2 D 


6. Further Remarks on Hamiltonian Mechanics, Angle Co-ordinates, 
Theory o£ Perturbations, Forces without a Potential 

(rt) Angle Co-ordinates. — T'o e la bora to tlio conception of dogonoracy 
used on p. 115 we shall follow Scliwar?;solnld and, introduce the a7igla 
co-ordinatfia that are ordinarily used in astronomy. 

'l.'o arrive at a general definition of aliglo co-oi'dinntes we must >\slc 
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whether it is not possible to describe the motion of a innltiplo periodio 
system by means of “oyclic cO'Ordinates ’’ alone. A cyclic oo-ordinftte 
is one which does not occur in the energy- expression and whoso corre- 
sponding momentum co-ordinate is therefore constant during tho motion. 
Hence “cyclic co-ordinates ” are also “forco-freo oo-ordinates “■ and 
this is the characteristic ’wlncli makes them peculiarly approjn’iato for 
describing the coiii’se of the motion. The simplest example of such a 
co-ordinate is given by the angle of rotation <(} about an axis, witli 
respect to which the moment of the force is zero. This example gave 
rise to the name “ angle co-ordinate although it is not really tJu' 
angle (which increases irregularly with the time) but the surface de- 
scribed by the radius vector (whicli increases regularly in accordanoo 
with the law of sectorial areas) that plays the part of the angular 
co-ordinates in problems with axial symmetry. Actually, tjio 
angular co-ordinates are defined analytically by tlio linear increase in 
time. The constant faotor which is disposable in tho process is chosen 
in such a way that the angular oo-ordinate is dimensionless and becomes 
of the period 1, that is, the position co-ordinates qj. are all to rotmm to 
their initial values when the angle co-ordinates are changed by 1 or by 
any whole number. 

We next show that we arrive at tlio desired angle oo-ordinates in 
conformity %vit]i this requirement if we introduce our phasc-inlegraln 
J* as momentum co-ordinates * and looh for the position co-ordinates that 
are canonically conjugate to them. To prove this wo must take ns our 
basis the scheme of tlie canonical transformatiojis. 

In a multiple periodic system the Jj,’s are jJuro funotions of tho 
constants a* and W, cf. p. 106 (they are independent of tlio otlior 
constants that enter into tlie equation of the orbit and tliat wo have 
denoted by ; thus we may express the a’s in terms of tlie J’.s and 
substitute them in equation (21), p. 102. This equation then runs 


and gives 


S *S((yi J; 


J/) 






( 1 ) 


( 2 ) 


If we substitute for by means of equation (18), p. 101, and 
introduce in place of ^ the symbol 




( 3 ) 


btomeL"^ abbreviation, then (2) 


8S — ^piiSqi^ -j- 


. (4) 


(Schwa^oWW) n..»l„go„sly ,o Hm 
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Jiomin **" ®e'*tonical transformatioiit 

F, Q in tl,0 oarlii .eto.eo .'^,0 f, L'lZn7"r ™ 

HHTifiivJ hv i lin 11% ’ 1 ri»iccioii of fiotioji S IS tlid’O rupro- 

JN i2ukH)oijfIon/' nf t iJwt/- / S2}ecial caso whoro ¥* 

_ 4 _ ^ ^ ^ ^ equation (19a) on p. 008 assiimeH the 

aa i(lontfeaf ;vitlfX''wlZ'' StonTlOri"” " T ‘T^w 

a in'm, hmolio! I “‘r’ !" 

uonatant .luring the motion’. Ifa."; “o |,tr ^ "”* “ 


rftlj, 

w 


m 


- 0 , 


dw, . 

dl 


m 

— = const. 


(fi) 


‘ constancy 

^ !;*>P equation states that the W/.'h do in Jml 

uniformly with thv. time, a.s wo deninnclccl in (loilning tlio nni?lo 

^ constant on tJio riglit-hancl side liy 
^ Ji-> ” e got “ 


ro 


v,,t q . 8/,, 


^'k 


MV 


{«) 


SnZI'l!?' '? *',’, "“"‘’'n “ !''‘ «>» l»rt 0( a oonutont 

mi/ nt on wmiwr for tin. oyel.c co-mrlinate ,o„ whicl. corra„omla rvitli 
t/.liti cilcuinstanco that v>i. avhs to ho diinonsionloss. 

Wo now show that racr// angle co-ordinate w„ increases by unify 
lhmh {oi p ^loH) •/* (^ndfro between iitt libralion 

.If wo inako the cio.or<Iinato make a oonijiloto rovohiti<»ii wiUiin 
i^ts (loniam of valiiOH whilo tho otiior ?/s arc kept fixed the notion 
Kinotion tS changOH liy tho anioinit of its poriodioity morlnliis .L. (of. 
ciqn, 21a, p. .1,02).^ IJiuioo wo have that if wo denote by I and 2 tlio initial 
and the final point of tlio olosod royolution, that is, two points given by 
oquai values for a(I tho q\ * 


^8 “ ~ Jfc (7) 

.If, as in ecpiatirm (1), wo imagine 8 to bo a function of the a's and 
u H, Nyo inny difiorciitiato (7) partially with respoct to J;., keoping the 
roimuiiing J^h and nil q'n constant and obtain in eonaoquoiico (of. (11)), 

'»’Aa — t::= .1, 2/^2 -- 7tt/i === 0, i A= h. . . (H) 

iJ.enco if tho oo-ordinato 17*. rofcurns to its initial value aftor a oonvpleto 
1*0 volution, tho values of tlio other (7/s roniaining unohanged, tho oorro- 
aponding angle oo.owlinato w^, inoroases by 1 while tho values of tho 
othoi* angle co-owl i nates romaiii proservod. And eonveraoly ; jf oJie 
oX the angle co-ordinates inoroasos by .1 wlple all the other angle on- 
oi-dinates i-omaiii unelianged tlie co-ordinates q roturn to tlioir initial 
viihies. The q's are qjerimko functions of the angle co-ordmalea of period 
. 1 , as was doiimndod above. 
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Besides the q’s also the ^'modified action fimction ^ 
same property of periodicity ; we define this modilied action tunc won 
from the action function S as follows : 


S* = S - 

Bor if we increase lo^. hy 1 in the sense of the equations (8) Init inako 
all the other w/a return to tlieir initial points, then Ja changoH hy 
the amount Ja- Thus we see from equation (9) that in this oil an go o 
the la’s the simultaneous change of >S* is equal to that of climima uu 
by Ja- Since by equation (7) the change of S was oqual to iIa> bp 
change of S* becomes equal to zero. Whevcas the action function' >, , 
being a function of the iw’s, has the additive •periodicity viod'idi 9* ^ le 
modified action function S* becomes a qniraly periodic function- oj tnti 
w's of jy^i'iod unity. 

It follows directly from the periodicity of the y’s that, ^ ns ninoWoiiH 
of the w’s, they may be expanded in an /-fold infinite Bourioi' Hoi ioH 
of the following form : 

q. — (^SyC^ g2ni(3iti.'t + SaWa -|' .. . , . (10) 

The 0^’s are constant coefficients, that is. they clepond only on 
the integration oonstants J^., or, in quantum language, only on tlio 
integral quantum members The time occurs, namely linoixvly, 
only in the w^’s. The summations extend over tlio fig, . » ■ Sy from 
~ 00 and d- oo. The corresponding expression holds, after what huH 
been said, also, of course, for S*. If we substitute tho expression 
(6) for the w’s in (10), it follows that 


q, _ j j + sti'i -h . . . , , (II) 

with the follondng meaning for the coefficients D : 


DU = CU . . . 

Tlic dependence of the q's on the time is, in contradiatinction to tlial 
of the angle co-ordinates, not periodic^ but corresponds rather to tlio 
conditionally periodic character. In general the orbital point never 
returns accurately to its initial point ; nor does tho individual o<»' 
ordinate q/. in general assume its initial value after equal jioriocia of 
time. . The individual factor 


appears to indicate the period = Ijr ^. ; but tlie co-oxiKtenco of 
f different factors of this kind and the irrationality of the 17/a on the 
whole prevents any periodicity from coming about. Our oxaniplo 
of the Lissajou motion, p. 106, was oharactorised by the circninstanoo 
that from the point of view of every co-ordinate taken individually 
there was perfect periodicity in time (thanks to tho fact that Jioro tho 
infinite Fourier series in eveiy co-ordinate reduced to a single term). 
But the character of the motion is on tho whole also completely aporlodie 
in this case, as Fig. 25 shows, unless some of the Lissajou frequencies v 
become equal among themselves or commensurable to one another. 
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We are now in a position to formulate rigorously Soli war zsohi Id’s 
definition of degenerate systems, The general ease of non -degeneracy 
occurs when in the equations of definition ((>) of the angle co-ordinates 
all the frequencies v,. that occur in it are incominonsurable Avith each 
other, '.riie exceptional case of degeneracy occurs ivlion one or several 
relationships of tlio form 

.Si^i -1- Sgi'a = 0 . . . (18) 

arc obeyed for integral values of the coefTioionts s. The case where, 
ill particular, tivo of the r’s become equal, is clearly included in equation 
(l.'J). If r such relationships hold then the orbit docs not, as in the 
general ease, oonipletely fill an /-fold continuum in tlie /-dimensional 
ajiace of the q-^. , , o'/, hut only an. (/ — r)-C!Ontinuiini. In tliis case 
AA'-o may speak of r-foid degeneracy. Complete degeneracy occurs in 
the case of a completely periodic orbit ; then there must he (/—I) 
rclationsliipa of the form (18) or, in particular, Avhoii all the r^’s, are 
equal (Kepler ellipse Avitliout relativity), 

(6) Theory of Perturbations, — Let im consider the fundamental 
astronomical prohlenrs of the theory of perturbations : given the 
unperturbed .Kepler orbit, such as is desci’ibcd by a ]ilanct Avbon under 
the infiuonce of the sun’s attraction alone, and let cca., (of. Cluip. 11., 
§ 0 17) bo the elements of the orbit ; and suppose the perturbing poten- 
tial Cb to be superimxioscd, Avhich is duo, say, to the attraction of , Jupiter. 
The method consists in describing the orbit at every moment as a 
Kepler orbit but with variable orbital elements, as a so-called osculating 
.Kepler ellipse that approximates as closely as ]>osHil)lc to the actually 
perturbed motion. 

The folloAving procedure oorresponds genornlly with this method. 
We calculate the unperturbed motion Avitli the help of the canonical 
clomonts W and inti'oduec these as A’^ariables in the portiii’bation 

problem. If'or those and the oo-ordinatcH j), ly, by means of ivliicli wo 
may describe both tlio perturbed motion and the unqierturhed motion 
tlic equation (87) of p. 107 holds : 

-M:8W + • ■ (W) 

2 

whore S signifies the action fimotioii of the vinperburbed motion. The 
fuid W are thus canonical variables not only for the unpor- 
turhod hut also for the perturbed problem and consoquontly satisfy 
llamilton’s equations. Wo write the Hamiltonian function of the 
perturbed problem in the form 

+ . , . ( 15 ) 

Ho is the Hamiltonian function of the unperturhod problem, tliat is, 
the W of tlio oHovdating orbit ; 0 is given as a fnnobion * of the phase of 
motion p, q and is transformed by mcaiis of the orbital ecpmtions 
(48), p. lOS, and the momentum cqnationH (18) on ]). 101 into a funetion 
of oui’ eo-on tin ales and W. 

* 111 gciuu'nl 0 will filsti ilopcnd oxpliciUy on I \ but wo may diHi’ognrd tills 
foi' om* proHont purpose, 
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If we now form the Hamilton equations according to the model of 
(416) on p. 107 with the expression (16) for H, wo Jiavo 




and hence 




dajfc 

(It 


t)lik di 


J0 


^ — 2 , . . . /■ 


( 10 ) 


Th^e equations tench m koto the orbital elements vary when the 
turbation function is sujjerimposed. 

On the other hand, we obtain after tlie model of (41n), ]). 107, 


dt 


D/?i’ ^t DW ‘ 


( 17 ) 


The' second of these equations shows how the original time-oqunlion 
(42) of p, 108 becomes changed by the perturbation. If (loos not dopond 
explicitly on i, the first equation, taken in conjunction with tho othor 
equations (16) and (17), contains the obvious assertion : H ^ oonst. 
We shall now endeavour to get an insight into tho nuinorioal value 
of H in (16). Since H is constant in time we do not change tho nuinori- 
cal value if we ^ernge over the time on the right-hand side. ItVoin <P 
we then obtain (6, the time mean of taken over tho perturbed orbi t (n'> 
if we assume (6^ to be small to the first order of small quantities and 
neglect quantities of the second order, over tho unperturbed orbits 
We are now concerned with the numerical value of Ho — W. TJiis 
is likewise variable in time and its change is given by tlie firat C(iuabio]i 
(17). We shall now express H„ as a function of the J^’s and io,.% H,, 
becoming independent of the WjfB. Tiie being orbital elomontH 
of the unperturbed motion are themselves, indeed, variable in tinio 
m the perturbed motion. Their change is obtained from the first f»l 
tho equations (16) if we replace in it «, by J,, ,3^ by It is not tho 
J*8 ot the unperturbed motion that aro constant in tho norturbod 
motion but rather the phase-integrals— let us say that boloiie 

to the perturbed motion, and that differ from the jys by small poriodio 
components.* In forming the time-mean of the latter cancel oiife, 
smee we may expand m a Fourier series and neglect Jiighor tornia. 
h J"® perturbation to bo adiabatic, that is, to bo oflootcd 

by a siifhoiently slow superposition of the norturbine field then 
numerical values of the J\.’s will be identical with those of tho of 
the unperturbed motion smoo both are equal to n^i (of. Note 10 oil 
adiabatic invariants). Thus the time-moan of Hn is constant dnrbu/ 
the adiabatic transformation and may bo sot equal to 

the yi of the unperturbed motion. Hence our result is fiimllv • /Ac 
numerical value of the Hmniliinmn function H, that is, the enerqv of ike 
«dm6«tic transition, eq:ual to the enerm/ W of 

* Further details are given in Born and Pauli, Zeits. f. Physik, 10 , 13 ? ( 1 922). 
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{c) Foi’ccs without a Potential. — it is easy to extend the Hamiltonian 
to the duHO wdicro Liiti tiino oc!ciu’s cxplicitl^f, eitlior in the poten- 
Iml energy ^for exan>pl<% pertiirhatioii of the ])lanetai'y orbit thiwigh 
Uio n lotion of ,J u])itor), or, wliat eoines to tlie aame thing, in the cfpiations 
eoiulition. Wo luvvo then to take up i among the independent 
ynnabloH and to rophnio W in tlie Hamilton- Jaeobi yiartial differential 
otpmHon (20), p. 101 , by — 

^ ^ , 1 . lie (iaso in more diflieiilt wlien the active forces liave no poientinl. 

Ihero is thou no general nietliod of linking the iiroblein np with the 
M am il toil-, lac obi tlieory. The only general rule that can he given is 
this : bring tho equations of inotioii into the form of a variation prob- 
lom ; the integral to ho varied, regarded in the sense of p. 100, then 
In'CiOinos tho fnnotioii of action H and the function under the integral 
sign assumes the part of tlie Lagrange function L of p. 98. 

d'hia rule aotnally leads to tho desired objective in the case which 
interests ns here, if the effeotivo force is magnetic in origin and hence 
has the form eje (vH). F<n’ Scliwarzsohild * has shown that the motion 
of an electron in any arbitrary eloctromagnetie field is represented by 
tlxi variation principle 

- E„„, + j(vA)}* = 0. . . ( 18 ) 

A is the vecttir potential of the field at any given point occupied 
by the electron anti is taken up in tlie potential energy and contri- 
InitoH the ainonnb e(j> to it. In (18) tho position and velocity is to be 
Hiihjeetcd to variatitiu, and the electromagnetic field is to ho regarded 
an given and is not varied. It is to be noted that the oomhination 
— fff/) -(•• eje (vA) that iieeursin (18) is a relativistic invariant, namely 
tiui fonr-dimensional scalar product of tho “ 4-potential ” (Aj., A„, 
A.,, 7V/1) of the field anil the '* 4 - current ” eje (Vd,, v„, Vg, ic) of tho electron. 

As agreed above, we denote the quantity under tlie integral sign 
in (18) by L and transform tho integral by means of tho energy equation 
(the magnetic lield does not enter into the energy balance) : 



IC we first retain the definition of ‘'vo may write in 

plant) of (10) 

’ ( 20 ) 

ITerc Afc m the ciomponent of tho vector potential that belongs to tho 
eo-ordinate (ji,, (wliitb is not necessarily rectilinear) ; is defined by 
tlie identity 

(vA) = SXkQk (21) 

’’.Che quantuin oonditions now result as moduli of periodicity of 
H and are, on aeeount of (20), 

•Tfc « (j) (ih; -h lA^^Cfc == ihih 

* (hlttiiigoi' Nadir,, Jalirg, 1003. 


( 22 ) 
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wlioro fcho integration is to lio taken over one coni pie to libra tion of the 
co-ordinate gj.. Tliis form of the quantum conditions has been dis- 
cussed bj' W. Wilson * and 0- W. Richardson. f 

But ,wo must emphasise that the introducetl lierc is not the 
momentum co-ordinate canonically conjugate to qi.. We shall dis- 
tinguish. the latter by calling it ; it is to bo (Icfinod by th(! C(|uatioii 

As a result of the meaning of L and in view of equation (21) wo obtain 
pL = Pk-^l^}i^ Jfc = • • (2«‘l) 

Hence, by rising the canonical co-ordinate p the phase-hilegral retains 
the form familiar to us. Our formulation of tlio quantum conditions 
on p. S3 holds in this sense also for systems without a force-potential. 
With regard to the choice of co-ordinates we must of oourso maintain 
the postulate of conditioned periodicity. 

If, ill particular, the magnetic field is homogeneous as in the Zeeman 
effect, H = Hj = H, we may write, since H = curl A, 

A* = ~ Ay = Ag = 0. 

If we use polar co-ordinates r, 9,x in tlie “ rest system ” (the notation is 
the same as on p. 327) we have 

(vA) = ^{xy — yA) = .2 gin 2 

From equation (21) it then follows that 

A, = Ao 0, k.j, = £’3 sin2 0, 

Further, it is clear that 

py^ ~ sin^ 

Equation (23) then gives, if wo consider tlio negative eleoti'on and 
replace e by — e, 

= sinM^y . . . (24) 

Here 

eH _ 

/X 2c ° 

is the Larmor precession ; hence the brackets in equation (24) denote 
the angular velocity measured in the rotating system of reference, which 
we eallod tjf on p, 327. Accordingly our oanonical p^ becomc.s identical 
with the moment of niomentum in equation (16) on p. 327. Tho 
geometrical meaning of the eanonioal py^ —py, is simply that of tho 

* Proo, Boy. ,Sod., 102, d78 {1922). 


fPluL Mag., 46, 011 (1023). 
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moin&nl of momenlmn in ihn rolaling ffgslmi of refemice. W^Jicn v’e 
stated eai’Iicr that we hud to apply the quantinn cioiiditions in hlio 
ac(3ompanying rotating syntein, this denoted direotly the introduction 
of the eanonlcal in the sense of etpmtion (J2I}). Whereas earlier 
we based our procedure on tlu) adiabalic hypolheMs we have now linked 
it up direotly with the general fundamental law of Hamilton's Iheory. 
It is ovidont that our present procedure Iras the advantage over the 
earlier procedure in that it may be ap])lied analytically in general. 

We nuist mention that tlio first quantum treatment of the Zeeman 
effect started out from this general analytical scheme, both in the 
paper hy .Debye, where the partial differential equation for S is set 
up directly and integrated, and in the simultaneous paper by the author * 
whore the analytical and geometrical meaning of the canonically oon- 
pigato moinontuvn is om]dinsised. We also refer to an exi)osition by 
Lane, in wliioh the appoaraneo of the vector potential in the equations 
of motion of the electron is diseussetl in general (also for the relativity 
theory). 


6. Hamilton’s Theory in Relativity Mechanics 

In tho theory of relativity the momentum eo-ordinates are (ef. 
cqn. (1) on p, 251) : 


mdi 


mr 


Vl -jS 


:!r, mf/ ^ 




vr~ ^ 




nir 


Vl 


( 1 ) 


In ordinai’y nuichaiiics they are repi’osonted as derivatives of tho 
kinotie energy with ros])eet to the corresponding vclcoity components. 
This is not feasible in tlie relativity theory. Rut we may confirm im- 
mediately that they are derivatives of tlie following quantity with 
respoet to y, z : 

F — moC^Vi -|- const., . . • ( 2 ) 

where it is eonvenient to choose tho constant as follows : 

const, = m^c^, .... { 2 a) 

Wo may follow Helmholtr, and call li' tlie “ kinetic potential.” If 
wo number the momentum components by means of pi, pg, , . . 
pfc, . . . , more than one point-mass possibly being present, and if wo 
call tho corre.sponding rectangular co-ordinates qj, r/g, , , , q^, . , . ^ 
tho oorresponding velocity co-ordinates t/a, • • • ?/.•. ■ • • tho relation- 
ship in quoation between R and tho momentum co-ordinates is ex- 
pressed as 

8 F-i;p,S(/, ( 11 ) 

On the other hand, by equation (2) on ji. 251 tlie relativistic ex- 
pression for tho kinetic energy is, in particular, for a point- mass 



\ 

Vl -- 



( 4 ) 


* Haiulb, d. Kndiologio, 6, Leipzig, lt)2'l, 
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Since equation (1), when expressed in and <?’8, runs 


it follows that 


•P 


Wq 
•\/l - 






vr^2‘ 


(drt) 


(h) 


Hence wc may confirm directly from this the relation 

= F .... («) 

cf. (2) and {2a). Since in classical mechanics Spq is equal to twice 
®fc<n (®) on p. 606) but not in the mechanics of the relativity 

theory, we see that in the classical case F becomes identical with 
but must differ from it in tlie ease of relativity. 

We now run through tiie developments on pp. 97 et saq., whioh led 
to Hamilton's theory. D'Alembert’s prinoiple, expressed in the form 
(1) on p. 97, remains valid also for the relativity theory, and likewise 
the connected equation (3) if we roi)lace in it by F. (vonBequontly 
equation (4) also remains in force except that we must now take the 
“ Lagrange function ” as standing for 

. . . . (7) 


and it is expedient to include in Ej,„j the “ rest ” energy 
example, in the Kepler problem, 





for 


(7a) 


This is the only change that must be aiiplied to tlie earlier develop* 
ineiits. From (6) and (7) it now follows that 

L == - E, . . . . (7*) 

where E = denotes the total energy (inohuliiig the rest 

energy). The action function S is dofmed by this L by moans of 
equation (1.3) on p. 99 : 


*LdT = S - E/, 
0 



(«) 


And now the following relationship holds not only for rectangular 
but also for any arbitrary co-ordinates : 


Pk 




(») 


If wo now set the left-hand side of the energy law 

FaiOj 4- = E, , . . , (J O) 

expressed as a function of the and (Ja,’s, equal to H ('* Hamilton’s 
function ), the partial differential equation of relativity moohanies 
becomes, in formal agreement with equation (20) on p. 101, 




TJI 
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Honoo all oblier conclusions, in purticular those concorjiing tho 
sopavation of variables, hold unchanged also in tlio relativity case, 

It must bo observed that our transposition from classical mechanics 
to relativity mechanics could be elTcotod smoothly only because we 
Avroto d’Alembert’s principle from the outset in the rational form ( 1 ) 
of p. 97, Avliero the changes of momentum and not the i)roducts 
of the mass and tho acceleration occurred. Written in the latter 
form the inertial resistances cannot bo generalised for relativity pur- 
poses. We must further note that in accordance with tlie meaning of 
H equation (76) may also ho written 


L = — H. . . . ’ . ( 12 ) 


This relationship which wa have already enoountored in classical 
mechanics in ecpiation ( 11 ) on p. 006 is not bound by the circumstance 
that H is constant in tho motion and is a comjileto quadratic function 
of the p’s. It may servo to define Hamilton’s function H and also to 
set up the canonical equations, if tho problem is given originally in 
variation form, that is, if L is known initially. ConA’^orsely, if the prob- 
lem is originally given by means of oanonical equations, it may servo 
to caloulato L and to transform tho problem into tho variation form. 

We shall express tho enei'gy equation H( 23 , g) = E in yet another 
foi*m Avhich will be of use in the next volume, which deals AA'ith wave- 
meohanics. By (4rt) avo have 


and lienee 


+ P/ + Pz^ — 


m. 


l-iSa 




a _ 




V 


-I- .|, p2 




H-l = 


] 


Vi ~ j82’ 


Hence by (4) and. (7a) aa'o liaA'^o for tho case of the hydrogen electron : 


E 


'^ktn 


E 


vol 


Wt 




-h Py^ + Pz^ 




r ’ 


This is tho total energy expressed as a function of p, q, and hence is 
the Hamiltonian function H (p, q) of tho problem. It is nimierjcally 
equal to tho energy-constant E, that is 


Wo square to romovo tho root sign and obtain 


-I- Pv^ V Pz^ ~h ~ -h 


(13) 


The equation ( 6 ) on p. 253 of tho text is identical with oquation 
(13). If Avo introduce hero tho oloctromagnotic scalar potential f/> 
in place of tho s]}coial Goulombian potential, cejuation (13) runs (for 
the jiositivo electron Avitli tho charge -|- c ; for the negative electron H- c 
must bo replaced by — e) : 

vou, I. — 40 
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Our object is to genoraliso equation (ISa) in such a way that it 
gives us the energy equation for the case of an arbitrary external 
electromagnetic field with the potential A, We ncconiplisli this 
most simply by moans of a Lorentz transformation. .Ifor in reference 
to any other arbitrary Lorentz system equation (13«) runs : 






=^-WoV. (.14) 


Here A, ^ now denote the potentials of the eloetroniagnctic lielil> 
such as it appears to the observer from the new co-ordinate system, 
whicii is in motion relatively to the old system. By moans of our 
arbitrary choice of the co-ordinate system we may clearly describe 
any arbitrary electromagnetic field with the help of (14) ; thus equation 
(14) is the required energy equation in the arbitrary external field. 

We may here supplement our remarks on the motion of Mercury’s 
perihelion referred to on p. 264. We use the expression (14), x>. 264, 
for A<l> {(/) now, of course, denotes the azimuth in the orbital plane) 
and take the value of y from {13a, b) on p. 253 ; to a siilTicient degree 
of approximation we have 

'1 itZV n^Ji 

1 ) = — ^ 

\y ) 


1 ■ , IZV . , 

V ^ + 2n2c2’ 


27r 


•P 


27r 


Supposing the Newtonian law to act instead of the Coulombian 
we replace Ze^ by mM and take m to stand for the mass of tho planet 
and M for that of the sun. Further, we express the momentum con- 
stant p of the planet by the geometrical surface constant / r 

p = 2mf, /= — 


(t is the period of revolution of the planet, Ttab tho surfaco dcsoribed 
in the time t, e the numerical value of the eccentricity). Thus 




/p2g2 


47ra‘*(l — e®)c®’ 


(16) 


Finally we give an expression of the sun’s mass by means of Kepler’s 
third law, equation (18) on p. 113, and obtain 




t 2(1 _ c2)c2* 


(16) 


If the data for a, t and e in the case of Mercury are substituted in 
(16) we obtain the value A(f> = 7" per century mentioned on p. 266, 
Tho general theory of relativity leads to almost the same formula (10) 
but with the numerical factor 24 in place of 4. According to tho lattei’ 
theory then the value A<f> = 43", which is six times ns great and whioli 
agrees perfectly with the value obtained by Newoomb, which was also 
mentioned on p. 264. 


7, Bohr’s Correspondence Principle 

We have already given an account of the origin and signifloanco 
of the Correspondence Principle in Chap. VI, § I, in dealing with tho 
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Balnier aeries. AVo proceed to gencruliao this account for multiple 
periodic sy.stoin8. 

(a) Wo consider tho orbit of a multiple or conditionally periodic 
aystom with its / vibration numliers Vf. (see eqn. (11) on p. 018) or the 
associated periods of vibration Tf. = l/i^. Hero tj. denotes tJie time 
in which the co-ordinate moves to and fro between its libration 
limits. According to equation {(J) on p. 017 wo have 


= vT 




( 1 ) 


the energy W of tho conditionally periodic system being supposed a 
function of tho phase-integrals Ji,J2, . . . J/-. 

According to tho classical view the system bnilt up of moving charges 
omits radiation in tlie ])oriods of tlio motion : thus tfie mechanical 
frequencies r*. are al the same time optical frequencies ; in addition to 
the r^’s themselves their multiples (harmonica) and linear combinations 
of the multiples (combination vibrations) also occur as mechanical 
and optical frcqiienoics : 

V =■-. and v = • ♦ • (2) 


where s denotes integers, “ order numbora ” of tho vibration process 
in question. On account of (1) wo therefore obtain for tho overtone 
vibrations and combination vibrations 


and 




__ 


.• (2a) 
. (26) 


whore cHndicates “ according to olnssioal theory.” 

Tho residt is dilforont if wo adopt the quantum view. Here tho 
system does not emit radiation in tho stationary orbits ; imliation is 
omitted only in the transition from one (wbit to anotlier. If AW is 
tho energy difforoneo between the initial orbit and tho liniil orbit, 
Bohr’s assumption holds : 

AW 

'' = T 


Wo shall first assume that in a transition only tho one quantum 
number % ohanges by hiif., 8inco = nji, that is, AJ/. = An*. . 6, wo 
may write instead of (3) ; 

. . . . (da) 

whore qn means "aooording to the quantum theory.” 

When Aw/fc “ 1 wo have the analogous expression to equation (1), 
when Awjfc = 5^5, tho expression analogous to equation (2ft). The qmn-^ 
turn transition unity is analogotis to the fundamental vibration, the higher 
quuntum transitions to the overtone vibrations of the classical radiation. 
But there is also an analogy to tho combination froquencies (26) if 



62.8 Mathematical Appendix 


we take Into consideration quantum transitions in 'whieli noveral qiian- 
tiiin numbers change simultaneously. Wo resolvo the total change 
of energy AW into steps (cascade- 1 ike) of partial changes AW^, AWgi 
. . . AW/ that are to correspond to the quantum transitions Aw-g, 

. . . A»/ exeouted in succession. Li the partial change of energy AW i 
all tlie ?i 2 . . . 71 / have their initial values and only 71^ changes from its 
initial value by the amount A?ii. In the case of AW 2 has its final 
value and ?ig, ... 71 / their initial values, and 71^ changes by A^J-a, aiul 
so forth. Hence if we write instead of (3) 

AW AW, . AWa , . AW/ 

‘'=T==T-'' — + • • ■ +T”’ 


or according to the model of (4a), 



(. 16 ) 


then the quantities are true “partial differential quotients,” 

defined individually by the change of the one phase-iutogral d,., and 
the invariability of the remainder, some of which retain their initial 
value and others their final value. Hence with An^. = .s* the equation 
(46) is exactly analogous to (26). The general q7iantU7}i lm7iitilion 
cori'esponds io the geiieral mnbination vibration of classical mdiaiioti. 
The characteristic feature in this analogy is that the greatest of diffor- 
ences is replaced by the differential coefficient ; tilts has already 
been emphasised on p. 293. The equations (2a, 6) and (4a, 6) aro the 
generalisations of equation (6) and equation (4) on p. 2{)3. 

(6) There are conditions under which the two sets of ideas and for- 
mula) not only correspond but coincide. These conditions arc 

A?ifc <^n^, (5) 

that is, ihe change in each quankim n7mber Qnnst be s7nuU ctnnqHired wilh 
the qua7it7m nimber itself. We then have as7/7n.ploiically 


AJj. DJfc’ 


(«) 


that is, the difference between the quotient of the difforoiitiala and tho 
differential coefficient becomes small compared wfith tho absolute vnluos 
of these quantities, so that the frequency calculated according to the 
quantum^ theory by equations (4a, 6) merge into tliose caloulatetl on 
the classical theory by equations (2a, 6). 

To illustrate this wo recall the example of tlic rotator. Wo here 
iiave 


1 p _ 

2 0 " 


J" 

8tt^' 


where p denotes the moment of momentum. 0 tho moinont of inertia 
of the system rotating about a fixed axis, J =: denotes tlie phase- 

integral for the rotator and is set equal to rnh, Now, in the chaugo 
of m by the amount Am and of J by the amount A J, 

A(J2) = 2JAJ -j- (AJ)2, 
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and go 

AW __ J A . 1 AJ \ ’ /-i I 1 AjwA 
AJ "■ 47r20V “'■' 2 J ) 2 "m J' 

But this quotiont of difleronoea dift'ors by an arbitrarily small amount 
from tho dift’orontial ooofriciont, 

aw . d 

aJ 47r"0’ 

only if tho condition (5) is fidfillcd. 

Anotlior example is given by the Balmor sei'ies coiisitlered in Chapter 
VI, § 1. Wo shall show by moans of it how it is possible by transposing 
tho classical into tlic quantum apectinnn to deduce the iniendiy and 
tho 'polarimlion of the spectral lines. We must now pei'form this for 
general conditions. 

(0) As a preliminary to this wo show how the emission of a single 
partial vibration in an orbital revolution is found according to tlio 
classical tlicory. Wo must take our start from equation (1 ) on p. 24, 
in wliioh tho product of tho charge and tho acceleration cv of the oloctrou 
there considered occurs. By summiiig tliis product over all electrons 
(including tho nucleus if it also vibrates) in tho case of a composite 
atom wo obtain a vector which is decisive for tho omission, 

Q = -i" ± 6V, 

which wo may resolve into its three rectangular compononts Q„, 
Qj,. Instead of it wo may rather more convoniontly consider tho veotor 
P of tlie variable electric mojiicnt of tho atom from which we obtain 
Q by two successive differentiations with respect to I : 

P -= r :l: cr . . . . (7) 

Avitli its three compononts : 

Prf ^ i: Pi/ ^ z\: fi//, P^ == -1;; 02. . (7a) 


Wo must now resolve tho whole complex of vibrations wliicli is oontained 
in the atomic orbit and is lienee reproduced in P into itn individual 
])a.ptial vibrations, because according to tho Oorrespondonoo Ihunciplo, 
tlioy have a physical moaning, namely that of the intlividual s])ecU‘al 
lines. Honco the spectral resolution of tho omitted light demands as 
its analytical counterpart tlio resolution of P (or Q) into its jioi'iodic 
compononts. Bub wo jicrformed a resolution of bliis kind on an earlier 
occasion ; it is acconiplislicd hy tho angle co-ordinates. In equation 
(10) of Note fi wo found for each separation variable q^ a Ifourior ex- 
pansion and from this wo may pass on to a corroBponding expression 
for every rectangular co-ordinate of tho charges that participate in 
the striicbiiro of the atom since each such co-ordinate is for its part a 
definite function of the (jrj, . . . 7/. If wo substitute these expressions 
in (7a) wo may write generally : 


P 




(i?) / I )“ !• SB'-i I- ■ . • I • 


(H) 


This is an /-fold summation wliioh. extends from - 00 to • (- co. Cone- 
B'ponding to each individual a'peclml line given by the (pumlwm iramilion 
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A?ii, Awj, . . . we have that member of this series for luhich s^. — Anj^ ; 

it is the associated coefficient D, whicli is in general complex (e£. 
etin. (11) on p, 618) that interests us here. If wo pass from the 
vector P by means of two-fold differentiation with rospoot to^ h to the 
omission vector Q the coefficient X) of ovir term becomes mnltijdied by 
the real factor : 

— 477’®(<Siri + 52*^2 d" • • • “h 

Hence, when multiplied by this factor the complex coefficient .1.) 
gives a measure for the cla.ssically calculated ainiilitnde and phase 
of our partial vibration and, according to the Correspondence .f^rinciple, 
also a measure of the true quantum ainiiUhide and 'phase in the corre,- 
sponding spectral line. By determining the amplitude and the phase 
separately for the x-, ij- and x-direction we obtain at tho same time 
a measure of the polarisation of the emitted radiation, 

[d] We take as the simplest example the Lissajou vibration flguroa. 
Thanks to the particular simplicity of the quasi-olastio binding fclio 
infinite Fourier expansion here reduces (cf. pp, 618 and 102) for every 
component of P to a single frequency : 

P^ = Difi2'fM, p^ ,= . («) 

where in each case we must suppose the coiijugato imaginai’y torm of 
the same frequency to be added. Comiiared with the general oxpro«- 
sion (8), then, of all the values between — 00 and -|- 00 only tho ono 
value |<Si I — 1 occurs for Pa., whereas Sg = ^3 = 0 ; a similar result 
holds for P^, P*. Hence we conclude in virtue of the Oorrespondonao 
Principle: none of tlie three quantum transitions A?ii, Awg, AtJ-a 
can combine ivith tlie otlier ; if Wj makes a transition, n^ and remain 
unchanged, and conversely ; moreover, n-^ (and likeiviso nf) can 
change only by unity. The light emitted in tho trausitioji of iii is 
linearly polarised in the a;- direction, that in tlie transition of % ia 
linearly polarised in the y- direction, and so fortli (it is assumed fcliat tiiorc 
is no degeneracy, that is Vj, vg, are all supposed different) . According 
to this the whole spectrum of the quasi-elastic ally and anisotropioallj^ 
bound oscillator consists of only three separate lines polarised in the 
X; y- and 2 -direotions respectively. In this case we also have 
the peculiar featiue that tlie quantum determined r’s como out a» 
identical with the v^, rg given by classical theory (on account of 
the quantising of the energy of the oscillator W = , ;m/^), that 

is, that the correspondence becomes a coinoidoneo hero not only for 
great frequencies but also for small frequencies. Nor is tlioro any 
arbitrariness in the application of the Correspondence Primoiiilo (of. 
p. 296) since we have the same form of expression in all three 00 - ordinates 
for the initial and the final orbit. 

Under the lieading of Lissajou motions we must, of oourso, inoiiiclo 
Planck’s linear harmonic oscillator. If tliere were a vibrating svstom 
of this simplicity in nature its spectrum would have to couBiftt. of n. 
single line of the frequency given by tlie classical emission thoorv and 
It would have to be produced solely by the quantum transition -I- 1 . 
In the case of a linear anliarmonic oscillator (for example, Avitii a svipplo- 
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mentary quadratic term in the restoring force) the overtone vibrations 
would also ooouv. The formula then runs 


-!• « 

.... (‘Jft) 

— CO 


wliore j>o is tlio fundamental froquoncy of the oscillation and tlio ;r-axis 
is the direction of tho oscillation. Hence according to the Corre- 
spondence rrinci]5le we have arbitrary transitions Aii = iii 
case of the anharmonio oscillator, Wo made use of this result in 
Chai)tcr IX, §§ 2 and 4, and in dealing with band spectra. 

(e) Wo now come to the case whore one of the separation variables 
is cyclic. Wo call this cyclic variable ^ and the others <73, • • > ?/. 
From the definition of cyclic variahle.s {energy expression independent 


of <!>, corresponding impulse jj = 
expression for S 


clS 




27r 


constant) wo obtain as the 


S-= 


-1- s(i?2. 


Uf> tl), 


( 10 ) 


whore s is now independont of 0 and depends only on and 

the pliaso -integrals J (including, in general, <4). According to the 
doflnition of tho angle co-ordinates in Note 5, equation (3), wo obtain 
by differentiating (10) with respect to for /c ~ 2, 3, . . . /, 

K-^fk{q2> • . • 

whore wo have sot /^. = and by eonvorso expression, respectively, 

Qk - J). . ■ . (11) 

But for h = I yva liave by difforontiating (10) with respect to J.;,, 

-='1; -!- '/'{(fa. • • * '1). 

TiS 

whore ilt has been set equal to ;--r- ; in view of (11) avo may also write 

y<J i() 

(j) “= 2Tr»>.f, ~h • « • '*^V. ‘1)* ■ • (11^) 

The case of a cyclic variable also occur.s in the (saso of a force-free 
atom. Plore wo shall find it convenient to refer the oo-ordinatos of its 
point-masses to the invariable desorihed thvougli its centre of: 
gravity and to denote tliem by r«, </)«, (^:« "- distance of the 

point-mass from the invariable plane, — tho a'/dmuth in this plane, 
and so forth). Then avo may regard one of tlio f/)«’s (for example, 
= (/,) as a oyolio co-ordinate and may express tlio rolatiA'^o a/dmiiths 
Avhicb are alone of inqiortaneo for tho inner fnrcioa, and also 
the I’a’s and by the remaining sciiaration variables q. If wo con- 
sider the combination for each of the point-masses avo obtain 

% d- h(/« - e^'('/((72, . . . <?/), 
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and Jionce alwo 

Pa. + + tf/a) = e^’tfi(9e> • < • {//), 

Pj, ~ Z' d: “ /2((/3> • • • (//)■ 

If wo substitute from (11) and (11a) and sot = pI -|- S, w^. ~ pj .1 -f S;^ 
and write /j and /g in Fourier series by means of equation (8), avo obtain 

Pa, -f- iP,, = c2-«v^(Z)/ - -i- • ■ . -I- . (12) 

Pg = ■ + «//. . . (13) 

Here wo must note particularly that the summation letter (wo sliall 
call it 5i) corresj^onding to the cyclic azimuth occurs in (12) only with 
the value ~ 1 [and also witli 5^ = — 1, if wo form the real q^art of 
(12) and hence add the conjugate imaginary part], but in (13) only with 
the value — 0. By the Correspondence Principle it therefore follou's 
that if we denote the quantum number assigned to tlio oyolic co- 
ordinate by J then i/ie quantum tranaition in j is only able to have the 
values ih 1 or 0, Corresponding to the qmnhm transition di 1 we have 
circular 2>olari8ed vibrations parallel to the invariable plane, tvhereas for 
the quantum transitio?i 0 there is a linearly polarised vibration perpen^ 
dicular to the invariable plane. 

We have made no mention of oJeetron spin. If we include it then 
we take J (as in Chap. VIII.) to stand for the quantum mimbor that is 
assigned to the vector sum of the orbital moments of momontiun I 
and spin moments of momentum s, that is, to the total moment of 
momentum of the atom. For tin's J (tlie so-called inner guanlnm mm- 
ber) the polarisation and seleotioii rules derived Just above apply equally 
well because they depend only on the existence of a cyclic angle, ^Pi’oni 
the point of view of the vector model we actually have in the case of 
the Riissell-Saundera coupling, for example, a uniform precession of 
the total moment of momentum L about the axis of J (of. Chap. VI, 
§ 5, and Chap. VIII, § 6, at tlie beginning). Wc lay doum a first co- 
ordinate .system y, ^ in such a way that the si-axis coincides witli L, 
and a second system x, y, z so that the ^!-axis falls in the J-diroobion. 
If we disregard the qwecession for a moment we may make the i^-axis 
coincide with the y-axis. Let the angle between z and I he 0. Tlion 

a; = ^ cos ^ ~ ^ sin d, 

2 / = ’?> . 

« = ^ sin 0 -f- ^ cos 0. 

The uniform precession (radian frequency ^oj) changes tlieso equa- 
tions so that in place of x -I- iy we now have (a; -j- while z 

remains unchanged. Tlius we see that the frequency wj occurs in 
OJ 'h iy with the factor d: 1, but not at all in z, and hence we may con- 
clude that AJ = ih 1, 0. 

In a similar way wo obtained the selection principle for I in Chap. 
VI, § 1, p, 299, by fixing our attention not on the whole atom but on 
an outer eleetron (valency or series eleotron). On the assumption that 
the action of the atomic core on the series electron may bo desorilxal 
as a central field the orbit of the eleetron becomes piano and the aziinubii 
of the revolution becomes cyclic, It folWs from equation (9) on 
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p. m, wliieh iH mmlcpuB to equation (12), that the azimuthal quantum 
lUimiKu;, whieli m nssiKnod to tlic moment of momentum of this eyclio 
rovoiution ol,cys the so oet.on rule AJ = i 1 ; A1 = 0 is to he ex- 
olu tod in tlie oMo of a piano orbit. In the case of a non-planar orbit 
and hence, particularly 111 the held of an external force A1 = 0 is nor- 
inittod.* Wculq not enter into the question of the hasis of Heisenberg’s 
Holoetion riilo .for doiiblo transitions ” (p. 444), 

Wo obtain tho sdevMon ruh for tho iJ’s and S’s as follows • if wo 
again assuino (ap])roxinnito) nornml couplings then J is produced by 
vo<d.orjal addition of L and S. Tf tho interaction (,L, S) is very small, 
as M tlio (sase in tho limit where tho coupling is purely normal, the spin 
frocpKMicies assigned to S will not occur appreciably in the expression 
for the elcoti'io momont of tho oleetronie orbits, that is, then AS = 0 
will bold. In Ihp, puvfi liussdlSuundRTS cowplhig there are no inter- 
combination Ime.H. .Ifor tho resultant L of all tho orbital motions the 
sanu^ considerations now apply as in equations (12), (13), because L 
is dii'cotly {M|ua.l to Hut j that occurs there. Wo have AL = 0, ih 1 ; 
(torroHpoiuling to Ah - : () we have linearly polarised vibrations along 
-fj', and to AIj — 1 vibrations polarisod circularly in the piano por- 

jMUulioular to L. 

'I'o cahnilato tlu^ iniensittea of such transitions avo Avrite down in 
full the moments (tf momentum corresponding to tho .r, y, « (normal 
coiqtliiig again being UHsumod) : 


Ptti i- 0 I- sin 0)6'“^; •) 

Pf sin 0 -I- Pf cos 0 , J 


(14) 


The moments of inomentum Pf, P,, Pj^, may be represented in a 

iniinitni* Hiaiiliti’ l./i l.hn.l'. iiHtvl hi Tl 9.A (laA in f.lm 

} 


manner simihir to that used in (12), (13) in tho form 

Pf -I - ^ - e’V . (H H- Hi), 


Pf ..1 Yj. 


(15) 


Avbent S, li, Z ant sttlf-explanatory abbreviations. If avo substitute 
tlio values of Pf, P,,, Pf to be caleulatcd from (16) in (14) avc obtain 


-I- fP, - ((S -l- 


.|. (S ii-Dfeilliii),-,-.,. 


Z sin 0 ^ 


giwjt . 


P. (S -I- -I- (S - -I- Z cos 0 


■ (Ifl) 


* Here wo aHsigii hh is doimiiKlod by tho spin inodol of the electron and by 
Avavo-mochanifia, to t he orbital ngtniont of momontum. This I plays exactly tho 
part of MV* lit l^iap. 1 1 , i)X(?('pt that it is 1 loss than Mi/k |'cf. oqn. (21), p. 115]. Tho 
tn'bits Mif. *• * 1 have I • • (1 aiicorflitig to this view and linvo a vanishingly sinall 
(U'bital inoinoiit nf ninmontuni. 'I’liis loads to iiutonsiskmey with tho striot qrhxliil 
vunv, asAvoshowod in (!luip. II, and men ns that wo nnist apply a correction in tho 
Hoi iHo of wavo'iiutobimies mid the spin -inodol, ns has boon omphasisod ropoatotlly, 
t cr. A. Sommorfold anti VV. Hoieoubor^, Zoits. f. Phys., 11, 131 (1922). 
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We are intei'ested in transitions in L and J ; the traiiHition in the 
other quantum numbers is fixed once and for all ; it is represented by 
a definite set of numbers Sy, in the expansion (15). From them is 
composed the corresponding Fourier frequency t SyOiy whioh wo shall 
call to for short, 

We first consider the case AL — 0. We then have to take into 
account only those terms in (16) which do not involve £oj„ that is : 

Pg. + iPj, = . . . — 2 sin 0 e’V, P^ — . . .2 cos 0, . (16a) 

Wo distinguish between the three subordinate cases : 

(l)AJ-O. (2)AJ==-bl, (3)AJ==-1. 

(1) By (16a) the Fourier term Z cos 0 belongs to AJ = 0, that is, 
by (16), the term b cos d (e‘“' -[- e “ ’“0 ; actually tlio frequency 
01 4- O’toL + O’iMj occurs Avith a positive and a negative sign in Vg 
on account of the second of the equations (16) ; moreover, since 2 is 
real in character Ave also have b — b*^ if the star denotes the conjugate 
complex value. For brevity avo Avrite b Avithout an index, and likewise 
a, further beloAv. 

(2) For AJ = + 1, Pj, + iVy in (16a) gives the FoAirior term - Z 
sin 6, namely, by (16), — b sin + (The frequoiioy <u 4- wj 
occurs only once in 4- i'By.) 

(3) For AJ = — 1 Ave obtain from Pj^, ~ ip„ by (10a) and (15) 
— b sin 

From the Fourier coefficients Ave are noAv to caloulato the intensity 
observed in any arbitrary direction, For the purpo.se avc introdiico 
a neAV frame of co-ordinate axes v, xo and lay the w-axis, say, in tho 
direction of observation. Then only the vibrations in the {u, «) direc- 
tion contribute to the observed intensity (of. Chap, I, p. 26). Wo 
resolve the vibrations in the (.r, y) direction into their components 
In the (w, v) direction, Avliicli Ave shall call P^,,,, P^.^ and Tho 

intensity then becomes (P^„ 4- ?„„)“* + (P*,^ + This intensity 

must now be averaged over all positions of the frame-AVork of axes, 

Vi ^ with respect to u, r, w. To do this we introduce Euler’s angloa 
and finally obtain (denoting the mean by a horizontal bar) 

(P«,. + + (P,„ 4- PJ2 == t(P' 4- p 5) = ! 1 P« 4; iP, p. (Ha) 

In an analogous manner tho 2 -A''ibration contributes 

PL + P^.-fP^ [lib) 

Hence for case (1) Ave should obtain according to (176) tho intensity 
I |o cos^ 0 , 4 cos® Oil, But it is evident that avo have yet to form 
the mean of this expression, so that Ave obtain finally 

’(1) A J — 0 : 1 = 46 ® cos® 0 • 'a 

and analogous values for the other oases, by (17a) ; 

I (2) AJ = 4 - 1 : 1 = f6®sin® 0, ‘ \ 0^) 

[(3) AJ = — 1 : 1 5 = |68 sin® 0 , 


AL==0 J 
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'^fhese formiilco have been applied in Chapter VIH, § 9, p. 630, Wo 
Jiexfc consider the cases AL = I and AL = — 1 : 

(1)AJ=0. PoiiriorcoolT. ofPj: 

AL=-|-1. (2)AJ=+1 

(3)AJ=-1 .. „ P.-iP,; 

According to {11 a, h) wo obtain (it is again nocossary to form the 
time-mean in the case of P^) : 

(1) AJ = 0:1 = 1 a 

AL = + 1 - (2) AJ = -1- 1 : 1 =- f U ' . (10) 

(3) AJ = - 1 :1 = 

Analogously for AL = — 1 : 

(1) AJ='0;I = .J|nr2^!ji. 

AI.= -1. (2) A.T= + l:]; = }|»p<525lrJ:)!, . . (20) 

(3) AJ = - 1 ; I = 3 I a |8.(“5l+il” 

(/} The selection rule for the magnetic quantum number M (of, 
1 ). 299 ; for m wo write M in order to keep tlio notation uniform) 
may also be dod\iecd more rigorously now. Besides the axes a:, y, z 
fixed in the atom wo also use axes rf\ (' fixed in space, where = 
the direction of the magnetic lino.s of force, rj' being porpondioular 
to and 0 being the angle between the C'- end the x-axis, that is, 
between the direction of the field and of the normal to the invariable 
plane of tlie atom, which is at the samo time the axis of the moment 
of momentum J7i/27r. 

Withoxit loss of generality wo may make the y- and the v^'-axis 
coincide with the oommon perpendicular (“ lino of nodes ”) to the axes 

and z for ^ = 0. For this moment of time the transformation for- 
muleo botwGcn rj', and xyz are : 

= a* cos 0 — z sin 0, t] —y, $' = a; sin 0 ~\- z cos 0. ( 21 ) 

The whole atom is now turned out of its position at the time i = 0 
about the direction of the linos of force with the uniform processional 
velocity o (for example, with the Larmov prece.ssion in the normal 
Zooman o(Teot), I'liis (Icnoios that "I- i'q' hcconuis multiplied by 

whereas I' is not changed by the prooession. Honco (or any 
arbitrary I wo liavo in place of (21), 

-1- ivj' = (a: cos 0 • |- iy -- z sin 0), ^ ;V sin 0 -y « cos 0. (22) 
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The tranafoi’ination fornuilas for the electric mom out in tJie Iavo co* 
ordinate systems aro then similar, according to (7a) : 

-I- cos 0 -1- iPy — Pg sin 0),| 

P^' = Pj; sin 0 Pg cos 0. ] 


m 


Tho Fonricr series P^,, may, by (14), clearly bo written in 

the foi’jn 

i7 Ap e’"/, P^ = ^ Bp • (24«) 


or 


Pp, = |[eS* 27 Ap 27 Ape''’‘''i'i'], 

p p 

iPy = i[e‘“j< 27 Ap eS“ — 27 ApC-^S*], 

p p 

P. = i7B„cSb 


. (246) 


I 


Tho froqnenoy 0 is to be assigned to the quantum mimbor M. Hence 
equation (23) teaches us that i7ie quantum transition AM is m'pn6^G of 
having only the values i 1 and 0. Oorresponding to the quantum Iran- 
sition 1 we have cirmilarly polarised vibrations perptendicular to the 
magnetic lines of force [a -components), and to the quantum transition 0 
linearly polarised, vibrations qxtrallel to the lines of force ( 77 'Com^o?iR«M’). 
This is our selection rule of pp. 299 and 480. 

It is also easily possible to give intensity formulae for the /iceman 
olTect, which con’eapond with the equations (18), (19) and (20). Wo 
see immediately that the equations (14) and (23) on the one hand, and 
the equations (16) and (24a) on the other are fully analogous. For 
the sequel it is inii)ortant that in these equations x and ^ and x, 
and so forth, ojj and 0 (for 'which we may now also mute wjt), cuj, and 
ojj, a and A, 6 and B, d and 0 correspond. In place of w we now Iiave 
one with the frequencies ojp, which we shall denote briefly by U . Coiisg- 
quently we may immediately take over the expressions for tho Fourier 
coefficients from the above expressions in e), if we make the specified 
substitutions and observe that L, J are replaced by tho quantum mun- 
bera J, M. Let the direction of observation be perpendicular to tho 
field ; then our co-ordinate system u, v, w lies so that w is perpendicular 
to C'< ’ The intensities (P^'u + + Pf'i> 

must again be averaged over all xiositions of i', 7 ^', with respect to 
u, V, ?£>, the ^'-direction (= direction of the field) now remaining fixed 
ill space and always remaining peiqjendicular to w. Wo obtain 


(Pf^u -h Pv«)2 + - i I Tr ± il\ l^ 

For tJie (observed) intensities we thus obtain 

r(l) AM=:^ 0 : 1 = 2B2 cos2 0, ] 

AJ = 0 J (2) AM =.-1-1:1 = m sin^ 0, i- . 
[(3) AM=^ ~-l;I = |B2siiia0.J 


, ( 25 ) 
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(I) AM -0:1 -2] 

AJ =- -I- 1 - (2) AM- - -I- I : I = 4 1 A2 1 . . (26) 

(II) AM -= - 1 : 1 i- 1 A . 

(1) AM-O : I ^21 A 

(2) AM = -I- 1 : 1 « 1 A p - . (27) 

(3) AM ~ 1 : 1 = i I A p 

'I'he addilional exclusion nde on p, 480, namely 0 — >■ 0 forbidden for , 
M if AJ = 0, may easily bo deduced from (26), Hero I cos® © 
and cos © M;, since} M. denotes tlio projection of J on the direction 

of the lines of force and & the angle between this direction and the 
J-axis. Thus in our case cos ® is zero for the initial, and the linal 
state. By the lirst ctpiation (26) we deduce from this that 1 — 0. 
This makes the exclusion rule in question comprehensible from the 
point of view of the Con'(!spoiulence Principle.* 

•It is evident that the solcotion and jxdarlsation rules for M are in- 
dependent of wliether we use a model without spin or one with spin, 
because O' oxeeutca a precession about the direction of the hold iir both 
models, and it is this precession which lies at the base of oiir argument. 
But wo must note that the M of the spin model is of course assigned to 
the J of the same model. Thus if the spin of the electrons exactly 
compensates itself (S — • 0, L J), then M denotes the “ projection ” 
of Jj on tlio field-axis and not, say, the projection of as wo might 
expect from the idea of orbits. Our treatment of the normal Xoeinaii 
oft’eot in Chapter VI, § 4, still retains the old viow-])oint of orbits, whereas 
the dismission of tlio next sootion on the anomalous Zeeman effect is 
based on tlio modern jioint of view. 

Tlio solootion and polarisation rules for M become narrowed down 
^ in the I’aschon-Back offeet to the form, given in the text on p. 494 ; 

' AMt, = rl- 1. 0, AMs -= 0 ; AMi, — ± 1 gives circular polarisation 
poriiendiouUir to H, AM j. ” 0 gives linear polarlaatioii parallel to H. 
The iiroof runs exactly as in Cliaptor VI, § 6, p. 338 : L and S aro tin- 
conplod, so tliat iS lias no influonco on the precessional motion of L 
about H. Honco the Ifourior expansion of tlio orbital motion does not 
contain the frequencies oijig* which oorrespond to the precession of 
S about H, but only the frequencies ojml* Consequently wo have 
AMs " 0* Prom the kinomatieal character of the precession 
which corresponds exactly with tlie prooossion o — in (22) and 
(23), wo may dodiioe the given rules for in a maimer similar to 
that above given for M. 

*Wo may of coumo hIho ron<l it out of fonnulm (11) on ]i. BIM. . '.I.’lioro fcho 
obsovvoU ill tensity is donotoU by A uiHload of by I as hofo. 
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Finally we remark that it is easy to predict from the model wlion 
the selection rules suifer exceptions. Thus besides AL = 0, d: i 
greater transitions will also occur as soon ns the (L 8 )-iutoraotion ho- 
comes appreciable. For the rule AL = 0, 1 dopcndotl on aHsinning 

a oyclic angle about the L-axis, that is, on a uniform precession about 
L ; cf. the analogous calculations in the case of ( 12 ). If the motion 
about L becomes disturbed the precession becomes irregular and highor 
frequencies in &>i, occur.'' In the case of S, too, we have besides AS =- 0 
also the transitions AS = i 1» which present themselves whoii tho inter- 
action (LS) and hence the term resolution increases. 

Ill spectra there are transitions as far as [ AL | = 3 and | AS l_ ~ 2 , 
but of course in these cases, which occur only when the rosoliition in 
very great, the allocation of L and S values becomes questionable 
from the physical point of view, cf. p. 469. 

For the I’s the most general selection rule would be : odd 

i 

number (cf. p. 444). In spectra we find Heisenberg’s rule for “ double 
transitions ” ((5) on p. 444) to be adequate in almost all cases. 

If no field is present there are theoretically and experimentally no 
exceptions to AJ = 0 , ± 1 . For the angle belonging to tuj and conn tod 
around J is always oyclic, because the law of areas about J always holdn 
in the force-free atom. For an analogous reason the selection rule fov 
M ill tho magnetic field may never be transgressed. 

(gr) We pass on to band spectra, dealing first with the oscillation 
component. We must not lose .sight of the fact that the Correspondoiico 
Principle is concerned with the emission from electric charges and that 
P in (7) is expressly defined as the moment, variable in time, of snoli 
charges. In the application to band spectra we thus fix our attention on 
an oscillator with variable electric moment. Corresponding to this we liavo 
a polar dipole such as Cl~ or more complicated configurations suoli 
as II'*' 0 — ; in apparent opposition to such dipoles wo have non- 

polar moleoules such as O 2 , Ng, Hg, Clg. The latter have no oleetrio 
moment and no emission according to olassical theory when theii* 
equally charged constituents vibrate with respect to one aiiothor ; hence 
also according to quantum theory they should not radiate. But non- 
polar molecules that consist of unlike atoms have a variable olootric 
moment because then the centre of mass does not in general coineido 
with the electrical centre of gravity. 

Nevertheless a non-polar configuration, suoh as Og, Ng . . . may' 
also acquire an electric moment as soon as one of its ooinponoiits ih 
eleotrioaUy excited by disturbing the electron orbits. The osoillations 
(and also the rotations) of the molecule then become offeotive, Inii only 
in c<mjuncU(y>i with electron transitions, which yield an electric m ora on fc. 

We now give a formula which represents the simultaneous aotion 
of the oscillation and the rotation. Let the axis of tho rotation bo 
the ^-axis, and its angular velocity <0 ; let the osoillatioii (which, will 
in general be anharmonio) take place in the ajy-plane, and lot its fnncla- 
raental vibration be denoted by Vq as in equation (9a). By multiplying 
equation (9a) by 6 ^“* we obtain 

P* -f- i^y = = 0* 


(28) 
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X( ''Ve ulioetito the (tuuiituni luuiilxii'H v to the oseilhitjons Jiud the ouftW' 
turn lUimhevH ;/ to the rotations, we road oft Irom eguatirai I 2 n) the 
C|Uantmn trnnsiCionM d?’ — - d:. -s' arbitrary and are ahrays connected 
Wth C/10 mnuiCmn transitions Aj ± ,1, niv conlaim the seledioTf- 
pmiaijfe for (he rofulwn mul Die osciUnlion guania of the band spedra^ 
iViiUituio term oeours that does not contain the factor Aji =^D is 
ixir hidden , A zero (mtnch doeft not occur uiuhr the conditions lie)‘e 
^nvisagetL Them ussnmjitions em'resnond to infra-red spectra, for 
<n<aiii})le, of HC^I. 

ive (/odnee t/iat a zero hruneh is possible under one of the fol- 
Imving conditions : — 

1. 'JMic oHeillation does not occur porpondiculartv to the axis of 
rotation. W^e Chen have, if ^ve again regard the axis of rotation as 
the 2-axis, a eompouont P„ whioli differs from zero and which indicates 
tfm possiin'Iity of transitions Aj := 0 , The ease occurs in the hdra- 
re<l spectra of polyatomic molecnjes, for exxample, of OHj. 

2 . Tho uieoti'oidc motion iiecornes added to the oscillation and the 
votivtion. Thus may entail a which differs from zero^ no matter 
(io\v the iixes of OHci nation anjd rotation are situated with resp)ect to 
Olio another. TTiis is the general case of bands in the visible speotrnm, 
It occurs even in and Hog. 

3. Tlve general processional motion of Cliapter IX, § 0 , tabes the place 
of the simple rotation. If we place the 2 -axi 3 through the axis oi the 
total inonumt of momentum, the projection of, the electric moment P 
on the 2-axirt or on the .'r|/.plane is cgual to JP) cos 8 and)P )sin 0 
{0 denotcH the angle hetween the axis of precession and the " figure 
iiKia " of. the top," whieh is assvnnecl to be symmetrical or nearly 
symmetrical), and we obtain, if (U now denotes the precessional velocity 
of the top, in place of ( 28 ), 

P„, -I • fP„ A-i ( P I sin i/. P^ -= 1 P 1 cos 0 . . ( 2 &) 

The second equation again denotes that the zero hranoh ocenm. “We 
have a case of this kind in the bands of formaldehyde )p. hSb), 

T,'!ic aliuvc remarks will snirioo to show the great irintiulTiess oi th© 
(k) rrcHpondenee Ih’i 1 leij ilo . 


8, Conservation of Moment of Momentum during ©mission* 

T'herc arc three clementaiy laws of conservation in mechanics 1 
ooiisovvation of energy, of momentum (eonaorvation ol centre oimu’se.)), 
an<i of moment of momontnm (law of areas), ^e shall ap>p\y 
tlic coupled Hystom atom ether (that is, snrrounilhrg held, ot vadin.- 
Uon). The energy law demands that 

;,,,.^,Wa-W2 

On the loft-lnind side wo liavo the energy omitted in the field, on the 
right the energy given uj> by the atom. . „ 

The conservation of mmne'ntvim iwlftlled. antomatieaUy n we 


» A. Kubinowicz, imyu. 10, Hi and 4(16 (1018). J3olu’ also gives 

dlaatlons of lliis clisoitssioiT ivl tho end of tha Rvftt pavt ot lua ci.uantum theory 
liiiu apocti’a, leo. olt., p. 1518, which appoatod at the »j\mo timo, 


in- 

ot 
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(lescribo the raduition field a cont-rally Hyjuinotrieal upliorical Avavo, 
that in the aciiso of tlic classieal theory. The oiniHHion in one direo- 
tion is thou compensated by that in the opposite direction, and the 
resultant mornontum of tlic radiation is zero. I'iie hiAvof conservation 
of the centre of mass liolds for tiie stationary states of tlie atom botli 
in the final state and in tlie initial state. Let vis roeall, for example, tlie 
hydrogen iii the ease where wo take into acconnt the relative motion of 
the nucleus. In the system of reference tlie total momentum of the 
atom is zero and no change oconrs in it. The conservation of momen- 
tum thus leads to the eq^iiation 0 = 0. 

The position is different with the moment of mo7nentnm. We denote 
this, so far as it is due to the orbital motion of the electrons, by 
we take into account the relative motion of tlie nucleus we must talce 
27 to stand for the total orbital moment of tlie eleoti’ons + tlio nucleus 
about the oentre of gravity. This p is a wliole multiple (L) of hj2TT. 
In addition avg must take into account tlie spin of the electrons. The 
Hotal moment of momentum then becomes J/i/Stt, Avhero J is half- 
integral or integral (cf. Chap. VIII, § 2) according as the number of 
electrons is even or odd. 

Thus every change AJ in the quantum number J denotes a change in 
the total moment of momentum of amount 

AJ/i/27r (2) 

This amount of niomeni of moinentum must not get lost but must be trans- 
ferred from the atom to the radiation if the atom’ is coupled during the 
emission process ivith the smrounding field, Wo also remark that AJ 
in (2) denotes the algebraic difference of the quantnni nuinbors J" only 
if the moment of niomeiitum before and after tlie transition has tho 
same axis ; otlierAvise AJ is to he reokoiied as a geometrical differoneo. 

Hoav are we to interpret the moment of momentum of tlio radialmv ? 
We must Amt defino the individual momentum present in every diroo- 
tion of the rays. Calculated per unit volume this is equal to tho eiiorgy- 
donsity of the radiation divided by c, of. the laAV of the inertia of energy, 
1>. 4d. But the energy-density is, if caloiilatcd in appropriate (so- 
called rational) units, 

W = iW -h pi 

In the field of radiation E = H in magnitude, and in direction B H 
and botli are perpendicular to the direction of the ray. Instead of 
W Ave may therefore also write 

W = E2 = H2 = EH. 

Let the moment bo called G, rcclconed iier unit volume. T'hon 

a = - = — 

c c ‘ 

Tlie direction of the momentum lies in tho direction of propagation of 
the energy, that is, in the direction of the ray. We expiuss this by 
Avriting 

C 

Here S = a[EH] is the ray vector. 


( 3 ) 
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'Hm' moinonl of moiiunitum |)(ir mut volumo of radiation is calcnlatod 
tiH Lli.^ vuoloi- piHulind, oi th„ momontnin Gf and itn porpondionlar 
from tlio <anitn' ol lli(( ajjliorinal wavn 

. . . . . ( 4 ) 

1 donotoM tlu' rudiUH vootor from tlio oontro to tl\o unit volume 
ill tnu'Hliini. iM'oin tli(^ nuinumt of moiuentuni ])oi' unit volume we 
1 >HMS nil (o (In* inoinent of inomeutiun emitted iu tlui spherical wave in 
nil clin'ctioiiM, l»y forininj^ 

.... ( 5 ) 

till! 1 1 I'M t in(e|(riil lining taken over tlui wliolo duration of the omission, 
ilie second over (lie whole sjilierical surface of radius r, 

It appears at (irst sight us if, the momentum M should vanish for 
overy individual dirisition, and hence also the total momentum N. 
For if, as we said, G is in tlie direction of the rny and if this is in the 
radial diriMition, the ]ierpeiulicular from tlie centre of the sphere to 
G would lie minal to /.ero and hence M would vanish, But it must 
l ie tdmei'ved Lliai this determination of the direction of ray and momen- 
tum is only asyinjitotic and does not liold exactly for finite values of 
r. lleneii in tlai integral (fi) M is dilTovent from koto for finite values 
i>f r ; for an r tliat increases indefinitely M docs, indeed, decrease to 
•/ero, Imtut the sanm time the region of integration increase qiiadratically 
M'ith an inereasing s|ilun'ieal radius. This enables im to understand 
how hoMi inlliiene.es may (iompensate one another and that iu the limit 
for infinitely inei'e using distaiiees, as well as for finite distances, a finite > 
amount may ri'sult for N, Tlio, vwnoMt oj momentum of the aplierical 
uHtmi in nhlv lu Otke Ufi and Iceep lha amount of moment of momentum given 
nji by the atom, ^ 

'I'll is lirii'f diseitsHion shows that the oalonlation of the moment of 
inonumtmn of tlu' radiation requires a more detailed method of pro- 
tiiu'ding to the limit. We shall furnisli tliis at the end of the present 
note. Here we sluill iisHUine tlio result. We calculate the emitted 
monnmt of momentum N from tlie emitted energy W and the frequency 
i» hy means of the formiihe 

^ W sin (y fi) « _ W 2m sin (a — y) 

W 2ah sill — a) 

Here xyz are three mutually porpondioular axes which wo shall for 
the present fix arliitrarily tlirougli the point at which the emitting atom 
is sitnatml, and we shall resolve the moment of momentum N into 
ooinponents along those axes. Wo obtain the most general solution 
of Maxwell's oijuations eorrosponding to a spherical wave if wo make 
Lhi'oo oleotronM vilirate along those throe axes with the same freqnonoy 
V but with arhitrary ainplitiidos and phases, namely 

ae^^t bed\ ee^y. . . . • ( 7 ) 

Aouording to the views of the classical electron tlioory these electrons 
would tlum give rise to a spliorioal field of I’adiation of the same 
froquenoy. 
von. 1 . 'll 
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If the process of emission oceiii'S in an external field of foroei {as in 
the 8tark effect) the axes of the field are orientated according to the 
• field. But if wo are dealing witJi the emission from a f'ort!(,»-frc!e atom 
Ave maj'- place the axes in snch a way tliat one, say tlie third, of the.Ho 
vibration am^ditiides (7) vanishes. Tlie other two then define, in 
classical language, a “ vibration ellipse ” with a and b as x)rin(!i|)al 
axes and idmse difference /8 — a, AAdiich avo shall call y in fiitnro. On 
account of s = 0 the equations (6) reduce to 




W 2ab sill y 
2ttu 4 - 62 ’ 


N„ — N„ ~ 0. 


(«) 


The moment of momentum and Avith it the sjihorieal AA'ave in this 
way acquire a favoured axis and also a favoured plane, tlie ])lane of the 
vibration ellipse. Does this not contradict the coiiooiit of the Hphorieai 
wave I A spherical AvaA'^e is usually taken to stand for an event AAdiich 
propagates itself symmetrically in all directions from the source of 
light. Tills concept corresponds Avitli rough optical cxjiorionco. 
According to MaxAvell’s equations (as Avell ns the older ideas of an 
elastic medium) a spherionl Avave ahvays has a favoured axis both for 
the distribution of intensity as Avell as for polarisation. Only the plmso 
of the light is distributed Avitli spherical symmetry and only tlie Avavo 
surfaces, that is, the surfaces of equal xiliase form a system of concentric 
siiherical surfaces in the case of a spherical Avavo. On the othor hand, 
the surfaces of equal intensity are by no moans spherical siirfaocH. 
Consider, for example, the simplest case in Avhioh according to the inodo 
of expression of the classical Avave-theory an electron Avliich vibrates 
linearly emits a spherical Avavo, On account of the general cliaractor 
of traiisversality of light vibrations no intensity is emitted in the diroc- 
tioii of vibration. The intensity is a maximum jierpendiciilar to tluH 
direction (of. the innermost curve in Fig. 11, p. 38, Avhioli re])roBontH 
this case of emission). Hence tlie surfaces of equal intensity by no 
means liave a spherical shape, rather the direction of vibration of the 
electron is at the same time a favoured axis of the intensity distribution . 
In a similar Avay in the case of our vibration ellipse Avith principal axes 
a, b the normal is a favoured axis for tlie intensity and polarisation. 

From our present point of vieAv Ave distinguish botAveon tlie vavious 
cases of polarisation in the following Avay t 

We have linearly^ polarised light Avlien the moment of infnnontum 
N vanishes. According to (8) this occurs Avhen either a or b or sin y 
vanishes. The vibration ellipse then degenerates into a straight lino 
■which lies either in the direction of b {ii a ~ 0) or of a (if b =« 0), or 
in that of the one or other diagonal of the rectangle a6 (Avhen sin y ==>()). 
This straight line is the cr.riiS of symmetry of the spherical wave. From 
its position Ave may determine, by means of the rides of the Avavo -tlieory, 
for every radius of the spherical Avave the direction of the oloctrio forco 
and tlie observable plane of polarisation. 

W^e have circularly yolarised light when the moment of momontuin 
N attains the maximum value of which it is capable for a given fixed 
intensity of the light (fixed given value of a^ ~h b^)> This maximum, 
occurs Avhon a = 6 and sin y = i 1 (phase-angle y — A; 7r/2) ; tlie 
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fuotor in (S) Unit (U'jHnids on a, y hoeoines equal to + 1 in this case. 
*.rho vibration e.llipsf' eliaiiges into a vilimtion circle. Tn the direction 
<i[ tlio axis of tla^ moniont of niotiKoituin we have circularly polarised 
light, and it is left or right circularly polarised light according as 
y e:=! -j- 7j-y2 oi* — tt/S. .[ii all otlici' dircctious the liglit is ellipticnlly 
or in particular linearly polarised ; in the latter case, perpendicularly 
to tlio axis of the moment of momentum, 

Iiv the gomu'al oasci ivhen N neither vanishe.s nor attains a maximum 
’WO have elliplicoMij polariml light, which degenerates into linearly 
polariHod light only for s])eeial directions. 

Wo now set tint moment of momentum (8) of the radiation equal 
to tlio oliaiige (2) wliitili the moment of momontmn of the atom experi- 
oiiccM in the transition in question. In this way we obtain, if we sinuil- 
ta neon sly re])luce W by hv In (8) and cancel /i/277' on both sides, 


AJ- 


2ab sin y 

‘ 


(9) 


'^I.’his oq nation holds both for magnitude and direction, If AJ is to be 
cmlcubrted as tho ((Igebraic dilTeronco between the initial and the final 
Htate (of, tlie reimirk made with reference to equation (2)), which we 
Khali assume, for the present, tlion AJ is certainly mtegral. 

But ihti rigkl'haiul side of equation (9) is, taken absolutely, less than or 
ul mofd equal lo I. Acitually we have, on account of (fi — 6)^ > 0, 

-f- b‘^ > 2ab . . . . (10) 

a lid Htiil more is 

> 2ab sin 7, . . . (I0«) 

Til plane of thi,s inequalUy we Jiave the equation 

-[■ /j2 = 4- 2ab sin 7, . . . (lOi) 

only in the ease wliei’O a — h and sin 7 = ± 1, 7 = i 
'//artioular case the righi-hand side of (9) becomes equal /o d: 1. Hence tlio 
left-hand, side of (9) is, taken absolutely, also not greater than 1. 

'.l.'here are, however’, only three integers whose absolute values are 
not greater than 1, namely, 

AJ--H*!, AJ- 0 , AJ = ~1. 


In tho ease A.) — : l- 1 equation (lOi) holds. The corresponding values 
of <t, b and 7 are eompletely determined and have already been given 
ill on nation (!()/>). In the ease A J 0 tho numerator on the right- 
liancl side must, aiasording to equation (9), vanish. Hence it follows 
for fl., b and 7 that \vg must have either a = 0 or /i = 0 or sin 7 = 0 
(7 == 0 or tt). 

Bence we have the following three poasibililtes : 

r.(- 1. a b and 7 = -h 7r/2, 1 

A,]' I 0 a — 0 or /» 0 or 7 = 0 or tt.V . (11) 

[—I a I) and 7 = — 7r/2. J 

In the first and third oases tho emitted light is left or right circularhj 
polarised light, in the second case it is linearly polarised. 
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In tliiH way, by in cans of a. vemarlcably rigorous line of reasoning, 
tliab recalls the methods of the theory of numbers, we luivo arrived from 
tlio conservation of niomoiit of momentum at a selection principle and 
a polarisation rule. 

The selection rule states : the quantum number of the moment of 
momentum can change by at most unity in changes of configuration of Ike 
atom. The polarisation rule demands that : if the quantum number 
changes ± 1 the light is circularly polarised ^ but if it does not change 
it is linearly polarised. The general case of elliptic polarisation i.s sup- 
pressed by the laws of conservation. 

In the above we have assumed that the moment of momentum of 
the atom retains its axis in changes of configuration, that is, that AJ 
is to be calculated algebraically from Jj and Jj. Wo shall now slmw 
that our conclusions are correct also in the contrary case. 

Let 0 be the angle betweou the axes of the two moments of momen- 
tum before and after the transition ; let the corresponding quantum 
ininibers bo and Jg. Then wo liave for tlie geometricai dilTeronce 
of and Jg 

AJ = VJi® + - 2J1J2 cos 0 . . (12) 

and by a theorem of elementary geometry 

AJ^lJi-Jal . . . . (13) 

The equality sign here holds only if the triangle degenerates into a 
double straight Ihio, so that 0 — 0 ; which is the case already con- 
sidered of similarly directed momentum axes. 

According to equations (0) and (10) we now also Imve 

AJ ^ 1 (14) 

and, in addition, from (13) 

1 Ji - J 2 I ^ 1 (lb) 

But Ji — J2 is a whole number ; by (15) the whole number is again 
capable of only the three values : 

Ji~~Ja="hl> Ji-'Ja = 0 , J]L — Ja— — !. 

Hence our selection principle also aijplies without cliange under the 
present more general assumption : the qnantum number of the moment 
of momentum can change by at most unity in changes of configuration of 
the atom. 

In the first and the- third cases we also have AJ = 1 on account of 
the double equation which follows from (13) and (14) : 

I Ji - Ja 1 ^ AJ ^ 1, 

hence in these cases, as remarked in connection with (13), 0 = 0. We 
then again have the conditions considered earlier and our polarisation 
rule also applies unchang^. The light is circularly polarised ; the axis 
of the moment of momentum necessarily has the same direction before and 
after the transition. 

On the other hand, the second case Jj ~ Jj = 0 may be reduced 
to the earlier ease A J = 0 only with special assumptions ; we shall 
pass it by hero. 
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;) now to add some rcjnarka about tlic emission in a field 

the liold of force to be electrical. On account of the order 
do of atomic diiuonsions it may certainly be treated as 
IS. The moment of the force about the direction of the 
imly vanishes. According to mechanics the moment of the 
nines the cliango in the moment of momentum, the latter 
Uitcd as tl\e g('.omotric sum of the moments of momentum 
uvss parts of the atom. Its components in the direction of 
luis remains constant whereas the component in the plane 
lar to it is permanently changed. Hence the law of areas 
1 special form, us the theorem of the conservation of areal 
ily for the direction of tlie force itself. It is only for this 
liat we may demand the conservation of the moment of 
. when the atom is coupled with the radiation, 
inponont of the moment of momentum, and not the whole 
[ inoinontum, now becomes a multiple of hj^TT. We call 
le tlu; equatorial quantum number of the moment of momentum, 
itrast with the earlier J we denote it by M. Wo take the 
f the, line,s of force as the 2;-axis and call the perpendicular x^f- 
>qualoria.l flam. Lot be the conijionent of the moment 
;um of the omitted spherical wave for the direction of the 
expression in terms of the amplitudes and phase -constants 
u'ical wave has l)Con given in equation (0). If wo here sub- 
h\>, it follows tiiat 

« 2a6 sin — a) qqx 

■■ 27r aH- ■ 

t be equal to the change in the corresponding component of 
if momentum of tlic atom, that is, equal to AM/t/27r. So 


AM- 


2ab sin (/3 — a) 


(17) 


^ 1 


a2 -p 62 -I- c® ■ 

herefore (lomdudo precisely as before, 
isotute value of the right-hand side of (17) is nocessardy 
H in equation (10), 

-i- > 2ff.6, 

■ still more, 

ft* d' />* -I- sLi (/? “ a). 

■hand side of (17) can accordingly become equal to ± 1 only 
/o simidtaneously 

ft ::r= />, C — 0, SlU (^ " «) — ;h 1 • 
dv the left-hand side of (17) must necessarily lie between the 
Since it is integral, being the diilerenoe between two 
it may assume only one of the three values : 

AM-'I-L 0. -!• 

M — ;.:|:: 1 wo have 

a b, e - 0 , sin ()3 — a) = :b L 
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We have a {left or right) circularly ‘polarised spiherical wave. Its 
plane of vibration is the ecpiaiorial plane (perpeiidienlar to tho direction 
of tlie force) ; its favoured axis coincides with the direction of the force. 
The vibralio7i componeiit in the direction of the forcCi as measured by the 
amplitude c, vanishes. The vibration ellipse changes into a vibration 
circle lying perpendicularly to the direction of the force. 

For AM = 0 we have, according to (17), either « ~ 0 or h = 0 or 
sill (^ — a) = 0. But since all axes are of equal value in the direction 
perpendicular to the lines of force we cannot have « — 0 and b •-#! 0 
as otherwise tlie y-axis would be favoured as eonipared with the .r-axis. 
If, on the otlier hand, we had sin (j3 -- a) = 0 , wo should have a rec- 
tilinear vibration in the direction of the resultant of the tivf) ampli- 
tude vectors a and b and then this direction would bo favoured ns 
compared with the otlier directions of the equatorial plane. Tho 
required equality of the equatorial directions is assured, however, if 
we assume a ~ b ~ 0. We are thus left with only the vibration ampli- 
tude c, which is favoured by being in the direction of tho lincH of force. 
The resultant spherical wave is then linearly polarised and has Us lines 
of force in the direction of the axis of symmetry of the linear .polarisation. 

All in all, then, we may also confirm tlie polarisation rule, and tho 
selection rule when an external field is present, making only thoao 
changes which are due to the existence of a favoured field of force. 
The selection principle now refers only to the equatorial quaiitinn 
number M of the moment of momentum, which is allocated to tho 
component of the moment of momentum in tho direction of tho lines 
of force, just as the earlier quantum number J of tho moment of niomon- 
tiim was assigned to the whole moment of momentum. 

As already remarked on p. 300 the lino of reasoning here followed, 
which we owe to Rubinowicz, has lately excited renewed iiitoi’cst owing 
to its relationship to the much-disputed problem of the elec trod ynamicB 
of quanta. The question involved is : how is quantum ineolianics 
(wave-mechanics) to be connected organically with the, ])Ossibly, 
modified electrodynamics ? In tlio above discussion we used olootro- 
dynamics in Maxwell’s form and the quantum theory in its form 
before the advent of wave-meclianics. The laws of conservation fur- 
mslied the connection between the two. It is evident that those laws 
will also be essentially contained in quaiituin clectrodynaiuics. They 
urnish neces.sary, even if not sufficient, conditions for tho iiioro intimato 
connection between tlie atom and the electromagnetic field, which is 
required but is as yet unknown. 

We conclude by adding the promised derivation of equation (fi). 

Jtxteiichng Hertz’s assumption we write tlie aolutioii of .Maxweirs 
equations which correspond to a spherical wave which starts out 
from r = 0 (a simple dipole) in the form 

E = curl curl 77 = grad div 77 ~ MI, H = i ourl 77 

c 

Pj, = «e^« 

P„ = be^P 
Pa = ce^y 


77 = P* 


,ffcr 


P ~ pe-"‘ 


ini 


(18) 
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( I ) ^TT , ,, , « . . , 27r 

-y tlio wavG-munbor for 27 r units of length, to = — 

is the frt!((UGn(iy for 27t units of tiino. The solution has six integration 
constants r/., a, /;, 0 , y, whieli, togethor with the time of vibration 

r Sir/m, just Huftiee to represent the most general process of mono- 
chroinatic emission of the spherical type. U satisfies tlio wave-equation 


^rl = AH. 


( 19 ) 


In the following (nileulation of the field avo must make frequent 
UHO of well-known formulm of veetor analysis, which we give Avithout 
oxjilaining tlumi in detail. The calculation of the moment of momentum 
is <lue to Abraham,* but our quantum vicAV demands an expression 
that dilTors from his. 

l''rom e(] nation (18) it folloAva that 








Kn»l div H - P . --.s- (- ) + (Pr)- 
The equations (18) then give, if avo take (19) into account, 

(rH) =0 


H ih[Vt\~ 


1 ^ 

r ’ 


( 20 ) 


performing tlio din’erontiationB and neglecting the higher poAA'ors 


of - Ave obtain 


E -- 




H - - 


nikr 

^<2 ^ 




(21) 


(rE) -- ™ 


'riio moment of momentum per unit volume at a distance r from the 
centre is. by equations (8) ami (4) (concerning the factor in in the 
douorninator ef. Avliat Avas said about equation (2)), 


M - j-JtIBH]] = 5;,(E(tH) - 


inc 

or, in vloAV of (iH) * 0, equation (20), 

M = 


( 22 ) 


* “ 'I'lto Momout of Moiiioiituin of Liglil),” I’liys- Spoils., 16, 0 t4 (1014). 
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Lot ns multiply M by the oloment of volume in polar co-ordinates, 

r® dr dQy 

wliero do, denotes the conical aperture (solid angle) seen from the 
centre, and lot ns set dr — cdt and integrate over all the dO's\ wo then 
obtain the moment of momentum contained in the spherical shell of 
radius r and of thickness dr or, otherwise expressed, the moment of 
momentum transported in the time dt = drjc through the sphere of 
radius r ; wo shall call this integrated moment of momentum dN : 

dN = - j^f2H(rE)d<. . . . (23) 

The moment of momentum transported through this sphere during 
the whole duration of emission T was called N on j). 641 : 

N = C(m (24) 

J 0 

Before performing the integration in (23) Ave jnust pass from our 
complex representation to its real part. We wite, say, 

Q = Re{Pr/*''*}, Q' = Re{ - . . (26) 

= a cos (kr — toi -f a), Qk' = a sin {kr — col -1- a),) 

Q„ — b cos (kr — a>i + ^), Q„' = b sin {kr — col (26a) 

Qj 5 = 0 cos {kr — cot ■{' y), Qjj' — c sin {kr — ail -I- y). J 


By (23) and (21) we have 



Consequently avo obtain 

dN„ = I P(Q„Q'« - W)dp = • (27) 

By equations (25a), hoAvover, 


[QQ']« — 6o8m{y - i5),] 

[QQ']» “ ca sin (« — y), V . . . (28) 

[QQi'ijf = ab sin (jS — (x).J 

Hence the moment of momentum emitted through the spherical surface 
r during the whole duration of emission lias, by (24), (27) and (28), the 
components 

N„ = ime sin (y - 

Nj, = sin (a — y), . , . • ( 26 ) 

N, = ^k^Tab sin ()S ~ a). J 
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nparieon wc also calculate the total energy emitted. In the 
^ following ainormt of energy is emitted through the angular 

a ; 

rfW = S/MOdi = . . (30) 

this wo obtain, on account of equations (21) and (25a), for 
on taken over all directions during the time di, 

it of (2(5) this is 


dW = ii;W = PMQM- «; + Q?). . ■ (31) 

now still to perform tiio integration with respect to i ; on 
f (25a) this gives, when T > t, 

= = to( = |oS. . ( 32 ) 

b 0 0 

' (31) and (32) the total energy omitted is 

w av + &M- «")• * . • (33) 

iiating T we obtain from (20) and (33) the equation (6), that 
it to prove, if wo reiilace oj by 2ttv \ 


. _ W 2fac sin (y ~ )3) ' 

* “ 27rr a2 + 6^ + ’ 

„ ^ 2ca sin (a ~ y) 

^ 2ttv -j- 6® "h c® ’ ’ 

’ — ^ 2a[) sin (jS — k) 

* 270' a® + 6^ + 0® y 


(34) 


9. Stark Effect oS the Second Order 


alculate the stark efToot of the second order wo must carry the 
ineiit of the quantum condition (24), on xi. 308, a step further, 
wo must also consider terms in B®. 
ising equation (14) of Note 4 (under 0 ) we obtain 


- 0 ) 

6 B2B. 
' 16 A? ^ 

/a 

-so) 

j = 2 nh, 

('oB® 

r,\ 5 

B^B, 


- 3 C), ( 1 ) 

('a 

-°)~ro 

A»' 

'7 — 

V A 


srms of B, 


waning of A, B, 0, B is the same as in (24ft, b) on ]). 308. 
IS xiroportionalto ,F ; hence we may substitute in tlie latter term, 
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which is quadratic in T, the approximation of the first order, given 
in equation (26«) on p. 309. In this way we obtain 

The torn\ hofore the last in (1) is of the first order in F. Hence wo must 
hero use the second approxiitiation, which follows from equation (27) 
on p. 309 for B^A. Heglccting D®, wo easily calculate 


3B® ^ QnM /pf 

_ U — 20 VO — - 

A ir TT^ 

+ 2 - — )(^ + —VO - 20 ^ 


(3) 


Wo insert the values (2) and (3) in (1) and collect in powers of B : 

B = Va(V 0 - ^‘) - ^(20 - 

Is(v'5-'40C-?+“Vc-2o) 


8 AS 
5 AV ./tt 


5 A®/ nM\{ 


•jr 

TT 


20 

> 

772 J’ 


in which the last two terms may he collected together as follows : 

Ii(vo - — ^ + g- ~ - 2 ) 


_ / 
2ASV 


0 VC + ~C— + ^VO^^ - ^ 

4- 77 8 77** 0 77’* 




Let us imagine this equation mitten down twice as on p. 300, once for 
n — 71^, B = Bj, B = B^, and again for n — 71,, B = Bj, B = B 2 
(the A and Cl have the same values both times) and form half their 
sum. The separation parameter on the left-hand side heconios 
eliminated in the process and we obtain 



n = n^-\- iirf + % 



9. Stark Effect of the Second Order 

and write, tulcing V A over to the left-hand side 
fie^Z nhi , 3 weE, v 


fihi . 3 / 

VI 2^7 2 




OxeB'jV 5 , 21 o/ 
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(4) 


4 f ' ’W ' 2 
The expression niidor the oiirly brackets may be divided by 

n = -\- fir, -h Wifr ' 

11= n(nl -I- -h %>,) H- - n^ur ,) ) . 

Hence wo may take out the factor — on the right-hand side (4) : 


Va 

{/*eE)V .. . 17 


/xe^Z ti/wp, 3 jxeS 


Jii 


ivivvi 1 t / Vfi'v 

- + ¥(*1 + 


( 6 ) 


Finally we must substitute the value of the first approximation, 
equation (29), p. 309, for A in the last term on the right-hand side, and 
in the term before the last wo must insert the value of the second approxi- 
mation, equation (29a), p. 309. We write the result thus : 

/xe^Z nhi(, 37r‘F \ , / V nxrl /n\ 


Va 


where we have used the abbreviation 
N = 27 (w,, •— — 2w2 — + Jt,,) — 17 (w| + — Jiju,). (7) 

From (6) we obtain by squaring 


A = - 


fW 


{1 + 




16 TrV^e^Z® 


— %) 


+ ( 


7t^F Y 
327tV‘“c®ZV 


w“[- 2N + 27 (w 


.-%)”]}■ 


(8) 


If, as in (30) on p. 310, wo divide by — 2p7i and arrive at the term 
— W//i, we find that the first two terms on the right-hand side are the 
same as on p. 310 ; the third term, which gives the qmdraiic Stark 
effect, becomes 

kWQ 

^2rTe)YZ* ^ ^ 

The factor Q hero introduced is 
Q = 27(?^ ~ ?i$)® — 2N 

= — 27(11, — tier + ‘Iw'J, + l'J«,(«e + «i) + 84(115 + 112—11511,) j. (10) 
= \{W - 3(11, - iie)2 - fliij). 
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As remarked on p. 320 tlio wavo-ineolianical calcalaiion cUlTera from 
tlxis. Instead of (10) it gives 

Q = ^{11 ~ -h 10). . . (11) 

J?or the conneotion between m and n,,, sec p. 310, 

10. The Adiabatic Invariance ol Phase-Integrals * 

In the adiabatic changes of state wo consider a parametor a, whictli 
enters somehow into the equations of motion of the system (as the length 
of a pendulum, chai’ge of a point-mass, external field of foi’oe, and so 
forth). This parameter becomes changed in time, but by condition 
(1) on p. 342, it must he changed infinitely sloioly {revembly). For 
every value of a the equations of motion must remain valid in the form 

(It 'bq}/ dt \ / 

whore H is the same function of q and a as when a is kept fixed. 
We mean this when, in the conditions (2) on p, 342, we demand that 
tho adiabatic action is not to attack the co^ordinaks of Iho system 
directly. We shall revert to the condition (3) on p. 342 {unsysterndtic 
change of a) below. 

Integrating the equations (1) by using a function of action B, 
keeping a constaxxt, S becomes a function of a, and thus if wo insoi't 
the time variation of a, it also becomes a function of t. From B wc 
derive the phase-integrals J and the aiigle variables w as for a fixed a : 

j. = f % = ■ • (2) 

The qitestion is whether by vmng a intermediately, J also becomes a 
function of I, If the assertion of its adiabatic Hypothesis, that tho 
quantum conditions should remain adiabatically invariant, 

then J must be independent of i. 

We answer this quG.stion by deriving the canonical equations for 
J and w as on p. 017. Wo are no longer dealing with tho special case 
that F* = B is independent of 1 (of. p, 617), Hence 

If = H 

no longer holds ^ for tho transformed Hamiltonian function H, but 
rather, by equation (17a) on p. 607, 

l = , , . . (!,) 

By equation (18) on p. 608 tiro relationship between F and F* is, 
with T?j, = Jj., Qj, 

F — F* — 

* The first proof was given by J. M. Bivrgors, of. Ann, cl. Pliysik, 68, Ibfi (1017), 
or Amst, Altad., 1017, p. 10C6. Wo here follow n. simple mofcliocl also cine In Bumors, 
(}f. his Loyclen diasortntion, 10] fi, p. 242. 



Achtibfitic Invjiricince of Phase-Integrals 
in, on acjeomifc ot F’*’ H, 

.F ™ 8* . . . . (4) 

oijuatiou ([)) on p. 018), 

^Illation (o). p. 01,7, therefore Iiave on acconnt of (3) 

_ H ^ ^ _ _L ^ 

Iw,, lil\ • ’ 

P f'he term vanishes, because H, regarded as a function 

the variables . . . J;;,, -(ei . . . ie;t> is independent of the ?y's. 
■i-t we take into account further that 8* = like 8 depends on t only 
1 1'l'tormedititely throngli u, we may write 


DS* bS*. .. 

— = = 0a, . 

U Da ' 

. (6) 

with the irbbreviatimi 




la' 

. a) 

-IPi.'om (5) and (0) it follows that 



dJ^, .^(J) T 1 

”77 ~ — — > Jfc 

V T 

i { .10 j. 

, (8) 


We now aiao take into account that a by onr condition (3) on p. 342 
IH to bo oiianged unsyslemaUcally* , that is, not in phase with the course 
of inotion of tiro system. It is in accord with tins if, for* examxjle, 
wo keop d constant and write instead of (8), 

T 1’ 

= - “III''' (°) 

' 0 0 

Like 8* (of, p, 018) 0 is a periodic function of the ir’s, and may 
thorefore be represented as a Fourier series in the w’s. Hence 'b0/'bw 
IB a Fourier series without a constant term. Since the W}^ = VfJt- Sj,. 
(ISqn. (6) on p. 617) are linear funetiona of i, the integration with 
i‘ 08 peot to i on the right-hand side of (9) may be performed in the Fourier 
torins and it leads to a value which remains below a finite value even 
when T increases indefinitely. 

'Phe circumstance that the frequencies Vf. themselves still depend 
on that is, also on t, makes no essential difference to these conclusions, 
V)ut only has the effect of changing the value of the integral by terms 
of tire order dT, But dT denotes the total change in the parameter 
a in the interval of time T and as such is finite. Hence, on the right- 
hand side of (9) wo have d multiplied by a quantity which is fiiiite 
oven for T =oo, In the limit d ^ 0 and T -^co- the right-hand side of 
(9) becomes equal to zero, that is, J is constant. 

* Gf. K, Knosoi', Math. Ann., 91, 150 (1924), whovo tho oomlifcion is expressed 
ns gonovnlly ns j^ossiblo. 
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On tlio otihersluiud, this conclusion docs not lioki if the Hystoni passes 
tliroiigli a degenerate state in the course of the adiabatiu ehango. 
Then, ou aceount of the rclatioiishi]) = 0 (oqn, (Ih) on p. {519) 
constant terms will occur in the Fourier scries and tliosc will give quan- 
tities of the order of T when we integrate 'wnth respect to 1. Tha adiobalic 
invarianee for all q%ia 7 itiiies J ili&refore. (fpidies only lo general syMems and 
not to degenerate sysiems, 


11. The Spectra of Atoms Unlike Hydrogen. Effect of the Supple- 
mentary Atomic Field in the ease of Non-penetrating Orbits 


In Ohapter VII, §§ 2 and 4, wo took as onr scheme for the supple- 
montary field of the electronic configuration that belongs to the atomic 
complex a pwe central field independent of time. Let its potential 
energy for the outer “radiating electron’’ {AufeleUron) in a non- 
penetrating orbit be 


V = 




( 1 ) 


The sign of V is in conformity with the remarks on p, 388, nocording 
to which V < 0. The constants of the atomic field 0^, Cg • ■ • are 
written .here as pure numbers and are related to the constants Ci, Cg • • • 
on p. 362 in the following manner : 


where a denotes a comparison length which we find it convenient to 
choose ns the radius of the first Bohr circle of hydrogen : 


a — 


¥ 


( 2 ) 


Equation (1) denotes the special case of spherical symmetry of the 
general expansion of the potential in Bessel functions for tluj exterior 
of the attracting masses, 

Ih 

If we substitute the value (1) of V and the value p ~ 
radial quantum condition (2) of p, 387, we obtain 

J, = (f,^A + 2? + 5 ^ -I- . . dr = . (3) 


with the abbreviations 


— ¥¥ 'i 

A = 2wW, B = wZe2, q ^ q. 2m0^e%\ 

Bi — 27nC2e^a^ Dg = ^mO^e^a^, . , , J 


. (4) 


The integration is to be taken along the complex route in the ?*-plano 
around the real branch points and r„^^y. of tlio integrand. 

From (3) we determine the “ quantum defect ” A by moans of equa- 
tion (6) on p. 388. 

To a first a^iproximaiion (Cj = Cg = . . . = 0) wc have A ~ 0. 
The term then has Bnlmer'a form. 
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To a liecond ap'proximaiion 

(Oi -h 0, 0, ^ Ca = . . . - 0, - Da - . , . 0). 

(3) rotaiiiH tins same form as in Uio Urst approximation but with a 
now meaning for 0. For, by (4), we have 


Vo 


. h L 87r^me^O,fA 

- - 1 ^ 

.hr. Cl 1 Oi^ 1 Gi^ 

^%7rV n^, 2 # • 2 

rf» <p 



( 5 ) 


In tlio last transformation a is expressed by means of ( 2 ). In this 
approximation we shall retain only the first term with Oj, in the next 
approximation wo shall retain only those in Ci and Cj^, and so forth, 
by supposing that Gi^, , . . are of the same order of magnitude as 
the coeffloients Ca, O 3 . . . in ( 1 ). 

The evaluation of (3) in our second approximation is effected accord- 
ing to Note 4, equation (3) : 

J, = -24/0-^). 


Let us pass on to the quantum defect A in equation (5) on p, 388 ; 
tliat is, we foi’m the difference of two integrals of the above form J,., 
one of tlie two integrals being hydrogen -like (all constants D^ = 0 ) 
and B and VA having the same values, only VC being different. It 
then follows on account of (5) that 

G 

A — -d, that is, iiid open dent of n.. . • (b) 

71^ 

d’he corresponding term has Rydberg’s form. 

We ai'rivo at tl^ie same form for the term if we retain besides Ci also 
O 2 , that is, if we set Dj 4 = 0, Dg — Dg — , . . = 0. The integral (3) 
that is to be evaluated in this case is then, by Note 4, equation (16) ; 

. . (7) 


In the quantum defect A we again cancel out B/VA and obtain on 
account of ( 6 ), (4) and (2), 

A = qL . (2 ^)^BDi 

and, in view of the meaning of Di, 


Cl , Oi® , Cg, 


A = -p -3 

71, j, 271'^ 




■ ( 8 ) 


Since this quantity is also independent of w,. the term assumes, as 
was asserted, Rydberg’s form. 


IVliUhemaiical AppciHlix 

I'or tin Ihinl itftimuhiintinti \vi' i«*tniu <-j. Cj, iiiul kh (IihI now 
!)| < tl anil |),j I (1. Uy Niilt' •(. r(|itiif inn Hn' ini«*(j'iiili' ni 


•f, -iri! \A! 

V V A 






I 

I ( 


(I).. 

'.yi'V " 


:i i)A, 
•1 t ! M 


A 


Kur A wn nhtain, liy iuriuiiiK lln' iliiVi'n*nt’«> iiidh'atoil in t’lpiafiini 

(n). p. IIKH, 

■ ■ ■ ' .|I^/(7A ‘ ■! I' 

'I'lin ianuM dmiilad liy . . . dnpnnd nidy nn a.*,; wr ahull wiilr 
thn ayiidinl 7 for Hinin. VVi' Iraiwfnrm Ihn laal. li*ini hy innUinvi 
HuhalilnlioiiH fvmn (4), (5) and (2). \Vi» gid 

A „ I W Y,, I 

'll V 

Him 

Miw ningnUudi 

ia intlnpiMuliMil of a, ; \va aliall i^dl i(- 

a ^ (r 1 

2 HhJ\ ” anj)' 

Til thU apprnxinnilion wn iirrivo prncimdy al Hit/'a ttniii nf tin* I<mmi 
an cxincHHinl in nipiaUmt (4r) on p. ltd!!. 


OM 


iM't' (ha laHl. tanii dojuMulH on it^ Ind. hIhu nn 11,. hmmm’ \V//< driinfi’M 
a ningnUudn of tha tiMiu. 'I'lia faalnr willi wliiali \V/A in nndiiplii d 

. (IN) 


ITi. EosoluUons o£ ilio Multi plot Tonns 


( 1 ) Kijiuil-inn (d) nil p. HU) nmy ha ilarivacl aa fnllnwH ; 

Among Iha ittt<*ra(dionK nf Ilia I'm and a a wo hava (Inwa hal waaii 
llio /|'b and a^’a nf tho ainna idoafron and tlinaa hal.waan (ho //a and aj, !* 
nf dilTarant olaalrnna (i. A: Indox of (ha a)aa(rona). \Vi‘ llrat (n-nl 
tiio in tarnation 

VVo may ragai<l Hold H prndnaatl liy (ho nn'ohdiun of lla* aloa(ai»ii 
(of. |i. Dili) UH [irodiKHMl in aiioh a way (ha(> tlio alaalron la id rani whilo 
(;llo niialona ino\M*H nniiid it. M'ha inolion of tha nnalana than acta UUt' 




II oiuTaiit d of atiangth Kj/fV, whma {a Hio nnalaar ahnrgo ihni 
aota on tha olaatrnn and V ia tho oi'l)i(.al val(iai(.y nf tho nuolaiia. Aoonril 
ing to iiinl. and Savart'a law Ihia aiiiTant jirrainoaH at Ilia point wlioro 
tha olaatmii ia Hltniiliod 11 ningnafcio. Hold (nioamnod in tha idaotiioril 
H,VNtoni of units) : 


H 




tn 


Moro r ia tha nidinH vaa(.oi' drawn from llio inialoUM to tlia ah‘otn»M. 
On tha othar hnud, tho la/.iinnUinl t{uantinn aniulllion nnd (ha Inw id 
ivi’oim givo 
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whore = rest mass of the electron. The minus sign on the left- 
hand side of (2) is neooBsary bcoaviso onv v refers to tlie moving nucleus, 
wliereas equation (2) applies to the moving electron, whose velocity 

must therefore bo set equal to — v. Writing I on the right-hand side 
of (1) in place of. n^, corresponds with the ideas of the vector model. 
It follows from (1) and (2) tliat 


W(,cr^ 27r 


(3) 


In this field the electron takes its position with its own moment of 

inomentirm a . Its magnetic moment has the value of a Bohr 
"1 7 

magneton, jj, = = ~ «n- * ^ (since s =5 i). The first factor 

^ 4.7m^c wioC ^ 

corresponds to the “ magnetic anomaly ” of the spin (of. also 
oqn. (3), p. 332). The direction of p is opposite directly to that of 
the moment of momentum, because /x arises from the rotation of the 
negative charge of the electron. Consequently wo obtain for the total 
energy of interaction I, s of an individual electron 


W(i.s) = (H^) = -|^.^.^.(J|(,|cos(t-7), . (4) 

where the horizontal bar denotes the mean-time value, We take over 
the mean-time value of ijr^ from wave -mechanics.* For a hydrogen- 
like “ orbit ” of unclear oliarge we obtain 


1 Tilff 

^ + 1) * 


(S) 


* The oaloulafcion nocovding to tlio oldor thooi'y glvou in this volume would 
bo na follows, Tho enorgy (4) roproaeuts only a small part of fclio total on orgy 
of tho oloetrou in its orbit. Houoo wo may regard tho intornotion {I, s) as n slight 
portni'bation and may uso tho result of Noto d, p. 020, for oalculating it i aociorcHiig 
to this result the onorgy perturbation for the first approxitnation is equal to tho 
moan-time value of tho perturbation function averaged over tho unparturhed 
orbit. Thus onr 1/r® denotes averaging over tho unperturbed olocitron orbit, 
which we assume to bo hydrogen -like (t = time of revolution of tho electron in 
tho unperturbed orbit) •, 


r® tJ n 


{«) 


0 


Hove we may oxjjvoss dt by moans of d<f> by using tl^o law of aroas ~ 

(U 

(for the iwosent wo calculate hero according to tho oldor theory ; honco 
Wo obtain 


i 


2ir 

tJ ?' 


0 





With tho help of tho oi'bital equation, cf. (12), p. 263, wo may write \jr in tho form : 
1/r = 0 -i- A cos <f) (y is here equal to 1 ; It is suffloiout to calculate without taking 

[Ooniinmlion of note on next pnf/e. 


vor„ I. — 42 
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From (4) it thon folknvH that 
W(/, s) - 2 


Ra%c . 'itff 


I Z 1 [ s I cos {^, «), 


(«) 


nH{l -I- -i)(/ -I- 1) 

whoro ~ Riydhorg’smnnber = ~ fino.atrnct.vn’o oonRtaiil- 

= "'vaa first pointed out by Thomas,* an importan t tsor- 


leotion must be applied hero. The rigorous relativity treatment of the 
problem leads to an additional term for the intoraotion energy, which 
is half as great as ( 6 ) and has tho reverse sign. We give a simplified 
derivation of this correction nnder (7) in the present Note. Taking 
bliis into consideration un finally obtain 


W(Z„ 8,): 


lXc(.yic!Zeff^ i 




|Zd \Si\ cos {l^, Si)=ai jZ/l |«,l cos (Z/, a,) (?) 


where we have used tho abbreviation f 

„ _ RgVtc . Ztjf, i 

+ «(;, + ]) • • 

and Avlvoro the indices i have been added to indicate tliat tho quantities 
in question rofer to tlio electron. 

The second of the above-mentioned interactions, namely iS^.), 
may now bo easily estimated. We have now to caloulato the magnetic 
field that is produced by the motion of the /c** electron in place of tlio 
i'* electron. In (1) wo then have simply e instead of '/ifijfii ; in 
other respects (!) remains unchanged at anyrato in order of magnitude. 
Tho same holds for tho subsequent equations as far as ( 8 ). W<5 also 
obtain an 'energy expression (duo to tho interaction (Z^, s^,)), which 
contains instead of Ziff as a factor but wbioli is otherwise of the 
same order of magnitude as the expression (7), For sulficionfcly great 
values of Z we shall therefore have to cancel tho terms 8^.) foi’ a 
first approximation. 


I’olativiby into account). The integral (It) thon givoa diroofcly 


^ == . 2irG ( 0 ) 

r® T hni/) 


If wo subBtitnto tho vnliioa of C and r from (lOi), p. 263, (with c -> 00 ) and (17), 


p. 113, (oo = 


/t® 


47r®»loO® 


= radius of tile first Ijydrogen orbit), tliis gives 


'ejdr 




l)« 


(d) 


[fj = somi-minor axia of tlio ollipso, of, (lOo) on p. 113]. Wo boo that tho oxprcia* 
sion differs in a clinraotoriatio mannor from tho wavo-moohanioal vnluo givon in 
the text. 

* L. H. Thomaa, Nature, 107, 614 (1028). 

t According to Landd, 2ieits. f. Phyaik, SS, 46 (1924), wo may, in tho cniao of 
ponetrating orbits, use Zfz^ instead of in (8), whoro Z„ Z„, donoto tho 
mean nuolear oharga on the inner and outer loop of tho orbit. 
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Hence mu’otain only torniR of the form (7) and obtain for the total 
energy arising from the intoraotion (b s) precisely the formula (4) 
on i>, 540 of the text, a; having the meaning of (3) on p. 540, 

(2) In the ease of the pure Russell- Saunders eoupling equation 
(14) on p. 545 gives that amount of energy in the I’asohen-Baok effect 
which is duo to the {I, s) -interaction. By the discussion of § 7, Chap. 
VIII (of. (5), p. 494), we must add to this the amount 

( 2 Ms -h IVIt,)A)^„o,„i . he 

of the interaction hoWeoii S 01 : L, respectively, and the held H. All 
together then we Ivavc the amount 


{2Ms 'h . , . (9) 

The first part easily predominates over the second, by the definition 
of the strong field. By 43 . 494 the first gives tlie normal Lorentz triplet ; 
hence the second represents the fine-resolution of the energy level in 
the Paschen-Baok effect produced by the interaction (b «). For the 
case of the doublet (S ~ \) we easily obtain from (9) the results of 
p. 495, which were there deduced from Voigt’s theory. In doing 
this * we must make use of the selection rules on p. 494 and take 
into account tliat the term-resolution (9) is calculated from the cmire 
of gravity of the term (L, S) (of, p. 542) and not from its centre, as in 
the case of Voigt’s formula. 

35(]\uition (9) clearly enables us to deal with any arbitrary combina* 
tions for the case of strong fields. The fine -resolution is in each in- 
stance of the order of magnitude of the field-free term resolution 
(on account of the factor A in the second term). This places the 
qualitative reflections of p, 496 on a quantitative basis. 

In addition to ( 9 ) we Avrito dOAvn for the sake of completeness 
tiro corresponding formula for a weak field (by eqn. (7) on p. 541 
and § 6 , Chap, VIII) ; 


J(J T 1) - B(L + 1) - S(a -h 1) 
2 


. A -b Mg , hc^Vnarm* • 


( 10 ) 


the sequence of the expression again being that of their order of magni- 
tude, 

(3) Law of Permanence for Arbitrary Fields.— Let the magnetic 
field be so strong that all couplings between the I/h and s/s are released. 
It then follows from tire spherical triangle which the vectors H 
out Out of the unit sphere (of. pp. 540, 641 and 545) that 


COS (If, Si) 


mii 

Uil 




( 11 ) 


In this v'ay Ave obtain from equation (4) on p. 540 

^vorv ali'onti ~ ’> Yi^ ' ' ' ’( 12 ) 

i 


* l^or Avo, the total regolution (in avo obtain fov from equation (7), 

p. 641 t /tcAvo = § , A. 



66o Mathematical Appendix 

To obtain “ permanent ” sums we must clearly sum over tlio qumitiiiu 
inimbora, -vvliich lose their meaning, namely L ami 8 ; M rotaiuH its 
meaning and is dofinecl by 

M = (sum over all electrons of the conflguniticm). (13) 

i 

Law of Ponnane^ice states : /or a given electron conJigurtUion 
the eum over all the F-vahiexH t?U(i belong to a fixed M is independent of 
the field-slre^iglh. By onr assumption this J'-sum has the same value 
for all couplings. 

(4) Tho last remark leads directly to the jT-sum rule. In a weak 
field there is a series of J-values for a given configuration, and these 
J-valvies will in general occur several times. Let = .1/ bo jn’esent 
times, and let — Ic ~\~ I be present times. Thus all 

J- values together are represented by . , . ^T 2 ''^ 

.... Now let ns imagine the -r„.jafc’s that belong to tho Individual 
J’s bo ^mtteii down, say, as in the following table, arranged in order 
of M t (let M' be tho greatest of all the M-values that occur) : 


'J'AiJLn 80 



St' 

:m'-i 

M'--2 

. . , -{M'-2) 

-M' 




If! 

• • • 

4',’ 4? 

J</> 

p(2) 

d? 


• • • 

4? rf! 

4'”'^ 

pM 

rjril 

pM 

. . . 

4?’ 'V 

4 " 


rl?i 

iv: 

• • • 


4’^'* 




■ ■ ■ 4? 

p/e) 

4 “ 


' 

n': 

• • • 


2r 

Cl 

Ca 


... Cj 

Cj 0| 

The jT-sums 

taken over 

each 

vortical column 

are denoted ' 


c*. They may be ealoulated from (12) by means of tho Law of 
Pormanciico and are independent of the coupling. Tho equations 
that follow from the Table arc 

irfhc,-, ■Zrf!+irs.=c,-. iit’+iit’+irS=6,; . . . (U) 

P'**! P = 1 p = l p = l P«el p”! 

* S. Goudsmifc, Phya. Rev,, 31, 948 (1928). An analogous law holds for tho 
ff-veiuea, W. Fanli, Zeifca. f. Phys., 31, 766 (1026). 

t In a weak Sold tho P's avo equal for ony coupling for all M- values (by p. 646), 
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or 

^ Cl “ cjj, ^r!tl == ca — ci — cj„ = cg — 

P 5',i I /I ‘= i P = 1 

ami in goaoral 

•'fc 

= = • • • (IS) 

p-1 


TIio are, of course, like the c^’a independent of the coujding. 
Hoiioo the jT-suin rule of p. 5^16 follows from (15 ) : in a wealc field 
(lionoo als() for a hold zero) Ihe sum over all I”s that belong for a given 
cowfigui'alion to the same J is independent of the coupling, A T whose 
,f appears only once is thus calculable even if alone, independently of 
tlio ooupling. 

(5) For the case of one electron we obtain from tlie equations (4), 
(ll), (7) and (8) of pp. 540 and 541, 


lie . j{j + 1) - l{l + 1) - 8{8 + 1) 

nH{l + + 1) ‘ 2 


(Ifi) 


Hince clearly li — lm identical with L, and = s with S. Moreover, 
j ^ ,<} = We obtain for the resolution of the term, since 

the numerator of the second factor of (16) assumes the value I for 
j ~ I ^ and the value — I — 1 for j — Z — 

ho 


^v 




(H) 


iiH{l + 1 )’ ‘ 

that is, the formula for the regular resolution of doublet terms (ef. 
((i), p. 418). This is the reason why we were able to apply these for* 

muloo to optical spectra there. <• .i i i x 

In Ohapter V we. derived the fine-structure of the hydrogen terma 
from relativity considerations and by ” quantum 

number Uji. But hero we adopt a totolty different standpoint. H 
wo wiahod^o wi'ite down the energy of the H-atom here, it would look 
as follows. First we should have the energy of the central motion 
without spin and without relativity ; this gives tlie Balmer formula. 
SQCondly,\ve should have the relativity correction for a ^th 

the wave-meohanical quantum -number Z; it nmkes an addition to 
the energy which depends on I and not on j. Hence this correction 
is the same for two /levels having the same tenm l._ As a third con- 
i' vilmtion wo have the energy that arises from the interaction (/, s), 
Ih^ wMch^F by the spin. This furnishes the additional 

cnorgy’ (16) and hence is, by (17), also responsible for 

SiSiy r « 
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Tills causes the fine-structure formula of the old theory to rciuain 
fully preserved ; only the view of the quantum numbers is modified 
and approaches the idea of spin. Tliese remarks will sufiiee to establish 
the connexion with the earlier eonsidorations. 

From Table 60 on p. S47 we may now draw the important conclusion 
tliat the resolutions of the terms that arise from equivalent electrons 
are governed by tho formula (17) of the regular doublets. Actually, 
wc may use Table 60 to express the total resolution by mean.s of tlui 
factor a of the olootron, that is, also by moans of tlie doublet formula 
(17), on account of 

™ 

(ot. (8)), 

’ The doublet formula may also be used for two non-oquivalont 
electrons, namely always when one ia an .^-electron. Wo easily find 
from equation (12), p. 644, and (7), p. 641, ns well as from the preceding 
equations (18) and (17), that the total resolution of tho triplet terms 
that may result from this configuration, is siinjdy equal to tho resolution 
(17) of the doublet terms, which is produced by the second electron 
(not an ^-electron). If the quantum numbers of the latter are », I 
and if Zeff is tho nuclear charge of its orbit, then we have * 

Total resolution of the triplet term — InV ^ v 

This is tho theoretical basis foi* the experimental observation mentioned 
on p, 418 that tho doublet formula often holds also for triplets, if wo 
inquire into the total resolution, 

(6) Tho Gap Law for L-values, whioh was deduced from U’able 00 
for normal coupling, runs generally (we shall not give tho proof) : in 
a weaJc field and within one 'and the mme configuration the sum of aUr*s 
that belong to the same J is, if there are z electrons p'esenl in an (n, l)- 
ahell, equal ami opposite to the P-sum. for the case where there are z 
electrons missing in the same shell ; this holds for any coujding whatsoever. 

Special case \ z ~1. Then there are only two J-values, J ~ i! rb i 
for n, I and each ocoiirs only once. Hence for o-n oleotron that is 
present i.s equal to — Pj for an electron that is missing, independently 
of the coupling. The latter case ia realised in X-ray terms. For an 
eleotron that is present we obtain regular terms (of. p. 641, a> 0), 
hence all X-ray tenns are inverkd. We also sec that for X-ray terms 
the same doublet formula (17) must hold as for the one-electron problem. 
The doublet formula in Chapter V has been applied in preoisoly tins 
sense, 

(7) To derive the Thomas factor wo note first that tho electric 
force that acts from the mioleus on the oleotron is equal in magnitude, 
direction and sense to 

— = WoV. 

'S 


* SLnoo tho first electron has t ~ 0, tho of tho triplet terms is, of course, 
equal to the I of the second eleotron. ' 


12, Resolutions of the Multiplct Terms 663 


On the 1‘Jght-hand side v denotes the acceleration of the electron in its 
inotion around the nucious. Instead of (1) we may therefore write, 
if we now take v to denote the velocity of the electron and not, as 
earher, that of the miolens, 

H = a[vv] (10) 

IJiis niagnotie field acts on the magnetic moment /a of the electron 
and produces a precession of angular velocity : 


CO = rl. 

Vlffi 


( 20 ) 


As a proof of this we recall the analogous discussion in the case of the 
Barnett effect, p. fil9, H and w are “ equivalent.” The factor s 
given in equation (14) in p, 619 differs from onr factor in (20) only 
lu that we now suppose e is measured in electrostatic units and that 
wo have taken into account the magnetic anomaly of the electron 
(cf., for example, equation (16) on p, 620), that is, we have used the 
true value of p given under (1). 

By combining (19) and (20) we have 


= * . ( 21 ) 

^ We must now spooify more closely the System of reference in which 
this to is measured, It is clear that w refers to an “ allowed ” system 
that is attached to the electron, that is, that participates in its momen- 
tary velocity. “ Allowed ” here means “ allowed in tire sense of 
relativistic mechanics,” since the value of w (cf. the denominator 
in (21)) goes beyond the order of accuracy of classical mechanics. 

Now, at tlie time t the electron has the velocity v relative to the 
nucleus, and at the time t dt the velocity v T vdt. The systems of 
reference in question, differ from one another and differ from the ” rest ” 
system of reference which is attached to the nucleus. Thus we dis- 
tinguish between the systems 

El. Eg, K, 

which have the relative velocities 

Ej with respect to IC = v 
Ea „ Ej^ = vdt. 

We call the ordinary Lorentz transformation (parallel displace- 
ment) a ” rotationless ” transition. We siqipose the transitions 
K Ej and E^ Ej to be performed ■without rotation and we assert 
then that the transition K is not i-otationless. The proof may 
be performed analytically by compounding Lorentz transformations.* 
We prefer, liowever, to give a shorter geometrical proof. 

As a preliminary we recall Einstein’s addition theorem of Wo volo- 
01 ties u I and which are in the sama direclion. As wo know, it assumes 


♦This wns ciono in an unpublished lecture by P. Langovin in Zlirich, 1020. 
I am indebted to W. Pauli lor a reconstructed report of this lecture. 
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ifca HiinplcHtr form if wo iiitroduco two imaginary angles and (j)^ : 

tan <{i^ = tan ^2 = . . . (22) 

c c 

and if wo (Iclino tho roHulting velocity Vy by 

tan r/.^. . . . (23) 


'riuiH .ICiiiHtoin’H addition thcorm is shown to bo identical with the 
addition tlicorom of tangent functions in elementary ^Mne trigonometry, 
ht«t tipplietl to imaginary angles, 

We shall next oonsidoi' the composition of Wo velocities Vi and V2 
thal are 'pcppenclioiilar to one another. We have then to \iso the for- 

miilco of spherical trigonometry,’* * ' like- 
wise applied to imaginary angles. Wo 
illnstrate this in Fig. 140 , when <j}^ and 
^2 deflnod as in (22), and ^vo mark 
off (jii on a great eirolo (for example, 
the equator of the unit sphere) from 
the point K. *** then the ond-point 
of (f)^ in the perpendicular great 
oii’olo (meridian of longitude). The ro- 
8\dting sphorical triangle has 

the side rj?,^ as its liypotenuso. This 
side doJined the resultant velocity 
for us, namely by moans of the first 
of the equations ( 23 ). Instead of the 
second equation ( 23 ), how^over, the 
cosine la^v of spherical trigonometry now holds : 

co.s f/»3 = 00s cl>i . cos (l>2, . . . ( 24 ) 

Wo shall also need the sine law for the angles ai, «2 of our right-angled 



triangle ; 


, sin (L 

sin tti — IT, 

^ sin f/jy 


, am (/)n 

sm </,z ~ — — ¥' 
^ sin 


( 25 ) 


’^IMiese sines (being quotients of two purely imaginary numbers) are 
real and < 1 ; thus the angles and ag also bocoino real. Since ^>3 
represents the resultant volooity (in magnitude a'nd direction), and 
likewise f/j^, f/>2, the component velocities Vg, wo see that (Zj gives the 
angle botwoon and ^2 in ’Eg and ocg that between «g and Uj in K. 

We now follow out the rotationless transitions K ->■ and Ej^ E2. 
For this purpose wo draw two mutually poiqiondicular axes of the 
sysioms of roforonco in question. Wo oall then xy for K., x\yi for E^ 
and for B2, and wo shall draw a; in the direction of and lioiice 
l/i in the direction of v^- In the rotationless transition K ~> Ei ai 


* Of. A, Sommoi'foUl, Phya, 10 , 82 (i (IDOO). Sphorioal trigonometry 

with inmgiuary aroB inonna goamotry on, a sphoro of ratlins i or, what amounts 

to Iho Hamo tiling, plane Lobatsohoirsky trigonometry (negative tiurvativo). 
Wo muBb plotui’o tlio tangential piano of tho sphere (or the Lobatsohofteky piano) 
to bo ijorpondioular to bofcit tho «-axi8 and tho imaginary timo-axis id, 
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points in the direction of the Equator, in the transition E^ y 
points in the direction of the longitude. But if we wish to carry out 
the rotationiess transition K Eg we must pass along the great circle 
KEg in the direction of the resultant Wg, preserving tlie angle ocg* We 
tlicn arrive in Eg witii a position of the system of reference that differs 
from iTgji/g ; we shall call this now position Xgyg, 

Wo call the angle between Xq and 0. As Fig, IfiO shows, we have 

0 = 77/2 ~ oti — ag, 
sin 0 = cos -f oig). 

In view of (25) wo obtain 

sin 0 = — sin (/>! sin <f>i 

sin^ ^3 ’ ( ) 

But according to (24) we have 


Likowiso 


Vcos® f/j^ (1 — cos^ ^2) = cos ^isin 
V sin* (f>^ — sin* ^g — cos (f>2 sin 




Honce by (26) 

^ sin sin (^g (cos cos (j)^ — 1 ) 

(/ - I - I -I- . Q— ■ • - - . 

Sin* fjg 

If we transform the denominator by means of (24:) wo may wri te 

sin sin ^3 


sin 0 = — 

On account of (22) this becomes 
Sin 0 = -hr 


1 -\~ COS 01 cos 0g‘ 




(27) 


To be consistent wo restrict ourselves to quadratic terms in 0 
(equation ( 21 ) was also only of this order of, aceuraoy) and ohtain instead 
of (27), 
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Before wo apply this to oiir electron problem we must mention a 
deduction which has been particularly emjihasised (Zoc. cU.). In 
the theory of relativity the succession of velocities in different directions 
does not allow of commutation ; the result of compounding and Dg 
is different from that of compounding and (of. Fig. 151). By 

first drawing and then (f)^ we obtain as before tlio point Eg, hut if 

we first draw and then (f)^ we obtain the ares of circles KEj' in the 

direction of the meridian of longitude through K and E/Eg' in the 

direction of the great circle which runs perpendicularly to the meridian 
of longitiide KE/ in Ej'. The points Eg' and Eg are different points, 
that is, the velocities Vj and Wg 'weay not be commutated. And, indeed, 
the direction of the resultant velocity 1^3 is different in botli cases ; 
tlve magnitude is the same since in both cases Vg is given by the formula 
(24) which is symmetrical in Wo also .see this from the fact 

that the two triangles KEiEg-and KE^'Eg' arc congruent. At the 
same time we see that the angle between tlie two results i.s, except for 
the sign, exactly equal to our angle 6 (cf. Fig. 151), namely, equal to 
+ ag — 7 t/2, whore aj and ag have the same meaning as before. 

This angle is nothing else than the spherical excess of tlie triangle 
ICE lEg (or KE^'Eg'), and this emphasises its imimrtance in the theory 
of surfaces. Actually the spherical excess of our right-angled triangle 
is defined by 

cf-i -f- ag 4* — TT ~ — 0. 

In our case (Lobatseheffsky’s geometry) it is negative. 

Reverting to our electron problem we first remark that the com- 
position of two velocities in the same direction may not only bo commu- 
tated but is also rotationloss. Hence we need not trouble about the 
component of the additioiml velocity ydl which i.s in the same direction 
as V. Hence in o\ir equation (28) we s(it v^ equal to the component of 
V dt which is perpendicular to v ; let be equal to v. But this means 
that 

I [V Vj j-dZ (29) 


Hince 6 becomes infinitesimal simultaneously with — vdt, wo 
write do in place of sin 0 in (28) and obtain, in view of (29), 


dd_i([vv]i 1 
dt 2 ,2 



m 


Here w has the sanm moaning as in (21). If in Fig, 150 we now imagine 
the electron to bo rotating or precossing about the a-axis (direction of 
the magnotio field H, normal to the plane of the figure in throo-dimon' 
sional space) with the angular velocity w in the system of reforonco 
iKal/ai rotates or processes in. the sy.stom of reforonco ajgT/g, that is, 

regarded from the nucleus, only with the angular velocity 0 / 2 , llecauso 
this system acoompanio.s the former in its rotation with tlm angular 
voloolty dOjdt ~ Jto. hi this way we have derived the Thomas factor in 
the simplest way. As onr metliod of derivation shows the first iialt of 
equation (30) has nothing to do with elcotron spin hut is a direct eonso- 
queiioe of the kinematics of relativity. It is only the relationship W'itli, 
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tile electron procession cu in the second half of equation (30) that is 
connected with the spin anomaly of the electron. 

The equivalence of w and H (see above) causes the same factor 1 
to occur in the interaction energy W (cf. eqn. (4)). Hence the factor 
2 in (h) is to be cancelled and ( 6 ) must be replaced by (7). Tins jnstifics 
the calculations of this Note, 
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Let us fix our attention on HOI, say, and let the two ions have the 
charges + e, — e and the masses Their centre of gravity 

remains at rest and may serve as the origin of a polar co-ordinate 
.system, ^ and fg, rl >2 being tlie co-ordinates of and According 
to the theorem of the persistence of the centre of gravity we may intro- 
duce in their place the two new, co-ordinates r, ^ of the pair of masses 
by means of the equations 


= (l>2 -rr ~ 

As in p. 667 }i denotes the “ reduced mass ” of the two ions and r 
the distance between them : 


1 ^ 
p 


r ^ ?'i -h 


The kiiietio energy is easily expressed in the co-ordinates r, iji : 


E.,.. = x' (’'1“ + '■i' 

The potential energy is expressed electrostatically aaid depends only 
on r = ; 



The coefficients take into account the action of the electron systems 
that surround the ions and are to be regarded as arbitrary quantities 
between which the following condition of equilibrium holds ; 

= 0 fov r = v . . . (3) 


Here denotes the normal distance between the two ions when the 
molecule, in which the electrostatic attractions and repulsions between 
nuclei and electrons are in equilibrium, is at rest in space. We set 


p = f. f = • • •' ■ « 

Instead of ( 2 ) we write 

E„, = -«(«+-^-^,+(.f‘ + cr+ . . .). . (B) 


According fco A. JJoits, f. Fbyaiiq 8, 288 (1820). 
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This aasumiJtion already satisfies the oondition (3) and is just as 
general as (2) ; it has the advantage over (2) that the “ correotion 
terras ” having the coefficients 6, c, . . . are small in the neighbourhood 
of the position of equilibrium and that the ” principal terms ” •vvliich 
precede them may be taken into exact account when the quantising 
is effected later. We see that the expansion in ^ in equation (5) had 
to begin with the term and not with ^ or ^ if we consider the mutual 
force that acts between the ions. This force is 

tr 1 

or, on account of (4), 

K:^-~({-3bi‘-ice + ■ ■ ■), . . (fi) 

1q\P / 

whore wo may sot /)* = (1 in the denominator. Since all the 

powers of ^ are represented hero and are provided with arbitrary co- 
efficients wo have by adopting our assumption actually found the 
law of force of the most general anliarmonic oscillator. 

From the first term of the series (6) wo may obtain the froquoncy 
Fq for an infinitesimal amplitude : 

— . . . . (7) 

YroV 

If we take as our definition of the moment of inertia of the molecule 
in the equilibrium state 

J = (m/i2 _|_ . . . (8) 

we may also write (7) in the form 

27Tr„ ~ = .... (fi) 

On account of (4) and (8) (1) becomes 

+ ■ . . ( 1 ») 

Hence it follows that 

ft = = = 

I Here p is constant and is equal to mhl^n in consequence of the aziimilluil 
guankim condition (in the other form, cf. p. 667). The energy equation 
runs 

^(ft‘ + ^)+E- = W. 

Hence it follow-s that 


. ( 11 ) 
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and ^^'■e ha’\'’o as the radial quantum co7idilion (again in the older form, 
wiiero n takes the place of v, of. p. 060), 

<j>2V^/i === (|)^2J(W -h av.) + ^ - +>’ ’dp ^ nh. (12) 

The terms of this equation so far as wo have written them down have 
tile form 

which is familiar to ns from Note 4», equations (1) and (3), And if 
we divide (12) by VftJ tiie A, B, 0 have the meaning 

A = 2(« +:^).B = 1 . C= - (1 +g) =- (1 + ^). (13) 


Oonsequontly (12) becomes 


nh _ 



47r®aJ 



. (14) 


Hero Z contains the terms indicated in (12) by dots ; they arise from 
the expressions with b, c . . .in the expression assumed for the poten- 
tial in (6). Ror the term i/VA which, by (13), contains the energy 
W and hence is the unknown that interests us, we wite y. 

We obtain the successive approximations y-i, th < • < for y \ 

Z/x=l. 


2/2 = 1 -h nu, 

’/«==!+ nu + (^d) 

!/, = 1 + m + + |<i + ^6“)} - Su^nmfb. 


Here u stands for the expression which we may also -wi’ite in 

the form where Vq is explained by (9) and Av = denotes the 

distance between neighbouring band lines (of. (6), p. B61). Hence 
It = Av/vq is at anyrate a small quantity with respect to which we 
may expand. This has already been done in the preceding formula}. 

The last approximation 2/4 appears to be inconsistent inasmuch as 
here a term in has been taken into account whereas in the other 
approximations we went no further than the term in w’*. The reason 
is this although -u is a small quantity m may in given cases assume 
great values in fully developed bands, so that may not be neglected. 
It is easy to show that even if we take into account higher powers the 
term xvi’.itteii down is the only one in with the factor 
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To am VO at blio energy exprossion W we now form 


I 




- , W 

ylX fl( -p 

^ a 


1 


2 H- 

H- -I- j (1. + 21 )) d- . 

By (0) wc hn.ve 


h ja 

~ 27 rV J ^ 


/o'n) *= hi’ci ii = AAr 


Jl_ 

47r‘y 


(Ih) 


Hence we obtain from (15), except for a constant quantity, timtia, one 
that is ind0j)endent of n and m, ' 



~ g ^^*^0 4 - 26 ) 4 . , 


If we sot 771 = 0 WQ obtain the pure oscillalhn e,7W'gy, which was called 
Woy in equation (8), p. ofll, namely, 

W„„ = 7i/iVfl(l^a-a4. . .)■ • • (17) 

Tor the abbreviation a; that wo introduced earlier we how obtain from 
(16) the following meaning : 

^I'lio pure rotational e^iO'gy is represented by the second terjn in the 
right'hand side of (16), It has the form of the Dcslandrcs terms. 
Finally, the Inst term in (US) represents the iiUaraction Iwni he.lwaeAi 
thp, rolaimi. a^ul Ike oscilkUmi. If we write — 7nHah f(n’ it a has tho 
significance 

a = |„„tt2(l + 2ii-|-. . .)■ • • • (1») 

The wave -mechanical formula for tho total energy given on p. 5G4 
of the text (in oqn, fi) clilfei'S from (16) in having v -j- | in place of 
n and j 4 ^ in place of w ; v and j are the true (wave-moon anical) 
qnaiitnm numbers, whose range of values includes all positive integers 
0, 2. , . . Tho wavo-mechanioal meaning of a and x is tho samo as 
in tho preceding ocpiations (18) and (19), We shall prove this in 
the volume on Wave Mechanics. 
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